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Abstract

A monodromy theorem for homomorphisms of local groups into groups is proved. It follows that under
suitable conditions the universal group of the local group depends only on the germ of the local group (up
to natural isomorphism).
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0. Introduction

The monodromy theorem of Schreier for topological groups is usually proved by
means of the theory of covering spaces (see, for instance, Chevalley (1946) or
Pontrjagin (1939)). Such a proof cannot apply to local groups, but it is plausible that
a similar result might be proved by elementary considerations of path-deformation.
In this note I construct such a proof, in some degree of generality : because of
potential applications to questions of analytic extension of the Campbell-Hausdorff
formula I have allowed the local groups to be asymmetric, and in view of results of
Ganea (1951) I have included the possibility that the local groups are not themselves
path-connected, but densely embedded in others that are. In the principal arguments
I'have introduced certain rather involved hypotheses of ‘convexity’ (see (2.8)), which
seem to be useful in improving the customary numerical estimates for Banach Lie
algebras, although I do not discuss that topic here.

In Section 1 I give preliminary definitions, and in Section 2 discuss technical
prerequisites for the main arguments, which follow in Section 3. (Throughout the
paper I have suppressed the proofs of the more mechanical and tedious auxiliary
results.) In Section 4 I draw conclusions, and comment specifically on the case of
local Banach Lie groups (4.6).
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1. Preliminaries
(1.1) A local topological group, or local group, is a sextuple

I'=(V.e,Q,R pv),
where
(I) Vis a topological space,
(IT) ee V(e is the base-point of the based space V),
(IIT) Q is an open subset of Vx Vand u: Q — Vis a continuous map called
‘multiplication’,
(IV) Risan open neighbourhood of ein Vand v : R — Vis a continuous map
called ‘inversion’,
and such that
(V) for all veV, (e,x)eQ and (x,e)e Q and

ue,x) = p(x,e) = x,
(VD) if (a,b)e Q, (b,c)e Q, (u(a,b), c)eQ, (a, u(b, c))€ Q, then
ma, p(b, c)) = ppa, b), c),
(VID) for all xeR, (x,v(x))e @ and (v(x),x)e Q and
plx, vx)) = € = p((x), %),
(VIII) for all xeR, v(x)e R and vv(x) = x,

(IXg) for each x eV, there are open neighbourhoods M, of e and M, of x such
that M, x {x} €Q, and the map

yuy,x): M,V

maps M, homeomorphically onto M,,
(IX,) for each x eV, there are open neighbourhoods N, of e and N, of x such
that {x} x N, < Q, and the map

yux,y): N,V
maps N, homeomorphically onto N .

(M, in (IXg) and N, in (IX,) may be called respectively right and left x-translation
domains for I'))

(1.2) This definition is slightly more general than usual—compare, for example,
Swierczkowski (1965) : normally one postulates symmetry, that is, that R = V(the
axioms (IX) are in effect substitutes for this), and also a stronger version of the
associativity axiom (VI). (In fact (VI) could be weakened here to certain special cases
sufficient for Lemma (2.1).) The usual axioms easily imply mine, and it is also readily
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proved that (IXy) and (IX)) are equivalent when V'is connected and (I)+(VIII) are
given.

The symbol I' with any affix is always to denote a local group in which the same
affix is attached to every component of the sextuple. I shall regularly confuse local
groups I' with their underlying spaces V, for the sake of notational convenience.

(1.3) ', is a local subgroup of I" if V, is a subspace of ¥V, e, = ¢,Q, € Q, R, € R,
pr=pu|Qy, vi=v|R. It is a full local subgroup of I' if in addition
Q=W xV)nu }(V,). Tt is inversively full in T if it is full and
Ri=RnV,nv Y{RN V).

A portion of I is an inversively full open local subgroup. An open neighbourhood
U of e in T admits a unique local group structure making it a portion I'| U of I". It
usually admits many weaker structures in which it is a local subgroup. Note that not
every based subset of I" admits the structure of a local subgroup, but it must if it is
open or discrete in I'.

The local subgroup I',; is replete in T' if Q, = (V, x V) n Q.

(1.4) Let " and I'"" be local groups. A homomorphismf: I' — TI"isatriple(f,, I, ),
where fy: V> V' is a function (not necessarily continuous) such that fy(e) = ¢/,
(foxfo)Q S Q' fo(R) ER, and p'(fo xfo) =for, V' fo =fov.

In particular I" may be a group G, with the discrete topology and the group
multiplication and inversion.

(1.5) GivenasetS,let S* = Sx {—1, +1}. Elements of S are written x%; xe Sisan
‘atomic term’ and ¢ is a ‘formal exponent’. Define Fy(S) = @, F(S)=(S*)",
F(S) = | J5=o F(S). F(S), the set of unreduced associative words on S, admits
composition by juxtaposition and the involution

w b W (s3, 8%, ..., Sin) > (S, .., 85 2,51 5Y).

¢: F(S) — F(S)is the operation of successively removing all ‘cancelling pairs’ (x*, x ™)
from the word w. The final result ¢(w) does not depend on the choices involved, and
o(F(S)) = G(S) is a group (the free group on S) whose multiplication is given by
juxtaposition followed by cancellation. See, for instance, Kurosh (1960).

(1.6) Let now M(S) = (Q,0), M(S) = S* x {1}, and thereafter inductively

M, (S) = [IM(S)x o Mp(S) U (BT My(S) x M(S)]* X {n+1}.

M (S) is the set of nonassociative words on S of ‘order’ n. The order is the last
component; its purpose in the formal definition is to ensure the sets M (S) are
disjoint as n varies, but it may evidently be ignored in notation, provided the
elements of S are unambiguously named by atomic terms. I shall always write, for
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instance, (57, s3)** in place of (((s3, 1),(s%, 1))*%, 2). Set now
M(S) = o M,(S).

There is a map = : M(S) — F(S) (‘removal of brackets’), which is defined formally
as follows : 7(Q) = Q, n(s*) = s when n is a positive integer and (w,, w,)e M, ((S),

m(wy, wy)* 1) = m(wy). m(wy), m((wy, wa) ™ = ((w,))™ (m(wy))™.

(The dots denote juxtaposition in F(S).)

(1.7) Define M"(S) = M(S) as the set of nonassociative words of the form
((((x:- 1 x;— 1)+ 1 X; 1)+ 1 x+_11)+ 1 x+ 1)+ 1

(a formal inductive definition is easily supplied). These may be called right direct
words. Similarly one has the set M¥(S) of left direct words, of form (x7 !, (x5 !, (x5 %, ...,
(et xFH T )L It is natural to omit the writing of formal exponents when
they are + 1.

