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Abstract

In this paper we construct a family of variational families for a Legendrian embedding, into the 1-jet
bundle of a closed manifold, that can be obtained from the zero section through Legendrian embeddings,
by discretising the action functional. We compute the second variation of a generating function obtained
as above at a nondegenerate critical point and prove a formula relating the signature of the second
variation to the Maslov index as the mesh goes to zero. We use this to prove a generalisation of the Morse
inequalities thus refining a theorem of Chekanov.

2000 Mathematics subject classification: primary 53C15; secondary 53D35.

1. Introduction

In [1] Arnold calls a Legendrian embedding f : L — J'M, into the 1-jet bundle, that
can be obtained from the zero section by a smooth deformation through Legendrian
embeddings a quasi-function. Intersections of f with M, x R, where M, denotes
the zero section of T*M, are called critical points of f and these are said to be
nondegenerate if the intersection is transverse. It can be shown that every such
quasi-function is of the form f = ¥|p, 0, Where ¢ = ¢! for some contact isotopy
(¥o<si<i Of J'M. Under the assumption that M is closed (that is, compact and
boundaryless) and a Riemannian metric on M has been chosen, we show that to each
nondegenerate critical point ¢ € L of f we may naturally assign a number

ulc, ¥y en/2+ 2.

Assuming that all critical points are nondegenerate we denote by p, the number of
critical points ¢ € L such that u(c, ¥') = k and by b, the kth Betti number of M
(with coefficients in any field). We prove the following result.
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THEOREM 1.1. Let f : L — J'M be a quasi-function on a closed Riemannian
manifold M of dimension n having only nondegenerate critical points. Then

Prjzk = Pajpirt + 0+ = by — by + -+ (=1)*by
foreveryk € Z.

Theorem 1.1 is a refinement of a theorem by Chekanov announced by Arnold in [1]
(see also Chekanov [5]). The latter theorem asserts that, in the nondegenerate case,
the number of critical points is bounded from below by the sum of the Betti numbers.
A proof of Chekanov’s Theorem is also given by Chaperon [4] and is based on a
result by Théret [16] concerning the existence of a generating function. Our proof is
independent of their work.

A method of generating contact isotopies is based on using a time-dependent
Hamiltonian H: [0, 1] x J'M — R. Indeed all contact isotopies may be obtained
in this way. A special instance is given by the following: given a Morse function
f: M — R, let H(x,y,z) = —f (x) define a time-independent Hamiltonian. The
critical points of f are in one-to-one correspondence with the critical points of the
associated quasi-function. In particular, the Morse index indy (xo) of a critical point
xo € M of f is related to the Maslov index by

m(xo, l”;;) = n/2 — indy(xo)

and thus in this special case Theorem 1.1 reduces to the classical Morse inequalities.

Our methods also refine a related theorem in the symplectic setting proved by Hofer
[9] and Laudenbach and Sikorav [11]. This pertains to finding a lower bound for the
number of points of intersection of the zero section of the cotangent bundle with its
image under a time-dependent Hamiltonian symplectomorphism. An outline of our
approach follows.

Let ¥’ be a contact isotopy of J'M with Hamiltonian H: [0, 1] x J'M — R.
When M = R" we may associate with H an action functional as follows. Consider
the path space

P ={c=@xy):(0,1]> T*R" | y(0) =0}
and, given c € &, letz = z.: [0, 1] — R be the unique solution of
z={(y,x)—H(t,x,y,2), z(0)=0

(assuming such a solution exists). Define the action functional &, : £ — R by

1
d>H<c>=/ (v, %) = H(t.x. y, 2)) dt.
0
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A calculation shows that the fibre critical points of &, with respect to the fibration
P — R": (x, y) — x(1) generate the Legendrian submanifold ' (Lo).

We consider discretisations of the form &% : ¥ — R for N € N which also have
this property. Here

gN = {CN = (XQ, e s XN Y1 e ,yN) € [R(ZN+I)" lx,~, yj € Rn},

which is fibred over R* by ¥ — R": ¢¥ — xy, can be thought of as a space of
discrete paths in R%*, and @, is the discrete action functional which is given by

N
d)];V,(CN) = Z (()’j»xj - Xj—l) - Vj—l(xj—l, Vi Zj—-l))-
j=I
The functions V;: R***! — R are constructed by using the contact isotopy ¥’, and
the z; s are given by the iterative rule

=0, z=y,x —x;21)— Va1, y,z5-0)+z-, >0

We show that such discretisations always exist for N sufficiently large and H having
compact support.

A path ¢ € &£ is a critical point of & if and only if (c, z.) is a trajectory of
Y’ starting in Lo x {0}, where Lo denotes the zero section of 7*R”, and ending in
Lo x R. Similarly, a discrete path ¢¥ € 4V is a critical point of ®" if and only if
(c, {z;}) corresponds to a ‘broken trajectory’ of ¥ with (xo, yo, 20) € Lo x {0} and
(xn, Yn,zw) € Lo x R. Furthermore, given such a path ¢¥, critical for ®¥, and such
that ¥'(Lo x {0}) intersects Lo x R transversally at (xy, yw, zv), d>®% (cV) will be
nondegenerate. We show that, given a critical point ¢ € &2 with the same property,
for sufficiently large N the signature of the second variation of the discretisation is
given by:

PROPOSITION 1.2.  signd?®N(c¥) = 2u(cV, ¥).

This generalises a theorem of Robbin and Salamon in [14] for quadratic Hamil-
tonians. Also, it strengthens the theorem of Viterbo [17] which states that, in the
symplectic case, the difference of the signature of the second variation of &V at two
critical points is independent of N, but at the cost of having to take N sufficiently
large.

The action functional and its discretisation are extended to the 1-jet bundle of a
closed manifold M as follows. First, M is embedded in R* for a suitable k. Next, a lift
H:J'R* > Rof H ischosensuchthatﬁ],.ml” = Hop,where p: J'R¥|y, — J'M
is the natural projection map. Finally, the appropriate action functional is defined to
be ¢ restricted to the space of paths having x(1) € M, and similarly for the
discretisation. Theorem 1.1 follows from generalising Proposition 1.2 and appealing
to the stabilised Morse theory (the Conley index).
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2. Contact structures

In this section we recall some basic notions of contact structures. A contact
structure on a 2n + 1-dimensional manifold @ is a maximally nonintegrable field of
hyperplanes § C T Q. If we assume that & is transversally orientable, that is, § is
given by the kernel of some 1-form «, then the contact condition can be stated as

(1) o A {da)" #0.

In this case « is said to be a contact form for the contact structure £. An important
equivalent formulation of the contact condition (1) is that de is a nondegenerate
2-formon &.

Given a contact manifold (Q, &) and an integral submanifold L C @ note that, for
each p € Q, the tangent space T, L is an isotropic subspace of the symplectic vector
space (§,,da,), that is, da, vanishes on 7,L. This implies, in particular, that the
dimension of L can be at most n. In such a case L is said to be Legendrian.

A diffeomorphism ¢ : Q — Q which preserves the oriented field of hyperplanes
& is called a contactomorphism, that is, equivalently, if

Yva = éfa

for some function g: Q — R.
Note that if ¥ : Q@ — Q is a contactomorphism, then, by a direct calculation, its
derivative restricts to give a linear conformal symplectomorphism

dy(plg, : p. day) = By, dayg),

forevery p € Q.

A smooth family (¥")o<,<; of diffeomorphisms ¢': Q — Q with ¥° = id is
called an isotopy of . When each ¢ is a contactomorphism, the family ' is called
a contact isotopy.

A contact vector field is defined to be a vector field X : Q@ — T Q which satisfies

Lya = ha

for some function h: 0 — R.
The contact Hamiltonian associated to a contact vector field X: Q — TQ is
defined to be the function H: M — R given by

2) H = —(X)e.

It is easy to check that every function H: @ — R is the contact Hamiltonian of a
unique contact vector field X = Xy: 0 — TQ.
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1-jet bundles. The standard contact structure on the 1-jet bundle J'M = T*M x R
of an n-dimensional manifold M is given as kernel of the 1-form

o =dz — Aen-

Here z denotes the standard coordinate on R and A.., the canonical 1-form on T*M
which is given by the defining property 0 *Acn = o for every 1-formo: M — T*M.

