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rational fractions

David Hernandez and Michio Jimbo

ABSTRACT

We introduce and study a category of representations of the Borel algebra associated
with a quantum loop algebra of non-twisted type. We construct fundamental
representations for this category as a limit of the Kirillov—Reshetikhin modules over the
quantum loop algebra and establish explicit formulas for their characters. We prove that
general simple modules in this category are classified by n-tuples of rational functions
in one variable which are regular and non-zero at the origin but may have a zero or a
pole at infinity.

1. Introduction

The theory of finite-dimensional representations of quantum loop algebras is a rich subject
which has been developed by many authors. It has many applications and connections to various
branches of mathematics, including representation theory, algebraic geometry, combinatorics
and classical/quantum integrable systems. For a recent review the reader is referred to [CH10]
or [Lecll].

Let us briefly recall the classification of irreducible finite-dimensional representations. Let
U,(g) be a quantum loop algebra of non-twisted type, and let 3 (2) and ¢F(z) (1 <i<n)
be the Drinfeld currents (for the notation, see §2 below). Then any irreducible (type 1) finite-
dimensional Uj,(g)-module V' is presented as V' = U,(g) v where v is a non-zero vector satisfying

e (2)v=0, ¢f(2)v=Ui(z)v fori=1,...,n.

7

The eigenvalues of ¢i(z) are the power series expansions in z*! of a rational function W;(2) of
a specific type,
deg P; iDz(qZ_IZ)
" Pi(@2)
where each P;(z) € C[z] is a polynomial such that P;(0) = 1; these are called Drinfeld polynomials.
The n-tuple ¥ = (¥;);=1,. , is called the highest (-weight of V. Note that each ¥;(2)
is regular and non-zero at z=0,00. The correspondence between V and (P;(z))i<i<n IS
bijective [CP94, CP95].

A particularly well-studied case is the Kirillov—Reshetikhin (KR) module defined by

\I/Z(Z) =

k
Piz) =] (1 —agh212), Py(z)=1for j #i,
=1
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for some i=1,...,n, k€Z>o and a € C*. In this article we denote this module by L(M,gl()l)
The KR modules have various nice properties; for instance, it is known [Nak03, Her06] that as

k — oo the normalized g-character XQ(L(M:()I.‘% +1)) (see [FR99]) has a well-defined limit as a
formal power series. l

In view of these results, one is naturally led to ask the following questions.

(i) In the description of highest-/-weight modules, what will happen if the ¥;(z) are more
general rational fractions?

(i) What is the representation-theoretical content of limy . XQ(L(Mlii()172k 41))?

Motivated by these questions, in this article we introduce and study a certain category O
of Uy(b)-modules, where Ug,(b) is the Borel subalgebra of U,(g). Basic notions for Uy(g), such
as highest (-weight, carry over in a straightforward manner to Uy(b) as well. We prove that a
simple highest-¢-weight U, (b)-module belongs to category O if and only if its highest ¢-weight
W = (¥;(2))1<i<n consists of rational functions which are regular and non-zero at z = 0; we call
these the Drinfeld rational fractions. Since no condition at z = oo is required, this gives an answer
to question (i). These simple modules are infinite-dimensional in general, but we prove that their
weight spaces are finite-dimensional.

Among simple highest-¢-weight modules, of particular significance are the two kinds of
fundamental modules Lfa (where 1 <i < n, a € C*), defined by the highest {-weight

Ui(2) = (1 —az), Uj(z)=1for j#i.
General simple highest-/-weight modules are subquotients of tensor products of the fundamental

modules Li The key point of the proof of the classification mentioned above lies in showing that
the fundamental modules Li belong to category O. We do this by constructing the module L, ,

as the limit as k — oo of KR modules M ® okt viewed as Uy(b)-modules (with an approprlate

l

shift of grading). The modules LJr are then constructed either as a similar limit of M (q)% 1, OF

i)

by using a duality argument. In particular, the limit of the normalized g-characters of Mi(q_% 1,

g

is the g-character of the Uy(b)-module L. This gives an answer to question (ii). These are the
main results of the present paper. ’

In fact, we prove that the module L, admits an action of a ‘larger’ algebra U, 4(g), which we
call the asymptotic algebra. It is deﬁned in the same way as the quantum loop algebra U,(g),
wherein invertibility of the ¢; (0) is not assumed. The asymptotic algebra does not contain
U,(b) as a subalgebra, but it is ‘larger’ in the sense that Q-graded ﬁq(g)—modules (with @
denoting the root lattice of the classical part of g) can be regarded uniquely as U, (b)-modules.
See Proposition 2.4 for the precise statement. In contrast, the action of Uy(b) on Lj:a cannot be
extended to that of the full asymptotic algebra (NJq(g).

Since explicit character formulas for KR modules are known [Her06, Nak03], our asymptotic
construction of the fundamental representations L ., implies explicit formulas for their characters
(Lfa). Moreover, our results imply that X(L:a) =X(L;,) forany i=1,...,n and a,b € C*.

Some particular cases of fundamental representations L;ta of the Borel algebra have
been discussed in the literature under the name of ‘g- oscillator _representations’; see, for
example, [BLZ99, Appendix D] for 5[2, [BHKO02, Appendix B] for 5[3, [BT08, §5] for 5[(2|1)
and [Koj08] for LjE of 5[ The corresponding g-characters are intimately connected with
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Baxter’s Q-operators, which are important in quantum integrable systems. Giving a systematic
account of this construction has been another motivation for our study.

As mentioned above, the theory of finite-dimensional representations of quantum affine
algebras has been intensively studied. We can expect similar developments for category O of
the Borel algebra. For example, it would be very interesting to find the defining relations for its
Grothendieck ring.

The standard asymptotic representation theory [Ver03] involves limits with respect to the
rank of a Lie algebra or group. In the present paper, the limits are taken with respect to
the level of representations. Here, by ‘level’ we shall always mean the level of representations
of the quantum group associated to the underlying finite-dimensional Lie algebra. The relation
between these two kinds of asymptotic representation theory should be understood in the spirit
of the level/rank duality of [Fre85].

Another direction to explore is the connection between our work and results about Demazure
modules for classical current algebras, such as those in [FLO7].

We hope to return to these issues in the near future.

The paper is organized as follows.

In §2 we set up the notation concerning U,(g), introduce the asymptotic algebra ﬁq(g), and
discuss the connection between representations of ﬁq(g) and those of the Borel algebra U, (b).
In §3 we discuss the basics of highest-¢-weight modules of U,(b). We introduce the category
O, and state the classification of simple modules in Theorem 3.11, whose proof will be given
in the subsequent sections. We also discuss the g-characters and summarize some facts about
finite-dimensional representations of U,(g), including the results from [Her10] which will be used
in later sections. We analyze analogous properties for a category O* dual to O. In §4 we show
that the family of KR modules {M k(:lz); _ok+1 k>0 has a well-defined limit Voo and that it has the

structure of a module over the asymptotic algebra ﬁq(g). As a consequence, the simple module
L, is shown to belong to category O.

The next section concerns the simple module LZI. In §5 we consider a dual module (VZ)*
of the module V4, constructed in the previous section, over the algebra ﬁqq(g). From this we
conclude that LZ_I is in category O. By using this result, we prove in §6 that V is irreducible,
so that it coincides with the simple module L;;. Using duality, we also prove that (VZ)* is
irreducible isomorphic to L;-fl. In particular, we get an explicit character formula for Lfa. In the
last section, §7, we discuss the asymptotic construction of L;fl.

2. Quantum loop algebra and related algebras

In this section, we introduce our notation concerning the quantum loop algebra and related
algebras.

2.1 Quantum loop algebra

Let C' = (C},j)o<i,j<n be an indecomposable Cartan matrix of non-twisted affine type. We denote
by g the Kac-Moody Lie algebra associated with C. Set I ={1,...,n}, and denote by g the
finite-dimensional simple Lie algebra associated with the Cartan matrix (C; ;)i jer- Let {a;}ier,
{a }ier and {w;}ier be, respectively, the simple roots, simple coroots and fundamental weights
of g. We set Q =@,.; Za; and QT =@,y Z=o0;. Let D =diag(do, ..., dn) be the unique
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diagonal matrix such that B = DC' is symmetric and the d; are relatively prime positive integers.
We denote by (, ):Q X @ — Z the invariant symmetric bilinear form such that («;, a;) = 2d;.
Let ag, . . ., a, stand for the Kac label [Kac90, pp. 55-56].

Throughout this paper, we fix a non-zero complex number ¢ which is not a root of unity. We
set g; = g%
The quantum loop algebra U,(g) is the C-algebra defined by generators e;, f; and k:;tl,
0 <i < n, and the following relations for 0 < i, j < n:
kikj = kjk;,  k°k{* - kpr =1,

_ Ci; _ —Cy ;i
kiejk; b =q; e;,  kifikit=q; 7 f

ki — kit
lei, fi] = bij—
q —4q;
1-C; 5 1- Cza
r (1-C;—r r . . 1 C; r . .
el el =0 (i # ), TRET =0 (i#).
r=0 r=0
Here we have set 9: =7 /[r]g! (for z; =e;, f;) and used the standard symbols for g-integers
2™ — 7™ - s [s].!
= ' — ) — .
[m]z S 1 [m]z ]];[1[]] |:7“:| . [T]Z![S — T]z!
The algebra U,(g) has a Hopf algebra structure. We choose the coproduct and the antipode
given by
A(ei):ei@)l—i—ki@ei, A(fi):fi®ki_l+1®fi; A(ki):ki@)ki,
Slei) = —k; ei,  S(fi) =—fiki, S(ki) =k,
where ¢ =0, ..., n. In particular,

SN e) = ekt STNE) =—kifi, STM(ki) =k

2.2 Drinfeld generators and asymptotic algebras

The algebra U,(g) has another presentation in terms of the Drinfeld generators. For our purposes
it is convenient to introduce these in the following manner.