Notice that if f: S, — §,, there are induced transformations of all the above
constructions, which are inclusions when f is. I shall write them in the obvious

fashion : G(f): G(S,) - G(S,), and so on.

(1.8) Let now I" be a local group. Define the set *M(I") of evaluable words in M(I'),
and the evaluation map

E :I):*MI)-T,

as follows :

(i) @e*M(T)and E(Q: ) =e.

(ii) If xe ¥, then x*e M ,(T') is evaluable in T if and only if either ¢ = + 1, when
E(x* :T)=x,or e =—1 and xeR, when E(x* : T') = v(x).

(iii) If n > 0, then (w,,w,)’e M, , (') is evaluable in I' if and only if both w, and
w, are evaluable in I, and (E(w, :T'), E(w, : I))eQ, and either ¢ = + 1, in which
case

E((wy,w,) : T) = p(E(w, :T),E(w, :T)),
or ¢ = —1 and w(E(w, :T), E(w,:T))eR; in this case
E((wy, wp)*:T') = v((E(w, :T), E(w,:T))).

Thus a word is evaluable in I if it prescribes a sequence of operations that can in
fact be performed in I'. The topology of Vis irrelevant to this. A homomorphism
f:T; -7, induces a transformation M(f) which preserves evaluability and
commutes with evaluation, that is : for any we*M(I",), M(f)we*M(I";) and

EM(f)w :Ty) =f(E(w :T)).
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As both Q and R are open and u,v are continuous, it follows that any word
weM(I) will remain evaluable if each atomic term suffers a sufficiently small
perturbation. How small the perturbation must be to ensure this depends, of course,
on w.

(1.9) A word weF(I') is associative (in I') if, whenever v, v,e M(I') and
(v,) = n(vy) = w, then v,,v,e*M(I) and

Ev, :T) = E(, : I

An element w of M(I') may be called associative if n{w) is associative. (Notice that
associativity is a very strong condition; axiom VI, for instance, asserts something
weaker.)

2. Technical prerequisites

(2.1) LEMMA. Let K,K, be compact in T, with K, xK,S Q; let A be a
neighbourhood of WK, x K,) and U a neighbourhood of e. Then there is a
neighbourhood Wof e such that, for certain neighbourhoods B, of K | and B, of K ,, the
Jollowing conditions hold.

(i) WeRand viW =W,

(ii) Any word v in F(I') whose atomic terms all belong to W with the possible
exception of at most two, the exceptions having positive formal exponents and
belonging to B, and/or B, in that order (that is: if there is one exception it may belong
to either B, or B,, but if there are two, that further to the left belongs to B, and that
further to the right to B,), is associative, for any natural number p < 12, and its
evaluation belongs to A.

(i) E(x Y (F, (W) - TN =Z< U.

(iv) p(Zx K)u(K;xZ) €B;fori=1,2

(V) Z is both a right and a left x-translation domain for any x € W(B, x B,), and

wWx {x}) < u({x} x Z), w({x}xW)< mZ x{x}).

The conditions given are intended to be sufficiently strong for all later
applications of results of this kind. A neighbourhood of e satisfying them will be
called a W(K,K,,A4,U,T).

(2.2) LeMMA. Let T be a local subgroup of T'; suppose K is compact in T, and
ecK S R Then there is a neighbourhood D of e in T such that, for certain
neighbourhoods Wy, W,, W, of e and A of K in T, the following conditions are satisfied.

(i) W, < R and ¥(W,) = W, and A =R.
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(ii) If wy,wy,wy€ Wy and xe K, then the words in F(T')
(wpwe, X, x~ Lwy) and (Wi, x,x” 1, w,, wy)
are associative.
(iii) W, is a W({e},"(K), Wy, I',T), and W, is a W({e},K,A,W,,T), and D is a
W({e), K, A, W,, T).
(iv) Wy " VER. (Note that Vis a subspace of V)
(v) For any xe A, we W,, ¥ji{x, w)e i{ W, x (x)) and Vji(w, x) € i(¥(x) x W,).

A neighbourhood D of e in I satisfying the above conditions will be called a
D(K, T, ). Notice that I enters only in (iv) and that a D(K, I', I') is automatically a
DK, T, 1)

These two lemmas will be used constantly. Their proofs are easy but tedious
deductions from the axioms.

(2.3) LEMMA. Let T be a dense replete local subgroup of T', and x e T'. If U is a left x-
translation domain for T, then UV is a left x-translation domain for T and
p{x} x(UnV) =pu{x}xU)nV.

Proor. The result is immediate if it is known that
u{x} x(Un V)= p{x}xUynV.
By repleteness, {x} x (U n V) < Q, so that certainly
U{x}x(UnV)esi{x}xUynV.
Suppose now that ue U and z = i(x,u)e V. I show ueV.

Let Tbe a W({x}, {u}, T, T, ') such that T Vis a W({x}, {u},[,I,T). ThenteT
will lie in V if and only if fi(z, t)e V(since T is a left z-translation domain for both T’
and T, by (2.1)(v)); or, by (2.1)(ii),

(1 teT ifand only if J(x, iu,t))eV.

Suppose, if possible, that u¢ V. Then ji(u x T) is a neighbourhood of u in ¥ and
must meet ¥, Let ye T be such that jiu, y)e V. If ye V, then, as T is replete in I,

u = iy, y),v(y)eV.

This contradicts the hypothesis, and so y¢ V. But fi(u, y)€ V, and consequently, by
repleteness, ji(x, i{u, y))€ V; however, y e T, so there is a contradiction with (1). Thus
ueV, as required.

(2.4) LemMA. Suppose T is a dense replete local subgroup of the connected local
group T'. Then, for any neighbourhood U of e in T,

V= ECM(T) A M(U) : T) = ECM() A M'(U) : T).
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PROOF. I shall prove the first equality. Suppose first that ' = T, and let U be a
neighbourhood of e in ¥. Define

P = ECM(D)~ M"(D) : 1.
Take any ye V,and let W bea W({e}, {y}, T, U, T). By (2.1) (associativity and the fact
that #(W) = W), one sees that ze ji(y x W)if and only if y € ji(z x W). Thus ye P ifand
only if ze P. But ji(y x W) is a neighbourhood of y; hence P is open and closed in ¥,
and, as e€ P, it follows that P = V.