Let ¥' be a contact isotopy of J'M and X: [0,1] x J'M — TJ'M be the
associated time-dependent contact vector field defined by

d t _ t
217'// @) =X ¥'(p)).

Associated to X is the time-dependent Hamiltonian H : [0, 1] x J'M — R given by
(2). We express this in local coordinates.

About any point (c,z) € J'M one can construct a distinguished set of local
coordinates xy, ... , X, Y1, ... » ¥a, Z in Which ¢ takes the form

a:dz—Zyidx,.

Using these coordinates it is easy to check that X is given by Hamilton’s equations:

(3a) Xi= a—H
ayi

_ 9H  9H

(3b) yi= “om )’i—az—

and thus y* is the time- map of the flow associated to Hamilton’s equations for H.

3. The variational principle

In this section we describe an abstract method for generating all solutions of
Hamilton’s equations in the 1-jet bundle J' M subject to ¢(0) € M, the zero section of
T*M,and z(0) = 0. Let H: [0, 1] x J'M — R be atime-dependent Hamiltonian. To
ensure that (4) below has a solution z: [0, 1] — R for every smooth path c¢: [0, 1] —
T*M assume that 8, H is bounded. Let w: &2y — M be the fibre bundle, where

Py ={c:[0,1] > T*M | c¢(0) € My}

is a space of smooth paths and 7 is the projection ¢ > mr.yc(1) € M. To each path
¢ € Py associate a function z = z.: [0, 1] — R given as the unique solution of

4) 2(t) = dean(¢(D)) — H(t, (1), 2(2)),  2(0) = 0.
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Now define the action functional &y : Py — R by

1
Qulc) =z(1) = ] (Acan(&) — H(t, ¢, 2)) d1.
0

A point ¢ € Py is called a fiber critical point of &y if the differential of &,
disappears along T.(%4) . the tangent space at ¢ of the fibre over 7 (c).

PROPOSITION 3.1. There is a one-to-one correspondence between the set of fibre
critical points of ®y and the solutions of Hamilton’s equations subject to c(0) € Mo,
z2(0) = 0. Furthermore, c € Py is fibre critical if and only if

(3) 1(O)dAcan + dH, () + 9. H(1, ¢, )Aean = 0.

PROOF. Let (—&,&) — Puy: s + ¢, be a parametrised family of paths and
abbreviate ¢ = ¢. Denote by y: [0,1] — ¢*T(T*M) the associated variational
field

d
r0 = 35| e

Define z,: [0, 1] — R for each s by (4) and denote the derivative with respect to s at
s =0by ¢. Now ¢ evaluated at ¢ € [0, 1] is given by the expression

(t)"i
¢ T ds

t
/ C:()‘can - Hz, d‘l’)
ovo
'
= / L, (Aean — H, dt) — 8, HE dt
0

= / (‘(y)(_t(é)d)‘-can - dHr,z) - azHC) d'[ + )\can(y(t))y
0

where the third equality follows from Cartan’s identity for the Lie derivative. Thus
the 1-form o applied to the vector field (y, ) satisfies

Ot()’(f), ;(t)) = / (t(y)(‘"[(é)dkcan - dHt,z - azHA-can) - 3zHOl(V, C)) d'[,
0
a(y(0),£(0)) =0.

This we can solve explicitly. Evaluating at # = 1 we find

1
aly(l), £(1) = f e M (1) (—1(&)dhcan — AH,y — 8, H Acan) dt.
0

Thus it follows that ¢ € Py, is fibre critical if and only if (5) holds and since (5) in
local coordinates is equivalent to (3a), (3b) this proves the proposition. ]
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Note that at a fibre critical point ¢ the differential of ® is given by

dPy(c)(¥) = Aean(y (D).

It thus follows that ¢ is a critical point only if ¢(1) € M,.
4. Variational families

The notion of a variational family formalises the variational principle that was
considered in the previous section. In this section we consider some basic properties
of variational families in general. We start by briefly recalling some ideas from the
theory of symplectic reduction.

Suppose that (P, w) is a symplectic manifold and that W C P is a cotsotropic sub-
manifold. This means that T, W is contained in 7T, W for each p € W, where T, W*
denotes the symplectic complement of 7, W. Then the subspaces T, W* determine
an isotropic distribution 7 W¢ in T P which by the closedness of w is integrable. It
follows from Frobenius’ theorem that W is foliated by isotropic leaves. If we assume
that the quotient space P’ = W/~ is a manifold, where the equivalence relation is
givenby: po ~ p, if po and p; lie in the same leaf, then we note that the P’ is naturally
a symplectic manifold.

We next recall that if L is a Lagrangian submanifold of P which intersects W
cleanly, that is, L N W is a submanifold of P and T,(L N W) = T,L N T, W for all
p € LN W, then the image of L in P’ is also Lagrangian, but may only be immersed.

To pass from Lagrangian immersions to Legendrian immersions we use the pro-
cess of contactisation. This applies to all symplectic manifolds (P, w), where the
symplectic form is given as the differential of a 1-form —A. Such manifolds are said
to be exact. A contactisation of an exact symplectic manifold (P, w) is a contact
manifold (P x R, dz — A), where A is a 1-form satisfying the relation w = —dA.
Here z denotes the coordinate on R. Given an exact symplectic manifold (P, w),
a contactisation of a Lagrangian immersion f : L — P is a Legendrian immersion
f: L > P x Rlifting f. If the Lagrangian immersion f : L — P is exact, that is,
f*x = dS for some function S: L — R, thenthelift L > P xR: ¢ — (f (¢), S(c))
is Legendrian. Conversely, it is easy to see that if f admits a lift, then it must be exact.
Note, however, that the contactisation of an exact Lagrangian immersion is not unique
since the function S is unique only up to the addition of a locally constant function.

We now give the definition of a variational family. This is a pair consisting of a
fibre bundle 7: E — X and a smooth function ®: E — R. The variational family
is called transversal if the graph of d® in T* E intersects the conormal bundle of the
fibres

Ne={(c,n) e T'E | n € (kerdm(c))*}
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transversally. For a transversal variational family (E, @), the set of fibre critical points
is given by

Ceo = {c€ E|dP(c) € (kerdn(c)*}

which by transversality is a manifold. To each fibre critical point we can uniquely
associate a covector v* € T, X by the relation v* o d7(c) = d®(c). This gives rise
toamap te: re — J'X given by mapping ¢ € €x.o to the 1-jet (w(c), v*, ®(c)).

The following proposition is due to Hérmander [10]. We include here a proof for
the sake of completeness.

PROPOSITION 4.1. Given a transversal variational family (E, ®), themap io: 6k 0
— J'M is a Legendrian immersion.

PROOF. Note that the graph of d® is a Lagrangian submanifold of 7*E and Ng
is a coisotropic submanifold. Note also that the quotient N/~ can be identified
with 7*X. It follows from the above discussion that the map t: €z o — T*X,
given by composing te with the projection J'X — T*X, is a Lagrangian immersion.
Moreover, the pullback of A, by ¢, is given by

L:p*)‘can =v'o d(”l‘é’gﬁ) = d(q)l‘é’go)

and so ¢, is an exact immersion. Contactising, it follows that ¢ is a Legendrian
immersion. O

Denote by Lo the image of ¢ and by X, the zero section of T*X. Clearly, a point
¢ € %o is a critical point of @ if and only if te(c) is in Ly N Xy x R. Moreover,
when FE is a finite dimensional vector bundle we have:

LEMMA 4.2. A point ¢ € crit @ is a nondegenerate critical point of ® if and only if
Ly and X x R intersect transversally at 14(c).

The proof of this uses the following elementary fact.

