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Abstract

Motivated by classical Alexander invariants of affine hypersurface complements, we endow certain finite dimen-
sional quotients of the homology of abelian covers of complex algebraic varieties with a canonical and functorial
mixed Hodge structure (MHS). More precisely, we focus on covers which arise algebraically in the following way:
if U is a smooth connected complex algebraic variety and G is a complex semiabelian variety, the pullback of the
exponential map by an algebraic morphism f : U — G yields a covering space 7 : Uf — U whose group of deck
transformations is 71 (G). The new MHSs are compatible with Deligne’s MHS on the homology of U through the
covering map « and satisfy a direct sum decomposition as MHSs into generalized eigenspaces by the action of
deck transformations. This provides a vast generalization of the previous results regarding univariable Alexander
modules by Geske, Maxim, Wang and the authors in [16, 17]. Lastly, we reduce the problem of whether the first
Betti number of the Milnor fiber of a central hyperplane arrangement complement is combinatorial to a question
about the Hodge filtration of certain MHSs defined in this paper, providing evidence that the new structures contain
interesting information.
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1. Introduction

The goal of this note is to develop a Hodge theory for certain (infinite-sheeted) covers of smooth complex
algebraic varieties. Let us start by precisely defining our setting: Let U be a smooth connected complex
algebraic variety. Let G be a semiabelian variety. Let TG denote the tangent space of G at the identity,
and letexp : TG — G be the exponential map of complex Lie groups, which, since G is a commutative
algebraic group, is the universal covering map of G.

Let f: U — G be an algebraic morphism. The map f determines an abelian cover 7 : U/ — U.
Indeed, 7 : UF — U is the pullback of exp by f, as shown in the following diagram:

Uf cUXTG -1 16

l,, B lexp (1.1)

U%G’

Note that the deck transformation group of 7 : U/ — U coincides with that of exp : TG — G, and
is thus isomorphic to 7;(G), a free abelian group. Hence, the homology groups H j(Uf ,K) have an
R = K[x1(G)]-action by deck transformations for any field K, which in this note will be Q, R or C. Also
note that, if g is the rank of 71 (G), then R is (noncanonically) isomorphic to the Laurent polynomial
ring on g variables over K.

By Deligne’s theory of 1-motives [10], there are plenty such morphisms f: out of the ones that give
rise to connected covers, there is one for each mixed Hodge structure quotient of H;(U, Q). Hence,
the covering spaces considered in this paper are abelian covers which arise from algebraic data that is
related to the Hodge theory of U, thus providing a natural setting for which to develop a Hodge theory
for covering spaces of algebraic varieties. One such morphism f is the generalized Albanese morphism
[24, 25], which yields the universal torsion-free abelian cover of U (that is, the covering space of U
associated to the kernel of the projection of 71 (U) into its maximal torsion-free abelian quotient).
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A well-studied particular case is that of affine hypersurface complements. Let
U=c\ v,
i=1

where f; € C[x1, .. .,x,] are pairwise coprime irreducible polynomials, and let U/ be the cover induced
by the map

= fu) : U— (CH

In this case, fi : H(U,Z) — H{((C*)",Z) is an isomorphism, and Hj(Uf , K) are classical Alexander
invariants of the hypersurface H = U, V( f;) (see Example 2.36). These kinds of multivariable Alexan-
der invariants are typically studied through their support loci, cf. [13], [31], [34], [45]. Moreover, each
morphism 7 (U) — Z' is the morphism induced at the level of fundamental groups of an algebraic
morphism U — (C*)! which factors through f.

Let us note that, unless G is a point, 7 : US — U is an infinite-sheeted cover, and U is a complex
analytic manifold which in general is not an algebraic variety (nor has the homotopy type of a finite
CW complex). Moreover, the homology groups H j(Uf , K) are finitely generated R-modules, so their
dimension as K-vector spaces is countable, but it will not be finite in general. If dimg H;(U,K) = oo,
the dimension of its K-dual H/ (U7, K) will not be countable, and thus H/ (U/, K) will not be a finitely
generated R-module. For this reason, and even if Deligne’s mixed Hodge theory of algebraic varieties
arises in cohomology rather than homology, we will focus on the homology groups of U/ throughout
this note.

Even though they are finitely generated over R, the homology groups of U/ can be infinite dimen-
sional, so in order to develop a Hodge theory for them, we need to extract finite dimensional spaces
from them. Since the R-action is by deck transformations and we want our theory to reflect the fact that
7 : Ul — U is a covering space, we will also want these finite dimensional spaces to have a natural
R-module structure. There are two natural ways to do this:

1. Focus on finite dimensional R-submodules of H; (U f K):

o If G = C*, then R = K[r*'], so R is a principal ideal domain. Hence, the R-module H (U f,K) has
a direct sum decomposition into its free part and its torsion part. In particular, Torsg H; (U 1K)
is the maximal R-submodule of H; (U I, K) which is a finite dimensional K-vector space. At this
level of generality, a Hodge theory for these torsion submodules was developed in [16] (see also
[15] for a survey of the main results therein), although there had been prior constructions of MHSs
on Torsg Hj(Uf ,K) in some special situations [12, 22, 33, 28, 32] (see the introduction of [16]
for a description of the particular cases).

o If G is not isomorphic to C*, then R is not a principal ideal domain, and H j(Uf ,K) no longer
decomposes into its free part and its torsion part. However, by analogy with the G = C* case,
one could still focus on the maximal Artinian submodule of H;(U/,K), which is the maximal
submodule of H ,v(Uf , K) which is a finite dimensional K-vector space. If G = (C*)" for some
n > 1, this was the approach that was taken in [19], although not for H;(U !, K) but for the
cohomological Alexander modules defined therein.

2. Focus on finite dimensional R-module quotients of H; (U /' K): This is the approach we take in this pa-

per. More concretely, for every finite index subgroup H < 71(G),letmy = (y— 1|y € H) c K[H]
H; U/ K)
(mpg)™H; (U K)
allm > 1 and all j > 0. The goal of this paper is to endow these quotients with canonical mixed

Hodge structures (MHSs).

be the augmentation ideal of K[H] C R. Then, the quotient is finite dimensional for

These kinds of quotients have interesting applications. For example, they were used in [1] by Artal
Bartolo, Carmona Ruber, Cogolludo Agustin, and Marco Buzundriz to give a proof of the fact that Ryb-
nikov’s pair of combinatorially equivalent projective line arrangements from [42] have nonisomorphic
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H, (U¥ K)
m2H, (U K)
U/ is the universal abelian cover of a line arrangement complement and mt is the augmentation ideal of
R.

Remark 1.2. Let us further justify our choice of quotients to do Hodge theory on. For these quotients to
be finite dimensional, they need to be supported in a finite number of points of Spec R = (C*)8, where
Spec denotes the maximal spectrum. By [39, Theorem 2.5], we know that, for all g > 0,

| supp ;07 ) = (7 (vi)), (1.3)

Jj<q J<q

fundamental groups. In their proof, they use objects such as (but with Z coefficients), where

where f* : Spec R = Hom(n|(G),C*) — Hom(x(U),C*) is the map induced by f, and
V;(U) = {rank 1 C-local systems Lon U | H;(U,L) # 0}

is the j-th homology jump loci. Using the structure theorem of (co)homology jump loci [4, Theorem
1.4.1] one can show that the right-hand side of (1.3) is a finite union of torsion translated subtori in
Spec R. Hence, when deciding which finite dimensional quotients of H j(Uf ,C) to study, a natural
choice is to force them to be supported at the interesting torsion points, that is, those corresponding

to the torsion-translated irreducible components of U;»o supp H j(Uf, C). This is precisely what we

H; (UT K)
(mp)™H;(UT K)
m grow, we get larger and larger quotients which are supported in the same finite set of points. This
corresponds to looking at an infinitesimal neighborhood of these torsion points.

achieve by looking at for an appropriate choice of H < 71 (G). Furthermore, by making

In principle, approaches (1) and (2) might seem unrelated. However, in the case when G = C*,
approach (2) generalizes approach (1) as follows.

Remark 1.4 (Generalization of [16]). Suppose that G = C*, and identify R with K[r*']. By [16,
Proposition 2.24] (based on [2, Proposition 4.1]), there exists N € N such that Torsg H j(Uf ,K) is
annihilated by a big enough power of V¥ — 1 for all j > 0. Hence, for m > 1, there are canonical
inclusions

H;(U' ,K)

Torsg H; (U, K) —
OISR J( ) ([N—l)mHi(Uf,K)

(1.5)

forall j > 0.In[16], Torsg H;(U I, K) is endowed with a canonical and functorial MHS, but this shows

H;(US K)
that the MHS on m

1 ((C*)™) sees more than just the R-torsion, it also sees more and more of the free part as we increase
the values of N and m.

In fact, we show in [18] that the morphism (1.5) is a morphism of MHSs, so the theory developed in
this paper extends the theory developed in [16].

defined in this paper corresponding to the subgroup H = (N) C Z =

Remark 1.6 (Comparison with [19]). Definition 6.17 endows certain quotients of the cohomology
Alexander modules considered in [19] with a canonical MHS. However, we will not try to address how
the MHS on the maximal Artinian submodules of the cohomology Alexander modules from [19] relates
to the MHS defined in this note, as the techniques used to define them are very different from one
another. The reader may consult [19, Section 1.4] for an explanation of the main differences between
[16] and [19] regarding the scope and the methods used.

Let us note that the MHSs found in earlier work [16, 19] following approach (1) have applications
that go beyond Hodge theory. For example, in [16], the existence and properties of the MHS on
Torsg H; (U’ ,K) give a bound on the size of the Jordan blocks of Torsg H;(U/,K) for the t-action
(see [16, Corollary 7.20]), which in particular implies that Torsg H; (U7, K) is always a semisimple R-
module. This was unknown in this sort of generality before; see [12, Corollary 1.7] for the case of affine
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curve complements. A similar bound was obtained for the Jordan blocks of the action of any element of
1 ((C*)™) on the maximal Artinian submodules of the cohomological Alexander modules considered
in [19] (see [19, Corollary 1.7(c)]).

This note is devoted to developing a Hodge theory following approach (2) which generalizes the theory
developed in [16] (approach (1)). The focus is on providing structural results rather than investigating
possible applications outside of Hodge theory, which, given the success of the previous approaches,
remains a topic for further research.

1.1. Summary of the main results

In this paper we prove the following statement, which provides a generalization of [16, Theorem 1.0.2]:

Theorem 1.7. Let U be a smooth connected complex algebraic variety, let G be a semiabelian variety
whose tangent space at the identity is denoted by TG and let f : U — G be an algebraic morphism.
Denote by

n: U = {(u,2) e UXTG | f(u) =exp(z)} cUXTG — U
(M’Z) = u

the corresponding cover of U, with deck group isomorphic to w1 (G), which is a finitely generated free
abelian group. Let R = K[m1(G)], for K= QorR. Let H < G be a finite index subgroup, and let m be
the augmentation ideal of R. Let j > 0 and m > 1. The following statements hold:

(Uf
1. f K =R, % carries a canonical K-MHS (see Definition 6.17). If G = (C*)" for some
J T
n > 1, then this holds for K = Q too (see Corollary 10.11).
2. Let K be as in part (1), and let m’ > m. Then, the projection morphism

H;(U' ,K) H;(U' ,K)
_»
m"H;(UF K) . mmH (U7, K)

is an MHS morphism (see Remark 6.18).
3. LetKbeasinpart(1). Forally € m1(G), letlogy € H|(G,Z) be the element corresponding to y via
the abelianization map. Consider the multiplication map, defined as the only K-linear map satisfying

H;(U' K) H;(U' . K)

Hi(G,K) @ —1—— e
1(G.K) “mmH; (U7 K) mH,; (UF, K)

m—1 i
1—-y)t-
logy ®v Hlog(y)'vzz—z(l#
i=1

H;(UT K
forally € m1(G) and all v € m

4. Let H be a finite index subgroup of m1(G), and let

Then, this map is an MHS morphism.

my = (y—-1|yeH)
be the augmentation ideal of K[H] C R. Then, the results in parts (1)—(3) hold if we substitute
mmHj(Uf, K) by (mH)mHj(Uf ,K),and H|(G,K) by H| (G g, K), where Gy — G is the covering

space associated to H < 111 (G) (see Proposition 8.3).
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5. Let Ky < Ky < G be a sequence of finite index subgroups. Then, the natural projection

H;(U' ,K) N H;(U' ,K)
(mg,)™H;(Uf,K)  (mg,)"™H;(Uf,K)

is an MHS morphism (see Proposition 8.4).