Now suppose that I is merely dense and repletein T". Let ye V. Choose U to be an
open neighbourhood of e in I" such that U n Vs included in U, and let W be a
W({e},{y},T, U,T) as before. Then, as already shown, y is the evaluation in T of a
right direct word won U. Perturb each atomic term of w so as to lie in U, but by so
little that the perturbed word w' remains in M"(J) ~ ¢M(T) and

x = Ew :Dei(yx W)

Thus there is g € W such that y = ji(x, g), by (2.1Xi), (ii). Since I is replete in Tandw'is
a word on Vevaluable in T, it is evaluable in " and x € ¥, But now by (2.3), g Wn V,
and so

y=E(W,q) :I),
again by repleteness. As W V S U, this completes the proof.

(2.5) LEMMA. Suppose e K < R and K is compact. Let Wbe a D(K,I',I). Then, for
each xe y((K x W)u (Wx K)) and we W,

W(u(w, x)) = p(v(x),v(w)) and  v(u(x, w)) = p(v(w), (x)).

ProOF. By construction, both sides of the equation make sense. From property
(22)(v) (with W, as there introduced) vu(x)epu(v(x)x W;), so that
vi(w, x) = p(v(x), w,) for some unique w, in W,. Hence

€= ,u(ﬂ(W, x)’ [l(V(x), Wl))
= ﬂ(W, ”(xy /l(V(X), Wl)))

= p(w, p(p(x, W(x)), w,)) = p(w, wy),
so that
V(W) = H(V(W), ”(Wa Wl))

= [J,([l(V(W), W)’ wl) =Wy,
as required.

(2.6) LEMMA. Suppose K is a connected compact subset of R containing e, and T is a
dense replete local subgroup of I*. Let Wbe a D(K, T, T). Then WV i(Wx K)) < V.
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Proor. Consider P={xeK:WVAuWxx) V}. If, for i=12
a; = i(w, x}e Vo i{(Wx x) where w;e W, then a, = ji(w, a,), where w = (w,, ¥(w,)).
Taking U =pWxW) in (23), it follows that weV. Now by (2.5
¥(a,) = i(¥(a,), ¥(w)), where, as weR, ¥w)e V. By repleteness, ¥a,)e V whenever
¥(a,)e V. Hence, in fact, (VN i Wx x)) " V# Q@ only if (V i(Wx x)) < V. Thus P
is open and closed in K. Since, evidently, ee P, it follows that P = K as required.

(The argument also shows that (R, N V) S V, if R, is the component of e in R.)

(2.7) Establish once and for all the following notation : reading S to mean ‘is a
local subgroup of’, I always assume

felfeMci?
U ouoou U
rerfcerter?

where T is dense in T, [ in [, and likewise I'! in T, T'? in 2.
In much of what follows, definitions and theorems have both right- and left-
handed versions. In general, I shall state and prove only one version.

(2.8) DEFINITIONS. (i) [ is (left) O-convex in (T, T', I"?)if, whenever g : I - V°isa
path with ¢(0) = e, q(1) = ye V°, and (x, ) Q°, there is a path p : I - V° such that
p(0) = e, p(1) = y, x x p(I) < ', and p and g are homotopic as paths from e to y in
V2

(ii) I'° is (left) 1-convex in (I*°, "1, I'?) if, whenever p and g are paths in V° such
that p(0) = ¢(0) = e and

(p(1).q(1)eQ’, p(1)xqU) < 0,

and r: I - V1 is defined by : r(t) = p(2t) for 0 < t < 4, r(t) = ji'(p(1), g(2t — 1)) for
4 <t < 1, —then there is a path s: I —» 7° with s(0) = e and s(1) = x = r(1), such
that s and r are homotopic as paths from e to x in V2.

(iii) T is inversively convex in (I"°, I'2) if, whenever p is a path I — V° such that
p(0) = e and p(1) = xe R®, there exist paths gq: I - R? and r: I - V° such that,
firstly, g(0) = e, g(1) = x, and ¢, p are homotopic as paths from e to x in ¥?; and,
secondly, n(0) = e, r(1) = v%(x), and r, ¥2 o g are homotopic as paths between e and
vO(x) in V2. '

(iv) I is (left) convex in (I, T, T?) if it is (left) O-convex and l-convex in
(f°, "1, 1"?) and inversively convex in (I, '2).

These conditions set out precisely what is used in the sequel; but, despite their
complexity, they should not be substituted too lightly by the simplified conditions I
give next. There are circumstances, in local Lie groups for instance, where the
simplifications can lead to much weaker results.
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(2.9) The based subspace (X,e) of the based space (Y,¢) may be called path-
connected in Y ifevery point in X may be connected to e by a pathin Y. Likewise X is
simply-connected in Y if every loop at e in X contracts to a point in Y.

(2.10) LeMMA. (i) T'° is (left) O-convex in (I'°, T, I"2) whenever VO x V° < Q.

(i) T° is (left) 1-convex in (I'°, T'!, T'2) whenever V° is path-connected in V° and V!
is simply-connected in V2,

(iti) I° is inversively convex in (I'°,T'2) if R® is path-connected in R* and V' is
simply-connected in V2.

(iv) T° is (left) convex in (I°, T, T'2) if V° is path-connected in V°, R® is path-
connected in R, VO x V° € 0, and V* is simply-connected in V2.

(2.11) DEFINITION. Suppose p : I — Vis a path with p(0) = xe Vand p(1) = yeV,
and let U be a neighbourhood of e in ¥. Then a U-approximation of p in Vis a finite
sequence ((¢;, &;))o <i <m> fOT some natural number m, where, for each i, t;e I and a;€ V,
and 0=t <t <t <..<t,=1,09=x,2,=y and for 1 <i<m,

%€ Vn mte[h‘—l,tHI] ﬁ((p(t) x U) N Q)’
whilst
x=0ge¥Vn ﬂne[o,:l] i) x 0)n Q)
and
y=0uay,€ Vn ﬂle[‘»;—l,l]ﬁ((p(t) X (7) N Q)

(Strictly speaking, this is a left U-approximation of p in V. Note that a U-
approximation of p in Vis automatically a U ,-approximation if U € U,.)

(2.12) Given p and U as above, there always exists a J-approximation of p in V.
Let U, be a W(p(]), {e}, ¥, U,T); then the class

{int, fi(p(s) x Uy) : s€[0,17}

is an open cover of p(I). Choose 0 =¢, < t, < ... <t, = 1 such that, for each i,
0 < i < m, there is some s;€[0, 1] with

plt;, ;1] S int filp(s;) x (70)-

Now let ay = x, o, = y, and, for 1 < i < m, choose
% eV fplsi— ) x Ug) n jilp(s;) x T).
This suffices.