LEMMA 4.3. Let (V, w) be a symplectic vector space and N C V a coisotropic
subspace. Then given two Lagrangian subspaces Ay and A, satisfying

A()CN, AlﬂNH):{O},

Ao is transverse to A, if and only if, in the quotient, the reduced spaces Ao and A,
are transversal.
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PROOF OF LEMMA 4.2. Apply Lemma 4.3 in case V = T,(T*E), N = T,Ng,
Ao = T,Epand A, = T,(graph(d®)) where p = (¢, d®(c)) and E, denotes the zero
section of T*E. O

EXAMPLE 4.4 (Action). Let H: [0,1] x J'M — R be a time-dependent Hamil-
tonian and ¢4 : &£y — R the action functional given in Section 3. By Proposi-
tion 3.1 the pair (£, ®y) is a variational family for the Legendrian submanifold
¥!1(M, x {0}), where ¥' = v}, denotes the contact isotopy generated by H. Note
that we do not say anything about transversality.

Restricted variational families. Let M be a submanifold of X and let L —
J'X: ¢ (f (c), S(c)) be a Legendrian immersion transversal to J ' X |,,. We extend
the notion of symplectic reduction to such Legendrian immersions as follows.

Evidently f : L — T*X is an exact Lagrangian immersion. Define f': L' —
T*M, where L' = f ""(T*X|y),by f'=rof oi. Here i: L’ <> L is the inclusion
and r: T*X|y — T*M is the natural projection. By transversality L’ is a manifold
of the same dimension as M. Using r*Acs = J *Acan, Where j : T*X |y — T*X is the
inclusion, it is now easy to see that f' is again an exact Lagrangian immersion with
[ *Acn = d(Soi). Thelift L' — J'M: ¢+ (f'(c), S o i(c)) we refer to as the
reduction of (f, S).

Suppose that (7: E — X, ®: E — R) is a transversal variational family and
denote by '

(ry =mlg,: Ex > M, ¢M=¢|EM3 Ey — R),

where Ey = E|y, the variational family obtained by restricting to M. In the case of
a finite dimensional vector bundle these are related by:

LEMMA 4.5. Given a transversal variational family (E, ®), the restricted vari-
ational family (Ey, ®y) is transversal if and only if Lq is transverse to J'X|y.
Moreover, if both variational families are transversal, then Ly, is the reduction
OfL@.

PROOF. The first part of the lemma follows easily by choosing local coordinates on
X in which M is linear and the second part follows by a direct calculation. O

COROLLARY 4.6. If both (E, ®) and (Ey, ®y) are transversal, then ¢ € Ey
is a nondegenerate critical point of ®y if and only if Ly and TM* x R, where
TM* C T*X denotes the conormal bundle of M, intersect transversally at 1(c).

PROOE. This follows immediately from Lemma 4.2, Lemma 4.3 and Lemma 4.5.
a
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5. Continuous-time theory

In this section we assume that M is a closed manifold embedded in R* and that
vt J'M — J'M is a given contact isotopy. We construct a variational family
(Pyi, y) on R¥ whose restriction to M, (&2, ®), generates the Legendrian subman-
ifold ¥'(M, x {0}) C J'M, and consider the second variation of the function ®.

5.1. Construction of variational family. Suppose that H: [0, 1] x J'R* — R is
a time-dependent Hamiltonian with the property that for every x € M

H(t,x,y,z) = H(t,x,y’,z) whenever y—y L T M.

Denoting by p: J'R*|, — J'M the natural projection (x, y, z) — (x, y|r.u, 2), it
follows that H descends to a time-dependent Hamiltonian H: [0,1] x J'M — R
given by

(6) H|ygy, = Hop.

We insist that H, is C'-bounded for every ¢ € [0, 1]. This ensures that the Hamiltonian
flows of H and H define global diffeomorphisms for all ¢ € [0, 1].

The next lemma shows how the Hamiltonian flow of H is related to that of H
(compare with [2]).

LEMMA 5.1. Let H be a time-dependent Hamiltonian on J'R* and denote by ¢'
the associated contact isotopy. Then the following are equivalent:
(i) H satisfies (6) for some function H: [0,1] x J'M — R;
(il) @' leaves J'R*¥|y invariant,
(i) @' descends to a contact isotopy on J'M.

PROOF. (i) implies (ii). Let X = (x, y, ) denote the vector field generated by H.
It is sufficient to show that X,(p) € T,(J'R¥|y) forall p € J'R*|y. To see this note
that, forany p = (x, y, z) € J'R¥|y,

x,(p) =0,H/(x,y,2) = 0,H,(x, [1(x)y, 2) = [1(x)d,H,(x, y, 2).

Here T*M has been identified with TM, using the induced inner product, and I1(x) €
R*** denotes the orthogonal projection onto T, M. It follows that x,(p) € T,M and
hence X,(p) € T,(J'R¥|y) as required.

(ii) implies (iii). We first claim that if a contactomorphism ¢ preserves J'R|,,,
then it has the property that

(7 plp(p)) = plp(q)) whenever p(p) = p(q).
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To see this note that the subspace N, = 7, (J IR ) N &, is a coisotropic subspace of
the symplectic vector space (§,, da,), for each p € J'R*|,, and that the symplectic
complement is given simply by N;;’ = Y;(p“(p (p))). Also note that dg(p) restricts
to a map from N, to N,,,. Property (7) now follows from the fact that the fibers of p
are connected.

Consequently, we may define ' : J'M — J'M by po g’ oj = ¢’ o p, where j
denotes the inclusion J'R¥|y < J'R*. Clearly ¥ is a diffeomorphism. That ¥ is
a contactomorphism follows from a direct calculation using the identity j *a = p*a.

(iii) implies (i). Since ¢’ descends to a contact isotopy ¥ on J'M it is clear that
¢ preserves J'R¥|y. Also it follows that the contact vector fields X, X generated
by the isotopies @', ¥* respectively are related by p, X = X. These satisfy ((X)a =

—H, «(X)a = —H, where H is the Hamiltonian function generating ¥’. A direct
calculation now shows that H and H are related by (6). This completes the proof of
the lemma. a

REMARK 5.2. It follows from Lemma 5.1 that, when H satisfies (6), there is a
commutative diagram

TR, —Zs TR,

I I
M X pm
but note that ¢’ is not uniquely determined by the restriction of H to J'R*|y.

We now return to the main problem and assume, from now on, that our contact
isotopy v is generated by H. We define the variational family (£, ®) as follows.
Let 2 = Py y be the space of paths
P ={c=@x,y):[0,11> T*R*|y(0) =0, x(1) € M}

in T*R*, and let = be the projection & — M given by ¢ = (x, y) — x(1). Define
the action functional ® = &4 4 : P — R by

1
2@ = [ (60.0) = HG.x0. 50, z0) dt,
0
where z: [0, 1] — R is the unique solution of the initial value problem

8) z(t) = (y(0),x(®) — H@, x(1), y(1), z2(1)), 2(0) = 0.

Lemma 5.1 now implies the following.
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PROPOSITION 5.3. (&2, ®) is a variational family for the Legendrian submanifold
Y (M, x {0}) C J'M.

In particular, ¢ € & is a critical point of ® if and only if (c, z) is a solution of
Hamilton’s equations and c(1) is in TM*, the conormal bundle of M.

REMARK 5.4. The variational families (2%, @) of Example 4.4, and (22, &),
considered above, both generate the Legendrian submanifold ¥'(M, x {0}) C J'M.
These are related as follows: let ¢ € &2 be a fibre critical point of ®, then ¢ € Py,
given by composing ¢ with the projection T*R*|,, — T*M, is a fibre critical point of
d. Conversely, any fibre critical point ¢ of &y lifts uniquely to a fibre critical point
¢ of ® by using the contact isotopy ¢*.

5.2. The second variation. From the proof of Proposition 3.1 the differential of ®
is given by

1
d@(c)(w:/ e My x — 3 H)+ (3 +8, H+yd,H, £)) di+(y(1), (1)),

0

where y € .2 = {y =&, n: [0, 1] > R* l n0) =0, &(1) e 7}“}M}. In order
to deal with the boundary term (y(1), £(1)) we now restrict ¢ to the space

E=6Eum={cePlc(l) e TM"}

of paths satisfying Lagrangian boundary conditions. Before giving a formula for the
second variation of & at a critical point we introduce some notation.

Let ¢ € £ be a critical point of ® and denote by z: [0, 1] — R the corresponding
solution of (8). Define, for reasons that will become apparent later, the matrix valued
functions Gy, Gr,, Gye, Gyt [0, 11 = R¥* and G, : [0, 1] > R by

Gee = 92 H + 02, Hy" +yd2 H + 3> Hyy",
Gey = 0}, H + yd, H,

9) Gy =32, H+ 9, Hy',
G,, = aij,
Gc = azH.