Moreover, the MHS from Theorem 1.7 is functorial in the following sense, both in the domain and
the target of f : U — G (see Theorem 7.1 combined with Proposition 8.3 and Corollary 10.11).

Theorem 1.8 (Functoriality). Let Uy, Uy be smooth connected complex algebraic varieties, and let
G 1, G, be semiabelian varieties. Consider a commutative diagram of algebraic morphisms (below, on
the left-hand side), where p is a group homomorphism.

U —55 U, vl £
bl I |7 (1.9)
G —£ G, TG, —£— TG,

On the right-hand side, p is the unique lift of p which is an additive group homomorphism, ]71 and ﬁ
are defined from the pullback diagrams as in (1.1), and g is the unique lift of g that makes the diagram
commute.
Let K = R unless both G and G, are affine tori, in which case we may take K = Q. Fori = 1,2 and
for all finite index subgroups K; < r11(G;), let mg, be the augmentation ideal of K[K;] C K[7,(G;)].
Under these assumptions, the map g : U{‘ — Ulf2 induces MHS morphisms

H; (U], K) H; (U] K)
H
(mg )" H (U K)  (mg,)mH;(UF,K)

Gem
for all j > 0, m > 1 and all finite index subgroups K| < n1(Gy) and K, < m1(Gy) such that
p« (K1) < Ks.

Note that this is a more general version of the functoriality found in [16, Theorem 5.4.9], which
corresponds to the diagram (1.9) in the case where G; = G, = C* and p = Id. In other words, while
in this paper our MHS behaves functorially in both the domain and the target of f : U — G, the
MHS in [16] is only functorial in the domain. Because of this more general functoriality, we obtain the
following compatibility with Deligne’s MHS as a Corollary of Theorem 1.8, by making G, be a point
(see Corollary 7.18 combined with Corollary 10.11). This is a generalization of [16, Theorem 1.0.3],
but the proof here is much simpler due to the extra functoriality features in this paper.

Corollary 1.10 (Compatibility with Deligne’s MHS). Let U be a smooth connected complex algebraic
variety, let G be a semiabelian variety, and let f : U — G be an algebraic morphism. Let K = R unless
G is isomorphic to an affine torus, in which case we may take K = Q. Let H be a finite index subgroup
of m1(G), and let my be the augmentation ideal of K|H] C K[n(G)].

Then, the covering space map © : U — U induces the MHS morphism

H;(U/,K)
(my)"H;(UT,K)

— H;(U,K)

forall j > 0andallm > 1, where H; (U, K) is endowed with Deligne’s MHS.

By Theorem 1.7 part (3), the logarithm of deck transformations behaves well with respect to the
MHS. Let y € n1(G), which we interpret as a deck transformation of 7 : U/ — U. In general, y
does not preserve the MHS, but its semisimple part does, as exemplified in the following result (see
Theorem 9.1 combined with Corollary 10.11), which provides a generalization of [17, Theorem 1.3].
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Theorem 1.11. Let U be a smooth connected complex algebraic variety, let G be a semiabelian variety,
and let f : U — G be an algebraic morphism. Let K = R unless G is isomorphic to an affine torus, in
which case we may take K = Q. Let H be a finite index subgroup of n1(G), let y € n1(G), and let myg

be the augmentation ideal of K[H]. Let y = yssYu be the Jordan-Chevalley decomposition of y acting

H; (U K)
(mpy)™H;(US K)
other. Then,

on as the product of a semisimple and a unipotent operator that commute with each

. H;(U.K) H;(U',K)
Vss - (mH)mHj(Uf,K) (mH)mHj(Uf’K)

is an MHS isomorphism for all j > 0 and all m > 1.

As a consequence of the theorem above, we obtain that the direct sum decomposition of the quotient

H; (U’ .,C)
(mpy)™H;(US,C)
Corollary 9.2, which also contains a version for R-coefficients that is extended to Q-coefficients by
Corollary 10.11.

into its generalized eigenspaces by the action of y is an MHS decomposition; see

Remark 1.12. All of the results in this paper for R and C coefficients also hold for holomorphic maps
f : U — G, where U is a compact Kihler manifold and G a (compact) complex torus which are not
necessarily algebraic. Indeed, following the notation of Definition 2.69,

(Abs (ApcF) o

is a (pure) Hodge complex of weight 0 which endows the cohomology of U with the usual pure Hodge
structure of compact Kéhler manifolds ([38, Théoréme 8.8, 41, Example 2.34]). The constructions of
Definition-Proposition 4.8 and Definition 6.1 can be carried out in the exact same way in this setting,
and the remaining results in the paper follow from this.

Lastly, we use the celebrated result of Budur and Saito [3] on the combinatorial nature of the spectrum
of a hyperplane arrangement to reduce the open problem of whether the first Betti number of the Milnor
fiber of a central hyperplane arrangement complement in C" is combinatorial to a question about the

MHSs defined in this paper (see Corollary 11.14). Specifically, it is reduced to a question about the
H>(U ,C)
mH;IZ(vaC)’
complement in C? of three or more lines, f : U — C* is the defining (reduced) polynomial of the
arrangement, and H is a subgroup of 71 (C*) which is determined by the combinatorial data of the

arrangement (see Lemma 11.6 and Theorem [1.11). We highlight a couple of aspects of this reduction:

combinatorial nature of the Hodge filtration of where U is an essential line arrangement

7
o Inthis case, H,(U/,C) is afree R = C[r*!]-module. Hence, even if G = C*, the MHS of %

is completely new from this paper, as [16] only dealt with the torsion part of the homology of U/ .
o The rank of H,(U/,C) as a free R = C[t*']-module is determined by the combinatorics of the

B
essential line arrangement, which we denote by H. Hence, the dimension of % is also
f .
determined by combinatorial data of . The work in Section 11 shows that, even if U0
mp Hy (U7 ,C)

well understood, its MHS contains interesting information.

o The MHS on % only has three nontrivial graded pieces by the Hodge filtration, and we show
that the dimension of the middle piece is also determined by the combinatorics of H. Specifically,

Theorem 11.11 reduces the problem of whether the first Betti number of the Milnor fiber of a central
0_H(U'.C)

hyperplane arrangement complement is combinatorial to the question of whether dim¢ F LU0

is determined by the combinatorics of H for every essential line arrangement # in C2.

The last point motivates further work regarding the development of techniques that allow the compu-
tation of examples of the MHS defined in this paper (or at the very least of its Hodge filtration). This note
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is devoted to proving structural results and developing a new theory, not the computation of examples.
However, using Remark 1.4, note that the examples from [16, Chapter 10] regarding affine hyperplane
H;(U’.Q)
mHJ}Ij (U’.,Q
since in those cases H,; (U /., Q) was a semisimple torsion module for the chosen j. Similarly, the results
from [17, Sections 5 and 6] (the ones which help with the computation of the MHS in [16] in cases such
as when U is formal or the affine complement of a hypersurface which is transversal at infinity) also ap-

H;(U/,Q
ply to the MHS w070

arrangement complements are also examples of the MHS from this paper for suitable H,

for suitable H, since H; (U /', Q) is semisimple and torsion for all but one j.

1.2. Outline of the paper

This paper provides a vast generalization of the main results in [16] and in [17]. More precisely,
Sections 3 to 8 and Section 10 generalize the results in [16, Chapters 3—-6], which are precisely the
chapters which have clear analogies in this general setting (they do not depend on G being C*), and
Section 9 generalizes [17].

In Section 2 we recall the relevant background and set notations for the rest of the paper. We review
results regarding semiabelian varieties and Albanese morphisms, homology of abelian covers, local
systems and how to interpret the homology groups of U/ as the homology groups of a local system £
on U, the compactifications of algebraic varieties that will be used throughout this paper, differential
graded algebras (both cdga’s and dgla’s), and mixed Hodge complexes of sheaves. The latter includes
the analytic logarithmic Dolbeault mixed Hodge complex of sheaves from Navarro Aznar [38], which
endows the cohomology of smooth complex algebraic varieties with the same MHS as Deligne (which
he obtained using holomorphic logarithmic forms).

Sections 3-5 provide the theoretical framework needed to develop a Hodge theory for U/ . In
Section 3 we describe a general procedure to obtain mixed Hodge complexes of sheaves as “thickenings,”
that is, infinitesimal deformations, of other known mixed Hodge complexes of sheaves. Very roughly
speaking, the construction amounts to tensoring the complexes of sheaves by a mixed Hodge structure
and twisting the differentials. In Section 4, we give an explicit description of how to perform suitable
thickenings of the analytic logarithmic Dolbeault mixed Hodge complex of sheaves. In Section 5 we
show that these thickenings realize certain truncated local systems obtained from L.

In Section 6 we start by endowing the cohomology of the aforementioned truncated local systems with
MHSs (see Definition 6. 1), show that those MHS are independent of the choices used in their construction
via mixed Hodge complexes of sheaves, and finally arrive at the first three parts of Theorem 1.7 forK = R
in Section 6.3. We also endow other related (co)homology groups with canonical MHSs in Section 6.3.

Section 7 is devoted to proving the version of the functoriality Theorem 1.8 for K = R, K| = 71(G)
and K, = m1(G>), that is, when mg, is the augmentation ideal of R[7{(G;)] (Theorem 7.1), as well
as the corresponding version of Corollary 1.10 (Corollary 7.18). We also study how the statement
of Theorem 1.8 changes if p in diagram (1.9) is not a group homomorphism, but just a morphism
of algebraic varieties (see Theorem 7.16). This has the following interesting consequence: if f is the
generalized Albanese morphism, then the MHSs obtained in this paper are invariants of the topology
and the algebraic structure of U, but its isomorphism class does not depend on the choice of f (which is
defined up to translation and isomorphism of semiabelian varieties); see Example 7.17.

In Section 8 we prove parts (4) and (5) of Theorem 1.7 in the case where K = R. The results in this
section can be used to immediately generalize the main results in Section 7 to the form they have in
Section 1.1 (namely Theorem 1.8 and Corollary 1.10) (for K = R).

Theorem 1.11 is proved in Section 9 in the case where K = R. The consequent eigenspace decompo-
sition appears in full detail in Corollary 9.2.

In Section 10 we show that the different MHSs defined in Section 6 are in fact defined over Q
if G = (C*)" for some n > 1 (Corollary 10.11). The reason for this distinction is that we perform a
thickening of a particular Q-mixed Hodge complex of sheaves and show that it computes the cohomology
of the local systems used in this paper, but this specific construction cannot be carried out if G is not
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an affine torus. We expect the result to be true in general, but were unable so far to find an explicit
description of a multiplicative Q-mixed Hodge complex of sheaves that we could use to perform the
needed thickenings. The construction of such thickenings over Q would involve fixing a particular
morphism relating the appropriate Q-local systems to the corresponding thickened complexes in a
compatible way with the construction over R.

