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Let X£=oa™ be a given series with its partial sums {sn} and {pn}
a sequence of real or complex parameters. Write

Pn = Po+Pl+Pz+ •••+Pn; P-k = P-* = 0 (k ^ 1).

The transformation given by

1 "
*n = "B" 2 Pn-vSy

defines the Norlund means of {sn} generated by {pn}. The series ^an is
said to be absolutely summable (N,pn) or summable \N, pn\, if {tn} is of
bounded variation, i.e., 2 \^n~~*n-il converges.

Let f{t) be a periodic function with period 2n and integrable in the
sense of Lebesgue over (—n, n). Let

oo

f(t) /-*> 2 (an cos nt+K sin »/)

n=l
We write

In this note, we prove the following theorem concerning the \N,pn\
summability of the Fourier series of f(t) a.tt = x.

THEOREM. Let {pn} be a sequence of non-negative and non-increasing real
parameters such that {Apn} is monotonic. If (i) <p(t) is of bounded variation
in (0, n) and (ii) {Pn ^Ln {vpv)~

x} is bounded, then the Fourier series of
f{t) is summable \N, pn\ at t = x.

1 The first paper appears under the same title in this journal, vol. 7 (1967), 252-256.
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3

The following lemmas are required.

LEMMA 1 (McFadden) [1], For 0^a<b<co,0-^t^n,

where r = p"1].

LEMMA 2. / / {/>„} is monotonic increasing and {Apv} monotonic, then,
for a fixed n, {(Pn—Pv)(n—v)"1} is non-increasing and {{pv—pn)(

n~v)~1}
monotonic in the same direction as {Apv}.

PROOF. If {/>„} is monotonic, then the sequence

P1+P2+ ''

is also monotonic in the same direction as {/>„}. Thus, we see that, for a
fixed n, if p, 2g 0, pv ^ pv+1, then

Pn-Pv = pv+1+pv+2+ •••+pn

n—v n—v

is non-increasing for v < n and since {Apy} is monotonic,

n—v n—v
is also monotonic in the same direction as {/>„}. This proves the lemma.

LEMMA 3 (McFadden) [1].

, X, 1_

n=l PnPt

00

+ I -
n=x+l J

00

n-1

v=O
n-1

sin (n—v)t

n—v

sin (n—v)t

(Pnpv-Pvpn)

n—v

sin (n—»
—v

+

n = r + l - f^n- l

00 J

n - 1

T (Py—Pn
ji* \* v x nv

n-1 /P _ ;

sin (n—v)t

n—v

-T+l

say, where r = p-* = [»/2].
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We have
1 "

2
1

— "77" 2* *van—v

1 n-1

2
and

' . - 1 =

\ n—1

2
n - 1

thus,

K-t«-i\ = 2 (p- - -p—I «»-

n - 1

r=0

Also, for the Fourier series of f{t) at t = x,

1 r»
n(x) = —

n Jo

cos ntdt.

In order to establish the theorem, it is enough to prove that, under
the conditions of the theorem,

where

00

2
n=l

(" <p{t)Q{n, t)dt
Jo

"

and here and elsewhere A is an absolute constant not necessarily the same
at each occurrence. Noticing that

('q>{t)Q(n, t)dt = - f * { (*O(n, u)du\ d<p(t),

and that
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n = l
["[\*Q{n,u)du\dq>{t)

Jo WO ) U=l

by (i), since q>{t) is of bounded variation in (0, n).

\dq>\ < CO,
Jo

we establish the theorem if we can show that

Q{n, u)du
Jon=l

uniformly for 0 < t < n, or that is the same thing,

. ~ 1
n—v

A.

[4]

Jo ' I

We denote T = [t-1] and k = [»/2] and separate / in McFaddens' way as
in Lemma 3. Since PJpn ^ Pv\Pv f°r v ^ n and |sin (n—v)tj{n—v)\ ^ At,

? , „ , „ . N sin (n—v

n = l >-=o —v

^ At i "
l -^n-i n - 1 >>=0

T 1 n - 1

2 p 2
n = l -i n—1 *=0

By Abel's transformation and Lemma 1,

1
- 1 2, py sin (»—»

»=o »—'v

n-fe-Vl

4-APr

1 *—2

I

^ ^ T I

n=T+l rnrn—1 »—0

1 P.
—v

S+iP.P,-! n-k+1
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oo 1 fc-2

+ APT I ^-=— 2

co I ft-2 J,

+APT y y —

OO 1 OO

p \

— —I
t - 2

r+ l

by (ii). By Lemma 2, since
formation gives

—v)"1} is monotonic, Abel's trans-

n—v
sin (n-v)t

n - *

Hence,

v f̂e . ^ v •
n=r+l kPn_1 t n=T+l

PT

Moreover, by Lemma 2, since {(Pn—Pv)(n—r)"1} is non-increasing,
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n-l p p
2 — sin (n—v)tv-n n—v

n—v J
A P..i
t n—k

A Pn—Pk A A Pn—Pk

7 n—k 7 t n—k
A
iPn

nt

Thus, we obtain

T <,— y Pn
t n-t+i nPn

1s4 it nJ?+1n(n—1)

<A.

This completes the proof of the theorem.
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