Let ﬁq(g) be the (C—algebra defined by the generators
Lt (iel,rez), ¢, (iel,m=>0), & (iel)

Ty T i,m

and the following defining relations for all i, j € I, r,v’ € Z and m, m' > 0:

i+ - 2 T+ _ _ :I: C; :I:
gzsz’,O - 17 (z)z',O =K, [Qsz +m> j,:l:m’] - 07 [¢z +m> (b;f:Fm’] - 07 K qz T ],rHi7

+ICy ;5 ~ i +(-1)Cyj ~+ s
¢z ,m ] r q; j r+l¢z m—1l E : 4; xj,r+l+l¢i,m—l—1’
o<i<m o<i<m—1
OV T F(4+1)Cy 5 :|: F(1+2)C,5 ~ :I: _
¢i,—m‘rj,r - Z 4q; ] r—Il— 1(z> ,—m~I+1 + Z qz j r— l(b —m+D
o<i<m—1 o<i<m
—Cij et ~— JUN 5, ¢z T zr—i—r’
q; Lipljpr = XLy = 04 )
qi — qz‘
1596
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s gE +Cij ~+ FE +Cij~+ ~+ % =+
zr+1x]r — 4 x] P Lir+1 = 9 ZTxJT+1 T 410
~+ ~+ ~+ ~+ _
Z Z |: :| 7’ T (1) xl r‘rr(k)xj T/xl r‘n‘(k+l) xi»rw(s) =0.
T€Xs k=0
In the last relation, i # j, s =1 — C’i,j, the r1, ..., rs run over all integers, and >4 stands for the

symmetric group on s letters. We have also set (Z)f 4, = 0 for m < 0. We call ﬁq(g) the asymptotic

algebra. Notice that the elements x; € ﬁq(g) are not assumed to be invertible. Indeed, later we
shall consider representations of Uy(g) on which the x; act as 0.
We then have the following result.

PROPOSITION 2.1 [Bec94, Dri88]. There is an isomorphism of C-algebras

U‘](g) = Uq(g) ®C[“i]ie] (C[K/’L') ’ii_l]’iel' (21)
The standard Drinfeld generators xl s qbz Lo Z?H are related to xl T qzﬁl o /i;tl by
+ _ =t - _ 1z + 15+ _ -1
xi,r - xi,r’ xi,r =Ky xi,w i,km T K i,tm> kl =k . (22)

With this identification, we shall regard U, (g) as a subalgebra of U,(g).
For g = 5A[2, the isomorphism (2.1) is given explicitly by

~+ 1~ ~— —+ 1
€1 T o) 1 Ky L10» €021, fO'_>$1 1Rk

1
¢1 1

—1
ko— k1, ki—r], [e1, ke —

that is, k1eg — 27 ; and foky b xf_l

In the general case, the isomorphism (2.1) takes e; to x| i0» fi to z; g, and k; to k; “Lforiel.
The image y of eg is described as follows (see, e.g., [CP94, p. 393]). Tn the Lie algebra g, choose
simple root vectors xj and suppose that the maximal root vector is written as a commutator

)\[a‘:z, [x;;, R [x;:, x;] -+ +]] with some A € C*. Quite generally, we say that an element z of

U,(g) has weight g€ Q if kix = qP)zk; for all i€ I. For an element A (respectively, B)
of weight « (respectively, (), introduce the notation [A, B], = AB — ¢‘@P)BA. Then we have

Yy= [ 1,00 [ 9,00 7"t [ii_k,()v j]‘_0,1]q t ']q}q' (2-3)

In what follows we shall use the generating series

Z (bz Am? ’ Z (bz Am? (24)

m=0 m=0
Let us define the following isomorphism.
PROPOSITION 2.2. There is a unique isomorphism of C-algebras
0 :Uq(g) = Ug-1(9)
satisfying
~+ 2~ ~— ~+ + +
xi,m = q; J"i,m’ :Ei,m = J"i,m’ ¢i,ir = ¢i,ir
foriel, meZ, r=0.
In particular, we have o(k;) = k; and o(¢ : )= (Z)Z ,, for i € I and r > 0. This implies that

o restricts to an isomorphism of C-algebras U, (g) — Uq_1( )
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Proof. As o(k;) = ki, it suffices to check that the defining relations of Uq(g) are mapped to the
defining relations of U,-1(g). This is immediate for all relations except

-y B
—C; + o~ (Z)z o+’ T Fir4r!
q d 5 i rx] o LT = i — . (2.5)
qi — g,
The left-hand side of (2.5) is mapped to
Cz 2~— ~+ 2~4+ ~— —Ci 42 ~— ~—+4 Cii ~+ ~—
4; Jql ;. g Tipt = G LTy e = —Y; ! (_'Ii,rmj,r’ + 4; g Ljrli )
If i = j, this is zero in Uq—l(g). If i = j, this is
2~ o o~
—(q; x:r’xi,r - xi,’r'm’j,_?"/)‘
In this case, the right-hand side of (2.5) is mapped to
“y B
(bi,v"—&-r’ i’ ¢z o+’ T zr+r
4 —q; " ' -a
and so we get the correct relation in Uq_l(g). O

For example, in the case of slp, we get o(e1) = ‘12551_,0> o(f1)= klxio, o(eg) =0 (21,) = xil
and o(fo) = o(af_ k1) = ¢*F7_ k1.

2.3 Borel algebra

DEFINITION 2.3. The Borel algebra U,(b) is the subalgebra of U,(g) generated by the e; and
k! with 0 < < n.

This is a Hopf subalgebra of Ug,(g). It is well known (see, e.g., [Her05, Lemma 4] or [Jan96,
§4.21]) that U,(b) is isomorphic to the algebra defined by the generators e; and k! (0 <i < n)
together with the relations

Ci.j
k‘l‘]{)j = kjki, kiej =g, ’]ejki,

S

> (=17 () ei(e)V =0 (s=1-Ciy, i #]).
r=0
For g = 5[2, the Borel algebra U,(b) can easily be described in terms of the Drinfeld generators:

it is the subalgebra of U, (5[2) generated by the x} mr Tl kil and ¢, where m >0 and r > 0.
Such a simple description does not hold in the general case. Nevertheless it is known [Bec94]
that the algebra U, (b) contains the Drinfeld generators x,fm, kil and gz§+ wheret e I, m >0
and r > 0.

Let Uy(g)* (respectively, U,(g)°) be the subalgebra of U,(g) generated by the $i:r where
i € I,r € Z (respectively, by the kziﬂ and gb,i[ir where i € I, r > 0).

Then, by [Bec94] and [BCP99, Proposition 1.3], we have a triangular decomposition
(isomorphism of vector spaces)

Uq(8) = Uy(8)” © Uy(9)° © Uy(g) ™
Further, let U, (b)* = U,(g)T N U,(b) and U,(b)° = U,(g)° N U,(b). Then we have

Ug(0)" = (2 )ictmz0,  Ug(0)° = (], ki icr 0.

ZT"
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In general, Uy(b)~ does not have such a nice description in terms of Drinfeld generators, except
when g = slp, in which case Uy(b)™ = (27 ,,)m>1.

By using the PBW basis of [Bec94], we have a triangular decomposition
U,(b) = U, (b)"® Uy (b)° @ Uy (b) ™. (2.6)

2.4 From Ug(g) to Ugy(b)
A representation V' of the asymptotic algebra ﬁq(g) is said to be @Q-graded if there is a
decomposition into a direct sum of linear subspaces V = &P acQ V(@) such that
jiﬁﬂ/(a) C Vioai) gZ)l:,ytimv(w) cv@ gy cyl
hold for any a € Q, i € I, r € Z and m > 0.

PROPOSITION 2.4. For a @Q-graded ﬁq(g)-module V, there is a unique structure of a Ug(b)-
module on V' such that

\
e v==2 v, ev=yv, kv= q?(ai v forie Ive V@, (2.7)

where the element y € ﬁq(g) is given in (2.3).

Similarly, for a Q-graded qu(g)-module V', there is a unique structure of a U,(b)-module
on V such that

~a(ay)

e v= a(ﬁc;ro)v, ev=o(y)v, kwv=gq, ‘v foriel,ve 1430 (2.8)
Proof. Let us check that the relations of U,(b) are satisfied. Since each V(@) is a joint eigenspace
of k;, it is clear that k;k; = k;k;. From ifTV(a) c Viete) we get the relations k;e; = qici’jejki.

Finally, the elements g, iio, ceey :%Z’O satisfy Serre relations in the algebra ﬁq(g) (respectively,
Uvq*1 (g> ) : u

In general, the action of U,(b) cannot be extended to an action of the full quantum affine
algebra U,(g), because the k; are allowed to have non-trivial kernels on V.

As o(U,-1(b)) # Uy(b), it is not sufficient to have a U,-1(b)-module structure on V' to get a
Uq(b)-module structure via o. That is why we will construct Uq_l(g)—modules.