In Section 11 we discuss the applications to the study of Milnor fibers of hyperplane arrangements
discussed above.

1.3. Summary of the techniques and new insights

There are several constructions of MHSs in the literature which are related with the construction in this
note, either because of the objects considered or the techniques used. We will discuss the relations and
point out the main differences here.

1.3.1. Single variable Alexander modules
Roughly speaking, the strategy in both [16] and this paper is as follows. First, we interpret H; (U I K)
as the j-th homology group of a rank 1 local system of free R-modules £ on U. We also consider the
R-dual local system L of L. The local system L has infinite dimensional stalks, so we truncate it by
quotienting by powers of the augmentation ideal. Then, we create a mixed Hodge complex of sheaves
which endows the cohomology groups of these truncated local systems with canonical mixed Hodge
structures. These MHSs are used to endow the desired objects (Torsg H; (U f,K)in[16], where G = C*,
or the aforementioned quotients of H j(Uf ,K) in this paper) with canonical MHSs in different ways.
In both cases, the mixed Hodge complexes of sheaves that we use are obtained by thickening known
mixed Hodge complexes of sheaves which endow the cohomology of U (or of a finite cover of U)
with Deligne’s MHS. This thickening process consists of tensoring the complexes of sheaves by a finite
dimensional vector space V (endowed with an MHS) and by twisting the differentials.

However, although in principle the techniques seem similar in both papers, there are several new key
technical insights in this note that make the generalization possible:

o In [16] V was chosen to be K[¢*!]/(t — 1)™ and the weight and Hodge filtrations were defined by
hand. This was possible because we picked coordinates in G = C*. However, in this paper G can be
any semiabelian variety, and we go further than in [16] and also explore connections between these
different mixed Hodge structures that arise from morphisms between the corresponding semiabelian
varieties (see Theorem 1.8). Hence, we use a coordinate-free description of V (see Remark 2.55
for the definition of the MHS R,, and R_,, used in place of V in this paper) and construct the
thickened complexes without fixed coordinates (see Sections 4 and 5). As a result of this generality,
the new coordinate-free construction is more involved than the construction in [16]; see Definition-
Proposition 4.6 to illustrate this. However, the choice of the maps used to construct the thickenings
can be made explicit by picking coordinates in the case when G is an affine torus (see Section 10).

o Deligne’s mixed Hodge complex of sheaves considered in [16], which consists of logarithmic holo-
morphic forms on a compactification of U, could not be used in the new construction, as it does not
contain enough forms to construct a thickening representing the truncations of L if G is a semiabelian
variety in general (not isomorphic to (C*)™). For this reason, we need to consider a mixed Hodge com-
plex of sheaves due to Navarro Aznar consisting of logarithmic analytic forms on a compactification
of U instead.

o Ris a principal ideal domain in the case when G = C*, so the Universal Coefficient Theorem is avail-
able. We use it in [ 16, Proposition 2.14] to obtain that Torsg H/*! (U, Z) (the torsion part of the (j+1)-
th cohomology Alexander module) is canonically isomorphic to the K-dual of Torsg H; (U /', K) (the
torsion part of the j-th homology Alexander module). The MHS on Torsg H j(Uf ,K) is endowed
through this isomorphism by an MHS on Torsg H/*! (U, L) obtained using the aforementioned meth-
ods. However, there is no analogous duality between the objects we consider in this paper in homology
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and cohomology, namely, quotients of H, (U, K) and H*(U, L) by powers of the augmentation ideal.
To overcome this, we need to define different mixed Hodge complexes of sheaves to study quotients
of H,(U/,K) and of H*(U, L) respectively: the mixed Hodge complex of sheaves that we use for
homology and cohomology are thickenings of the same mixed Hodge complex of sheaves, but the
MHSs R_,, and R,, that we tensor by are different and dual to one another.

The lack of duality in this paper mentioned in the last point turns out to be a blessing in disguise:
In [16], the statements regarding the behaviour of the MHS with respect to morphisms which had a
natural geometric interpretation for homology Alexander modules but not for cohomology Alexander
modules were very difficult to prove. The difficulty stemmed from the fact that the MHS had a natural
interpretation in cohomology but not in homology, and the duality map used to define the MHS in
homology was explicit but not easy to work with. Examples of these kinds of results are the compatibility
with Deligne’s MHS on U [16, Theorem 6.1] or the independence of the MHS of the choice of finite
cover of U used in the construction [16, Theorem 5.22]. However, the generalizations of these results
in this paper (namely Corollary 7.18 and Proposition 8.4) have much simpler proofs due to the fact that
the mixed Hodge complex of sheaves constructed in this paper was designed for homology. As a result,
and although the construction of the MHS in this note is longer, this paper is shorter in length than [16]
despite providing a vast generalization of the main results of loc. cit. (Sections 3 to 8 in this paper) and
also of the main result of [17] (Section 9).

1.3.2. Classification of unipotent variations of mixed Hodge structure

Unipotent variations of MHS were classified in the works of Hain and Zucker [23, 22], which are also
related to the work of Sullivan [46] and Morgan [37] (see [41, Remark 9.25] for the relation). The
tautological variations of mixed Hodge structures (VMHS) of [23] (whose stalks are MHSs defined in
[22]) for a semiabelian variety G have R/m™ Qg L as underlying local systems, where m > 1, m is the
augmentation ideal of R and L = exp, K. ;. In this paper, the truncated local systems that we consider

in order to endow quotients of H; (U /', K) by powers of m with canonical MHSs are R_,,, ®g L, which,
by Remarks 2.23 and 2.26, are the K-dual local systems to f~'(R/m™ ®g L) for each m > 1. The
following questions remain open:

o Can the mixed Hodge complexes of sheaves defined in this paper be used to endow R_,, ®g L
with the structure of an admissible VMHS on U? If so, since the cohomology of an admissible
VMHS is endowed with an MHS, does this MHS coincide with the MHS on H*(U, R_,, ® L)
from Definition 6.1? We note that these MHSs on H*(U, R_,, ® L) are the ingredients needed to
endow the quotients of H,(U/,K) by powers of the augmentation ideal with canonical MHSs (see
Definition 6.17).

o Is the MHS on H*(U, f~'(R/m™ ®g L)) endowed through Hain and Zucker’s work related to the
MHS from Definition 6.1? If so, how?

Both techniques have different scopes, so establishing a relationship between the two as in the
previous two questions (which pertain to their common intersection) would potentially expand their
respective strengths. The tautological VMHS of Hain and Zucker is a very general construction which
is a key player in the classification of admissible unipotent VMHS on a smooth quasi-projective variety
[23, Theorem 1.6]. On the other hand, the thickening process described in Section 3 can be applied to
any mixed Hodge complex of sheaves, not just those resolving a local system potentially underlying a
VMHS. The definition of the tautological VMHS makes heavy use of Chen’s iterated integrals and the
bar construction. Its description in the case of (C*)" is explicit, but not in general. If a relation between
Hain and Zucker’s construction and our work could be shown, the thickening construction in this paper
could yield an alternative interpretation of Hain and Zucker’s construction for semiabelian varieties. We
want to note that the explicit description of the thickened mixed Hodge complexes of sheaves defined
in this paper is heavily used in many of the proofs. One example of this is the proof of Theorem 1.11,
which to the best of our knowledge has no analogue for the tautological VMHS of Hain and Zucker.
The explicit nature of the thickened complex in [16] also allowed us to establish a relationship between
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the MHS on univariable (G = C*) Alexander modules defined therein and the limit MHS constructed
using the nearby cycles functor (see [16, Theorem 1.8, Theorem 9.8]).

1.3.3. Deformations of local systems
Let U be a smooth algebraic variety with a base point x, and let p be a representation of 71 (U, x) in
GL, (K), corresponding to a local system L,,. Let 5p be the completed local ring of the representation
variety Hom(m; (U, x), GL,(K)) at p. This ring was given a (pro-)MHS in many situations in recent
work of Lefevre [29], which generalizes [20] and [26].

Furthermore, representation varieties contain cohomology jump loci. For any finite rank K-local
system W, they are defined as follows (we will state the homological version, for consistency with the
rest of this paper):

V;‘(U, W) := {rank n K-local systems L on U | dimg H;(U, L ® W) > k}.

Let p be a representation, with corresponding local system L,,, and suppose that L, underlies a VMHS
and W underlies an admissible VMHS. Consider the defining ideal of V;‘ (U, W), inside of O,,. In further

work of Lefévre [30], it is shown that these ideals are sub-pro-MHSs of 6p.

Lefevre’s work and the present paper use similar techniques, each more suited for a particular
purpose: both construct new mixed Hodge complexes as deformations of previously known ones. One
difference is that in his works, Lefevre deforms complexes of vector spaces, such as the global de Rham
complex, where in this paper we need to use complexes of sheaves, such as the de Rham complex of
sheaves. To construct deformations, Lefévre [29, Section 9] relies on the bar construction mentioned in
Section 1.3.2, while here we make a more explicit, ad-hoc construction (Definition-Proposition 3.9).

The relation between Lefevre’s work and the present paper appears when considering the representa-
tion variety for GL (K) and, in the notation of (1.1), taking f: U — G to be the generalized Albanese
map. Letting R = K[71(G)] as above, Spec R is the identity component of the representation variety
Hom(m; (U, x), GL{(K)). The Alexander module is a quasicoherent sheaf on Spec R, and this paper
constructs (pro-)MHSs on the completed local rings at torsion points. The local ring case [29] concerns
a local ring which in this case (a very particular case of the much more general constructions therein) is
isomorphic to the completed symmetric tensor algebra of H; (G, K), and therefore has an obvious MHS
obtained from that of H; (G, K).

There is a universal local system on U associated to the representation variety Spec R, which is
denoted L in this paper (see Section 2.2). It is universal in the sense that for any representation p in the
identity component, the corresponding local system L,, is K, ®g £, where K, denotes K endowed with
an R-module structure via p. Furthermore, there is a canonical isomorphism between H; (U, £) and the
J-th Alexander module (Remark 2.13).

Regarding jump loci, there is a relation between jump loci in the case where W = K, and the
Alexander modules considered in this paper, but only via a spectral sequence. At a given point p €
Spec R, one may take the double complex that is the tensor product of the Koszul resolution of K, with
the chain complex of L. It yields a spectral sequence whose second page is:

TorR (Kp, Hg(U7 K)) = Hpq(U., Lp). (1.13)

It is therefore not straightforward to find an explicit relation between Lefévre’s work and the present
paper .

While the structure theorem of rank 1 cohomology jump loci (for the local system W = K, ) yields

that they are unions of torsion-translated subtori, it is not known whether the analogous statement is
true for the Alexander varieties A? (U), defined as in [45] as follows:

AX(U) = {p € SpecR | dimg K,, ® H; (U ,K) > k},
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see also Remark 1.2. In [30], the structure theorem for these rank 1 cohomology jump loci is recovered
by using the Hodge theory for their defining ideals developed therein. By analogy, it would be interesting
to see whether the Hodge theory for Alexander modules developed in this paper can yield information
about the structure of Alexander varieties.

2. Preliminaries
2.1. Semiabelian varieties

We begin this section recalling the Chevalley decomposition of complex connected algebraic groups
(ctf. [7, Theorem 1.1]).

Theorem 2.1 (Chevalley decomposition). Let G be a complex connected algebraic group. Then there
exists a unique normal affine algebraic closed subgroup H of G for which G [H is an abelian variety A.
That is, there is a unique short exact sequence of algebraic groups

1> H—>G—>A—>1.

Definition 2.2 (Semiabelian variety). Let G be a complex connected algebraic group, and let H be as in
Theorem 2.1. We say that G is a semiabelian variety if H = (C*)" for some n > 0.