Here the derivatives of H are evaluated at (¢, c(¢), z(¢)) € [0, 1} x J'R*. Note that
G (1) and G,, (1) are symmetric and that G;,(¢) = G, (¢)7. Construct from these
the symmetric matrix valued function S = Sg: [0, 1] — R**% by

G (1) Ge (1) + %G;(t)]l) '

(10) 5(t) = (an(t) +1G, (01 Go(1)
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Also, denote by J, the 2k x 2k matrix
5=(3 %)
and by €. = %. u the tangent space of & at c:
€. ={y: 0,11 > R*|y(0) € Ag, ¥(1) € A} .

Here Ap = R* x {0} and A, = T,;,,(TM+*) are Lagrangian subspaces of R%*.

PROPOSITION 5.5. The second differential of ® at a critical point c is of the form

d*®(c)(y1, 12) = (A1, Ya) 12

where vy, v» € 6, and the second variation, A(c), is given by
(11 A(Q)y = el ~54 (Jop — Sy + LGy Joy) .

PROOF. Fix a two parameter family of curves

Csisp = X500 Vs1.52) €, S1, 52 € (—¢€,8)

with ¢y 9 = ¢ and denote the derivatives by

a

si,sl,sz = as‘xshs;v Nisiss = aSAys;,szv gi,shs; = as>z.\-|,y2
i i i

for i=1, 2. Here, of course, z;, 5, is given by solving (8) with x, y, z replaced by x;, ,,,

Ysse Zsi.s- Abbreviate & = &i00, 7 = 000, & = Sivoand set y; = (&, n.), wi =
{&:, 7, 513 We now proceed with the proof of the proposition.
Differentiate the identity

Z.sl.sz = (ysl‘szy x..rl,sz) - H(» X520 Ysi.:09 Zs..sz)

with respect to s; and s, successively and then evaluate at s; = 5, = O to obtain

asléZ = (aS| nva) + (772’ él) + (7)1, é2) + (y$ asléZ)
- dzHr(/l'lv /J~2) - (axHa 3:,52) - (ava aslrh) - aZHaS|§2'

Using the fact that c is critical rewrite this as

. . . d
¢ =(m. &)+ (n. &)+ E(y, 3,&) + (yo.H, 8,&) — 3, HS — d*H (11, U2),
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where ¢ = 8,,&; or more concisely, by using the substitution A = ¢ — (y, 9,,§2), as

d : :
Sh = (i) + () = 0L — B H ),

Since A(0) = 0 the solution to this ODE evaluated at t = 1 is

1
(12) x<1>=f el =5 (g, &) + (m, &) — d* Hy(uur, ) ) .
0

Also since 0 = 3, (y(1), &(1)) = (m(1), &(1)) + (y(1), 3,,&(1)) it follows that
A(l) = ¢(1) + (m(1), &(1)). Now partially integrate the second summand on the
right hand of (12) side to obtain

L
ety = [ (1 &) = G ) = Gilm, &) — P H oy o)) .
0
Since c is critical observe, by Proposition 3.1, that
a(pi(®) = &) — (y(0),§(0) =0
for all ¢ € [0, 1] thus, in particular,

d*H/ (11, 12) = (Geeky, &) + (Geymu, &) + (Grebi, ma) + (Goyny, m2)-

The proposition now follows. a

REMARK 5.6. A(c) extends to a self-adjoint operator on L?({0, 1], R%*) with dense
domain

Wi ={y € W'2([0, 1; R*) | y(0) € Ao, y(1) € A}

In addition, A(c) is injective if and only if W (1) Ay is transverse to A, where W(¢) =
W, (1) € Sp(2k) is given by

U =—JS¥, W) =1

In such a case we will say that ¢ is a nondegenerate critical point of ®.

REMARK 5.7. The contact isotopy ¢', generated by H, linearised along the path
a = (c,z): [0,1] — J'R* and restricted to contact planes, gives rise to the path of
linear conformal symplectomorphisms

de'(a(0))ls,e, : a)s da)) = Eagryr dtaqsy)-

This path may be naturally identified with the path eh 1G4y where W, y is given
in Remark 5.6, via the canonical symplectomorphisms

(Spv dap) - (IRst Cl)()): (Ev n, <y‘ E)) — (Ev 77)7

where p = (x, y, 2).

https://doi.org/10.1017/51446788700002391 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700002391

[15] Generalisation of the Morse inequalities 365
REMARK 5.8. Identify T*M with TM using the induced inner product. The tangent
space to TM* at p = (x, y) is given by
T,(TM*) = (¢, m) € R* : £ € T,M, (dT1(x)§)y + M(x)n = 0},
where T1(x) € R*** denotes the orthogonal projection onto T, M. Note that defining

II,: TM — Rby II,(§) = %((d IT(x)&)y, &) gives a quadratic form on T, M, the
second fundamental form of M at x along the normal vector y.

REMARK 5.9. Let G: [0, 1] x J'R¥ — R be the time-dependent Hamiltonian given
by
Gt £,1,8) = HGe (DE, E) + (Ge (DE. 1) + HGp(Dn, 0) + G, (1)L,

We call such Hamiltonians, where G (t), Gos (1), G, (1) € R¥* with G (1), G, (1)
symmetric and G, (r) € R, quadratic, and define G;,(t) = G, (r)7. Define the
functional &, = O, 4 p: €. — Rby

1
@)= [ ((1.8) - 66.50,0)dr + M)
0
where ¢ : [0, 1] — R is the unique solution of the initial value problem

(13) L@ = (n@), @) — G, EW, (1), £(1)),  £(0) =0.

Notice that if ¢ is a nondegenerate critical point of @, then 0 is the unique critical
point of ¢, also nondegenerate, and in this case the above proposition shows that the
second variation of & at ¢ agrees with the second variation of ..

REMARK 5.10. A quadratic Hamiltonian G: [0, 1]x J!R¥ — R as above generates
the contact isotopy

EMY _ ji-i6dr )
(r0) =<7 ve0 ().

L(1) = efiGedeg, 4 1 / el =0 (G, 0. n) — (Geek, £)) ds,

0
where W;: [0, 1] — Sp(2k) is given by
(14) Vo= —JSe¥s, We(0) =1

Conversely, given any smooth family of symplectic matrices W : [0, 1] — Sp(2k)

and any smooth positive function a: [0, 1] — R, there exists a contact isotopy of
the form

(ig;) = a()V(t) (52) , ¢ = a(t)zé'o + Q(, &, no),

where ¥ = W for some quadratic Hamiltonian G and Q(t, -, -) is quadratic. We call
such contact isotopies pseudo-linear.
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6. Discrete variational families.

In this section we construct a family of finite dimensional variational families
(2", ®V) for our Legendrian submanifold ' (M, x {0}) C J'M. This is done in
two stages. The first stage is to consider the special case when M is R” and the
contactomorphism ' is C'-close to the identity. The second stage is the general
case. Alternative constructions are given by Chekanov {5] and Théret [16]. The
corresponding construction in the case of cotangent bundles was first carried out by
Laudenbach and Sikorav [11].

6.1. Generating functions of type V. When M is R" and the contactomorphism
is C'-close to the identity it turns out that the contactomorphism is generated by a
function defined on R"*!. We explain this presently.

Let ¢: J'R¥ — J'R* be a contactomorphism and denote it as follows:

(x0, Yo, 20) —> (x1, y1, 21) = (u(xo, Yo, 20), v(X0, Yo, 20), w(Xo, Yo, Z0))-

A generating function of type V for ¢ is a function V: R**! — R such that

aVv
X — xo = ——(x0, Y1, 20),
dy
'A% Vv
(15) Y1 — Yo = —— (X0, Y1, 20) — Yo7— (X0, ¥1, Z0),
0x 9z

2 — 20 = (Y1, X1 — x0) — V(xo, Y1, 20)

if and only if (xy, y1, 21) = @(xp, Yo, 20)- This generalises the notion of a generating
function of type V, as defined in [12], to the contact setting. In case ¢ admits a
generating function of type V note that ¢ has compact support (that is, ¢ is equal to
the identity outside a compact set) if and only if V has.