For brevity I shall say that ((¢;, @;))o <; < IS @ fine U-approximation of p in Vifitisin
facta U ,-approximation for some set U, whichis a W(p(I), {e}, V; U, T'). Then (2.1)(v)
and (2.3) lead to the conclusion that, if I is replete in T" and ((¢;, ¢))o <; <m is @ fine 0-
approximation of p in V, there are, for each relevant i, unique points §; and f; in
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U n V(in fact in (U, x U,) ~ V) such that

iy = oy, B) = wBi o).
The words

(¢ (Bo, B1) B2), ). B—1)  and (B 1, (Bru—2, (- (B2, Bo)) )

‘are respectively the right and left direct words (in M(U ~ V)) associated with the -
approximation.

(2.13) PROPOSITION. Suppose p : I - V° is a path with end-points e, ain V°. Let T
be full in T', which is open in T°; let T be replete in T°, and let V.= V'~ V°. Suppose
g: T > G is a homomorphism of T into a group G.

Let U be a neighbourhood of e in V such that U x U < Q, and suppose Wy, w, are
right direct words associated with fine U-approximations of p in V° and w is the left
direct word associated with some further fine U-approximation of pin V°. Then w,, w,
and w, lie in M(T') and

E(M(g)w, : G) = E(M(g)w, : G) = E(M(g)w; : G).

PROOF. As V=V~ VO the assertion that w,,w,,w;e M(I') follows from the
construction (2.12). I begin by proving the first equality.

(2.14) Suppose that w; (where j = 1,2) is associated with the VVj-approximation
(8], %8))o <i <m; OF P in VO, where W, is a W(p(I), {e}, V°, U, T°).  may clearly construct,
asin (2.12),a W, n W,- approxxmatlon ((t: )0 <i <m Such that the subdivision points
(t;) inctude all the (#)). Thus I may assume in the proof, without any loss of generality,
that W, = W, = W, and that every ¢} is a tZ; in fact I may write t! = t2,, where
k(0) = 0, k(i) < k(i + 1) for each i, and k(m,) = m,.

Now, given i,0<i<mgand k(i) < k < k(i+1), let &, be the unique point of U
such that o = ji%a},&,). (Thus & = =e) When k = k(i +1), let &, ,, be the
unique element of U with

al?(i+ n= ﬁo(“il, §L<.~+ 1))-

By construction (compare (2.1), (2.12), (2.3)), the points &,, &, 4, all lie in Tnve,
and so in V.
But, when k(i) < k < k(i+1),

o, &i) = Ay = 1%, B2)
= ~O(ﬁo(ail, ék)’ Bf)
= ~o(ai17 ~O(€k, ﬂl?))
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by virtue of the associativity guaranteed in (2.1). Hence

M &evr = B BE) = Il&i BY) = m(&s BY),

since, in the first place, &, and $2 lie in U, so that their product is defined in T, and,
secondly, &, , &, B2 all belong to ¥, which means I can apply fullness of T in T" to
write u instead of i

When k = k(i+1)—1, likewise

2 Guir 1y = MEuir 1y- 1B+ 1y-1) = 1B Eugi v 1)
Now define, for 0 <i < m,,

w = (.. (Bo, B1), ), Bi- 1),

w9 =((. (B3, B, ), Bio - 1)s

and, for i = 0, let w® = w{®’ be the empty word.
Suppose 0 < r < m; and E(M(g)(W{, &) : G) = E(M(g)w$’ : G). Then

EM(@w;* " : G) = E(M(g) (.. (WD, Béy)s ). Bir+ 1y-1)) : G)
= E(M(g) w3 : G). E(M(g) (- (Biter Biry+ 1)s--) Bitw+ 1y-1)) : G)
= E(M(g) (W, &) : G)- EM(G) (- (Biey s Bite+ 1y-1)) : G)
= E(M(@) W) : G). EM(9) (- Cuiry Bitr) 1 Bt + 1y-1) : G)-

However, g : I' - G is a homomorphism; consequently by (1) above

g(fk(r))- g(ﬁl?(r)) = gﬂ(ék(r)’ ﬁl?(r)) = g(ék(rH- 1)

and so on inductively. Eventually

EM(g)ws*™ " : G) = EM(g)wD : G). g+ 1)-1)- 9Bir+ 1)-1)

= EM(g)w? : G). 9B}, &+ 1) DY (2)
= E(M(@) (W, B;) : G). 96+ 1)
= E(M(@w{"": G). g6+ 1)
= E(M(@ W], & s 1)t G):

Hence by induction (the case r = 0 being evident)

E(M(@) (W), &) : G) = E(M(g) W : G)
for all r, 0 € r < m;. When r = m, this shows

EM(g)w, : G) = E(M(g)w, : G).
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(2.15) Now I prove the second equality of (2.13). From what has already been
shown in (2.14) (and the analogous result for associated right direct words, whose
demonstration is here omitted) it is apparent that it suffices to prove the existence of
one fine U-approximation of p in ¥° such that, if w,, w, are the associated right and
left direct words respectively,

E(M(g)w, : G) = E(M(g)w; : G).

Given a fine U-approximation ((t;,%))oc;cm ©of p in V°, that is, a U,-
approximation, where U, is a W(p(I), {e}, V°, U, '), there is foreachi,0 < i <m,a
unique continuous path

pi:l “’ﬁo(ﬁo x Uo)
such that for all tel
pety  +(1=1)t) = Bop(t,), pA)).

Let U;,, be defined inductively as a W(p(I), {e},V° U,T°); choose a U,
approximation ((t;,@;))o ;<. of pin V°so that, for0 < i < m,t; = 7, (where j(0) = 0,
j(m) = n,and j is strictly increasing) and ((t;, %;))o <i <m 1S Simultaneously a fine U-
approximation of p in V°. This is clearly possible, as V° is dense in V°.

Let

(- (Bos B1), B2)s ) Bm— 1)
be the right direct word associated with ((¢;, ;)
(¢ o> 71D P2)s ) Vam 1)
be the right direct word associated with ((z}, a;)),
(On_ 15 (- (81, 00))..)
be the left direct word associated with ((t;,«;)). Write also, for 0 < k < n,
W = (- (s 71) b m) - (notice w1 = wy),
w§ = (3,,(...,(61,00)...) (notice w§ ™Y = w;).