Remark 2.3. Semiabelian varieties are commutative groups (see [25, Lemma 4]), so we will denote
their Chevalley decompositions with additive notation (0 instead of 1).

The following is well known.

Proposition 2.4 (Functoriality of the Chevalley decomposition). Let f : G| — G be a morphism of

algebraic groups between two semiabelian varieties. Let 0 — (G;)r 4 G; iliA—); (Gi)a — 0 be the

Chevalley decomposition of G; fori = 1,2. Then, f((G1)r) C (G2)r.

Proof. (pa),o f ot is an algebraic morphism between an affine algebraic group and an abelian variety.
Since it is a group homomorphism, it sends the identity in (G )y to the identity in (G;)4. By [7, Lemma
2.31, (pa)2 o f ot is the constant morphism to the identity in (G;)4. Hence, f((G)r) C ker(pa), =
(Go)r. o

Proposition 2.5. Let G be a semiabelian variety. Its Chevalley decomposition
0->Gr > G—>G4,—0

gives G the structure of a G -torsor over G 4. This torsor is Zariski-locally trivial, that is, there is a
Zariski open covering of G o over which G = G X G 4.

Proof. This follows from the results in [36, II1.4.], concretely, Propositions 4.6 and 4.9. O

Proposition 2.6. If G is a semiabelian variety, the only holomorphic group homomorphism G — C is
trivial.

Proof. Consider a group homomorphism p: G — C, and G’s Chevalley decomposition as in Proposi-
tion 2.5. Then, p|g, : Gr — C is a holomorphic group homomorphism, so, since the torsion points are
mapped to 0, it must be trivial. Therefore, p descends to a holomorphic map p: G4 — C, which must
be constant, since G 4 is compact. O

Remark 2.7 (Universal cover of a semiabelian variety). As complex manifolds, every semiabelian
variety G is isomorphic to C8/Z" for g = dim G and some r € Z(, where Z" is embedded into C8 as a
discrete subgroup. In particular, r < 2g. Also, Z" must generate C8 as a C-vector space: otherwise, G
would have a nontrivial holomorphic homomorphism to C, contradicting Proposition 2.6. In particular,
g < r. The universal cover of G is given by the exponential map of Lie groups exp : TG — G, where
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TG = T,G is the tangent space of G at the identity e € G. Note that, since G is an abelian group, exp is
a group homomorphism, where TG is seen as a group under addition. Note that TG = C#, and exp™! (e)
is identified with the lattice Z" through this identification, so r = rank 7, (G).

Remark 2.8. Let f : G; — G, be an algebraic morphism between two semiabelian varieties. Up to
translation, f is also a group homomorphism. Indeed, up to translation in G,, we can assume that f takes
the identity to the identity. Such f induces a linear map (the differential of f at the identity) between the
universal covers given by the exponential map, which implies that f is also a group homomorphism.

2.2. Alexander modules

Let U be a smooth connected complex algebraic variety. Let G be a complex semiabelian variety and
let e € G be its identity. Let f: U — G be an algebraic map. Let U/ be the complex manifold defined
as the pullback of the universal cover of G as in the commutative diagram (1.1).

Since (G, e) is abelian, (G, x) is canonically identified with 71 (G, ¢) for all x € G. Therefore,
we will not specify the choice of base points and will denote the fundamental group of G by 7{(G).
The fundamental group 711 (G) acts on TG by deck transformations. By the universal property of fiber
products, 7 : U/ — U is also a covering map whose deck action comes from the lift of the deck action
of 11(G) on TG, and its deck transformation group is 7 (G).

Let K be a field (which for us will be Q, R or C) and let R = K[n;(G)]. Since 71(G) = Z", R is

noncanonically isomorphic to the ring of Laurent polynomials K[¢}', ..., r'].

Definition 2.9. Let K be a field. The i-th (multivariable) homology Alexander module associated to
(U, f) is H;(U/ ,K). It is an R = K[7(G)]-module via the deck action of ; (G) on U/ .

Remark 2.10. Since U has the homotopy type of a finite CW complex, H; (U/ , K) is a finitely generated
R-module.

For our purposes, it will be useful to realize the Alexander modules as homology groups of certain
local systems on U.

Definition 2.11. Let K be a field. In the notation of (1.1), we define L = exp, K, G-

The action of 71 (G) on TG by deck transformation induces an automorphism of L, making L¢ into
a local system of rank 1 free R-modules. For any z € G, the stalks are given by (L), = & K
z/eexp~!(z)
The monodromy action of a loop y € 71(G) on (L), interchanges the summands according to the
monodromy action of y on exp~!(z).

Definition 2.12. Let K be a field. In the notation of (1.1), we define £ := f -1 exp, K, which is a rank
1 local system of free R-modules. Similarly, we let L=R ®,,,-1 L denote the same local system, with

a new R-module structure where y € 71 (G) acts in the way that y~! acts on L.

Remark 2.13. There is a natural R-module isomorphism H;(U/,K) = H;(U, £). This follows from
the definition of the right-hand side, since the chain complex that computes it is the same chain complex
that computes the homology of U/ (see [11, Section 2.5]).

Remark 2.14. If V c U is a simply connected open set, 7~ (V) = 7;(G) x V. For any y € n(U), the
action of y on the stalk £ is given by multiplication by f.(y) € 71(G).

Remark 2.15. Let S be the sheaf (of sets) of lifts of f to TG, thatis,['(S,V) = {t: V = TG | expot = f}
for any open set V C U. For every x € U, the stalk S, is canonically isomorphic to exp~! (f(x)), and it
carries a 71 (G)-action coming from the action on TG.

On the other hand, a basis of the stalk of £¢ at f(x) is given by exp~!(f(x)), where each point z’
on the fiber corresponds to the locally constant function that is 1 around z” and O elsewhere on the fiber,
and this bijection is also compatible with the 7| (G) action. The same can be said of the stalk of £ at x,
since f~! preserves stalks.
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This provides us with a map of sheaves S — L that sends S to a basis of £ on each open set, and it is
compatible with the action of 7; (G). Thus, a (locally defined) function¢: U — TG such thatexp ot = f
can be seen as a (local) section of £, and these locally form a K-basis. For y € 71(G), we will denote
y-ti=yoL
Notation 2.16. We will denote the (identity) R-antilinear isomorphism £ — C by ¢ — 1, that is, 7 is
the notation that we will use to refer to ¢ when seen in £. This way, for t € £ and y € 71(G), we have

v-i=ylouw

Remark 2.17. There is a canonical isomorphism Homg (L, R) = L. On our local K-bases of £ and Z,
it is given by the pairing:

ZX£—>EU

defined by (y; - 1, v2 - t) = y1y2 € m1(G) C R for every ¢, vy, v2. One readily verifies that this is well-
defined. Extending it in a K-bilinear way makes it automatically R-bilinear and it induces the above
isomorphism.

Remark 2.18. The observation from Remark 2.17 also holds if we replace R by K[H], where H is a
finite index subgroup of 71 (G). Indeed, let Hy, ..., Hy, be the distinct elements of 71(G)/H, seen
as right cosets. Then, {y - ¢,...,yn - ¢} is a local K[H]-basis of £, and L is a rank n free K[H]-
module. Similarly, since 71 (G) is abelian, {71‘1 “T,...,7,' -1} is a local K[H]-basis of £. We define

the K[ H]-bilinear pairing £ x £ — K[H] U by the K-bilinear extension of the pairing given by

- 0 ifi#j
1 . — )
<617i L, 627/ l’> {61(52 lfl — J

for all 61,6, € H, i,j € {l,...,n}. One readily verifies that this is well-defined and induces the
isomorphism of sheaves of K[H]-modules

Homy (L, K[H]) = L,

which is also an isomorphism of sheaves of R-modules.

Remarks 2.13 and 2.17 motivate the following definition. Indeed, since the stalks of £ are infinite
dimensional vector spaces but rank 1 free R-modules, it seems more reasonable to dualize over R rather
than over K to define the cohomological version of Alexander modules.

Definition 2.19. Let K be a field. The i-th (multivariable) cohomology Alexander module associated to
(U, f) is the R-module H (U, £), where R = K[7{(G)].

2.3. Truncated local systems

For the purposes of doing Hodge theory on Alexander modules, we will have to work with truncated
versions of the local systems £ and L.

Definition 2.20. Let m € Z., and let K = Q, R, C. We define the rings R and R,, by

Roo

(o)

R = 1—[ Symj H,(G,K); R, = s
Jj=0 Sym’ H,(G,K)

J=m

and the R,,-module R_,,, by

R_,, = Homg (R,,, K).
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Note that for all m > 0, R,,, and R_,, have natural R.,-module structures. Also note that the field K
does not appear in the notation for R, R,, and R_,, (like it did not appear in R), but whenever we use
this notation, the base field will either be explicitly specified or clear from context.

Notation 2.21. For all y € 7;(G) we denote its corresponding element in H,(G,Z) ¢ H(G,K) by
logy.
Even if 711 (G) is abelian and thus isomorphic to H; (G, Z), this notation is useful because 71 (G) will

be thought of as having multiplication as its group operation, but H;(G,Z) has the sum as its group
operation.

Definition 2.22 (The R-module structure of R, R, and R_,,;). Let m > 0. The K-linear ring monomor-
phism

R=K[r1(G)] — R

lo, _ yoo  (logy)d
7 e &Y = ZJ:O j!

endows R, R,, and R_,,, with R-module structures.

Remark 2.23 (R;,;, and R/m™ are isomorphic R-modules). Let m := (y — 1 | v € 7;(G)) be the aug-
mentation ideal of R, and let m > 1. The image of m by the K-linear ring monomorphism described in
Definition 2.22 lies in H | Sym’ ' H,(G,K), so one gets an induced ring homomorphism R/m™ — R,,,,
which is also an R- module homomorphism. In fact, it is an R-module isomorphism. To see this, it suf-
fices to see that R/m™ — R,, is an isomorphism of K-vector spaces. Let yy,...,v, be a basis of
generators of 711 (G), and let us consider the bases

-1

3

{((y1 =D (y, =) iy = 0foralll=1,....r, i1+ +ir =/},

C

0

1 .

{(ogy)"---(logy,)" |iy>0foralll=1,....r, ij+---+i,=j}
0

J

§

J

of R/m and R,,, respectively, where both are ordered in the same way by increasing order of j, and
amongst the ones with the same j, by lexicographical order. The square matrix representing the R module
homomorphism between R/m™ and R,, (seen as a K-linear homomorphism) in these bases is triangular
with ones along the diagonal.

Remark 2 24. Let m C R be as in the previous remark. Taking inverse limits in the isomorphism
between = and Ry, from the previous remark, one obtains an R-module isomorphism

. R
lim — = R..
G "

In light of the Definition 2.22, we can think about the local systems Ro, ®g L, Ry, ®g £ and R_,, ® L,
and similarly with £. Note that, by tensoring £ or £ with R,, (resp. R_,;) over R, we obtain finite
dimensional K-local systems whose stalk is isomorphic to R, (resp. R_,;;). These will be the truncated
local systems that we consider.

Let us understand the relationship between the homology and the cohomology of these truncated
local systems. We begin by recalling a well-known duality result for finite dimensional K-local systems.

Proposition 2.25 (cf. [11] section 2.5). Let L be a finite dimensional local system over a field K on a
connected algebraic variety U. Then, for all i > 0, there is a natural isomorphism

Homg (H;(U, L),K) = H (U, Homg (L, K)).
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Remark 2.26 (Relationship between homology and cohomology). For all m # 0, we have a chain of
natural isomorphisms

Homg (R, ®r L,K) = Hompg (L, Homg (R,,, K)) (Tensor-hom adjunction)
= Hompg (L, R_,)
= Homg (L, R) Qg R, (Because L is locally free over R)
=L ®Rr R_;. Remark 2.17

Since R is commutative, one can identify L ®g R_,u with R_,, ®g L. We apply Proposition 2.25 to
L = R,, ®r L, and the above to get R and R.,-module isomorphisms for all i > 0 and m # 0:

Homg (H; (U, Ry, ®r £),K) = H (U, Homg (R,, ®r L,K)). Proposition 2.25
= H'(U,R_,, ®r L).