PROPOSITION 6.1. (i) Every contactomorphism ¢: J'R* — J'R* which is
sufficiently close to the identity in the C'-topology admits a unique generating function

of type V.
(ii) For each smooth function V: R**! — R having compact support and suf-

ficiently small first and second derivatives there exists a unique contactomorphism
@: J'R* > J'R¥ such that V is a generating function of type V for ¢.

PROOF. For (i), the assumption on ¢ ensures that the map

R¥*+I _, R+, (xo, Yo, Zo) > (x0, v{xg, Yo, 20)» 20)
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has a global inverse. Thus there exists a map f : R**' — R* such that
Yo = f (xo, v(x0, Yo, 20), 20)-
Also, since ¢: (xo, Yo, 20) = (x1, 1, 21) is a contactomorphism, we have
(16) dzy =Y yudxi = et (dzo = Y yoi do;)

for some function g: R**! — R. Thus, using the notation set up earlier, the chain
rule gives

dzy = Y yudxy =Y (dw = (1, du)) dxo,
+ Z (Byo,.w - (y., Binu)) dyg + (amw - {y1, amu)) dz.
Comparing with (16) we find that

(17) 3w — (3,,u) "y, =0,
and
(18) B — (D) y1 = — (3w — (¥1, 05 1)) Yo

We claim that V: R**! — R defined by
(19) V(xo, y1, 20) :={(y1, x1—Xo) — 21+ 20
=(y1, u(xo, f (x0, ¥1, 205 20) —Xo0) — w(xo, f (X0, ¥1, 20), 20) + 2o

satisfies (15).
This claim is proved by a straightforward calculation, differentiating (19) and using
the identities (17) and (18). The uniqueness of generating functions of type V is clear.
For (ii), let V: R**! — R be a smooth function satisfying the hypotheses. We
construct ¢ as follows. Let u: R%**! — R**! be the map defined by

(X0, Y1, 20) > (xo, (1 = 3, Vxo, y1, )™ (1 + 3 VX0, ¥1, 20)) » 20)
and v: R¥**! — R%+! be the map defined by

(x0, y1, 20) > (X0+ 0, V,y1,2 +(y1, 9y, V) — V).

The hypotheses on V ensure that & and v are diffeomorphisms. We define ¢ to be
the composition v o u~'. That ¢ is a contactomorphism is seen directly as follows.
Expand the formula for the contact 1-form @ = dz; — }_ yi; dx,;. After cancellations
this becomes

dzy— Y yudxy=(1-0,V) dzg— ) (8, V + yi;) dxo;.
From the definition of the function y, we have the equality
3 V+y=(1-3,V)y

hence ¢ is a contactomorphism as required. O
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The pseudo-linear case. 'When g is the time-#, map of a contact isotopy generated
by a quadratic Hamiltonian G the pair (£, ,) is given in terms of (&;, o) by

20) (El) — v (Eo) ,
m No

where a > 0 and

A B
= (C D) € Sp(2k)

are as given in Remark 5.10. In this case the condition of ¢ being C'-close to the
identity is replaced by requirement that

@1 det(D) # 0

which holds for #; > O sufficiently small. Again, we say a generating function
R¥H — R: (£,n,¢) — W(&,n,¢) is quadratic if it is quadratic in £ and 5 and
linear in {. A simple modification of the proof of Proposition 6.1 now gives:

PROPOSITION 6.2. Every contactomorphism ¢: J'R* — J'R* generated by a
quadratic Hamiltonian with (21) holding admits a unique quadratic generating func-
tion of type V.

Conversely, for each function W = W(&, n, &) on R¥**!, quadratic in £ and n and
linear in ¢, satisfying

(22) 1—-9,W#0, det(l1+8dW)#0,

there exists a unique pseudo-linear contactomorphism ¢ : J'R* — J'R* such that W
is a generating function of type V for ¢.

We now give an explicit formula for the quadratic generating function of the pseudo-
linear contactomorphism ¢ above. Observe from (20) that when condition (21) holds

§ — & = (aA — )& + aBny
= (aA — )& + BD 'n, —aBD™'C§
= (aA —aBD™'C—1)§ + BD ',
= (a(D™)" = 1)&%+ BD 'n:.
Here the last equality follows from the fact that ¥ € Sp(24). Also note that
m—no=m—a'D'n +D'C&
=D7'Cé+ @A —aD ™ Yyp+(@-a")D 'y
=D"'C&+ (M —aD ") + (a —a™")D™"(aC& + aDnp)
=a’D™'C& + (L —aD ") + (@ = Dne.
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It follows that the generating function of type V for ¢ is given by

(23) W(o, m, o) = —3(a’D ™' Céo, &) + ((a(D™)T — 1), 1)
+ %(BD—lth m) + (1 —a’)g.

6.2. Discrete-time variational theory. We consider the general case where M is an
arbitrary closed manifold embedded in R* and ¥': J'M — J'M is a given contact
isotopy. We assume that ' is generated by the contact Hamiltonian H : [0, 1] x
J'M — R and that H: [0, 1] x J'R¥ — R is some function which satisfies (6). It
follows that H will not have compact support. Hence we multiply H by a smooth
cutoff function and assume, by abuse of notation, that H is equal to zero outside of
a large compact set containing U,E[O'” ¢'(M), where ¢' denotes the contact isotopy
generated by H, and M the set M x {0} x {0} C J'R.

We now construct a family of finite dimensional variational families generating the
Legendrian submanifold y!(M, x {0}), by discretising the time variable. Pick an
integer N and define

; - |
(p;+l = (P(1+1)/N ° (wj/N)
forj =0,...,N — 1. Then
9 ' =g o9y, 0 0

and for N sufficiently large each (pj *! satisfies the hypotheses of Proposition 6.1 (i).
Hence for each j there exists a function V; : R%**! — R such that

AZ
Xjy] —X; = ——,
J+1 J 3y
vV, 3V
(24) Yier =Y == “ngz—’

Ziv1 — G = ()’j+l’xj+l _xj) - V/

if and only if (x; 11, yj41, Zj41) = ‘ﬂf“(xj. Vi %)
Now define, by analogy with the continuous-time case, the space
gN = ‘QI{RY"M = {C: (xo, cee 3 XN Y1y e e ,yN) € R(ZNH)/‘ IXN € M}

of discrete paths in R%*, and to each ¢ € " associate a sequence (z, ... , zy) given
by the iterative rule

25) 20=0, z=x —xj_1) = Vi.i(xj_1, ¥, 4-1) + 2.1, j>0.

Let 7: Y — M denote the projection ¢ — xy. The discrete action functional
oY = o 1 PV — R can now be defined by

N
&) =2 =Y (01035 = x20) = VoaCxi-1 37 -0)).

j=l
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PROPOSITION 6.3. (Y, ®V) is a variational family for the Legendrian submani-
fold ' (M x (0)) C J'M.

Proposition 6.3 follows from Lemma 6.4.

LEMMA 6.4. There is a one-to-one correspondence between the set of fibre critical
points of ®" and solutions of (24) (forj =0,... ,N — ) withyy =2 =0,xy € M.

PROOE. The partial derivatives of ®" are

oV
T ==V (1=8.Y,0) (5 = v = 3V, = 318.Y)),
J
opN
== Vw) (1= 8 Vi) (5 =% — ,;)
3)’j+1
forj =0,...,N — 1 (ondefining y, = 0). Since 1 — 9, V; is nonzero for each [, this
proves the lemma. O

As before, ¢ € PV is a critical point of ®¥ if and only if (c, z) is a solution of
Hamilton’s discrete equations (24) and cy = (xy, yy) € TML. In particular, c is a
critical point of ®" if and only if it is obtained by sampling a path ¢ € crit ®.

REMARK 6.5. In applications it will be useful to note the following. Letx = xy and
& =(x0,...,Xn-1,Y1.-.., Yn) denote the base and fibre coordinates respectively of
PV = M x R*™ where m = Nk. Then ®" can be written in the form

dY(x,£) = J(PE, &) + W(x, ),

where P € R*"*?" is a nondegenerate symmetric matrix of signature zero and W is
given by

N
W(x, &) = (x,yn) — Y Via(xi-1, 3, 5.

j=I1
Also, the gradient of W with respect to £, 9; W, is bounded.
REMARK 6.6. Suppose L C J'M is a Legendrian submanifold given by a varia-
tional family (E = M x R!, §). Then y!(L) is also given by a variational family.
This is seen as follows.