Thus E(M(g)w® : G) = E(M(g)w¥ : G), since 5, = 4 = .
Suppose now that 0 < g<m and j(g) <k <jig+1), and define uniquely
of € i%Uq x Uy) and tfel, for 0 <1< j(g+1)—jf(g), by

— ~0
Wjq)+1 = M (g af)
Tiig+1 = Lg+Titgr 1 1))

Then the homeomorphisms assured by the construction (cf. (2.1)) show that ((zf, «f))
is a fine U-approximation of pp and that the associated right direct word is
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(- (Vjeay Vit@y+ 1»-+h Vicg+ 1y—1)- This word is therefore evaluable in [ (cf (2.12)), and,
as all the terms and all the partial products lie in V, it is in fact evaluable in T".

Let pf = E(((- (Vjtgy Vi + 1)) Yig+) - T)- I 1 =0, then a1y = ﬁo(“j(q)a pé) by
the definitions. Suppose | < j(@+1)—j(g@)—1 and a;gy 4,41 = 1%, pP). Then

Ajp+i+2 = ﬁo(aj(q)+l+ v Vj@+1+ 1)
= ﬂo(ﬁo(a Ha)y P9, Yigp+1+ 1)
= ﬁo(“j(qb 2ol y i) +1+1)
= ﬁo(aj(q)’ Pl 1)

by virtue of the associativities given by the construction. The products actually exist
in T, so we may write x in place of ji°.

Next, by construction of U, there must be a unique element of U o 52y y,‘-’(q,+ i+ 15
such that

ﬁo(y;)(q)+l+ 1LPD = ﬁo(P?, Yigy+1+ 1) = plpf, Vig+1+ 1)

(as above. For the Existence, cf. (2.1)(v).)As T is repletf in T, 99 4+141 € VO (see(2.3)
and so Yy, +1+1€ Uy V, when we recall that VonV=V.
In turn there is a unique 7}, 441 € U,-, such that

ﬁo()’}(qwu I’ﬂq— D= ﬁo(ﬂq— I 7’?(q)+1+ D= ﬂ(ﬂq— 1,7;')(.;)+1+ 3

(Certainly 8,_, x U, € Q by construction; as I'° is replete in [,
ﬂo(ﬂq— 15 )’?(q,+,+ 1)6 Vo N T/= V,

fullness of I"in I shows the product may be taken in I'). By (2.3), y }(q)+ o160 -10V.
This procedure may evidently be repeated, giving yj4+141 € Uq_, NnVior0 <t <gq,
such that #(V}(q)+1+ 1Be-) = WPBg-v V;-(T;)l+1+ 1)

Now suppose that E(M(g)w® : G) = E(M(g)w¥ : G). Then
E(M(g)wi* V1 G) = EMM(@) (- W™, yj9), ) % Vs 1)) 1 G)
= E(M(g)w§ 972 G). g(E(( (yiqp Y+ 11+ 9 1) G(i+ 1)
(since g is a homomorphism; recall (1) above)
= E(M(@)w{@™V: G). g(pl- jig)- 90+ 1)
= E(M(g)w{ @™V : G). g(ilpf - jiayy Vs 1))
= E(M(g)w{?™"; G). g3+ 15 PR - jia)))

= E(M(g)((... (W(lj(q_ b=h, Yita— 1)), ) Vi)~ 1)):G)
g0 1) - 9P i)
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= E(M(g)w§“™ V"D G).g(B,-1)- 90+ 1)
EM(@) (- (Vjqp ) 7)) : G)

(by the same argument as before)

= EM(@w{9™ D71 G). g(ulvi s 1, Bg- 1)) EM@) (- (yeqrr ) 1) : G)

and so on, passing y,., across the f’s one by one, until finally

= g(¥+ 1) EM(@) (- (o, V1)s ) Vi - 1)) : G)
E(M(@) (- Gjiqp Yiegr+ 1) -1 %) G)

= g0+ 1) EM(g)wP : G)

= g0+ 1) E(M(g) w9 : G)

(by the inductive hypothesis)
= E(M(g)(#+ 1, w9 : G).

Thus the inductive step, showing that
EM(@)wt*?: G) = EM(@wh™ " : G)

(and so completing the proof of Proposition (2.13)), will follow if I demonstrate that
Y8+ 1 = 0x4 1. This proof in effect repeats the above argument, with evaluations in I'
instead of G : using the associativities assured by construction,

ﬁ°(5k+ L%41) = Byy = ﬁo(“u 1 Vk+ 1)
= ﬁo(ﬁo(“j(q)’ i j(q)))’ Ye+1)
= ﬁo(a () ﬁo(l’g ~jtay Y+ D))

= % gy B0+ 15 PR ),
= @1 j(a) Vor 1) PR - i@
Next,

ﬁo(“j(q)’ Yor1) = ﬁo(ﬁo(“j(q— 19 Bg=1) Yo+ 1)
= 1%ty 1y B°Bg- 178+ 1))
= B0y q- 1y Vs 1 Ba-1),
and, by induction as before, passing y,,, over the f’s one by one,
sz = B BG4 1, Bo)s Br), - By 1) PR 0)
O B4 15 E°(Bos 1)), B2), s By 1)s PE- )
= jpo@(... ﬁ0(71?+ 1 “1(2)),ﬂ2)a ) Bq— ) Pf—j(q))
= ~O(ﬁo(--- [‘o(713+ 1 ﬁo(aj(Z)’ B2, B3),...)

i
=t
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and ultimately

= ﬁo(ﬁ°(y,?+ 1 Otj(q)), pl?—j(q)) = /10(71?+ 1%+ 1)
(It should be observed that each associativity has indeed been arranged in the

construction.) But therefore the definition of J,,, means that & ., = v, ,, as
required.

N ote that the assumption that p(Q) = eis not used in (2.14), but is essential in (2.15)
to start the induction.

(2.16) PROPOSITION. Suppose I', T, 1%, 1°, G, g, U are as in (2.13). Let p, and p, be
homotopic paths from e to x in V°, where x € V°; lét wy and w, be the right direct words
associated with fine U-approximations of Po» Py respectively. Then

E(M(g)w, : G) = E(M(g)w, : G).