Remark 2.27. Let H be a finite index subgroup of 711 (G), and let 71y : Gg — G be the corresponding
finite cover. Gy is the quotient of TG by H, where H < m;(G) acts by deck transformations. In
particular, Gy is a commutative algebraic group, which is in fact a semiabelian variety (see [8, Section
3], for example), and 7 is a morphism of algebraic groups. In that case, we may define R” = K[H] =
K[7(Gy)], and RH RZ and Rf’m analogously as in Definition 2.20 using H|(G g, K) instead of
H,(G,K). Note that £ is locally free of finite rank as a sheaf of RH _modules. Hence, using Remark 2.17,
the argument in Remark 2.26 can be replicated to obtain R* and R -module isomorphisms

Homy (H;(U, R® @gu £),K) = H'(U, R @gu L)

forallm # Oand all i > O.

The rest of Section 2.3 will be devoted to establishing the relationship between the (co)homology
of these truncated local systems and the homological and cohomological Alexander modules of Defini-
tions 2.9 and 2.19. For this, we will need the following technical result.

Proposition 2.28. Let (S,a) be a complete Noetherian local ring. Let C* be a complex of finitely
generated free S-modules. For m > 0, let S, = S/a™. Then, the natural maps e p: H' (C*) —

Hi(S,, ®s C*) induce an isomorphism of S-modules:

::H(C)—>l(iLnH(Sm®5C).

m

Proof. First, we show that the map is injective. Let M = %:_1, and let N = H'(C*®) € M. Following
the definitions, we have that

kerE = () kerEwm = J@"M A N) c()a"M =0,
m m m

where the last equality follows from Krull’s Intersection Theorem.
Let us now prove that E is surjective. It suffices to prove that for every m there exists an m’ > m
such that

imE, , CimZx m,
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where Z,, , is the natural map H'(S,, ® C*) — H(S,, ® C*). Consider the map of short exact
sequences:

00— a"C* —3C* —3 Sw®C* ——> 0

! I "

0 —>a"C* — C* —— S, ®C* —— 0.

Taking cohomology, it induces the following map of exact sequences for every i:

Hi(C*) =2 Hi(S,, ® C*) —— ker(H*! (0™ C*) — H™*(C*)) —— 0

I [z X

=,

H'(C*) —= H'(S; ® C*) — ker(H™*'(a™C*) — H™'(C*)) —— 0.

By the exactness of the rows, it is enough to show that for m’ > m, x = 0. By definition,

a™ C* N d~1(0) N dC! c a™ C*l N dC!

ker(H™! (a™'C*) — H™!(C")) = d(am C7) - dC

We apply the Artin-Rees Lemma to the module C™*!' and its submodule dC?, to conclude that there
exists an mgo > 0 such that for all m > 0,

Q™Mo A gCt = ™ (@ CH N dCY) C ™ (dCH) = d(aCY).
So, if m" > mg + m, the starred map indeed vanishes, as desired. O

Corollary 2.29. Let R, and R, be as in Definition 2.20, for m > 1. The natural maps induce an
isomorphism of Re-modules

m m

Re ®r H'(U,L) = (@RM) ®r H'(U,L) = yLnH"(U, R ®r Z).

Proof. Recall that U has the homotopy type of a finite CW-complex, so H* (U, L) is represented by a
bounded complex of finitely generated free R-modules C* asin [ 1, Section 2.5]. Now, by Remark 2.24,

Ry = (lim
«—m o
Re ®r H (U, L).
Let (S,a) = (Roo, ﬂjf’:l Sym/ Hl(G,K)) in Proposition 2.28 (so S, = R,,) and apply it to the

complex of free R-modules R, ®g C* to obtain an isomorphism:

nf;m), so the ring R, is flat over R. In particular, the cohomology of R., ®g C* is naturally

(@Rm) ®r H'(U,L) — limH (Rm ®r., R ®r C*) = lim H' (R, ®& C°).

m m m

Finally, notice that H (R, ®g C*) = Hi(U, R, ®r Z) O
Corollary 2.30. Let m > 1, and Re, R, and R_,,, as in Definition 2.20. There is a natural isomorphism

Re ®r H; (U, £) @HomK(Hl‘(U, R ®r L), K)
m
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Proof. By the analogous reasoning to the proof of Corollary 2.29, we have that the natural maps induce
an isomorphism:

(liLan) ®r H;(U, L) = lim H; (U, Ry ®g L).

m m

Taking duals in Remark 2.26, one obtains

Hi(U, Ry ®r L) = HomK(Hi(U, Rop ®r L), K).

2.4. Generalized Albanese varieties

Iitaka ([24], [25]) generalized the Albanese morphism of smooth complete complex algebraic varieties
to smooth varieties as follows. For a detailed description, see [21].

Definition 2.31 (litaka’s generalized Albanese maps). Let U be a smooth connected complex algebraic
variety. The Albanese map ay : U — Gy is a morphism to a semiabelian variety Gy satisfying the
following universal property: for any other morphism 8 : U — G’ to a semiabelian variety G’, there
exists a unique algebraic morphism f : Gy — G’ such that 8 = f o ayy. Such Gy is usually called the
Albanese variety of U.

Remark 2.32 (Existence of the Albanese map). The Albanese map o exists for any smooth connected
complex algebraic variety (see [21]), and hence the Albanese variety G is well defined up to algebraic
isomorphism, which, up to translation, will be a group homomorphism as well by Remark 2.8. Once Gy
is fixed, ey is uniquely defined defined up to translation in Gy and isomorphism of algebraic groups
from Gy to itself.

Remark 2.33. If U is a smooth connected complex projective variety, Gy in Definition 2.31 is an
abelian variety, and o is the usual Albanese map.

Lemma 2.34 ([21], Lemma 3.11). Let U be a smooth connected complex algebraic variety, and let
ay U — Gy be its Albanese map. Then,

(av)s : H1(U,Z) — H|(Gy,Z)

is surjective. Moreover, the kernel of (ay ). coincides with the torsion part of H1 (U, Z).

Remark 2.35. Consider the pullback of (1.1) for the map oy . If H, (U, Z) is torsion free, UV is the
universal abelian cover of U.

Example 2.36 (Affine hypersurface complements). Suppose that U = C" \ H is an affine hypersurface
complement, where H = V(f] - - - f,,), and f; are nonconstant irreducible polynomials in C[xy, . ..,x,]
such that f; and f; do not have any nonconstant common factors for all i # j € {1,...,m}. Then,
H,(U,Z) = Z™ is generated by a choice of a positively oriented meridians around each of the m
irreducible components of H. Hence, the map

J=Ufm): U — (C)
x = (fi(x),..., fu(x))

induces an isomorphism on first (integral) homology groups, so U/ is the universal abelian cover of
U. In this case, H;(Uf ,Q) is generally called the Alexander invariant (with Q-coefficients) of the
hypersurface H.
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Let us see that the map f = (fi, ..., fi) coincides with the Albanese map of U. Since both @y and f
induce isomorphisms in first homology with Q-coefficients, the mixed Hodge structure on H' (G, Q)
is pure of type (1, 1). The Chevalley decomposition of Gy induces a short exact sequence between

(abelian) fundamental groups, so if A is the abelian variety in the Chevalley decomposition of Gy,

H'(A,Q) ﬂ) H'(Gy,Q) is an injective morphism between pure Hodge structures of weights 1

and 2, respectively. Thus H 1 (A,Q) = 0 and A is a point, so Gy is a torus which, looking at the rank
of Hi(Gy,Q), must be isomorphic to (C*)™. By the universal property of the Albanese, there exists
a unique algebraic morphism 4 : Gy = (C*)™ — (C*)™ such that f = h o @y and which, up to
translation in the target, is an algebraic group homomorphism between (C*)” and itself which induces
an isomorphism between fundamental groups. This implies that /4 is an isomorphism of algebraic
varieties, so f is the Albanese map of U.

2.5. Compactifications

Let U be a smooth connected complex algebraic variety, let G be a complex semiabelian variety and
let f : U — G be an algebraic morphism. For the construction of the mixed Hodge structures in this
paper, we will need to compactify f in appropriate ways. First of all, the compactifications of U and G
that will appear in this paper will always be good compactifications, as defined below.

Definition 2.37 (Good compactification). Let U be a smooth connected complex algebraic variety, and
let X be a smooth compactification of U. X is a good compactification of U if D := X \ U is a simple
normal crossings divisor.

Let us now explain which compactifications of G will appear in this paper.

Corollary 2.38 (Of Proposition 2.5). Let G be a semiabelian variety andlet) — Gt — G — G4 — 0
be its Chevalley decomposition. Then, G has a good compactification G which has the structure of a
fibration as follows:

Gr <= G » Gy,

where G is a compactification of Gt by a product of P’s.

Proof. Over an open covering of G 4 this is the compactification of (C*)/ x G 4 by (P')/ x G 4. These
compactifications can be glued: by Proposition 2.5 the transition functions are multiplication in G by
locally defined functions G4 — Gy, which fix the divisors at infinity of G7. Finally, the divisor at
infinity of G has normal crossings, since this can be checked on an open cover. O

Definition 2.39 (Allowed compactifications of G). Let Y be a good compactification of G. We say
that Y is an allowed compactification of G if there exists an algebraic map p : ¥ — G satisfying that
J& = p o jy, where G is a compactification of G such as the one described in Corollary 2.38, and j=

and jy are the inclusions of G into its compactifications G and Y.

Definition 2.40 (Compatible compactifications with respect to f). Let X be a good compactification of
U and let Y be an allowed compactification of G. We say that X and Y are compatible compactifications
with respect to f : U — G if f extends to an algebraic morphism f : X — Y.

More generally, we have the following definition.

Definition 2.41 (Compatible compactification with respect to a commutative diagram). Suppose that
U, and U, are smooth connected complex algebraic varieties, G; and G, are complex semiabelian
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varieties, and that we have the following commutative diagram of algebraic maps

U fi G

b b

U, i) Go.

Let X; be a good compactification of U; and let ¥; be an allowed compactification of G; fori = 1,2. We
say that X, X», Y| and Y, are compatible compactifications with respect to the commutative diagram
g o f1 = f» o h if the morphisms in the commutative diagram extend to algebraic morphisms which fit
into the following commutative diagram:

X1L>Y1

b

X, — 1o,

The next result follows from a standard argument.

Lemma 2.42 (Existence of compatible compactifications). Let U, and U, be smooth connected complex
algebraic varieties, let G| and G, be complex semiabelian varieties, and suppose that we have the
following commutative diagram of algebraic maps

U1L>G1

.

U, i) Go.

Then, there exist compatible compactifications of Uy, Uy, G1, G with respect to the commutative dia-
gram go fy = fooh.

In particular, if f : U — G is an algebraic morphism from a smooth connected complex algebraic
variety to a complex semiabelian variety, there exist compatible compactifications with respect to f.

Proof. Let Z; be a good compactification of U,, and let G_z be a compactification of G, as in Corol-
lary 2.38. Let X5 be a resolution of singularities of the closure of the graph of f» inside of Z, X G2, such
that X5 is a good compactification of U,. By construction, f> extends to an algebraic map f> : X» — Go.