Remark 2.5. For a Q-graded Ug(b)-module V =P, o V(@) one can freely shift the action of
the k;. Specifically, for any ; € C* (i € I), a new Uy(b)-module structure on V' is obtained by
setting

kiv=p ¢ )y forveV®

and retaining the same action of the e;.

2.5 Coproduct
The algebra U,(g) has a natural Q-grading defined by

deg(xfm) =za;, deg(hiy)= deg(kfc) =0.

Let Ul (g) (vespectively, U, (g)) be the subalgebra of U,(g) consisting of elements of
positive (respectively, negative) @-degree. These subalgebras should not be confused with the

1599

https://doi.org/10.1112/50010437X12000267 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X12000267

D. HERNANDEZ AND M. JIMBO

subalgebras U, (g)* previously defined in terms of Drinfeld generators. Let
Xt = Z (C:Ejm CUg(g).
jel,mez
THEOREM 2.6 [Dam98|. Let i € I. For m € Z, we have

A(xf,,) € i, © 1+ Uy(g) @ (Ug(g) X ™). (2.9)

For r > 0, we have
Aliy) € D G ® sy + Uz (8) © U7 (0), (2.10)

oi<r
Alw;,) €, @ki+ 1@z, + >z, @67 +Uya) ® (Uy(g)XT). (2.11)
1<g<r

For r <0, we have

Alwy,)€x,, @k +1@z, + Y 06+ Uye) @ (Uy(g)X ). (2.12)
1<j<—r

3. Category O for Ug(b)

3.1 Highest-¢-weight modules

Denote by t the subalgebra of U,(b) generated by {k:j.[l}jef. Set t* = (C*)! and endow it with a
group structure by pointwise multiplication. We define a group morphism ~: ) — t* by setting
() = qic “ for a simple root c;. We shall use the standard partial ordering on t*,

w<w if ww'™t is a product of {@; ' }ier. (3.13)

For a Uy(b)-module V' and w € t*, we set
Vo={veV |kv=w()vViel} (3.14)

and call it the weight space of weight w. For any i € I and r € Z we have qbf,,(Vw) CV, and
xfr(Vw) CV _+1. We say that V is t-diagonalizable if V =P ¢ Vio-
DEFINITION 3.1. A series W = (WU, 1, )ic1,m>0 of complex numbers such that W; g # 0 for all i € [
is called an ¢-weight.

We denote by t; the set of (-weights. Identifying (W;m)m>0 with its generating series, we
shall write

v = (\I/Z'(Z))Z‘e[, \I/Z(Z) = Z \I/@mzm.
m=0
Since each W;(z) is an invertible formal power series, t; has a natural group structure. We have
a surjective morphism of groups w : t; — t* given by w(W¥)(i) = ¥; . For a Uy(b)-module V and
¥ c t;, the linear subspace

Ve={veV|Ip=20,Viel,Vm >0, (gb:m — W m)Pv =0} (3.15)
is called the f-weight space of V' of f-weight W.

DEFINITION 3.2. A Uy(b)-module V is said to be of highest /-weight ¥ € t} if there is v € V' such
that V' = Uy(b)v and the following hold:

eiv=0 (iel), ¢ v="Cinv (icl, m=>0).
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The f-weight ¥ € t; is uniquely determined by V. It is called the highest ¢-weight of V.
The vector v is said to be a highest-f-weight vector of V. See [Her05, Nak01] for an analogous
definition in the context of representations of quantum affinizations.

LEMMA 3.3. Let V' be a highest-¢-weight U,(b)-module with highest-{-weight vector v. Then
.CEZmU =0 holds for all i € I and m > 0.

Consequently, V = U,y(b)"v. Moreover, V' is t-diagonalizable and V = @Agw(@) Vi.

Proof. The first statement can be verified by induction, using the formula

" -2
[¢;:17 x:—m] = (qZQ —g; )$:m+1'

The rest of the assertions are clear from (2.6). O

Example. For any W € t}, define the Verma module M (¥) to be the quotient of U,(b) by the left
ideal generated by e; (i € I) and ¢, — W, ,,, (i € I, m >0). From (2.6), M (®) is a free U,(b) -
module of rank 1. In particular, it is non-trivial and is a highest-/-weight module of highest
L-weight W,

3.2 Simple highest-f-weight modules
Let ¥ € ;. By a standard argument, the Verma module M (%) has a unique proper submodule,
and so we get the following.

PROPOSITION 3.4. For any W €}, there exists a simple highest-(-weight module L(¥) of
highest-¢-weight W. This module is unique up to isomorphism.

Let us give two fundamental examples.

Example. Let w € t*. We define ¥, € {7 by (¥,,);0 =w(i) and (¥, )im =0 for i € [ and m > 1.
Then L(¥,) = Cv is one-dimensional.

Ezample. For i € I, let P;(z) € C|z] be a polynomial with constant term 1. Set

(T (), o dear) Pi(za )

W= (Vi(2))ier, Vilz) =g Bileq)

Then L(W¥) is finite-dimensional. Moreover, the action of U, (b) can be uniquely extended to an
action of the full quantum affine algebra U,(g), and all (type 1) irreducible finite-dimensional
Uy(g)-modules are of this form. This follows from the classification of simple finite-
dimensional modules of quantum affine algebras by Drinfeld polynomials [CP94] along with
the following result.

PROPOSITION 3.5. Let V' be a simple finite-dimensional Uy(g)-module. Then V is simple as a
Uq(b)-module.

This result was proved in [BT04] for g = sly, and in [Bow07] and [CGO5, Proposition 2.7] for
the general case. For completeness, let us give a short elementary proof of this statement, which
is independent of the proof in [Bow07].

Proof. Let 7 :Uy(g) — End(V') be the representation morphism. Let ¢ € I. We prove for any r € Z
that Tr(xfr) is in the space linearly spanned by (W(xi:m))m>(). Since End(V') is finite-dimensional,
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there is a non-trivial linear relation fo:a e (2 ) =0 with a > 1. On the other hand, for any
r € Z we have

— 2+
¢ —l i,r QT zr¢z—l_(qz 1) zr 1¢7,0

It follows that for any R >0 we have ZT:a )\rw(xiriR) =0. Now it is clear that V is cyclic
as a Uy(b)-module generated by a highest-f-weight vector, and that all primitive vectors are of
highest /-weight. O

Note that in the proof we established a weak version of the quasi-polynomiality property
(see [BK96, Proposition 6.2] or [Her07, Proposition 3.8]).

Remark 3.6. From the relation (2.10), the submodule of L(¥) ® L(¥’) generated by the tensor
product of the highest-f-weight vectors is of highest (-weight W', In particular, L(P®¥’) is a
subquotient of L(¥) @ L(P').

DEFINITION 3.7. For i € I and a € C*, let
(1 —za)*' for j =1,

o (3.16)
1 for j # 1.

Ly, =L(¥) where ¥;(z) = {

The representations Ly, (i € I, a € C*) are called fundamental representations.

For a € C*, we have an algebra automorphism 7, : U;(g) — U,y(g) such that

Ta(t7,,) = a"al,  Ta(07(2) = ¢ (a2). (3.17)

The subalgebra U,(b) is stable under 7,. We denote its restriction to Uy(b) by the same letter.

Then the pullbacks of the U, (b)-modules Ll , by 7, are L

We remark that for a =0, we get an algebra morphism 7 : U,(b) — U,(b) which is not

invertible. Its image is the subalgebra Uy(b) of U,(b) generated by the x; ; and k' (i € 1), that

is, the Borel algebra of the quantum algebra of finite type associated to U,(g). The pullbacks of
the one-dimensional simple representations of U,(b) are the representations L(W¥.,).

i,ab”

3.3 Category O
For A € t*, we set D(\) ={w € t* |w < \}.
DEFINITION 3.8. A Uy(b)-module V is said to be in category O if:
(i) V is t-diagonalizable;
(ii) for all w € t* we have dim(V,,) < oo;
(iii) there exist a finite number of elements Aj, ..., As € t* such that the weights of V' are in

Uj:l,...,s D()‘J)

The category O is a tensor category. In general, a simple highest-¢-weight module is not
necessarily in category O.

LEMMA 3.9. Let V' be a U,(b)-module, and let w € t* and i € I. Suppose that V,,, Vg, and V1
are finite-dimensional. Then, for ¥ € t; such that w(¥) =w and Vg #0, ¥;(z) is rational.

Proof. The proof is a generalization of the proof of [Her05, Lemma 14].

There is a non-zero v € Vg such that ¢ v=VY; v for any i € I, m > 0. Choose a basis
(ui,...,ug) of Vwa;l, a basis (v1,...,vp) of Voa,, and a linear map 7 :V,, — Cv such that

m(v) =wv.
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For m >0 and p > 1, we can find Ay j, A}, &, fim,j, i, ; € C so that
0= Mpkttks (6= g () =X, 0 (1<G<P),

5 0= pmgvi, (g — g )m(@ ) = v (1<k<R).

Using (¢; — q; 1)[x:m, z;,Jv=V;m4pv and applying 7 to both sides, we obtain

R P
‘117'7m+p = Z Apvkﬂln’%k - Z #m’j)\;vj'
k=1 j=1
We set A\i(2) = o1 Ap ke, Ni(2) =20 o1 A, ;2P and

U (z) =27 <‘1’z(2) - Z \Ifi,pzp> for m > 0.
p=0

Then for m > 0 we have

P

R
U7 (2) =Y A=)t — D Nj(2) -
k=1

=1

Hence (¥;™(2))m>0 is not a linearly independent set, and we have a relation of the form

Z a2 m( Z\pzpzp) —0.
This shows that W;(z) is rational. O

As a direct consequence, we have the following.