PROOF. By (2.13) it suffices to exhibit any fine U-approximations of p, and p, for
which the associated direct words give the stated equality. Let P: IxI - V°bea
homotopy between p, and p,, so that P(t,0) = py(t), P(t,1) = p,(t), P(0,1) =,
P(1,t) = x for all tel. Choose U, to be a W(P(I x I),{e},7°, U, T°). Now choose
O0=50<s5;,<$;<..<5,=1,0=1¢, <t <..<t, = 1sothat, foreach (i,j) with
0 < i,j < m, there is some (g; ;,7; )€ I x I with

P([t;t; 0% Usp 85410 € intrlo{ﬁo(P(o-i,pTi,j) X Uo)},
and select

ageVn () BP(04,Tq,) 0°),

1,i
1,5
<

L

<hr

3

with the agreement that for allj, ¢, ; = eand a,, ; = x. Then ((t;, %; ¢))o <i<m 15 @ fine U-
approximation of py in V°, and ((t;, &; m))o <i <m Of P1- Let the associated right direct
words be wg, w;.

Define B; ;and y; ; (for the relevant i, j) by taking them to be the unique elements of
U A V° c Vsuch that

Aiv1,j = ﬁo(“i,p ﬁi,j), Aij+1 = ﬁo(ai,j’ ?i,j)-

Notice that y, ; = ,,; = e for all j.
Now by associativity compare (2.13))

B jsYiv1,5) = Hijs Bij+1) for0<ij<m

Next, forO0<j<m, 1 <i<m,set

Uiy = (. (ﬂo,j’ ﬁl,j), ) Bi- 1)) ')‘i,j)’ ﬁi,j+ s )s B — 1L,j+ )
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and
vm,j = (("'(ﬂo,ja ﬂl,j)’ BZ,j)r"), ﬂm—l,j) for 0 SJ < m,
vo,; = (Vo,j» Bo,j+ 1)s Brj+ 1)) Bm-1,5+1) for0<j<m.

Then, if0<j<mand 1 <i<m—1,
E(M(g) v;;: G) = E(M(9)((-- (Bo,j> By,jh ) Bi-1.) - G)-4(v;p)

-g(.Bi,j+ ). E(M(g)((-- (B« 1,j+ 15 ) Bm—1.j+ V:G)
and

90i,)-9Bij+ ) = 9y Bij+ 1)) = 9(Bi ) 9(rix 1,5),
so that
EM(g)v;;: G) = EM(g)v;,,;: G) forO<i<m-—1.
When i = m—1 one has likewise (since y,, ; = e)
E(M(g) vp-1,j: G) = E(IM(9)(Vy,j, Vm,j) : G) = E(M(g) vy,; - G).
Finally,
E(M(g)v,;: G) = EM(g) Uy j+,:G) forO<j<m,asy,;=e

Thus E(M(g)v;; : G) is independent of i and j; as wy = v,,0 and w; = v, o, this
proves the result.

(2.17) PrOPOSITION. Suppose I', T, T°,1°,G, g, U are asin(2.13). Let g : I - R° be
a path with g(0) = e and q(1) = a€ R®. Let v, w be respectively the left and right direct
words associated with fine U-approximations of g and 7°q in V°. Then

E(M(g)v: G) = EM(g)w: G)~ "

PROOF. By (2.13) it is only necessary to prove this for a particular choice of fine U-
approximations. Let W be simultaneously a Wi(q(I),{e},V° N,I°) and a
WE° o g(l), {e},VO,N, %), where N<U is a D@II,I° and a

o~

W(q(I),{e},V°, U, 1°). Nowchoose 0 = t,<t, <...<t, = 1so0 that for each i there is
s;€ I with

qltutivd s iﬂtvo{ﬁo(Q(si) x W} A intvo{ﬁo(VVx q(s))}-
Let 2y = e, a,, = a, and for 0 < i < m select
o, € VO BOglsi- 1) x W) 0 B0g(s) x W) GO qs; - 1)) 0 B g(s).

Thus ((t;, ))o <i<mis a fine U-approximation of g in V°. Let the associated left direct
word be

v= (Bm— 1» (ﬁm—Z’ (’ (ﬂz, (ﬂl, ﬂo)) )))
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Now by construction compare the conditions (2.2)i), (iii) and (2.1)ii)) each «; & R°.
From (2.6) (taking K = g(I)) it follows that ¥°(«;) must lie in ¥° for each i. Also, by
(2.5), for all tel,

70 1N x g(8) = B°(F° < g(t) x N)
However,

wevon (), BExq)

tefti-1,ti
by construction (compare (2.11), (2.12)). Thus
PV n (), B0 q0)x ),

tefti- 1,1

so that ((t;, T";(ai))) is a fine U-approximation of ¥ o4 in V°.
Next, B;eV (compare (2.12), (2.13)) and B;ei®%Wx W)= N; hence by
(2.2)(iv), B;e R. Consequently by (2.5)

Va4 ) = ¥ 1B, o) = 1O(°(a), VO(B))
= ~o(;,o(ai), v(B),
so that the right direct word associated with ((t;, ¥°(«,))) is

w = (.. (ABo)s v(B1)) V(B2))s --.), (B - 1))

But now

EM(g)w : G) = g(v(Bo)). g(v(B1)) - ... . g(¥(Bpm - 1))

=@Bo) ™" (@B )" ... (@B 1)
= (EM(g)v: G)~*

as required.

3. The main argument

(3.1) PROPOSITION. Let an array of local groups as in (2.7) satisfy the further
conditions

(i) that T is full in T and T2 replete in T2,

(ii) that Vis open in V? and V=V V2,

(iii) that Vis path-connected in V (compare (2.9)),

(iv) that T° is convex in T, 1", ') (compare (2.8)).
Suppose that Gis agroup and g : T — G a homomorphism; let U be a neighbourhood of
e in Vsuch that U x U < .
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Then, given any we M(I') n *M(I"®)thereisapathp,, : I - V° such that p (0) = e,
p1)=Ew:T°, and, if v is any fine U-approximation of p, in V°,
EM(g)v: G)= E(M(g)w : G).

ProoF. Notice first that axioms (1.1)(IX) ensure ¥°, V! are open in V2, since Vis.
The construction of p,, proceeds by induction on the order of w (cf. (1.6)). When the
order is 0, the constant path at e satisfies the requirements.

Next, suppose w = (a)e M,(F') n °M(I"®). By (iii), there is a path from e to a in V.
Let p,, be such a path. A fine U-approximation of p,, in Vis automatically a fine U-
approximation in ¥° (cf. (2.11)), and the associated right direct word w’ is evaluable
in T to a, by definition. As I"is full in T by (i), w' is also evaluable in T to a. Since g is a
homomorphism,

EM(g)w' : G) = g(E(w' : T)) = g(a),

as required.