Now, fix G|, a compactification of G as in Corollary 2.38. By looking at the closure of the graph
of h inside of G| x G, and resolving singularities as in the previous paragraph, we find an allowed
compactification Y} of G;.

Following this argument, we can find good compactifications X| and X" of U, such that f, and h

extend to algebraic morphisms E/ : X{ — Y and i x ;" = Xy.Let X; be aresolution of singularities
of the closure of the graph of the identity map of U; inside of X| x X{’, such that X; is a good
compactification of U. By construction, there exist algebraic maps p; : X; — Xl’ and pp : X1 — Xl”
which extend the identity from U to itself. Let fi= E/ opi,and h = W o D2.

We claim that X;, X5, Y7 and G_z are compatible compactifications with respect to g o fj = f» o h.
This follows from the fact that g o f; and f> o h both agree on U, and there exists a unique way of

extending them continuously to Xj. O
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2.6. Commutative Differential Graded Algebras

Definition 2.43 (Commutative differential graded algebra (cdga)). A commutative differential graded
K-algebra (cdga) is a triple

(E,d,N)

such that:

(E, A) is a non-negatively graded unitary associative K-algebra.

a A b= (=141 A g for homogeneous a, b € E of degrees |a| and |b.

(E, d) is a cochain complex.

d(a Ab)=da Ab+(=1)!%a Adbfora,b e E, and a homogeneous of degree |a|.

O O O O

Notice that when we write a cdga, the field K is implicit. We often will write E instead of (E, d, A)
when the differential and multiplication are understood.

When we discuss Hodge complexes in Section 2.8, we will often work with filtered cdgas whose
filtrations are compatible with the differential and the multiplication.

Definition 2.44 (cdga filtrations). Suppose (E, d, A) is a cdga. An increasing cdga filtrationon (E, d, N)
is an increasing filtration W, on E such that

WiE A W]E C Wi+jE and d(WlE) c W;E

for all integers i and j. By a decreasing cdga filtration on (E, d, A) we mean a decreasing filtration F*
on E such that

F'EAF/E c FYE and d(F'E) c F'E

for all integers 7 and j.
One defines cdga filtrations on a sheaf of cdgas analogously, by looking at the cdgas of sections over
arbitrary open subsets.

2.7. Differential graded Lie algebras and deformation theory

Differential graded Lie algebras (dglas) provide a compact way to package the deformation theory of an
object, in our case, a chain complex. We will review the definitions for the purpose of fixing notation.
We will work over a (commutative, unital) ring A, which we will later assume to be Artinian local.

Definition 2.45. A differential graded Lie algebra (dgla) over A is a graded A-module M = P jez M
together with two A-(bi)linear operations:

o adifferential d: M — M which has degree 1, that is, dM/ € M7*!, and
o abracket [-,-]: M ®4 M — M of degree 0, that is, [M/, M7} ¢ MJ*/

subject to the following restrictions: throughout, suppose a, b,c € M are homogeneous elements of
degrees |al, |b|, |c|, respectively.

o (M,d) is a complex, that is, d> = 0.
o The bracket is graded-anticommutative:

[a.b] = ~(=D)1I"![b, a].
o The bracket satisfies the graded Jacobi identity:

la, [b,c]] = [la, b], c] + (=1)!*!"I[b, [a, c]].
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o The differential is a graded derivation for the bracket:
dla,b] = [da,b] + (-1)1"[a, db].

Remark 2.46. Our main example of a dgla is the following: suppose (M*®, d, ) is a differential graded
associative algebra, that is, (M*, d) is a complex, and - is an associative product for which d(a - b) =
(da) - b + (=1)1%lg - (db). Then, automatically (M*,d, [,]) is a dgla with the bracket given by

[a,b] =a-b— (-D!4Plp . 4.

Definition 2.47. Let (A, m) be an Artinian local K-algebra with a fixed map A - K, and let (C*, d) be
a bounded complex of K-vector spaces. A deformation of (C*®, d) over A is a complex (C*, D) of free
A-modules, together with an isomorphism of complexes K ®4 C* = C°.

We will be interested in how endomorphisms of C* give rise to deformations.

Remark 2.48. Let C* be a bounded complex of K-vector spaces. Then the vector space of K-linear
endomorphisms Endg, (C*) is a differential graded associative algebra, where the homogeneous elements
of degree k are linear maps ¢ such that ¢(C7/) C C/**. The product is composition, and the differential
is the graded commutator with d, that is, if ¢ has degree |¢|,

d-¢p=do¢—(-1)?god.

Note that with this differential, H/(End} (C*)) is the group of homotopy classes of morphisms of
complexes C* — C*[] (recall that by convention the differential on C*[j] is (=1)7d). By Remark 2.46,
End} (C*®) is a dgla with the bracket given by the commutator.

Remark 2.49. Let S| — S be a ring map. If L® is a S1-dgla, S ®s, L* becomes a dgla with the
bracket [a| ® my,as @ my]| = aja; ® [my,my]. We are interested in the ring map K — A and the
K-dgla L* = Endg (C*). In this case, A ®¢ L* = End’ (A ®k C*), and the Lie bracket extended from
K coincides with the commutator of endomorphisms. Furthermore, m End®(C*) := m ®g Endy (C*) =
Homg, (C*, m ®x C*) = Hom% (A ®g C*, m ® C*) is a sub-dgla.

Lemma 2.50. Let K = Q,R or C, and let (A, m) be a local Artinian K-algebra with residue field K.
Let (C*, d) be a bounded complex of A-modules. Suppose ¢ € m End! (C*) satisfies the Maurer-Cartan
equation, that is:

1
d-¢+510.0]=0

Then, (A C*,d+¢)isa complex of A-modules. Furthermore, for any p € m End®(C*), one obtains
an isomorphism ef = Y ° k,p

e (AQk C*d+¢) > (A®x C*d+ ¢+ [e’,d+¢le™P)
If [p, [p,d + ¢]] =0, then e is an isomorphism:
¢ (A C*d+¢) = (A@x C*.d+¢—d-p+[p,¢)).

The same result holds for sheaves: Let (K®,d) is a bounded complex of sheaves of K-vector spaces.
We obtain analogous statements for A ®g K°, ¢ € Homl‘(A ®r K*,m®g K*) and p € Homg\ (A ®x
K, meg K°).

Proof. This is all direct computation. Note that A is Artinian local, so m is nilpotent, which ensures
that e is well-defined. O
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Remark 2.51. In the notation of Lemma 2.50, if we let M be a (left) A-module, the analogous statements
can be made for the complexes M ®x C*, since these are simply obtained from A ®x C*® by tensoring
over A with M.

Remark 2.52. Let K be a field, let A be a local Artinian K-algebra with maximal ideal m. Let (C*, d, -)
be an A-cdga and let (M*®, d) be a C*-differential graded (left) module. In other words, multiplication
induces an A-dga homomorphism C* — End4 (A ®g M*®). Let us abuse notation and use the same letter
for elements of C* and their multiplication endomorphism.

1. For any ¢ € mC', [¢,¢] = 0, so the Maurer-Cartan equation is equivalent to [d,¢] = 0 €
End4 (A ®x M*), and therefore the condition that ¢ is closed in C* is sufficient for the Maurer-Cartan
equation to hold.

2. For any ¢ € mC' and p € mC, [p,d + ¢] = —dp. Therefore, [p, [p,d + ¢]] = 0. Applying
Lemma 2.50, e is an isomorphism between (A Qg M*,d + ¢) and (A ®x M*,d + ¢ — dp).

The same result also holds in the case of sheaves, as in Lemma 2.50.

2.8. Mixed Hodge structures and complexes

The purpose of this section is to compile relevant definitions and to set notations related to mixed
Hodge structures (MHSs) and mixed Hodge complexes of sheaves. Throughout this section, K will
be a subfield of R and X will be a topological space. We start by recalling how multilinear algebra
constructions behave with respect to MHSs.

Definition-Proposition 2.53 (MHS on the dual, tensor product and symmetric product, cf. Examples
3.2 in [41]). Let (V,W,, F") and (V’, W, F*) be K-vector spaces endowed with an MHS, where W, are
the decreasing weight filtrations in V and V” and F* are the increasing Hodge filtrations in V¢ and V/.
Here V¢ (resp. V) denotes V @ C (resp. V' ®g C).

o (Homg(V,K), W, F*) is an MHS, where

W_, Homg(V,K) ={f :V > K| W,V Ccker f} foralln, and
F P (Homg (V,K)c) = F~? Home(Ve, C)
={f:Vc = C|FPY(Vc) cker f} forall p.

o (Vg V’',W, F)is an MHS, where

W, (V @ V') = Z WV &g WV’ forall n, and

FP(Ve®c VL) = Z F™Ve ®c FP™™V/, forall p.
m

o Let j > 1. The projection V®x V ® --- ® V — Sym’ V induces an MHS on Sym’ V given by

J
the image of the filtrations W. and F" in V ®x V ® - - - ®¢ V. By convention, Symo V =Kis apure

J
Hodge structure of type (0, 0). 4 A
o The multiplication map V ®x Sym’ V — Sym/*! V is an MHS morphism.

Remark 2.54 (MHS in homology). Let X be a complex algebraic variety. By work of Deligne [9, 10],
H'(X,K) carries a canonical and functorial MHS for all i > 0. Since H'(X,K) is finite dimensional,
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its dual is canonically isomorphic to H; (X, K). By Definition-Proposition 2.53, H; (X, K) also carries a
canonical and functorial MHS.

Remark 2.55 (MHS on R,,, and R_,;,). Let m > 0, and let R,,, and R_,, as in Definition 2.20. Since

m—1 m—1
R = ]_[ Sym’ Hy(G.K) = 5 Sym’ H,(G.K)
Jj=0 j=0

and the direct sum of MHSs is an MHS, the MHS on H, (G, K) endows both R,, and R_,,, (its K-dual)
with an MHS by Definition-Proposition 2.53.

In this paper, we will obtain infinite sequences of MHS of the form
Vi1 2V » Vg » - > VL

The inverse limit of such a sequence can be regarded as a pro-MHS. We will not use the definition in
this paper, as we will just construct some pro-MHS and morphisms between them naively.

Remark 2.56 (Pro-MHS). Let V = liinm Vin, Where each V,,, is a K-MHS for all m > 1, and all the
morphisms involved are MHS morphisms. This data can be regarded as a pro-MHS. There is a category
of pro-MHS that can be constructed as the usual abstract nonsense pro-completion: one would simply
have to replace the index set Z by a more general filtered set (or category) to define a pro-MHS in full
generality. Morphisms are defined as follows. Suppose we are given two pro-MHS constructed in this
way, V = yan Viwand W = l(inm W, . Then,

— —
m m

Hompro—MHS V,W) = Hompro—MHS (h;n Vins l(ln Wm') := lim lim Homyas (Vi, Wie)

m m’

Plainly, a morphism consists of: for every m’ one must choose an m and a morphism V,,, — W,,/, and
these must be all compatible in the obvious ways. In this paper, the only such morphisms that will appear
will be constructed in the most naive way: for every m’, we will take m = m’. That is, given morphisms
of MHS V,,, — W, for all m > 1 commuting with the linear maps V,,;, — V,, and W,,, — W, for all
m’ > m > 1, we obtain a morphism of pro-MHSsV — W.

Remark 2.57. Inverse limits are left exact, and in the context of inverse limits of finite dimensional
vector spaces, they are also right exact, since these inverse limits always satisfy the Mittag-LefHer
condition. Hence, the category of pro-MHS has kernels, images and cokernels, and they coincide with
the kernels, images and cokernels of the underlying vector spaces V.