PROPOSITION 3.10. Let V' be in category O. Then for ¥ € t; such that Vg # 0, V;(2) is rational
for any i € 1.

The next theorem is one of the main results of this paper. It gives a complete classification
of simple objects in category O.

THEOREM 3.11. For ¥ € t, the simple module L(¥) is in category O if and only if V;(z) is
rational for any i € I.

Proof. The ‘only if’ part follows directly from Proposition 3.10.

From Remark 3.6, an arbitrary simple representation in category O is a subquotient of a
tensor product of fundamental representations. So, to prove the ‘if’ part, it suffices to show
that all fundamental representations are in category O. Furthermore, with the aid of the twist
automorphism (3.17), the proof is reduced to the case of L;tl.

In the following sections we shall show that the Llil are indeed in category O (see
Corollaries 4.8 and 5.1). O
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3.4 g-characters in category O
Let v be the subgroup of t; consisting of ¥ such that ¥;(z) is rational for any i € I. (The letter
t stands for ‘rational’.)

Let €y C Z' be the ring of maps c:t— Z satisfying ¢(¥) =0 for all ¥ such that w(¥) is
outside a finite union of sets of the form D(u) and such that for each w € t*, there are finitely
many ¥ such that @(¥) =w and ¢(¥) # 0. Similarly, let & C Z® be the ring of maps c: t* — Z
satisfying c¢(w) =0 for all w outside a finite union of sets of the form D(u). The map w is
naturally extended to a surjective ring morphism w: &y — €.

For ¥ € ¢ (respectively, w € t*), we define [¥] = dg, € & (respectively, [w] =4, € E).

Let V' be a Uy(b)-module in category O. We define the g-character of V' to be the following
element of &:

Xg(V) = dim(Ve)[®]. (3.18)
Yer
Similarly, we define the ordinary character of V' to be an element of &,
X(V) =@(xo(V)) =) dim(V,,)[w]. (3.19)
wet

For V in category O having a unique ¢-weight ¥ whose weight is maximal (for example, a highest-
l-weight module), we also consider its normalized g-character x,(V') and normalized character
X(V), defined by

Xo(V) =187 xo(V), X(V)=w(xq(V)).

Let Rep(U,(b)) be the Grothendieck ring of the category O. We define the g¢-character
morphism to be the group morphism

Xq : Rep(Uq(b)) — &

which sends a class of a representation V' to x4(V'). The map is well-defined as x, is clearly
compatible with exact sequences.

By using Theorem 2.6, we can prove the following as in [FR99, Lemma 3 and Theorem 3].
PropoSITION 3.12. The g-character morphism is an injective ring morphism.

Remark 3.13. As & is clearly a commutative ring, this implies that Rep(U,(b)) is commutative.
The argument is the same as that for the commutativity of the Grothendieck ring Rep(U,(g)) of
finite-dimensional modules of U,(g) given in [FR99]. Note that Rep(U,(g)) is naturally a subring
of Rep(Uy(b)). The category O is not braided (it is easy to construct a counter-example by using
the category of finite-dimensional representations of U,(g), which is known to be not braided).
Moreover, in contrast to the case of quantum affine algebras, no meromorphic R-matrix (in the
sense of [KS95]) is known for U,(b). That is why the commutativity is a bit more surprising in
this context.

3.5 Finite-dimensional representations of Ug,(g)

In this subsection we quote some results for finite-dimensional U, (g)-modules which will be used
in subsequent sections. For more details, the reader may refer to the book [CP94] and the recent
review papers [CH10, Lecl1]. We consider only representations of type 1, i.e. those for which the
eigenvalues of the k; (i € I) are in ¢”.

We recalled above the parametrization of simple irreducible U,(g)-modules by n-tuples
(P;(z))ier of polynomials with constant term 1.
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Following [FR99], consider the ring of Laurent polynomials H:Z[Yf;l]ie[,ae(c* in the
indeterminates {Y;,}icraecs. Let M be the group of monomials of Y. For a monomial m =
[Licsacc: Yia, we consider its ‘evaluation on ¢ (2)’. By definition this is an element m(¢(z)) € ¢

given by ’
m(g(z)) = [ (Miale(2))"
i€l,acC*
where
lfaq;1 for i — i
or j =1,
(Via(@(2));={ " 1T—agz 7
1 for j # 1.

This defines an injective group morphism M — r. We identify a monomial m € M with its image
in v. Note that @w(Y;,) = ;.

It is proved in [FR99] that a finite-dimensional U,(g)-module V satisfies V = €D, cn¢ Vin(s(2))-
In particular, x4(V') can be viewed as an element of Y.

Note that for a finite-dimensional U,(g)-module V' and ¥ € ¢, the (-weight spaces (3.15) can
be characterized alternatively [FR99] as
Ve={veV|IPp=20,viel,VYm=0,(¢; _,, —¥; _,,)'v=0}
Here U7 (271 =3, W, _,,2~ " is the expansion of ¥;(z) € C(2) in z71,
A monomial M € M is said to be dominant if M € Z[Y; olicracc+. If L(¥) is a finite-
dimensional simple U,(g) module, ¥ = M (¢(z)) holds for some dominant monomial M € M.
The representation will be denoted by L(M).

For example, for i € I, a € C* and k > 0, let
Mlg?()l = Yvi,a i,aqi2 e Yvi,aq?(k_l)' (320)

Then W,gli =L(M ,52)) is called a Kirillov—Reshetikhin module (KR module). An explicit formula

a

for x (W) is known [Nak03, Her06].

,a

For ¢ € I and a € C*, define A4; , € M to be
-1
}/;,aq;IE7QQi ( H Yja H Yj,aq—lijaq H Yj,aq‘zijayj,atf) :
{7€l|Cj,i=—1} {7€l|C;,i=—2} {7€l|Cj,i=-3}
Note that w(A4;,) = ;.
THEOREM 3.14 [FMO1, FR99]. Let V a simple finite-dimensional U,(g)-module. Then
Xq(V) € Z[Ai_,;]iEI,aE(C*-
Let M =]uer, Y;uqi,’.r be a dominant monomial, and let [ € Z. We set
reZ ’
>l Ug,r <l __ U, r
M= = H Yz}q“ M= = H Yi,qr’
el r>l el r<l

so that M = MZ'M<!. Tt is well known that the results in [Cha02, Kas02, VV02] imply the
existence of a surjective morphism of U,(g)-modules (see references in [Her10, Corollary 5.5]):

L(M?Y @ L(M<Y — L(M). (3.21)
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Consider the linear subspace

L(M)*' = D (L(M))m-

meMZ[A;;Mdi]iEL,.}l
The following result will play a key role in subsequent sections.
THEOREM 3.15 [Herl0]. (i) The map (3.21) restricts to an isomorphism of vector spaces
L(M?Y @ vt — L(M)?!, (3.22)

where v<! is a highest-weight vector of L(M<).

(ii) Let F: L(M?') — L(M)?' be the composition of the map (3.22) with the natural map

L(M?Y) — L(M?") @ v<!. Then for any i, j € I and r € Z we have
x?:T F=Faux' (3.23)

1,17

65(2) F = F MY (6%(2)) x 6% (2). (3.24)

Statement (i) appears as [Herl0, Proposition 5.6], and statement (ii) follows from [Her10,
Remark 5.7]. A particular case of this result had been proved in [HL10].

3.6 The dual category O*

For a t-diagonalizable U,(b)-module V', we define a U,(b)-module structure on its graded dual
V*=@gsee Vi by
(zu)(v) =u(S™Hx)v) forue V* veV,zecUyb).

The reason why we use S~! and not the antipode in the definition of V* is explained in
Remark 3.19 below.

DEFINITION 3.16. Let O* be the category of t-diagonalizable U, (b)-modules V such that V* is
in category O.

LEMMA 3.17. A t-diagonalizable Uy(b)-module V' is in category O if and only if V* is in
category O*.

Proof. As S?(k;) = k; for any i € I, the weight spaces of (V*)* can be identified with the weight
spaces of V. The result follows. O

A Uy(b)-module V is said to be of lowest ¢-weight ¥ € t; if there is v € V such that V = Uy (b)v
and the following hold:

Uqy(b)" v =_Cuo, ¢;fmv:\1’i7mv (iel, m=>=0).

For ¥ € t}, we have the simple Ug(b)-module L'(¥) of lowest ¢-weight ¥, which is not in category
O* in general. We define the fundamental representation L;j; whose lowest /-weight is the highest
l-weight of Li[a.

The analog of Proposition 3.10 holds, and we have the notion of characters and g-characters
for category O* as in §3.4.

For a t-diagonalizable U,(b)-module V' with finite-dimensional weight spaces, we have
(V) =x1(V)
where x~!(V) is obtained from (V) by replacing each [w] with [w™!] for w € t}.
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PROPOSITION 3.18. Let V' be a U,(b)-module of lowest {-weight ¥ with finite-dimensional
weight spaces. Then V* contains a highest-f-weight vector of {-weight ¥~'. In the case where V

is irreducible, we get (L'(W))* ~ L(¥~1).