Now suppose w = (w,, w,), where w,, w, are of strictly lower order than w, so that
P.,s Py, are already defined. Recall that we *M(I"°); thus (P,(1),p,,(1)€Q°. By (iv)
(see (2.8)) there is a path p,, : I — ¥° such that

Pu()xp, (DS Q. |
This means in turn that p, and p;z satisfy the hypotheses of {2.8)(ii), and
consequently there is a path p,, : I - ¥° homotopic in V2 (with fixed end-points) to
the path r,,, where

r.(t) = p,, (20) when 0 <t < 4,
ru(t) = 5 (py,(1), P, (2t —1)) when <t < 1.
Let W be simultaneously a W(r,(I), {e}, V2, U,T?) and a
W({p., (1}, P (D, V2, T, T?).

Let ((t},2}))o <i<m be a fine Hzapproximation of p,,, in ¥°, with associated right direct
word

vy = ((( (ﬂéa ﬂi)’ ﬂ;)a )’ B:n— 1)’

and let ((t?,a?))p ;< be a fine Wapproximation of pi,, in V2, with associated right
direct word

vy = (- (B3, BD), B3)s ). B2 1).

Define t; =14t} for 0<i<m t;,=%4+3t}, for m<i<m+n: ay=a} for
0<ism o= pako?,) for m<i<m+n (Note that (x,a? ,)ed? by
construction, since «}, = p,, (1) and p,, (1) x p,,(I) S Q2. See (2.1). As a},a?_,, are in
V2, and T'? is replete in T2, it follows that a;e V2) By this construction I have
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ensured, via (2.1)(ii), (v), that the new sequence ((t;,®))p<icm+n 1S @ fine U-
approximation of r,, in V2, with associated right direct word

V= ((((ﬂo’ Bl)a ﬁz), )’ ﬂm+n-— 1)»

where B; = B! for0 < i< m—1and §; = B7_, form < i < m+n—1. However, it is
clear from this that

E(M(g)v : G) = E(M(g) v, : G). E(M(g) v; : G).

Let v be the right direct word associated with a fine U-approximation of p,, in V°,
which will also be a fine U-approximation of p,, in V2 (cf. (2.11)). Thus, by (2.16),

EM(g) v: G) = E(M(g)v': G).

Let v, be the right direct word associated with a fine U-approximation of p., in
v it will also be a fine U-approximation in V2. By (2.16) again,

E(M(g) v, : G) = E(M(g) v; : G).
Hence
E(M(g)v: G) = E(M(g)v, : G). EM(g)v; : G)
= EM(g)v, : G). EM(g) v, : G)
= E(M(g)w, : G). E(M(g)w, : G) (by the inductive hypothesis)
= E(M(g)(w;,w): G)
= E(M(g)w : G),

as required : so p,, has been defined satisfactorily.

Finally, suppose w = (w,) !, where p,,, has been defined (more formally, suppose
w = (wy, w,)” !, where p,,, ,,,+ has already been defined). Take p = p,,, in (2.8)(iii);
certainly p,(1)eR® as there required, since we*M(I'®). Thus I obtain paths
g:1->R?and r:1-V°. Set p, = r. Then, by definition,

Pu0) = e, p(1) = v¥(E(w, : T)) = E(w: I).

Suppose v, is the right direct word associated with a fine U-approximation of p,,,
in V°, and let v be similarly associated with a fine U-approximation of p,, in V°.
(These are also approximations in ¥'2.) Let v,, v, be respectively right and left direct
words associated with fine U-approximations of g and of 7?0 q in ¥2. Then

E(M(g)vo : G) = E(M(g)v;: G) by (2.16),
E(M(g)v, : G) =E(M(g)v;: G)™' by (217),
E(M(g)v: G) = E(M(g)v,: G) by (2.16).
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Hence
EM(g)v: G) = E(M(g)vo: G)™!
= E(M(g)w, : G)~! by hypothesis,
= E(M(g)w : G).

This completes the inductive construction of p,, (cf. (1.6)).

(3.2) THEOREM. Suppose the hypotheses of (3.1) are satisfied, and also
(v) ¥° is simply-connected in V? (as in (2.9)).
Let A be the portion of T'° whose underlying subspace of V° is
Y = E(M(I')n ¢M(I°) : T9).

Then there is a unique extension of g to a homomorphism § : A — G. In particular,if V°
is connected and V° = V*AV°, then g extends uniquely to a homomorphism
§g: T’ -G

NoTE. V is open in V° by (3.1)(ii). Hence, applying (1.1)(IX) to TP,
E(M(T)neM(I'°): T is open in ¥, and, by (1.3), A is well-defined.

PROOF. Let w;,w, € M(I') N °M(I"°), and suppose
E(w,:T% = x = E(w, : ')

Take pathsp,, ,p,,, asin(3.1). They joine to x in V0 andsoare homotopic, with fixed
end-points, in V2. Let v,,v, be right direct words associated with fine U-
approximations in V° of Pyw,» P, Tespectively; they are automatically fine U-
approximations of these paths in V2 as well. By (3.1),

EM(g)w, : G) = E(M(g) v, : G), E(M(g)w,: G) = E(M(g)v, : G).
But, by (2.16),
E(M(g)v, : G) = E(M(g)v, : G).

Consequently 1 may define unambiguously: §(x) = E(M(g) w: G) for any
we M(I) n M(I® such that E(w : I'°) = x. If § is to be a homomorphism, this is the
only possible value for g(x). It only remains to show that g, so defined, is indeed a
homomorphism.

First, if x = E(w : %) e R, where we M(I') n *M(I'°), then
Vo(x) = E((w,@)" "' : T?),
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and consequently
§0°(x)) = EM(g)(w, @)™ ' : G) = E(M(g)w: G)™* = (G(x))~".
Similarly, if (x,,x,) € Q° and x; = E(w; : I'®) fori = 1,2, then

1O(x1,xz) = E((wy, w): T),
and so
J(u°(xy,x,)) = E(M(g)(wy, w,) : G) = E(M(g)w, : G). E(M(g)w, : G)
= g(x1)-g(x2),

as required. The final assertion of the theorem follows by noting that, if it is known
that V° = V2~ 7° and that I'? is replete in T2, then I'° is replete in I'°; hence
connectedness of ¥°, and the fact that Vis open in ¥°, show by (2.4) that A = T°,

4. Conclusions and comments

(4.1) DeFINITION. Let I be a local group. The universal group of I', written U(I'), is
the group generated by the elements of V, with relations

x.¥Wx)=e forxeR, x.y=up(x,y) for(x,y)eQ.