Definition 2.58 [41, Definition 3.13]. A K-mixed Hodge complex of sheaves on a topological space X
is a triple

K* = (K, W), (K&, W., F), @)

where:

o K% is a bounded below complex of sheaves of K-vector spaces on X such that H* (X, K3,) are finite-
dimensional, and W, is an increasing (weight) filtration on K3

o K¢ is a bounded below complex of sheaves of C-vector spaces on X, W, is an increasing (weight)
filtration and F" a decreasing (Hodge) filtration on K2

o a: (K, W) --> (K2, W) is a pseudo-morphism of filtered complexes of sheaves of K-vector spaces
on X (i.e., a chain of morphisms of bounded-below complexes of sheaves as in [41, Definition 2.31]

https://doi.org/10.1017/fms.2025.10102 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10102

Forum of Mathematics, Sigma 25

except that each complex in the chain is filtered, as are all the morphisms) that induces a filtered
pseudo-isomorphism

a®1: (Ky®C,W.®C) --» (K2, W.)

that is, a pseudo-isomorphism on each graded component.
o for m € Z, the m-th W-graded component

Grly KC* = (GrlY K%, (GrlY K2, F), Gl )

is a K-Hodge complex of sheaves [41, Definition 2.32] on X of weight m, where F* denotes the
induced filtration.

We have not explicitly defined the concept of a K-Hodge complex of sheaves, but we will only use it
in the proof of Lemma 3.6, where we will enumerate the conditions that need to be verified to check the
definition. More concretely, Lemma 3.6 is used to endow the tensor product of an MHS and a mixed
Hodge complex of sheaves with the structure of a mixed Hodge complex of sheaves. In that case, the
W-graded piece is a direct sum of tensor products of a (pure) Hodge structure and a Hodge complex
of sheaves, which is shown to be a Hodge complex of sheaves. The mixed Hodge complexes defined
in this paper have the same W-graded pieces than tensors of previously known MHS and complexes of
sheaves, so Lemma 3.6 will imply that the last item of Definition 2.58 is satisfied for them.

We will sometimes introduce a K-mixed Hodge complex of sheaves on X simply as K* and implicitly
assume the components of the triple to be notationally the same as in the above definition.

Definition 2.59. A multiplicative K-mixed Hodge complex of sheaves on X is a K-mixed Hodge complex
of sheaves KC® on X such that the pseudo-morphism « has a distinguished representative given by a
chain of morphisms of sheaves of cdgas on X (with all but K} being a sheaf of C-cdgas), and such that
all filtrations (including those in the chain) are cdga-filtrations (over C except for the weight filtration
on KC3).

From a given mixed Hodge complex of sheaves, one can construct others (translation, Tate twists) as
follows: We can also obtain new MHSs from a given MHS by shifting the filtrations appropriately.

Definition 2.60 (Tate twist).

o Suppose K* is a K-mixed Hodge complex of sheaves on X. The j-th Tate twist of K® is the triple
K*() = (K2 WI241), (K2 WI2/1, FLjT). )

where W[2j]; = Waju; and F[j]° = F/* are shifted filtrations. K°(j) is again a K-mixed Hodge
complex of sheaves on X. For details see [41, Definition 3.14].

o The j-th Tate twist of a K-mixed Hodge structure is defined by shifting the weight and Hodge filtrations
with the same formula we used for mixed Hodge complexes above. See [41, Example 3.2(3)] for an
explicit definition.

Notice that we have changed the convention of [41, Examples 3.2 (3)] in all of these definitions of
Tate twists by selecting not to multiply by (27i)%/.

Remark 2.61. The two definitions of Tate twist above are compatible in the following sense. Let
H (X, K5 (j)) (resp. Hi (X, K})) be the K-MHS induced in hypercohomology by the K-mixed Hodge
complex of sheaves K*(j) (resp. K*). By [41, Theorem 3.18], H (X, K3, (/) = H' (X, K3) ().

Example 2.62. Suppose that G = C* in Remark 2.55, and let m > 1. We have that H; (G, K) is a pure
Hodge structure of type (-1, —1). Let s be a generator of H|(G,Z) (seen inside of H (G, K)). We have
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that {1 = 5%, s,5%,...,5™ '} is a K basis of R,,, and let {1¥ = (s°)Y, 5", (s2)", ..., (s" 1)V} be its
dual basis. The following K-linear isomorphism defined on a basis as

Am Ry — R_,,
st — (smIT)Y forall j=0,...,m—-1

is also an Ru-linear isomorphism which induces an MHS isomorphism R,,(1 — m) — R_,,, where
(1 = m) denotes the (1 — m)-th Tate twist.

Definition 2.63 (Translation of a mixed Hodge complex of sheaves).

o If F* is a complex of sheaves on X, then its translation by r € Z is the complex F*[r] = F**" with
differential d*[r] = —(1)"d**".

o Suppose that £® is a K-mixed Hodge complex of sheaves on X. The translation of K°® by r € Z is the
triple

K2 [r] = (Kglr], WI=rl), (K& r], W=rl, F), a[r])
where the filtrations are described by:

(W=rDi(K[r]) = (Wier K) [r], WI=rDi(K2[r]) = (Wi, K2) (1], i € Z,
FP(KELr) = (FPRE)Ir), p e Z.

This is again a K-mixed Hodge complex of sheaves on X.

Note that this does not agree with the translation of a pure Hodge complex as defined in [4 1, Lemma-
Definition 2.35]. In fact, this notion of translation increases the weight of a pure Hodge complex by 1,
whereas the translation in loc. cit. decreases it (contrary to what is stated in loc. cit.). It does agree with
the translation of mixed Hodge complexes implicit in [4 1, Theorem 3.22].

Remark 2.64. Suppose K* is a K-mixed Hodge complex of sheaves on X. By [41, Theorem 3.18.11] the
hypercohomology vector spaces H*(X, K}, ) inherit K-mixed Hodge structures. Furthermore, it can be
easily shown that

H* (X, Ky [r]) = H*" (X, K3),

where the K-mixed Hodge structure on the left-hand side has been induced by the translated K-mixed
Hodge complex 1C*[r].

Definition 2.65 (Derived direct image of a mixed Hodge complex of sheaves.). Let C* be a K-mixed
Hodge complex of sheaves on X where the filtrations W, and F- are biregular (i.e., for all m, the filtrations
induced on K™ are finite). Suppose that g: X — Y is a continuous map between two topological spaces.
The derived direct image of /C* via g is again a mixed Hodge complex of sheaves, and it is defined as
follows ([41, B.2.5]).

Let Tot[Cé dm]—' *] be the Godement resolution of a complex of sheaves F* as defined in [41, B.2.1],
which is a flabby resolution. Here, Tot[C¢,, F*] denotes the simple complex associated to the double
complex C, F*°. We define Rg..K* to be the triple

((g* Tot[Clyn Kk 1s &+ TOt[CoyW.1), (84 Tot[Coy K1, 84 Tot[Coy W1, 8+ Tot[Coypn F'1), g*a),

where g.« is the pseudo-morphism of filtered complexes of sheaves of K-vector spaces induced by «
and the functoriality of both g, and the Godement resolution.
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2.9. The analytic logarithmic Dolbeault complex

Let U be a smooth algebraic variety, let X be a good compactification of U and let D = X \ U.
Deligne defined a mixed Hodge complex of sheaves on X whose hypercohomology computes H*(U, R),
endowing it with a canonical and functorial mixed Hodge structure. If j: U < X is the inclusion,
Deligne considered:

(J« UR’T<)_>(]* UC’T<)<_’(Q (log D), T<)‘_>(Q (log D), W, F*),

where 51'] g is the real (C*) de Rham complex on U, &, - = & ®r C, Q; is the holomorphic
de Rham complex on U, and Q5 (log D) is the subcomplex of j*Q. formed by the forms w with
logarithmic poles along D (both w and dw have at most a pole of order 1 along D). 7<, is the canonical
increasing filtration, F" is the decreasing trivial filtration, and W, is given by the order of the poles (see
[41, Theorem 4.2] for the precise definition).

Let us introduce different de Rham complexes from the ones in Deligne’s mixed Hodge complex of
sheaves.

Definition 2.66 (Real analytic de Rham complex of sheaves). For every smooth complex algebraic
variety Y,

o (A} g d) denotes the real analytic de Rham complex of sheaves on Y,
o (A o d) denotes the real analytic de Rham complex of sheaves on Y with values over C, that is,
.A' = = C®r .A

o A has a b1grad1ng induced by the complex structure on Y, which we denote by A3’ -, as follows: if

Y.C’
zl, ..., zZpn are local holomorphic coordinates of Y, the forms in .AY ¢ are locally generated over .A(;, c

by dziy A ... Ndzi, Ndzj; Ao ANdT foriy, . ip, iy g €41, 0}

Remark 2.67. A7, . (and thus also A7, ) is a complex of j.-acyclic and I'-acyclic sheaves. The I'-
acyclicity is well known (see [27, p. 127] for example). For the j.-acyclicity, it suffices to show that
H(V, nU, A ) =0foralli >0, k >0, x € X and certain V, neighborhoods of x in X forming
a basis. Let Y = Vx N U, which is a complex (and thus real) analytic manifold. As a real analytic
manifold, ¥ can be embedded into ¥ x Y as the diagonal, where Y is the complex conjugate of ¥, and the
restriction of O, 3 (the sheaf of complex analytic functions on ¥ x Y)toYis A(l)j’c. By [6, Proposition

5.42], Y possesses arbitrarily small neighborhoods in ¥ x ¥ which are Stein. Let W be one such Stein

neighborhood. By Oka’s coherence theorem and Cartan’s theorem B, one gets Hi (W, Oy.y) = 0 forall

i>0,s0 RT(W,0;.5) = T(W,0y,5). Since Y is closed in the paracompact space W, taking direct

limits on W approaching Y yields RI'(Y, A?/’C) = h_r)nF(W, Oy 5) =T(Y, A(I)LC), obtaining the j,-
w

acyclicity of .A(l)] - For k > 1 we follow the same argument, replacing Oy, i by Q’; 5 which is locally

free as an OYXy-module and thus it is also coherent.

In [38] (see also [5] for a similar complex using C* functions), Navarro Aznar defined a different
mixed Hodge complex of sheaves. The complexes of sheaves involved in its construction are the real
and complex-valued logarithmic Dolbeault complexes, defined as follows.

Definition 2.68 (Logarithmic Dolbeault Complex). Let U be a smooth connected complex algebraic
variety, let X be a good compactification of U, let D = X \ U, and let j : U < X be the inclusion.
Let us write local holomorphic coordinates (z;) on X such that D has equation z; - - - 7, = 0. The real
logarithmic Dolbeault complex A;(’R(log D) is the sub—Ag)(,R—algebra of j*A;j’R generated by the local
sections

dz; _dz;

93— forl<i<r, Rdz,3dz; fori>r.
l Zl

log(z:zi), R—
Similarly, the complex logarithmic Dolbeault complex is defined by A} (log D) := A5 ; (log D) ® C.
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Moreover, we define a bigrading on A% (log D) induced by the bigrading on A7, as follows:
%(log D) = Ap+q(log D)n ]*.Ag’fé.

Definition 2.69 (Navarro Aznar’s mixed Hodge complex of sheaves). Let U, X, D, j, (z;) be as in
Definition 2.68. The following data describes a mixed Hodge complex of sheaves N’ <D

N p = (A zl0g D), ), (4 c(log D), W, ). ),

where

o the weight filtration W, on A% r(log D) (resp. on A ~(log D)) is the multiplicative increasing
filtration generated by assigning weight O to the sections of A},  and weight 1 to the sections defined

locally by log(z;Z;), ‘Rdz' Sdz' forl <i<r,
o the Hodge filtration F- on A C(log D) is defined by

FP A% o(log D) = @ Ag”é(log D), and
p'zp

o a®1: (A (logD), W) & C — (A} .(log D), W, F") is the identity.
We recall here some important properties of N, X.D"

Theorem 2.70 ([38], Theorem 8.8). The inclusion (Q5 (log D), W, F*) — (A}, ~(log D), W, F)isa
bi-filtered quasi-isomorphism. The (weight and Hodge) filtrations on Q5 (log D), which were described
at the beginning of the section, coincide with the ones induced by the filtrations on .A;(’C(log D).