Proof. Let v be a lowest-¢-weight vector in V. Let v* € V* be such that v*(v) =1 and v* is zero
on higher-weight spaces of V. As x(V*) =x"1(V) and the weight of v* is the opposite of the
weight of v, v* has maximal weight in V* and so e; v* =0 for any j € I. Let us compute
the l-weight U* = (V7 (z))jer of v* in V* in terms of ¥ = (¥;(2))jer-

As U,(b) is a Hopf algebra, the linear morphism

D: VeV -C, Duev)=uv(u)

is a morphism of U, (b)-modules.

Let j € I. From Theorem 2.6, we have that in V @ V*,

¢/ (2)(v @) = ¢f (2)v @ ¢ (2)v" = T;(2) T (2) (v @ V7).
As D(v®@v*) =1 and the action of gb;r(z) on the trivial module is 1, by applying D we get
* _ w1

Ui(z) =, (2).

For the last point, by construction V is irreducible if and only if V* is irreducible. O

Remark 3.19. If we had used S instead of S~ to define V*, we should have used a map
V*®V — C instead of D (as in the proof of [FMO01, Lemma 6.8], for example). But then, by
using Theorem 2.6 as above, we could get additional terms because v* has maximal weight and
v has minimal weight.

Let L(m) be an irreducible finite-dimensional representation of U,(g). As a U,(b)-module,
L(m) is in category O and in category O, and is irreducible by Proposition 3.5. By [FMO1,
Corollary 6.9], the lowest-weight monomial of L(m) is

/ —Uj,a
m' = || Yo
Z,CLqTVhV
i€l,aeC*

if we denote by u; , the multiplicity of Y; , in m. Here 7 is defined so that wq(a;) = —a; where wy
is the longest element of the Weyl group, h" is the dual Coxeter number, and 7" is the maximal
number of edges connecting two vertices of the Dynkin diagram of g. So we have

L(m)=L'(m') and (L(m))* ~ L((m)"}). (3.25)

This last isomorphism is analogous to [CP94, Proposition 5.1(b)], where the standard duality is
used.

4. Asymptotic representations and L;l

In this section, we shall construct the irreducible U, (b)-module L;, as a limit of KR modules of
U,(g). Throughout this section we assume that |g| > 1 (except when explicitly stated otherwise).

4.1 Example

As an illustration, let us first consider the simplest example Uq(sAlg). Consider the KR module
L(My) with My, =Y 1Y g5 -+ - Y] —2x41. Its normalized g-character is

L+ AT+ ATTA o+ AL AT -
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As k — o0, it converges as a formal power series in the Al_é to
—1 4—1 -1
Z A171A1,q—2 e Al,qﬂ(rl)'
>0
Let us explain this in terms of representations.
The module L(Mjy) carries a basis (vg, . . ., v), with the action of Uq(sA[Q) given by
2r(—j+1 - —2rji[; :
Ty =T s, a v = g7 4 gl = flgvia,

m1,7‘
—2k 2
o g2y (1=g¢72)(1—g%2)
= T Sy (1= )

Observe that the action of the :cf,r on this basis does not depend on k. In contrast, the action of

the z7 ,. depends on k and diverges as k — 0o. Nevertheless, the actions of 2], and ¢ (z) converge.
Taken together, these limiting operators give rise to the following ‘asymptotic’ representation of

U, (sly) on the space Voo = @D, Cu;:

—2rj+j+2 [+ 1],

'firvj _ q27'(_]'+1)vj_1, i‘l_,'rvj =q - q_1 Vjt1,
~ 1—q%2
+ R .
¢1 (Z)U] - (1 _ q72j+22)(1 _ q*2jz)v]’
-1 -2, -1
TN 4j T (1—qg %27 ,
o (Z)”J =9 (1— qzj—QZ—l)(l _ qzjz—l)vﬂ'

Introducing a @-grading by deg(v;) =—ja; and defining kjv; = q_2jvj, we obtain by
Proposition 2.4 a U, (b)-module structure on V.. This representation is clearly irreducible, and
¢7 (2)vo = (1 — 2)"tvg. So we get the following.

LEMMA 4.1. The space Ve is isomorphic to Ly ; as a Uy(b)-module.

It is easy to show that this action cannot be extended to an action of the full quantum affine
algebra Uy (sly).
As another example, let us study the following KR modules for U, (;[3):

Vk == L(Mk), Mk == Yl,qflyl,q*:)’ A Y’17q—2k+1.

Then each Vj, has a basis {v,n fo<n/<n<k consisting of /-weight vectors v, , of f-weight
M, - Al_} .o A;;,an -AQ_}I .o A;;i%,”. The action of the generators is given explicitly as
follows:

+ _ r(—2n+2 / + _ r(—2n'+3
xl’rvn,n’ =q ( )[n —-n ]qvn—l,n” xQ’TUn,n’ =q ( )vn,n’—lv

Ty Ut = g [k — nlgvnt1m, Ty Unn! = qr(—zn’+1) [0 4+ 1g[n = n']qvn 1,

G (2)vpn = gk 2t (1—q%2)(1—qg 2" +2z)v |
1 n,n’ = (¢ (1 — q_2”z)(1 — q_2"+22) s

¢i(2)v , = n—2n' (1 - qu)(l - q—2n+1z) v
2 nn' =4 (1— g 27 H) (1 — g 20 +3z) ™"
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Here we set v, ,,» =0 unless 0 <n’ <n <k. Note that the actions of Ty m and (Z)%E(z) do not

depend on k. Letting kK — 0o, we get a representation of (NJq(ﬁA[g) on Voo = @Ognlgn Cup e

jirvn,n’ = qr(—2n+2) [7’L - n/]qvnfl,n’a j;rvn,n’ = qr(_Qn/J’_?’) Un,n'—1,
n—n'+2-2nr
TV = q—q-1 onties
o ’_ o/
By U = q2n n+2+4r(—2n +1)[nl + 1](1[” _ n/]qvn,n’—i-la
5 1— q—Qn/+2z
+ —
¢1 (2) v = (1—q2n2)(1 — g~ 2n122) Un,n’s
-1 2n'—2 -1
-  n—ow 27 (1—g¢q 271
¢1 (2)Unw = —q (1—g2z1)(1— (]271—2271)”7%71’7
O3 (2) v = (1= g2)(1—g7""2)
nn =

(1 — g 27 +1z)(1 — g 20/+32) Un,n!-

These examples appeared in [BHK02, BLZ99] as representations of the Borel algebra, but the
action of the full asymptotic algebra was not discussed there.

4.2 General case

We now proceed to the construction of L, in the general case. Since a direct computational
method is hardly applicable in general, we take an alternative approach.

Fix i € I, and consider a family of KR modules labeled by k > 0:

Vk = IJ(]\fkj)7 Mk — Y;,q;1Y;;7q;3 ce . }{L’,q;2k+1’

where we set My = 1.

(721+1)diMl€<(72l+1)d¢

For k and [ satisfying k >12>0, we decompose M} as M,f , so that

M7 v et
Fyp: Vi — V204G (4.26)

be the corresponding isomorphism of U, (g)"-modules given in Theorem 3.15. Fixing a highest-
weight vector vy, € Vi, we normalize (4.26) by Fj, ju; = v. Then we have that for all £ > 1> m,

FepoFlp = Frm, Frp=id
Thus ({Vi}, {Fk.}) constitutes an inductive system of Uy(g)*-modules. Set
Voo =lim Vi, voo = Foo ks Uk,

where Fi . : Vi — Vi denotes the injective morphism satisfying the condition Fy, 1, 0 Fj; = Fuo ;-

It is known [Her06, Nak03] that in the limit k — oo, the normalized g-character x,(Vi)
converges to a formal power series in Z[[A;(Jla]]ie Iacz- In particular, the dimension of each weight
subspace of V, stabilizes as k — oc.

PRrROPOSITION 4.2. For k> 1> 0 we have

1-— qf%z
¢fE(Z)Fk,l = Qf_ll_qiz_mz X Fi Qf(z)» (4.27)
¢ (2) Frg = Fry 05 (2)  for j#i. (4.28)
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For each [, the limits limy_,o I} ll (j;f(z)Fkl exist in End(V}) and give rise to an endomorphism
of V.
Remark 4.3. 1t follows from Proposition 4.2 that the operator Fj ll(ij:(z)FM is of the form

A(z) + q; ** B(2), where the operators A(z) and B(z) do not depend on k and are well-defined
without any assumption on |g|. So the limiting operator A(z) on V4 makes sense for such a gq.

Proof. Formulas (4.27) and (4.28) follow from (3.24) and the fact that

kl—qi_%z

Mi(¢7(2) =4 1= i
1 or j # 1.

for j =1,

Clearly, the limits limy_o F)_ llqzic(z)Fk,l exist, and

<nm Fk,}qﬁf(@m) 0 Fym=Fimo (klggo F,ﬁf(z)Fk,m)

k—o0

holds for all [ > m; hence they give rise to a well-defined operator on V. O

Next, let us study the convergence property for & i

LEMMA 4.4. Suppose k > 1> 0. Then we have

(—2l+1)di (*2[4’17251&)&;

i:TTVkE C V; forjel, reZ.