Choose any function S: E — R, where E = R x R/, satisfying S|z = S, and
define the space

PV = (€, 0) e R x R | c e V)
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of augmented discrete paths. Now define the generalised discrete action functional
oY PN > Rby

N
aN(f, c)=2zy = Z (()’j,xj —Xj_y) — Vj—l(xj—lvyjyzj—l)) + 2o,
=1

where

2= S(xo,£), i =y, x; —x;j_1) — Vioilxjo, ¥, 220+ 32, > 0.
It is now easy to check that (P, V) is a variational family for ¥ !(L).

REMARK 6.7. An alternative and more explicit way of constructing a discrete action
functional is by setting

Vi, yiv1,5) = H{t, x5, yi+1, ) (Gi1 — 1),

where t; = j /N and N is sufficiently large so that the hypotheses of Proposition 6.1
(ii) hold for each V;. A disadvantage of this method is that it does not generate the
original Legendrian submanifold but one that is close to it. This is the approach used
by Robbin and Salamon in the symplectic setting [14].

6.3. The second variation. We start with some notation. Let ¢ € 2" be a critical
point of ®" and {z;} the associated sequence given by the iterative rule (25). For
j = 0, ..,N—-1 define VVj‘é-g, "Vj_g,,, VV‘,",,E, ‘Vj-’?'l € ka,‘ and “’}.g € Rby

Wige = 02V, + 02, Viy] + 3,02V, + 82V, yy],
15,,_32 +y]82V

y J°
vv!')ﬁ—a VJ+ayz .ijs
2
—any,,
Wj,czaz s

where V; is evaluated at (x,, Yi+1,2;). Note that W, ¢, W, ,, are symmetric and
W = W, Abbreviate of = (1 -83,V)---(1—19,V;) forl > j, setting it to 1

R
otherwise. Denote by WY = W "y the tangent space of 2" at c:

WcN={y=(§0$'~- ’gNynli"' 9’7N)€R(2N+l)k|§N € T:\'NM}

We now give a formula for the second variation of ®* at c. As before, [T(x) € R*¥**
denotes the orthogonal projection onto 7, M.

https://doi.org/10.1017/51446788700002391 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700002391

372 Mohan Bhupal [22]

PROPOSITION 6.8. The second derivative of ®" at a critical point c is of the form

Y ()1, v2) = (A (O, 1),

where yi, v» € WY and the second variation, A" (c): WN — W/¥: (£,n) > (u,v),
is given by the expressions

up = a3y = njer = Wigeky — Wigami — Wem;)

Vi = 0 Gt — & — Wi — W)
uy = (dxp)éx)yn + Mxy)nw

forj =O"" $N_ 1, Wherer)():O_
PROOF. Differentiate the formulae in the proof of Lemma 6.4. 0

REMARK 6.9. Forj =0,... ,N — 1let W;: R**' — R be the function defined
by

W&, nj4:8) = 5 (Weeki &) + (Wie&iu mien) + 5 (Wimljen, ) + Wil

Using these we may associate with the critical point ¢ the function ®Y =&Y, - W» —
R defined by

N

N (y) = Z (. & — &) — W&, 'b"fj—l)) + 11, (&n),

j=l1
where ¢; is given by the iterative rule

(26) S0=0, &G=m,&§ &) - WG, 5-0+8, j>0
and where I/, denotes the second fundamental form. As in the continuous-time case,
if ¢ is a nondegenerate critical point of ¢, then 0 is the unique critical point of &%,

also nondegenerate, and in this case Proposition 6.8 implies that the second variation
of ®" at ¢ agrees with the second variation of ®¥.

Recall that in the continuous-time case given a critical point ¢ of ¢ we can construct
a functional ®, whose second variation agrees with the second variation of ¢ at ¢ (see
Remark 5.9). The following proposition shows how " and &, are related.

PROPOSITION 6.10. &Y is the discretisation of ..

PROOF. Let (c, 2): [0, 1] — J'M be a solution of Hamilton’s equations beginning
in Lo x {0} and (¢, {z;}) the corresponding solution of Hamilton’s discrete equations.
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Note that, by Remark 5.7, linearising Hamilton’s equations for H along (c, z) and
restricting to contact planes, which are canonically identified with R%*, yields the
equations

é = Gpe€ + Gy,
n=—Ggé — Gyn — Gen.
Similarly, linearising Hamilton’s discrete equations along (c¥, {z;}) and restricting to
contact planes yields the equations
§+1 =& = Wine&s + Wi,
Niwt =N = = Wigehj — Wiggnjinn — Wigm;.
It follows that the W, s define a family of generating functions of type V for the
pseudo-linear contact isotopy generated by G and the result now follows. a

COROLLARY 6.11. (2", ®") is always transversal as a variational family.

PROOF. We need to show that, given y = (&, ..., &n, M1, ... , ny) € WY satisfy-
ing &y = 0, if °®" (c)(y, y') is O for all ¥’ € WP, then y is identically 0. This is
seen as follows. Suppose y satisfies the hypotheses of the statement we are seeking
to show, then

Eivi— & = Wb + W i,

N+t =N == Wieekj — Wiggnjn — W
forj =1,...,N —1,and [1(xy)ny = 0. Denoting by A; the conformal symplectic
matrix associated to W;, it follows that

()= (9
Nj+1 ! n;

forj = 1,...,N — 1, and that (§y, ny) is in the symplectic complement of the
coisotropic subspace N, = T, (T*R*|y). Since ¢’ preserves J'R*|,, we have
AjN; = N,,,. It follows that (&, 0) is in the symplectic complement of N, which

implies that £ = 0 and hence y is identically 0, as required. O

COROLLARY 6.12. The second variation of ®" at a critical point c is nondegenerate
if and only if W, y Ao is transverse to A, = T, (TM*).

PROOF. This follows immediately from Corollary 6.11, Corollary 4.6 and Re-
mark 5.7. a

REMARK 6.13. If the variational family (E, ), given in Remark 6.6, is transversal,
then the variational family (2", ®¥) will also be transversal. This follows by arguing
as in the proof of Corollary 6.11 and using Lemma 4.5.
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7. The Maslov index

In this section we define the Maslov index for the points of intersection of
¥'(M, x {0}) and My x R, assuming that the intersection is transversal. We be-
gin by summarising the properties of the Maslov index for various spaces of paths that
we will require. Proofs of these may be found in [13].

Let A: [a, b] > £ (k) be a path of Lagrangian subspaces and let Z = (X, Y): [a, b]
— L (R*, R*) denote a choice of a frame for A. This means that Z(z): R* — R*
1s an injective linear map such that

A)=ImZ@), XOTY@®) =YX

for all ¢. Also, let V € £ (k) be a fixed Lagrangian subspace. A crossing for the path
A is a number ¢ € [a, b] such that A(z) intersects V nontrivially. At a crossing ¢ the
crossing form is defined to be the quadratic form

CA, V,0): ANV >R
given by
v > (X (Ou, Y()u) — (Y(Ou, X (t)u),

where v = Z(t)u. A crossing ¢ is said to be regular if I'(A, V, t) is nonsingular.
When the path A has only regular crossings the Maslov index, t1(A, V), is defined by

u(A, V)= isignT(A, V,a)+ ) _ signT(A, V, 1)+ }signT(A, V, b),

a<i<b

where the sum is taken over all crossings ¢. By perturbing, keeping endpoints fixed,
this definition extends to give a well defined Maslov index for all paths. The integers
k, and k, are defined by

k., =dimA(@ NV, k,=dimAB)NYV.

We now state some properties of the Maslov index.
(Integrality.) The integers u, k, and k, are related by

p+ (ks —kp)/2 € L.

(Product.) Under the natural identification of £ (k) x £ (k") as a submanifold of
Lk+k)

HABAN, VO V)=ul, V)+u@, V).
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(Localisation.) For the path A given by the frame ¢ > (1, A(#)) and V the subspace
R* x {0} the Maslov index is given by

W(A, V) = 3signA(b) — 1 signA(a).

