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Note on the Integral Fquations for the Lame Functions.

By E. T. Corsox.
(Recetved and Read, 14th January, 1927.)

§1. The Lamé Functions of degree n (where n is a positive
integer) may be defined as those solutions of the equation

2
d;f‘+{a—n(n+l)k2sn2x}u=0
da?

which are polynomials in the elliptic functions sn «, ¢n z, dnz of real
modulus k. Such solutions only exist for certain particular values of
the constant a; there are 2n -+ 1 such values and 2n + 1 corre-
sponding Lamé functions.

Consider now the integral equation

2K

u(x) = )\J‘ N (z, s)u(s)ds

2K
where 4K is the real period of the elliptic function sn2 and where
N (z, s) is a polynomial in the elliptic functions of argument z and of
argument s, and is a solution of the equa*ion

#N &N

" P n{n -+ 1) k? (snZx — sn2s) N = 0.

Professor Whittaker' has shown that the Eigenfunktionen of such an
integral equation are either the whole set or some subclass of the
2n + 1 Lamé functions of degree n. He has given various particular
forms which the nucleus may have. In this note, the general form
of the nucleus is discussed and also the connection between the
various particular forms.

§ 2. The equation of Laplace in three dimensions
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Y Proc. Lond. Math. Soc. (2) 14 (1915) 260.
Proc. R. S. Edin. 35 (1914-15) 70.
See also Whittaker and Watson, Modern Analysis (3rd Edition, 1920), Ch. XXTIT,
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has the form

oV o*V d/,0V
2 T e(sn?x — sn%s) (4290 ) =
= Bt (sn?z — sn?s) 8r<r 87'> 0
when expressed in terms of the curvilinear coordinates 7, z, s given by

X = krsnxsns
Y= rdnzdns/k
Z =ikr cnx cns/k’,
where k¥’=V'1 — k2. We obviously have
X2y Y24 Z2= 92,
It follows that, if N (z, s) is the required nucleus, then "N (z, s) is a

rational integral solid harmonic, and thence that N (z, s) is a rational
integral surface harmonic S,(6, ¢)* where

cosf = ksnzsns
sinf cos¢ = dnzx dns/k’
sin 8 sin ¢ = tkcnx cn s/k’.
From this result, all the known integral equations can be obtained.
A particular surface harmonic is given by
S,(0, ¢) = P,[cos § cos §,-+ sin § sin §, cos (¢ — )]
where 6,, ¢, are arbitrary constants. From this, we derive the nucleus

P.[k2snx sns snzx,sns,+ 701—,2dnx dns dna, dn s, — Ek;:’cnx cn s cn x, cn &)
where z,, sy, are arbitrary constants; this nucleus will give us all the

(22 + 1) Lamé functions of degree n, whereas those obtained by
assigning particular values to z, and s, in general, do not. By
writing o= K, s=K + 1K', or 2,=0, sy= K 1K', or 1,=0, =K
respectively, we obtain the three following nuclei, due to Professor
Whittaker :—

P,(ksnzx sns)

P,,(fkl—f ¢cnx cn s)
P,,(—%dnxdns)

Professor Whittaker’s fourth nucleus is

(dnz dns 4 k coshn cna cns + k&' sinhy snx sns)*;

1 ¢f. Heine, Theorie der Kugelfunctionen, (1878), 355.
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this is & constant multiple of the nucleus

lim eP,[kPsnasnssnzysn(tK'+¢6)+...]
e=~>0

where cosh 7 = cd z,.
Lastly, from the surface harmonics
P,” (cos 0) sin ¢ cos ¢ sin2 8
P,” (sin 0 sin ¢) sin § cos ¢ cos
P,” (sin 8 cos ¢) sin 6 sin ¢ cos 6

where P,” (t) = d? P,(t)/di?, we obtain the three forms of nucleus

P,"(ksnxsns)cnazdnzcnsdns
P,"(ikenzens/k)snz dnxsnsdns
P,"(dnzx dns/k’) snzcnesnscens

given by Whittaker and Watson (loc. cit. §23. 61).

We see then that all the known forms of nucleus for the Lamé
functions are really particular cases of the nucleus S,(6, ¢) given at
the beginning of this section.

In a similar way, Poole! and S. C. Dhar? have obtained, from the
solutions of the equation of wave motions in two dimensions, the
various forms of the nucleus of the homogeneous integral equation
satisfied by the Mathieu functions.

Y Proc. Lond. Math. Soc. (2) 20 (1921), 374.

2 Journ. of Dept. of Sc., Culcutta University 111 (1922). (Unfortunately I have
been unable to verify this reference, as the journal is not in any of the Edinburgh
libraries.)
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