Proof. Let v be a highest-f-weight vector of V;leﬂ)di
formula in Theorem 2.6 we have

, and let w € V. From the coproduct

r—1
(wev)=>» =
r—1

azj,_r(w ®uv) = T W ® d)j’_pv tw®z; v for r > 0.

x-]?T

— + —
W ® L vt w@a; v forr>0,

3
o

=]

p:
It follows that

Fi(z;,(wev)) € Vi(*mﬂ)di + Fry(w®x;,v) forreZ

If j #1, the second term is absent. If j =4, then by [Her06, Lemma 4.4], z; v belongs to the

(—2041)

. . . . di 45— .
generalized eigenspace corresponding to the monomial Mk< A7' ., . The assertion of
,4;

the lemma follows from these facts. O

PROPOSITION 4.5. Forje€ I, r€Z and k > 1> 1, the operator Fk_11+13~5j_,rFk,l € Hom(Vj, Vi41) is

of the form
Fl @5, Fi=C+ ¢ D, (4.29)
where C, D € Hom(V}, Vj;1) do not depend on k. In particular, the limit
Jim. Fy 1%, Fry € Hom(V;, Vigy) (4.30)

exists and gives rise to an endomorphism of V.

Proof. Let w; € t* be the highest weight of V;. We prove the convergence on each weight subspace

(V})wl 5! by induction on € Q with respect to the ordering (3.13). If 8 € Q" =P, Z=00u;,
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then there is nothing to show. Suppose that the assertion is true for elements of ) smaller than g3,

and let v € (Vl)wl 5 Since a:;r,”,, commutes with Fy; for any j’ € T and r’ € Z, we have

—C.
30t -1 - _ -1 - +
G 0w (B i B Fle)v = (B 25, F )2, 00

1 -1 i+
+ 5j/7j o -1 Fk,l+1(¢j,r+r' - ¢g,r+’r’)Fkvl’U'
i~ Y
By the induction hypothesis, the first term in the right-hand side is of the form (4.29). The
operator in the second term, which is equal to
1 -

1 T
O Frta(F ) (D4 = 65 i) P,
45 — 4;

is also of the form (4.29) owing to Remark 4.3. Hence we have a sequence of vectors wy =
F,; llJrl:Z‘j}Fka in a finite-dimensional vector space (Vl+1)wz+1 gar! such that for any j’ and 7/,
the vector a;j, W is of the form
—2k
xj,,r,wk = Cj/ﬂal -+ qZ Djlﬂ,.l (431)
where the vectors Cj/ ,» and D ,» do not depend on k. On the other hand, since V;; is simple,
the joint kernel of the xj? ,» on weight subspaces of weight lower than w; 1 is zero. It follows that

the sequence {wy} is also of the form (4.31). So the operator Fk_llJrlij_’rFk,l is of the form (4.29).
The existence of the limit follows immediately. The well-definedness on V, holds for the same
reason as in Proposition 4.2. O

Remark 4.6. By construction, the limiting operator C' in Proposition 4.5 is well-defined for every
g which is not a root of unity.

Taking the limit k — oo, we get a ﬁq(g)—module structure on V., since the relations of the
algebra are preserved. For example, on V; we have

—Cij (-1 ~+ -1 - -1 - —1~+
q (Fk, +1xi,rFk,l+1)(Fk, +1xj,r’Fk7l) - (Fk;, +1“7j,r/Fk,l)(Fk,l T Fiey)
Ot = i
—17er+r (S
= 0ijF41) <Fm - Lkt );
qi — q;

and so the relation is satisfied by the asymptotic operators on V. In particular, since
Fk_llki_le,l = qi_kﬂki_l, it follows that k; acts as 0 on V.

This structure of a ﬁq (g)-module on V,, makes sense without any assumptions on |g|. Indeed,
the action of the Borel algebra on KR modules is well-defined for such ¢: there is a basis of Vj, such
that the coefficients of the action of the generators e;, f; and k;ﬂ (0<i<n)on Vg are Laurent
polynomials in ¢; see [CP01, §4]. Although the process of taking the limit is not well-defined
if |¢| < 1, it suffices to check that the limiting operators on V4, make sense at g. The operators
F,; llféj’ka,l are constant when k — oo, so the corresponding limiting operators on Vo, make
sense for g. We have seen in Remarks 4.6 and 4.3 that the limiting operators of Fk_ llqgi(z)Fk’l
and F, e lli'j_’kaJ make sense for ¢. So, for the next results, we will not necessarily assume that
| > 1.

The ﬁq(g)—module Vs has a unique @-grading such that v, has degree 0.
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Upon applying Proposition 2.4 we obtain the following.

THEOREM 4.7. The space Vi, has the structure of a Uy(b)-module which is in category O. The
vector v, satisfies ejva, = 0 for any j € I and has (-weight
ith
V(z)=(1,...,(01—=2)"1 ..., 1).

COROLLARY 4.8. The module L; is in category O.

Proof. Let V., be the submodule of V4, generated by vs. Then V7 is in category O of highest
l-weight ¥. As L; is a quotient of V., we get the result. O

5. The representations Lj:l

Let ¢ € I, and let V be the Uq_l(g)—module constructed as in the last section, with quantum
parameter ¢! in place of ¢ (we saw at the end of the last section that this action is defined
without any assumptions on |q|). We use the Q-grading Voo = @ ﬂeQ(VOO) g such that its highest
weight vector has degree 0. Then, from (2.8) in Proposition 2.4, there is a natural U,(b)-module
structure on V. This representation is denoted by VZ. Note that the highest-weight vector of
Voo becomes the lowest-weight vector in V. The representation VJ is in category O, and so
we have a Uy(b)-module structure on the graded dual (VZ)* as in §3.6. By Lemma 3.17, the
U, (b)-module (VZ)* is in category O.

Let v3, € (V)" be defined by v3 (ve) = 1 and v}, = 0 on P, (VZ )w- The vector v3, satisfies
ejvs, = 0 for any j € I and has /-weight

We get the following consequence.

COROLLARY 5.1. The module L;-fl is in category O.

Let us look at the example of 5A[2 in more detail. We have V, = @?O:O Cv; with the following

action of Uq_l (;[2):

- orj—j—2 [J +1] 2j
V-1, Iy,v5=—q" q-— q*livjﬂ, kivj = q7v;.

it v, =201
L1,V =4

Hence the action of U,(b) on VI is given by

i+l . ,
Qv =-4 ]L _ q_][i virt,  eovy=¢*9 v, kv =g,

We have (V)" = D;, Cv}, where (v]);>0 is a basis dual to (vj);>0, and

—3i+3 Lilg

* * * 4542, * * _—27, %
e1v; =q —Vj_1, €U = —q 7Ty, kv =q ).
q—4q
There is a unique basis (w});>0 of (V)" such that wj=vg, w; € C*v} and e;w; =wi_;. We
obtain
e gplit 1y . * o —2j
eow; = —¢' T T—=wjiyy,  kwy =q Yw;.
q—4q
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Let us also write out the example of 5A[3 in detail. We have VZ = @Ognlgn Cuvy, e, with the
action of U, (b) given by

—n+n’ o
— _ —2n'+nfy,/ !
€1Unn' = q_l s @Unn =( [n + 1]q[n —-n ]qvn,n’+1a
!
—2
€0Un,n’ = _qn+n Un—1,n'—1,
Lk _ 2n—n' L _ 2n'—n L _ —n—n/
1Unn =( Un,n/s 2Unn = 4 Un,n/, 0Un;n’ = 4 Un,n!-
. . o \* __ * .
We get the following action of Uy(b) on (V)" =D, 50 Cv}, 0
g3 Ham'4s 2(n—2n/+2), /
* * * n—2n
€1Vp n = q— qfl Un—1n/> €2Upp = —4 [n ]q[ —n'+ 1]q n,n'—1s
* _ 2(n+n/+1), *
eovn,n’ =4q vn—i—l,n’—‘rl?
*  __—2n+n/ x *  __—2n'4n, * x  __ n+n/ x
k?lvnm/ = Un7n/, kQ'Un’n/ = U?’L,n” kovn n! = Unm/.
There is a unique basis (w) ,/)nn>0 of (VZ)* such that eyw;, , = [n—n'lqw);_, .\ esw; =
w;‘m,il, wg g = v, and w;‘m, = )\nm/v;’n, where A, ,» € C*. We get
n—n' n’'—n\ 3n—2n'—3 / / o 4n' —2n—4
)‘nn’ :)‘n—l n’(q —q )q y )\n,n’[n]q[n_n + 1}q—_)‘n,n’—lq .
/ n+4 —1 *
This implies eown = —[n' +1]4(¢" /(¢ — ¢ ))wn+1,n'+1'

6. Irreducibility of asymptotic representations and character formulas

6.1 Irreducibility of Vo, and the character of Li_,l

Let i € I. We recall the Uy(b)-module Vo constructed in §4.2. We have proved that L;; is a
subquotient of V.

THEOREM 6.1. The module V, is irreducible and isomorphic to Li_’l. In particular,
Ra(Li) = Jim o(L(My)
—00
as a formal power series in Z[[A;;r]]jEI,TEZ-

Proof. Consider the KR module L(Mj) with My, =Y, 71Y Y. G2 viewed as a Uy(b)-

module. In view of Remark 2.5, we modify its Q- gradlng so that kjv=w, j €1, holds on the
highest-weight vector v. Denote the resulting U, (b)-module by ( )

We set
R L) =" nG 1], Xg(Voo) = Y nGI [0, Xg(Liy) = ng[¥]
wer Per Per

Both ¥, (L(My)) and ¥4(Vao) belong to Z[[4;, ljersecs, and Xq(L(My)) converges to q(Veo) as
k — oo. Since L, is a subquotient of V.o, we have

Ny < nEI,OO) for ¥ ct.