(Zero.) If A(z) N V has constant dimension for all ¢ then (A, V) =0.
For a pair of Lagrangian paths A, A’: [a, b] — £ (k) the relative crossing form
T (A, A’, 1) on A(2) N A(z) is defined by

C(A, A, ) =T(AAN@), ) —T(A@), A, 1).

When the pair A, A’ have only regular crossings the relative Maslov index, u(A, A'),
is defined by

u(A, A) = Lsign[(A, A a)+ ) sign['(A, A, 1) + Lsign (A, A, b).

a<t<b

The relative Maslov index has the following property.
(Naturality.) For a Lagrangian pair A, A’ and a symplectic path ¥

LVA, VA = pu(A, A).

Finally, for a path of symplectic matrices W : [a, b] — Sp(2k) the Maslov index,
(W), is defined by

u(W) = pu(eVv,Vv),

where V = R* x {0}. (Note that this definition differs from the one given in [13] since
here the Maslov index is defined with respect to the horizontal and there with respect
to the vertical.)

The following property of the Maslov index for symplectic paths will be used.

(Homotopy.) Two symplectic paths ¥, ¥’ with ¥ (a) = ¥'(a) and ¥ (b), ¥'(b) €
Sp,y(2k) are homotopic within this class if and only if they have the same Maslov
index, where Sp,(2k) denote the set of matrices ¥ € Sp(2k) such that W V transverse
to V.

We now define the Maslov index for the points of intersection of ! (M, x {0}) and
M, x R, or equivalently, the critical points of &z.

Let ¢ € &Py be a critical point of @5 and denote by ¢ = (x, y) € £ its unique
lift to a critical point of & (see Remark 5.4). Induced by c is the path of symplectic
matrices

W,y [0, 1] > Sp(2k)
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(see Remarks 5.6 and 5.7) and this reduces, via symplectic reduction of the coisotropic
distribution T(T*R*|y), to the path of symplectic linear transformations

Vem () (T (T* M), —dhcanz0) —> (Teo (T*M), —dAcanzr))-
We define the Maslov index, 1.(c, H), by
27) u(@, H) = p(¥e7ho, Ay,
where Aq = T,,M and A, is the path obtained by reducing

28) A()={(. n) eR*:E € T,yM, TI(x(1))(d IT(x (1))E)y (1) + T (x(1))n =0} .

Here the right hand side of (27) is defined by choosing a unitary trivialisation of
the vector bundle ¢*T(T*M). By the naturality property this is independent of the
trivialisation chosen. By the integrality property

w(@, H) en/2 + 1.

If we assume that the embedding M < R* is an isometry, then this definition is
independent of the choice of embedding. Indeed, the induced Riemannian structure
on T*M, viathe embedding M — R*, induces a splitting of T, (T*M ) into a horizontal
and a vertical space:

T(T'M)=H, ® V,,
given by

H,
Vo

{6, @8y e R* : £ € TM],
{©,m) eR*:neTM},

where p = (x, y). In this notation A,(z) is just the horizontal subspace Hy,.

LEMMA 7.1. Let ¢ € Py and ¢ € P be critical point of Oy and ® respectively
and related as above. Then there is an equality

1@ H) = n(Wonho, A(1) + Lsign I,
where Ay : [0, 1] — 2Z(k) is given by (28).
The proof of this lemma uses the following fact about symplectic reductions.

LEMMA 7.2. Let Ay, A,: [0, 1] = ZL (k) be a pair of Lagrangian paths and N C
R2* a coisotropic subspace such that

Ao()NN® = {0}, A,(r) CN.
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Then the Maslov index of the pair (Ao, A1) agrees with the Maslov index of the reduced
pair (Ao, Ay)

w(Ao, A) = (Ao, Ay).

PROOF. By choosing a basis for the isotropic subspace N“ and then extending it to
a basis of the Lagrangian subspace A;(r) we can assume that

N =R" x {0} x R" x R*™",

A; = R" x {0} x {0} x R*™"
for all . Hence it is sufficient to check that the assertion of the proposition holds
when only A, is allowed to vary and A; and N are as above. Since Ao(t) N N¥ =

{0} it follows that we may choose a Lagrangian frame for A, of the form Z =
(X, V): (0,11 > Z(R*, R*), where

X A Y B
(0 ()
and thus a Lagrangian frame for A, is given by Z = (X, Y): [0, 1] > Z(R", R?").
We compute the crossing form for the pair (Ag, A;).
A crossing for (Ao, A;) is a number ¢ € [0, 1] such that there is a ¥ = («, 0) € R*
such that Y(¢)u' = 0, that is, if and only if ¢ is a crossing for (Ag, A;). At a crossing
t the crossing form is given by

T(Ao, Ay, (W) = (X O)u, Y(0)u) — (Y (O)u, X (t)u)
- <7(z)u', Y(z)u') = (Ao, Ay, D),
where v = Z(1)u, v’ = Z(¢)u'. This proves the lemma. O
PROOF OF LEMMA 7.1. In view of Lemma 7.2 it is sufficient to show that

L(Wenho, Ar) = (Ve Ao, Ar(1)) + 3 sign Il .

Let ®: [0, 1] — Sp(2k) be a path of symplectic matrices satisfying
A0 = Q)AL (D)
and abbreviate ¥ = W, 5. Then
w(WAg, Ay) = u(WAg, A (1))
= u(®7 WA, A((1))

= w(® (1) WA,, Ar(1)) + w(@7W(0) Ao, Ai(1))
= u(WAo, Ar(1)) + (Ao, Av).
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By multiplying by a path of unitary matrices if necessary we may assume that
Ai(t) = {(§,0,—B(1)E, ) e R*: £ e R", n e R},

where B: [0, 1] — R"*" is a path of symmetric matrices with B(0) = 0. Now by the
product and localisation properties of the Maslov index

w(Ao, Ay) = 5 sign B(1) =  sign I.qy).

This proves the lemma. O

8. The signature identity

In this section we generalise the signature theorem of Robbin and Salamon in [14]
to the case of nondegenerate critical points of the action functional on the 1-jet bundle
of a closed manifold.

THEOREM 8.1. Let ¢ € & be a nondegenerate critical point of ®, € its projection
to Py and ¥ € PN the corresponding critical point of ®~. Then, for sufficiently
large N, the signature of the second variation of ®" at c" is given by

sign AV (cV) = 2u(z, H).

This strengthens the theorem of Viterbo [17], which states that, in the symplectic
case, the difference of the signature of the second variation of ®¥ at two critical points
is independent of N, but at the cost of having to take N sufficiently large.

Below we prove a result which implies this theorem.

Let G: [0, 1] x J'R* - R be a quadratic Hamiltonian and denote by ¥;: [0, 1] —
Sp(2k) the associated path of symplectic matrices given by (14). Also, let F C R¥bea
linear subspace and B: F — F alinear transformation such that (B§, §') = (£, BE')
for all £, &' € F. Define the Lagrangian subspace

AF,B={(§yU)€R2k3§€Fs BE+HF77},

where 1 € R*** denotes the orthogonal projection onto F. Now define the function
oY o0 WY — Rby

G.F.B*

z

O ()= (. & — &) — Wi o, 85-0) + H(BEw, Ex),

j=1
where

WY ={y=Go....6m ....0w) € R¥*VH g, € F
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and where the W; s are computed using (23), and the ; s using (26). Denote by AY , ,
the second variation of &Y ;.
In view of Proposition 6.10 and Lemma 7.1, Theorem 8.1 now follows from:

THEOREM 8.2. Let G, F and B be as above and assume that V(1) A is transverse
10 Arp. Then, for N sufficiently large, the signature of the second variation of ® ¢ 5
is given by

signAp ¢ 5 =2u(WsAo, Afr.p) + sign B.

The proof we give is based on that given by Robbin and Salamon [14] in the case
where F = R*, B = 0 and G is independent of z.