Thatis, U(I') = G(I')/N, where N is the smallest normal subgroup of G(I') containing
all the terms (x, v(x)) for xe R and (y~*,x ", u(x, y)) for (x, y)e Q.

There is an obvious canonical map Up:I' = U(I'): x = (x) N, which the
definition of N makes a homomorphism, and which is characterized up to natural
isomorphism by the following property : given any homomorphism g : I’ — G, for
any group G, there is a unique homomorphism of groups g : U(I') — G such that
go Ur = g. Itfollows that, for each homomorphismf: I — A of local groups, there is
a naturally induced homomorphism of groups

U(f): U(M) - U(A),

and that U is thus a functor from local groups to groups. The homomorphism U(f)
will be an isomorphism if and only if, given any group G and any homomorphism
g: I' » G, there is a unique homomorphism ¢ : A — G such that go f=g.

(4.2) THEOREM. Suppose T is a dense replete local subgroup of T, and
A < A, S A, are path-connected open neighbourhoods of e in V such that A, < R,
W(A,) S 44, Agx Ay < Q,and Ay x Ay) S Ay; and let A, be simply-connected in V.
Then, for any group G and any homomorphism g : F|71 N V> G, there is a unique
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extension of g to a homomorphism gq : I [Zo N V— G. Equivalently, the inclusion
homomorphism of local groups, i : T | AnV-T |‘Zo NV, induces an isomorphism of
universal groups, U(i): UT|An V) - U |4, V).

Proor. Apply (3.2) to the array

M4 ¢« M4, € T4, « T
Ul ul_ ul_ ul
FNANVET[A,nVET|A4,nV T

The hypotheses of (3.2) are satisfied (see (2.10)(iv), and note that repleteness of I'in "
trivially entails fullness of I'| 4 n Vin T'| A). Thus the result follows from (3.2) and
@.1).

(4.3) COROLLARY. Suppose H is a connected and simply-connected topological
group and H a dense subgroup. Let Vbe a path-connected open neighbourhood of e in
H. Then, given any group G and homomorphism g : H | VA H - G, there is a unique
homomorphism §:H — G extending g, and, if i :H| VAH - H is the inclusion
homomorphism, the induced homomorphism

i:UH|VnH) > H
is an isomorphism of groups.

PROOF. Set A, = A, = H in (4.2), and note that U(H) is naturally identified with
H.

(4.4) COROLLARY. Let I" be a simply-connected and locally path-connected local

group. Suppose A, A, are open connected neighbourhoods of e in V such that, for
i=12,

A; SR, A;xA;,SQ.
Then U(T"| A,) and U(T"| A,) are canonically isomorphic.

Proor. Choose a connected open neighbourhood A of e included in both A, and
A;. Then by (4.2) (taking '=T and 4, = 4, = V) the homomorphisms
U(T'| 4) - U(I'| 4;) induced by inclusion are both isomorphisms.

(4.5) The local groups in (4.2), (4.3), and (4.4) need not be symmetric; this is a gain
from the non-standard definition (1.1). Inversive fullness (see (1.3)) was not needed
because of (2.6).

Note that these corollaries are indeed very much weaker than the basic but
indigestible theorem (3.2). They are stated for portions : however, the ‘natural’ local
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group structure on, for instance, the subset {(x,y,2): 0 < (x—1)>+y*+2z2 < 2} in
R3, is not that of a portion of R?, in which one could multiply across the deleted
point. The general convexity condition (3.1)(iv} also has its uses—see (4.6) below.

In the obvious cases, such as rational subgroups of unitary groups, (4.3) is a
weaker version {differing in certain formal respects) of a theorem of Ganea (1951). A
second result of Ganea (1953) should be compared.

(4.6) Let gbeareal Banach Lie algebra : that is, a real Lie algebra furnished with a
norm which is submultiplicative with respect to the Lie bracket and makes it a
Banach space. Let B(r) denote the open ball of radius r about the origin ing. There
are universal constants k and / such that the Campbell-Hausdorff formula makes
B(k) a local group (including B(l)) in which the product of any two elements of B(l) is
defined. (4.4) now states that all connected portions of B(k) included in B(/) have
canonically isomorphic universal groups.

If gderives from a connected Banach Lie group & (which need not be the case : see
Serre (1965), p. LG 5.41), then the universal group of any sufficiently small
connected portion of B(k) is naturally identified with the universal cover of ®. In the
general case, | believe that the essence of my proof cannot be simplified, although
technical modifications are possible. For instance, (2.11)}«2.17) may be reformulated
in terms of the development in ¥V of paths in g (a ‘differential’ rather than ‘difference’
argument); but such reasoning, using differential equations, requires completeness,
and so is less general than mine. Suppose, for example, that b is a non-closed
subspace of g including the algebraic commutator subalgebra [g,g]. Dynkin’s form
of the Campbell-Hausdorff formula defines a local group corresponding to b,
despite the lack of completeness.

If gcomes from a simply-connected group &, Lazard and Tits (1966) showed that
B(n) has a local group structure which embeds by the exponential in ®.
Swierczkowski (1971) pointed out that any Banach Lie algebra is the quotient (with
quotient norm) of one that enlarges to a Lie group. It may be deduced from these
facts that, in any Banach Lie algebra, B(n) may be given the structure of a local
group. Furthermore, if one employs the convexity hypotheses in (3.2), it follows that
any connected portion of B(x) has canonically isomorphic universal group. These
assertions are not trivial

(4.7) The theorem of Lazard and Tits also says that the question whether g
corresponds to a Lie group is already determined in B(n). One may ask if there is a
general result of this kind for local groups, and it is easy to see that this amounts to
finding results such as (3.2) when G is only a local group. Now I have freely exploited
the hypothesis that G is a group in all my arguments : I have assumed that all
products in G are defined, and that they are all associative. It is fairly clear, however,
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that the restricted associativity of products given by (1.1)(VI) would suffice if we
restricted attention to continuous homomorphisms of local groups. On the other
hand, it seems difficult to ensure that all the products that are used in the proofs
actually exist in G. One might introduce a suitable notion of path-length, and
postulate that all homotopies used pass only through paths of appropriately
bounded length; but both statement and proof of such a theorem seem better left to
the imagination.
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