To prove the theorem, it suffices to show the reverse inequality. Fix ¥ € t. We may assume
(c0) # 0. Comparing the highest (-weights, we see that L(Mj) is a subquotient of L:rq_gk ® L.
Hence we must have '

T(2) =0 (q7%F2)®, (2) (6.32)
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for some \Ilf(z) which occur in Xq(L;tl). We show that we must necessarily have
U (2) =1 for sufficiently large k. Indeed, if we write w(¥(2)) = (@;, - - - @;,) ! and w(¥, (2)) =
(@j, - - - @j, )", then from

@ (¥(2)) = w(T} (g *2))w (¥} (2))
we have m <I. Given W, there are only finitely many possibilities for such ¥, (z). Since

(6.32) holds for any k, ¥} (z) must be independent of z for k large enough. It follows that
(w(®))'¥ = (w(¥, )" ¥, . On the other hand, ¥ and ¥, are both monomials in the A;g.

Therefore we must have ¥ = ¥~ and \Ilg =1.
The multiplicity of the term [1] in x4(L’ q,%) is 1. We conclude that n$) < ng, which

establishes the opposite inequality

Ny = nSI,OO) for ¥ e t. O

6.2 Irreducibility of (VZ)* and the character of L;':l

PROPOSITION 6.2. For W €}, the simple module L'(¥) is in category O* if and only if ¥;(z)
is rational for any i € I.

Proof. As in Theorem 3.11, it suffices to prove that for ¢ € I, the fundamental representations
L;il are in category O*. Theorem 3.11 is already proved, so the representations Lii’1 of Uy-1(b)
are in category O. Since (L;il)* ~ Lf.’Fl by Proposition 3.18, we get the result. a

We define a partial ordering < on characters as follows: x < x’ if the multiplicities of weights
are lower in y than in x/.

THEOREM 6.3. The module (VZ)* is irreducible and isomorphic to L;’rl, and we have X(Lj,l) =
X(Li_,l)'
Proof. We have proved that L;,L1 is a subquotient of (V)" and that x((VZ)*) = x(Veo) = x(L;;)-
So X(L;) 2 x(L;1).

To prove the reverse inequality, let £ >1 and consider the KR module L'(P, 1) with

Pe=YiqYig Y, 2+ (this is a KR module by (3.25)). This is an irreducible Uy(b)-module

by Proposition 3.5. We modify its @-grading so that kjv, = vk, j € I, holds on the lowest-weight
vector vy. In the resulting module L’ (P, 1), we have

6F (Jon=——B vy, $F(2)up =y for j#i.

So L'(P;") is a subquotient of L]} ® Ll+2(k+1>

Upon twisting by o, the g-character of L'(P,_ 1) is equal to the g-character of the KR Uy1(9)-

module L(Y; , —1)-2k- Y, Sly-kin Yz(q = ) Hence, both Pyx,(L'(P; ")) and ¥~ Xq(Vo%)

belong to Z[[A;p]]jcrpec (¥ is the l-weight of VI of minimal weight), and
U g (V) = limg oo Pxq (L (Pk_l))
as a formal power series in Z[[A;p]]jerpece-
Now we can conclude as for Theorem 6.1 that X(L;jl) - X_l(L;’l).
So we have X(LZI) = X_I(L;jl) = X(L;;)- This implies the result. O
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6.3 Explicit character formulas for fundamental representations

While the convergence of the normalized g-characters has been proven [Her06, Nak03], no explicit
formula for the limit is known in general. For the ordinary characters x(L(M})), explicit formulas
are known [Her06, Nak03], from which one can extract the following formula for the limit.

THEOREM 6.4. For any i € I and a,b € C*, we have
X(Lia) = X(L;,b)

. h .
. N + 6 5k — 2 el >0 NG min(7, £) ) e
>on— v LLjer g0 () )l
=N , N’
[oea, (1= [a™)

(6.33)

where A4 is the set of positive roots of §, () =T'(a+1)/(I'(a — b+ 1)I'(b+ 1)), and the sum is
taken over all non-negative integers N ,ij ) with jel, keZvo.

We have proved an explicit character formula for all fundamental representations in
category O.

7. Asymptotic representations and L;':l

In this section we study another limit of the KR modules and discuss its relation to the module
L. We assume |g| < 1 throughout.

7.1 First examples

We begin with the simplest example of Uq(sAlg). Consider the KR module Wy = L(Ny) with

highest monomial Ny =Y1 Y] g3 - -+ Y] j2r—1. It has a basis (v, . .., vx) with the action

+

1,r

= g, a0 =D [k — gl + gvi4,

(1 2)(1 - 2?#+1)
(1= 22 D) (1 — 2g%C=)

2
] ,vi=q

o1 (2)vj=q"% v;.

Unlike the case of L ; discussed in the previous section, only ‘half’ of these operators converge
as k — oo:

lim fjirrvj = 571,0’Uj71 (’l“ = 0),
k—oco 7

Jm s = S e Ut v (02 1),
lim ¢} (2)v; = (1 — 2)v;.

k—o0

By setting k1v; = ¢~ %v;, we get an action of U,(b) on We, = D,-0 Co;:

—q76 1.
m[ﬂ + 1qujt1,

of (2)vj = (1 - 2)v;.

T o= . = —
TY V) = Or0Uj—1, Ty 05 =
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This representation is simple and isomorphic to Lfl. We recover the action of the example of
the previous section:

L1 .
e1v; =vj—1, €QUj = —q]+2([1_q_]¢ivj+la kiv; =q 237}]’-
It is easy to check that this action cannot be extended to that of the quantum affine algebra
Uq(ﬁlg).
We note that, in contrast to the L1_,1 case, the normalized g-character
o0
~ 94
XQ(LTJ) = [~ ]
§=0
is independent of z and is not a formal power series in the Aicll
Let us study another example for U, (;[3) Consider the KR module
Wi =L(Ni), Np=Y1,Y1g Y] r1.
It has a basis {vy, n fo<n’<n<k With the action

2m(1+k—n)[ m(3+2k—2n')

/ s+ —
n—n ]q Un—1,n/5 m27mvn,n’ =dq
—k—+2n—n'+2+42p(k—n) [k

~+ _
-xl,mvn,n’ =dq Un,n'—1,

‘T]__,p/UTL,n/ = q - n]q ’Un_;'_l’n/’

—nk 20+ 24p (1 2k =20 ) s gl = n'lg vp s,

(1 _ Z)(l _ Zq2(1+kfn’))
(1 — 2q20=m))(1 — zg2(Fk—n)) Un,n/
1+2k—2n)(1 3+2k)

jipvn,n’ =q

é%(z)vn,n’ =

o _ (=2 —2q
05 (Z)Un,n’ - (1— Zq1+2k—2n’)(1 _ Zq3+2k—2n/) Unn’ -

For m > 0 and p > 0, these operators converge as k — o0o:
n—n'+2
1 Un+1,n/5

—-q

q—
3 U = Om.0 Unn To Upn =0
2,mYn,n’ = Om,0 Un,n'—1, 2,pYn,n =Y,

=t _ / ~— _
L1,mVUn,n = 677"070[” —-n ]q Un—1,n'5  T1pUnn’ = 6?71

g’f(z)vn,n/ = (1 = 2)vnm, &;(Z)Un,n’ = Un,n!-
In addition, the operator eg = TyqTy0 = 4Ty 0Tg also converges, since
_qn+4
g—q 1
In particular, we get an asymptotic action of the Borel algebra on W, = @0@/ <n Cop . The

€0 Un,n/ = [n' + glk — n]qqk+4vn+1,n’+1 — [0’ + 1]g

action of Iy does not converge, but the action of I, is constant. This example appeared
in [BHKO02].

7.2 First approach
From now on, we shall be concerned with the following family of KR modules of U,(g):

Wi = L(Ny), Np= Vit YigYig

with the convention that Ny = 1. More generally, we consider for £ > 1> 0 the modules W, ; =
L(Ngy) with Ny; =Y, 2R Y, 2R We fix a highest-weight vector wy; € Wj,; and write
Wi = W k-
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We have a unique isomorphism of vector spaces,
Hyp: Wi — Wiy,
such that Hj w; = wg,; and

X Hk,l = HkJTq_z(k_z)(:L') for z € Uq(g), (7-33)

where 7, denotes the automorphism of U,(g) given in (3.17).