PROOF. Without loss of generality assume that
Arp={(,0,—BE n") e R" x R“" x R" x R*" =R*: & € R", " € R*"}

where dim F = n and where B € R"*" is symmetric.
The proof of the theorem now proceeds in three steps.
STEP 1. The theorem holds in the case

G(t7 Slr 5”, 7’/’ ’7”’ ;) = %(GE’E'(t)EI’ §/>

In this case the path of symplectic matrices associated to G is given by

1 00 0
0 100

YeW=1con 0 1 ol
0 00 1

where
c@) = ‘/;' =Gy (1) dr.
Thus, from the product and the localisation properties of the Maslov index,
w(WgAo, Arg) = 5sign(C(1) + B) — § sign B.
Also, from (23),

M(sj, Nj+1, 2;]) = %(u/j-E'E/E;Y ‘E;)9
and defining

j=1
C =) ~Wee
—
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forj = 1,...,N, itis easy to see that C¥ = C(1). Hence the second variation is
given by

N N-1

j=1 j=0

Now define the following system of coordinates on WY = R*Vk+n:
u/_ - S’ — Ej’ ' u'.’ — EJ/I _ S;/_l,
v =n; —3C 6 +E ), v =0, w=§,

and denote u = (u}, uy, ..., uy, uy), v = (v}, v, ..., vy, vy). Inthese coordinates
the L2-inner product of « and v is given by

N N
o v) = 2 vj) o+ 9l of)
N ) N N
=Y -8 =5 Y (E —&  CE+E DN +Y & —E )
: j=1

=1
N
=D (& —&om) +

N N
Z J -b J/“ Z C]E
N

(CIg] &) — Zws £)

j =0

l\.)!'—'

-
Il
~

r -
2\

N —

N
= Z(fj —&j-nm) +

~.
Il
~

[=4
~.

N 1 N-1 A A 1
=D MG —&aum) 5 ) (O = O E) - S (CVE &)
j=1 j =0
N 1 ;l—l 1
=D G —&m) =5 D (Wiewk] &) — S (CVE &)
=1 Jj=0

S ALy ) = 2 {(C 4 B)w, w).
Thus the second variation satisfies
HAG ks v) = (. v) + 5{(CY + B)w, w)
and hence
sign Ay, . 5 = sign (C¥ + B) = sign(C(1) + B) = 2u(¥sAo, Ar.g) + sign B.

STEP 2. The theorem holds for quadratic Hamiltonians independent of ¢£.
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Let G be a ¢-independent Hamiltonian with Ws(1)A, transverse to Agp and
suppose, for a given value of k', that G': R* — R is any symplectic shear of the
form

G'(&. 1) = }{G,p 8. £,

where G, is a nondegenerate symmetric matrix of signature zero. (It follows that &’
is necessarily even.) From Step 1 it follows that

SignAgl'Rk"O = ZM(WG’A;» Aé)) = 0’
where A, = R* x {0}. Now define Go = G & G': [0, 1] x J'R*** — R by

Go(t,6, &', 0,0, &) = G(t,§,1,8) + G'¢E', n).

By additivity of the signature

N

sign A Go, FORY . B®0

=SignAy y,p
and by the product property of the Maslov index
IL(\I’GOA() 5] A;), AF,B 55] A;)) = IL(\I’GAQ, AF,B)-

Hence it suffices to prove the theorem for G, with F replaced by F=F®R"and B
by B=B&®O.

Now, for &’ sufficiently large, let G, be a symplectic shear of the form considered
in Step 1, with F replaced by F, satisfying

w(We, Ao, A7 5) = (Wg, Ao, AF 5),

where Ag = Ao ® Ag. This exists by the localisation and integrality properties of
the Maslov index. Also, choose a symplectic matrix & € Sp(2k + 2k’) such that
Afp 5= PAy. Then

(@ W6, Ko, Ao) = t(®'Wg, Ao, Aog)
and the symplectic path ='W satisfies
O (0) = 7!, 'W5 (1)AoN Ay = {0}

Thus by the homotopy property of the Maslov index there exists a homotopy of
symplectic paths ®~'W, : [0, 1] — Sp(2k + 2k’) between ®~'W;, and &~ 'W;, and
within the same class. From this we can construct a quadratic Hamiltonian G, such
that \Il)\ = WG;-
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Now choose N sufficiently large such that for each A the function CDZ 7 5 is defined.
Then

= signA'é“F_E = 2;1,(\1!(;,7(0, Ak 5) + sign B
= 2u(Vg, Ao, A7 5) + sign B.

51gnAG Y

Here the first equality follows from Corollary 6.12.
STEP 3. The general case.
To the quadratic Hamiltonian

G(1,6,1,8) = (G (NE, ) + (G (DE, n) + 5(G (0, 1) + G (1)E

associate the quadratic ¢ -independent Hamiltonian

G,([’ 5s n, g-) = %(GEE(I)E’ E) + ((Gr)E(t) + %GC(Z)H)$9 ’I) + %<G'm(t)’7v 77)

Now consider the homotopy G, = AG’ + (1 — )G between G and G'. Notice that
Vs = Wg as symplectic paths for all A. Step 3 now follows from Corollary 6.12.
This completes the proof of the theorem. |

9. Proof of the generalised Morse inequalities

Recall from Remark 6.5 that the discrete action functional " : M x R — R can
be written in the form

OV (x, £) = L(PE, £) + W(x, &),

where P € R?*"*>™ is a nondegenerate symmetric matrix of signature zero and where
the gradient of W in the direction of the fibre, 3; W, is bounded. We prove the
generalised Morse inequalities by studying the critical points of ®V. As

M x R*" is noncompact stabilised Morse theory will be used; see Conley [6].

In order to study the critical points of ®" we consider the (negative) gradient flow.
This is defined by the equations

dé dx

oW
ds E*"‘?(X E) Zs_:_a'(xvé)

Now induced by P there is a splitting
IRZ'" = E~ ® E+
into the negative and positive eigenspaces. It follows that, for some § > 0,

(PE™,E7) < =8I&7I7, (PE*, &%) > 86V

https://doi.org/10.1017/51446788700002391 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700002391

{33] Generalisation of the Morse inequalities 383

for£~ € E~, £€* € E*. Thus we can find constants ¢ > 0 and R > O such that

d . -
glé"lzze if [§71=R,

d
—§*P < —e if ¥ =R
ds

Indeed, for |€~| > R and R sufficiently large,

P _

o (7, —PE~ — 3, W) > 8lg" > —sup |3, W| - || > ¢,

and similarly for |§*|> > R. Thus an isolating block, in the sense of Conley, for the

compact invariant set A of all bounded orbits of the gradient flow, is given by
N={(x,6"+&%):§* € E*, [§*| <R},

with exit set

L={(x¢ +&")eN:|§7| =R}

for R sufficiently large.
We use the following notation
by (A) = dim Hy(N, L),
by(M) = dim H, (M),
a(A) =#{ce Add"(c) =0, index(c) =k},
pi(A) =#{ce A|dO"(c) =0, pu(c, H) =k},
where indg~ (c) denotes the Morse index of ®* at ¢ and is defined to be the number of

negative eigenvalues of the Hessian 42®" (c). Here the numbers b,(A) are known as
the Conley-Betti numbers. These are related to the ¢, (A) by the Morse inequalities.

THEOREM 9.1 (Morse inequalities). Fork =0,... ,n4+2m
k(A) — o (A) + - £ co(A) = be(A) — b (A) + - - - £ bo(A)
with equality holding for k = n + 2m.

These inequalities are proved in [12].

The Conley-Betti numbers are related to the Betti numbers of M by the Thom
isomorphism. Specifically, denote by E™ the m-dimensional Euclidean space, by
B™ and S™~! the closed unit ball and unit sphere respectively in E™, and abbreviate
EF = E™\ {0}. Then by homotopy

(MxB”'xB’",MxaB”'xB"')z(MxB"‘,MxS”‘_l):(MxE"',MxE(’)").
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Thus
H(N,Ly=HM x E" M x Ej) = H,_,(M)

where the last equality is the Thom isomorphism. In other words,

(29) b (A) = by-m(M).
Also by Theorem 8.1
(30) Ck = Pnj2+m—k-

The proof of Theorem 1.1, the generalised Morse inequalities, is now completed by
putting together (29), (30) and the Morse inequalities.
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