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1

Let >3 qa, be a given series with its partial sums {s,} and {p,}
a sequence of real or complex parameters. Write

P, =potprtpet " +bu; P =P =0 (k=1).

The transformation given by

1 n
A
n .Pn Vgo P’n—vsl’
defines the Norlund means of {s,} generated by {p¢,}. The series Y a, is
said to be absolutely summable (N, p,) or summable |N, p,|, if {#,} is of
bounded variation, i.e., > |t,—¢,_,] converges.

2

Let f(¢) be a periodic function with perlod 2z and integrable in the
sense of Lebesgue over (—=, =). Let

o0

ft) ~ X (a, cos nt-+b, sin nt)

n=1

~ Y A,@).
n=1
We write

1) = Hf@+1)+fa—1)}

In this note, we prove the following theorem concerning the |N, $,]
summability of the Fourier series of f(¢) at { = .

THEOREM. Let {p,} be a sequence of non-negative and non-increasing real
parameters such that {Ap,} is monotonic. If (i) @(¢) is of bounded variation
in (0,%) and (i) {P, 35, (vp,)'} is bounded, then the Fourier series of
f(¢) s summable |N, p,| at ¢ = .

1 The first paper appears under the same title in this journal, vol. 7 (1967), 262—256.
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The following lemmas are required

LEMMA 1 (McFadden) [1]. For 0 S a<b< 0, 0=t ==

b
| 3 pyet | < AP,
where v = [t1]. )

LemMa 2. If {p,} is monotonic increasing and {Ap,} monotonic, then,
for a fixed n, {(P,—P,)(n—v)~1} is non-increasing and {(p,—p,)(n—r»)-1}
monotonic in the same direction as {4p,}

Proor. If {$,} is monotonic, then the sequence

— Prtpet -+
o = i

is also monotonic in the same direction as {$,}. Thus, we see that, for a
fixed n, if p, = 0, p, = p,,4, then

P,,—P,, — Pv+1+pv+2+ ot +Pn

n—y

n—v
is non-increasing for » < # and since {4p,} is monotonic

Dv—>Pn _ (PD—PHJ) + (Pp+1“‘Pv+2) +

n—v

-+ (Pn—l_pn)

n—y

is also monotonic in the same direction as {¢,}. This proves the lemma
LEMMA 3 (McFadden) [1].

& nl sin (n—wv)t
=27 P,._l D i
T n—1 i —)¢
g P P 1 vgo (Pnpv_Pvpn) Egl}f_’i{l
*® 1 k1 sin (n—wv)t
% P Pﬂ—l ygo (Pﬂpl’— Vpﬂ) Hn—y
& nl sin (n v)t

+z‘

Ne7-1 PnPn—l
= I1+I2+I3+14)
say, where T = [t71] and k = [n[2).

nl/p P
n 14 3 _ t
.Zk( po— ) sin (n—v)
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We have

and

thus,

ltn_tn—ll =

n—1 P

2 (% B PH) oy
y=0 n n—1

_ 1

B Pn Pn—l

n—1

2 (Pnpv—PVPﬂ)an—l’

r=0

Also, for the Fourier series of /() at ¢t = «,

1 n
A, (x) = ;f @(t) cos ntdt.
0

5

In order to establish the theorem, it is enough to prove that, under
the conditions of the theorem,

3 \[ v t)dt’ <4,
=1 0
where
n—1
'Q(”’ t) = . z (P,,p,.——P,,Pn) cos (”"'"’)t:
nPn—l r=0

and here and elsewhere A is an absolute constant not necessarily the same
at each occurrence. Noticing that

foﬂp(t)g(n, it = — foﬂ { fo'g(n, u)du} dolt),
and that '
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et ” i m ot i
S f U Qm, u)du} do(t) gf ()] { S f Q(n, u)du } ,
n=1[J0 0 0 n=]1[J0
by (i), since ¢(¢) is of bounded variation in (0, x).
j ldp| < oo,
0
we establish the theorem if we can show that
hd i
> f Qn, u)du| < 4,
n=1|J0
uniformly for 0 < ¢ < =, or that is the same thing,
o nl sin (n—w)t
I= P,p,—P,Pp,) ———
ngl PnP"_l ygo ( np P ) n—vy
= A.

6

We denote 7 = [f~!]and % = [n/2] and separate / in McFaddens’ way as
in Lemma 3. Since P,[p, = P,[p, for v < n and [sin (n—v)t/(n—v)| < A8,

T 1 n-1 sin (n—w)?
I, = P,p,—P,p,) — "2
1 ngj_ P"P,"_l vgo( np ? ) "n—w
ks 1 n-1
a3 3 P.p,

n=1 PnPn—l v=0

T 1 n—1

By Abel’s transformation and Lemma 1,

et 1 e Pn_Pvpn/PV .
I, = —v)t
? ﬂ=§I-1 PnPn—l vgo n—vy pysin (n v)
- 1 P,—P,_ p /]51:—1
g A.P,r n k—14n )
n,.__z1-+1 P,"Pﬂ_l 'n—h—\—\
& k-2 Pﬂ—PVPn/pV)‘
A} —————
+AP1"=§FI P'nPn—l IZO ( n—v
o 1 P
<4P, S n

Wi PP n—ktl
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oo 1 x—2 P
+AP d
W20 PP 2 ) )

n=r+1
oo 1 k—2 " Pv P,,
_|__AP1 z 5 P : z P ( +1 _)

n=r41 »=0 N—V ﬁv+1l N pv
<4P, S — 4ap, ¥ L !
T ThanP, T a1 Py v (n—2) (n—v—1)
Z P'n 1 Pk-'l PO
+AP, : ( — —)
n=§+1 PP, , n—k+42 Pr P
*® 1
<A444P, 3
n=r+1 N0 3
<A+ap,S >
=A+db. 2 P,
< A,

by (ii). By Lemma 2, since {(p,—p,)(n—v»)~'} is monotonic, Abel’s trans-
formation gives

”il‘ﬁ 7,;—_-15,, sin (n—w)t
A pk pn A n-? pn
Skt R A =
A . pk pk pn
= —t t (pn——l Pn) "— (ﬁn—-l pn)
4 pk 4
=221 D (puip).
Hence,
A = Pk A pn—l P'n
= t n=§+1 kP, 4 3 n=§+1 P, ,
A = 1 A P,
=72 TR
br
<A4+4 —P:
< A.

Moreover, by Lemma 2, since {(P,—P,)(»—»)1} is non-increasing,
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n1 Pn_Pv .
sin (n—v)t
ymk NV
A -2 pP,—P, A P,—P, A
g A 2 — .z —
_tvg}c l'(n—v)_‘-t n—k+tp"
A P,—P, A A4 P,—P, A
< . - - -
= ¢ n—k+tp"+t n—=k +t‘b”
AP,
< .
nt
Thus, we obtain
4 2 P
I, = —
1=y ,,_;H nP,
4 = 1
== 2
¢ n=r4-1 n(n—*l)
< A.
This completes the proof of the theorem.
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