Decomposing the monomial as Ny = N}, ;Nj_;, we consider the corresponding morphism of
Uq(g)T-modules in Theorem 3.15,

Gt : Wiy — W2 E-24Dd

normalized as Gy wy; = wy. Further, set

Ikl—leonl VVZ—>W/(2]€ 2l+1)d

Clearly,
Ik,lOIl,m:Ik,m fork}l}m, Ika:id,
so that ({Wy}, {Ix,;}) constitutes an inductive system of linear spaces. Let
Woo =lm Wi, weo = Ioo kW,

where I . : Wi, — Wy, denotes the injective linear map satisfying the condition I 1 0 Iy, 1 = I ;-
Combining (7.33) with (3.23) and (3.24), we find that

ol Ioy = @, et (7.34)
1-=2
k1 S
q; — for j =1,
6F () kg = Lo (2] V) x ¢ 100 (7.35)
1 for j #1.
In particular, k; is constant if j # 7, and we have k;I},; = qf*llkvlki.
PRrROPOSITION 7.1. Consider the limit k — oo.
(i) For r > 1, the operator Ik ! x 1k, converges to 0. For r =0 it stays constant.
(ii) The operator Ik;,l qﬁj (2)Ir,; converges to 1 —6; jz.
Proof. This follows from (7.34) and (7.35). O

PROPOSITION 7.2. Let j € I\{i} and r € Z. The action of the operator
I, }H( %5 Iy € Hom(Wi, Wi )
stays constant. In particular, I k_ it I 1, converges to 0 if r > 1 and stays constant if r =

Proof. We adapt the argument in the proof of Proposition 4.2. Let w; € t* be the highest Weight
of W;. We prove by induction on € () that when k£ — oo the operator Ik I+ (ql 2hr 7 )Ik,l

stays constant on (W) 5 When ¢ Q7 this is clear as (W) Wi T 0. For an arbltrary B, it

(¢ %"z )k is constant on (Wp) L for all j' € I and r' >0

suffices to prove that x v Ik_lJrl

Furthermore, by the argument of the proof of Proposition 3.5, we rnay assume without loss of
generality that 7/ > r.
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‘We have
o L @8 ) = @ (L @ 8, e )T
9 —2kr+2r'(I— k)
q79; Lty @F i Tet)
+ aj i Y kl+1 J,r+r! '
q; — q]'

In the right-hand side, the first term is constant by the induction hypothesis. The second term
equals, up to a constant multiple,

217’¢+

P (I—k)—2kr
0,5 q (7 g’

k l+1¢] r+r’ Ik,l) 6 5,54

which is constant. U
PROPOSITION 7.3. Let r € Z. We have

Ik_l+1( 21 T)N_ )Ikl—A +q2kB € Hom (Wi, Wiyq)

where A,, B, € Hom(Wj, W;1) are constant operators.

In particular, I, ll i+l converges to 0 if r > 2 and converges if r = 1.

Proof. The proof is analogous to the proof of the previous proposition, and we retain the notation
used there. We prove by induction on € @ that the operator I, 11+1~%i_,r[k‘,l is of the form
Ay +¢?* B, on (W) wB When 3¢ QT, this is clear. For an arbitrary £, it suffices to prove

2k17”~_
(@ z7,)

that a: v Ik_lJrl Iy, is of this form on (W) 5 for all 7/ € I, " > 0. We may assume

that 7/ > r, and we have

— 2k 1—r — 2k(1—r ~
(Ik l+1 i ( )37 Ikl) (Ik l+1 ] ( )CU Ikl)l’—t ’
2k(1-r) 2r (I— k)( ¢ T )
i ) it kil
+ 5@ j/qz2 k_l1+1 + .

qi — 4;
The first term in the right-hand side is of the correct form by the induction hypothesis. The
second term for i = j’ is equal, up to a constant multiple, to

B [ql (g2 — zq?) o (2)]
o -2 rr!

_ _Zqizl(l_r)&j(z) 4 g2k-2r &j(z)
11—z ot % -

where we write ¢, = [f(z)], for a formal power series f(z)=3 .7 ¢,2". This is also in the
correct form. ]

[

2k(1—r)42r"(1— k)I_l 1¢
+

[ 7’—|—7‘

Let L > 1 be the length of the maximal root of g, and let N; > 1 be the multiplicity of a; in
the maximal root of g.

PROPOSITION 7.4. We have

_ 2k(1—N; 2k
Litpeo Iy =g N @A, € Hom(Wh, Wi p)
0<p<N

where, for 0 < p < N A, € Hom(W;, Wi 1) is a constant operator.
In particular, I, } k14160 Ik 1s convergent if N; =1.
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Proof. Let us write eg as in (2.3). Then it is clear that for any k >1+ L, the operator
I, 1+Lx8’ I, makes sense in Hom(W;, W, ). Then the result follows immediately from the
preceding propositions. O

From here until the end of this subsection, we assume that N; = 1. We get a U,(b)-module
structure on W, in category O (with the natural @-grading such that the highest-weight vector
has degree 0).

THEOREM 7.5. The module W4, is irreducible and isomorphic to L:l, and we have )Zq(LZTl) =
X(L;,r1)'

In this case, we get another proof that L;”l is in category O. We also get an explicit ¢g-character
formula for L;rl.

Proof. The representation L is a subquotient of W.. For any k > 0, we have (W) = x (V).
By construction, x (V) (resi)ectively, X(Ws)) is the limit of the x(V) (respectively, of the
X(Wk)). Hence x(Wso) = X(Vo), which is equal to x(L;;) by Theorem 6.3. The result follows.
For the second assertion, it follows from Proposition 7.1 that Xq(Woo) = x(Wao). O

Let W], C W}, be the sum of the U,(g)-submodules of W}, which do not contain the highest-
weight vector. For any j €I and k>, we have x;FOIk’l = Ika;rO. In particular, we have
I (W}) € Wi Let us consider WS, = ;¢ ook (W})-

LEMMA 7.6. We have W/ = {0}.

Proof. First, let us prove that U,(b)WZ, is a submodule of W. The subspace W/ is stable
under the action of the :JJIO and k;-cl for j € I. Since ¢;fl acts as a scalar, it follows that W/ is

stable also under 2. with r > 0. Hence U, (b)* W/, C W, and we have
Uqg(0)Wo = Uy(6) Uy () W

Consequently, because of the weights, we, ¢ U, (b)W/,. Since W is irreducible, we obtain the
assertion. O

As a consequence, we get a second explicit formula for X(LZI) in this case: it is the limit of
characters given by the Weyl character formula.

Remark 7.7. We also get that for any k > 0 and a € C*, the KR module L(Y; Y] 02 - - - Y. aqg(kﬂ))
with N; =1 is irreducible as a representation of U,(g). We recover the result of [Cha01]. Z

7.3 Another example

Let us look at the ;[2 case from a different angle. We can choose a basis (vy, v, ..., v,) of Wy,
such that

v, ) = IR 1) g = gy

5T J+1
(1—2)(1 — 2¢** D)
(1= 2 ® ) (1 = 2?*)

¢1i(Z)U; = qk_Qj Uj.
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In this basis, we see that (f1k2)v =’ , and

Jj+

Jim (eak o = Jim g 2= 4 1]
. q7j+3 . /
:—{]}qq_ 1 [k*]+1]qvj_1

Then (eoko_l)v; = q2(j+1)fu§»+1 is constant and qgf(z)v; converges to (1 — z)vj.
Let us generalize this calculation in the next subsection.

7.4 Second approach
For k >0, and let V}, be as in §4.2 but for the parameter ¢~ !, that is, V}, is the U,-1(g)-module
L(Y @Y 1Y, (s Y;7(qi—l),(2k,1)). Let vy, be the highest-f-weight vector of Vj,. Pulling back
by o, we get the Uq(g)-module V7. We have in V,7 that
1—zq?*
o () v =g =0 6] () v =1 for j #i.
So the (-weight of v in V7 is Y, 1Y_ . Y[q%,wl = Nk_l. We define its dual module (V,7)* as

in §3.6. By Proposition 3.18, we have a higheszt—ﬂ—weight vector vy in (V7)* of f-weight Nj. In
particular, we can identify (V,7)* with W}, and v, with wy.

The injective morphism of Uy(g)™-modules Fy; : Vi — Vi (1 <1< k) gives rise to an injective
linear morphism Fkl V7 — V7 and to its surjective dual II;; = (F7,)*: Wy — W;. Then
({Wi}, {II; . }) constitutes a projective system of vector spaces. Set

Wi = lim W,
and let wy € Wg be the unique vector satisfying wy = I} o w OO, where IIj  : W —>Wk

denotes the surjective linear morphism satisfying II; j, o I}, o = II; o for I < k. Note that Wolg
can be identified with (VZ)*.

Now, for j € I and | < k, we have Fy, je; = e;F}; and Fj, 1 k; = ”(k l)k‘ iF.1. So F,gl( ;1fj) =
(k' f))Fg, and F7 k= ¢k Fg,. This implies that
0,k (fik7) = (fik) e and I k; =g g

For 0<j<n, weset e; = ejk:j_l

=D k0, .

PROPOSITION 7.8. Let ve WL 0<j<n andl>1. When k — oo, (I1; €11} o0 ) (v) converges
to a vector vj; € W;. Moreover, we have II; y(v; ) = vj,; for I <.

Proof. First, assume that j €I, and let v € W, Using S‘l(éj) _ _qj—gej in U,1(g) and
o(ej) = q?i;o, we have that for k£ > [,

(I 16310 00) (v) = (&10k 00 (v)) F) = —q],_QHk’OO(U) ej Fy = —vFook %54 Fit.
The right-hand side can be written as —vFoo7l+1((Fl+1,k)7133j_’o Fj1). This converges as k — 0o

. 1 ~—
since Fk,Hl%,oFk,l does.
For k> 1" > 1, we have

(11 €10y o0 ) (v) = T (T €115 o0 ) (V).

This implies the relation II; (v, ) = vj,.
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We have o(S~1(&)) = —qg 20 (en) € C@Im)jel,mez Since each F,;lliIka,l converges as
k — 400 in End(V}), we can conclude as above. O

Let é;(v) € WL be the projective limit of (vj;);>1. We get a linear operator &; € End(WL).
WX has a natural Q-grading. We define the action of k‘jﬂ on WL so that w!l has weight 1. Then
we get a Uy(b)-module structure on Wil

THEOREM 7.9. The module WY} is irreducible and isomorphic to L:l.

Proof. We have seen that each vy, has f-weight Nj. So the f-weight of Wl is the highest /-weight
of L:1- In particular, L:l is a subquotient of WIl. By construction, we have (W) = x(V.).
Now the result follows from Theorem 6.3. a
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