Proposition 2.71 (Proposition 8.4, [38]). The identity

(A5 (log D). 7<) = (A3 2 (log D), W)
and the inclusion
(Ax cllog D), 7<) = (7Ap 7<)
are both filtered quasi-isomorphisms. Moreover, the second map coincides with the adjunction 1d —

Rj.j~" applied to A% c(log D) when seen as a morphism in the derived category.

Corollary 2.72. The following is a diagram of filtered quasi-isomorphisms (the last one is bi-filtered),
where the maps are either the identity or the natural inclusions.

(A;(,C(log D), W_) X (A;(’C(log D), TS_) = (j*g;],c, TS_) — (@ (log D), 7<)

(@3 (log D), W, F*) <> (A;(,c(logD),W_,F')

The composition of all of these maps is the identity in the derived category.

Proof. The (de Rham) resolution R, — &7,  factors through .AU r» Which is quasi-isomorphic (through
the inclusion map) to the bigger sheaf complex 5{] r» because both resolve the trivial local system R,
(see [27, p. 127], for example). Since &}, yrisa complex of soft sheaves, this gives rise to an isomorphism
Rj.R, — j*Sl'J’R in the derived category, and Proposition 2.7 shows that the second map in the chain
of maps in the statement of this corollary is a (trivially filtered) quasi-isomorphism. The rest of the maps

involved are (bi-)filtered quasi-isomorphisms by Theorem 2.70 and Proposition 2.71.
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The statement about the composition of all of those maps in the derived category follows from the
fact that the inclusion Q% (log D) — j.&[, - factors through A% ~(log D). O

Note that the filtration W, on the logarithmic Dolbeault complex is not biregular, a hypothesis which
is needed for Definition 2.65, for example. However, we may tweak it a little to get a mixed Hodge
complex of sheaves similar to the one from Definition 2.69 with biregular filtrations as follows.

Definition-Proposition 2.73 (Modified nlixed Hodge complex of sheaves of Navarro Aznar). Let U, X,
D, J, (z;) be as in Definition 2.68, and let W., F* and @ be as in Definition 2.69. Let n > max{2, dimg U},
and let W be the increasing cdga filtration on A%, ;. given by

- W;AS _ifi<n
noAl . iX R =T
Wl = { S S

and let (AX oW = (A ®r C,W" @ C).
Then, the following data descrlbes a mixed Hodge complex of sheaves Ny X.Dun'

%o = (A3 210 D). W), (A5 c(l0g D). W F).a).
in which all the filtrations are biregular, and such that the identity morphism
N}.(,D - N).(,D,n
induces (bi-)filtered quasi-isomorphisms in its real and complex parts.

Proof. The identity morphism Ny , — Ny ,,  induces filtered morphisms in its real and complex

parts. By Proposition 2.71, if m > n > dimg U, Gry A% g is quasi-isomorphic to 0, so it is exact. By

induction, one can show that VT/m.A;( R / VT/,,A;( g 18 an exact complex of sheaves for all m > n, which

implies that A}, X.R /W, A g is an exact complex of sheaves, that is, quasi-isomorphic to 0. This shows
w .

that the identity morphism induces quasi-isomorphisms between Gr,, AX r and GrY AX g for all m.

These quasi-isomorphisms are the identity if m < n. The same holds for .AX .c» Which concludes our
proof. O

Remark 2.74. The isomorphism Rj.R;, — j.&[, ; described in the proof of Corollary 2.72 is the one
used to endow H* (U, R) with Deligne’s canonical mlxed Hodge structure, using Deligne’s mixed Hodge
complex of sheaves described at the beginning of this section.

The mixed Hodge complex of Navarro Aznar (Definition 2.69) also induces a mixed Hodge structure
on H*(U,R) via the composition of Rj.R, — ]*SU r above with A C(log D) — j.& -
Corollary 2.72, both of these mixed Hodge structures on H*(U, R) 001n01de Consequently, thls MHS
coincides with the one induced by the modified complex N, x.p.n, from Definition-Proposition 2.73 for
all n > max{2,dimg U}.

3. Thickening of a mixed Hodge complex of sheaves

Let K = Q or R. We will show how to construct a thickened mixed Hodge complex of sheaves for any
multiplicative mixed Hodge complex of sheaves /C°®.

3.1. The definition of the thickening

The data required for the thickening should be understood as an MHS V and a morphism V[-1] — K°.
Precisely, we require the following data.
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Assumption 3.1. We consider the following objects.

1. A multiplicative mixed Hodge complex IC* = ((K3, W.), (K2, W, F*), @) on a topological space X. a
is a filtered pseudo-morphism, which induces the filtered pseudo-isomorphism a ® 1 after tensoring
by C over K:

QZM 1 (IZM

(K% g C,W.) = (KK, W) =5 (K3, W) & o 220 (s, W) <22 (K3, W) = (K2, W).

In addition, all the weight filtrations W, are biregular (i.e., for all m and for all 0 < i < 2M, the
weight filtration induced on K" is finite), and all the complexes of sheaves are bounded.

2. AK-MHS (V,W,, F*). V¢ will denote the vector space V ®g C.
3. Foreveryi=0,...,M,amorphism

a2 (Ve, W[11) = T(X. (3, W),

Where K-l = kerd C K'. Additionally, ®,,; is required to preserve F- and ®; must be defined

over K.
4. Foreveryi=1,...,M, amorphism
Yoic1: (Ve, W.[1]) — F(X’ (’C(z)i—pW-))
such that

d oW1 = a1 0D — az o Dy.

In other words, the maps ®,; are only required to be compatible with @ up to homotopy, and the
homotopies are part of the data.

Our thickening, when seen as a deformation, will be parametrized by the formal neighborhood of the
origin in V, that is, if V'V is the dual vector space, the base ring will be the completion of Sym*® V" at its
maximal ideal. Concretely, the base ring will be the following: Let V¥ be the dual MHS. For the rest of
this section, and for all 0 < m, let us generalize Definition 2.20 (which assumes V = H!(G, K)):

._.

m-—

l_[Symf VYs Rp= —/————— = Sym’ vV
=0 I15 Sym Vv 0

We reuse the notation from Definition 2.20 because we will only construct explicit thickened complexes
when V = H' (G, K), but the theory will be carried out with more generality in this section.

R is a ring, whose multiplication is the usual multiplication in the symmetric tensor algebra, and
15, Sym/ V is an ideal for every m > 1. In fact, if we let

= nSymj VY,
J=1
then the ideal ]—I‘J’-":m Symf VY equals a™ for all m > 1. Given a basis s, ..., s, of V¥, we obtain an
isomorphism Ry, = K[[s1,...,s,-]],and R, = K[[s1,...,s-]1/(s1,...,5:)™.

In order to work in both homology and cohomology, we will consider the K-dual of a deformed
complex. This will require us to work over the K-dual modules of R,,. Let us from now on use m to
denote a nonnegative integer, and let:

R_,, := Homg (R,,, K).
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The Rs-module structure of R, induces a module structure on R_,,. We will abuse notation and denote
by R, Ry and R_,, the same constructions but using V¢ instead of V and C instead of K. This abuse of
notation will be clarified as follows: The expression Ro, ®x — will assume that R, is constructed using
V, whereas R, ®c — will assume that R, is constructed using V.

Form > 0, R,;, has an MHS, namely the direct sum of the MHSs on Symf VV. Furthermore, R_,, has
the dual MHS. In fact, using Definition-Proposition 2.53, one can see that the multiplication morphisms

VV®x Ry — Ry, and VY ®x R_,, — R_,» (3.2)

are MHS morphisms.
Definition 3.3. Let V as in Assumption 3.1. We denote by & the canonical element of V¥ ®x V, namely
r
ER = Z S ® siv s

i=1

where {s1,...,s,} is a basis of V¥ and {s},...,s/} is its dual basis. Similarly, ec will denote the
canonical element of (V¢)Y &c Ve.

Definition 3.4. Consider the setup in Assumption 3.1.
o We will denote by @y;(ec) € I'(X, R ®c Kéi) the image of ec by Idvcv QcDy; foralli =0,...,M.
Similarly,

o Ifi = 0, we will denote by ®y(ex) = Idyv QxPy(ex) € I'(X, Reo x IC]%) (recall that @ is defined
over K).

o Wy (ec) = Idyy ®Wai-1(ec) € T(X, R ®c Ky )foralli=1,....,M.

o azi-1Pri—2(ec) = Idyv ®ragi—1 0 ®ri—a(eg) € I'(X, R Qc K’éi—l) foralli=1,..., M.

o Q'Ziq)Zi(SC) = Idyv Qgay; o q)Zi(SK) € F(X, R ®¢ ’C%i—l) foralli=1,...,M.

Remark 3.5. Let m > 1. Left multiplication by ®,;(ec) defines an element of

Homllzm (Rim ®c IC;[’ aRim ®c ]CEZ)
foralli =0,...,M. Here R_,, is seen as an R,,-module, and R,, is a local Artinian C-algebra with
maximal ideal a (where we are abusing notation and denoting by a the image of the ideal a of R
through the ring epimorphism R, - R,,). Similarly, left multiplication by the rest of the elements from
Definition 3.4 defines an element of

Hom}zm (Rim ®c IC;’ aRim ®c K;)

for the appropriate j, except for W,;_; (ec), which defines an element of

Hom%m (Rem ®c K51, aRxm & K3,_))

foralli =1,..., M. In particular, since a is a nilpotent ideal in R,,,,
) 1 ) m—1 1 ]
et 2 N (W i(20)) = ) = (Wain1(82)) € Homfy (Rum @ K3y, Rem ®c K3;_)
=/ =0 /- "

is a globally (and well) defined endomorphism foralli =1,..., M.
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Lemma 3.6. Let K°* = ((KC5, W), (K2, W, F*), @) be a mixed Hodge complex of sheaves on a topolog-
ical space X, and let H be a K-MHS. Then

He®K* = ((H® Ky, W), (Hec & K¢, W, F),1dy ®a),

with the natural (tensor) filtrations from Definition-Proposition 2.53, differential, pseudo-morphism and
K-structure, is also a mixed Hodge complex of sheaves.

Proof. Let us start by noting that, since the complex of sheaves K} is a complex of sheaves of K-vector
spaces, the identity induces an isomorphism for all j:

Gl (Hex ky) = (P Gl H ey Gr)) Ky, (3.7)

a+b=j

and similarly for He ®c K} for every complex of sheaves of C-vector spaces K} appearing in the
pseudo-isomorphism @ ® 1.

In order for HR* to be a mixed Hodge complex of sheaves, it must satisfy the following requirements.
We will begin with the more straightforward properties.

o The vector spaces H*(X, H ®k IC*) are finite-dimensional: this follows from the fact that K is a
field and therefore H is flat, so these are isomorphic to H ®g H* (X, K*).

o The differentials preserve the weight and Hodge filtrations: this is a direct consequence of the
definition of the differential on the tensor product as Idy ®d, where d denotes the differential in K°.

o The maps Idg ® a form a pseudo-morphism which becomes a filtered pseudo-isomorphism
after tensoring by C over K: this also follows also from the flatness of H¢ over C and its graded
pieces, together with the direct sum decomposition (3.7).

Finally, we must show that the associated graded for the weight filtration is a pure Hodge complex of
sheaves, as defined in [41, Definition 2.32]. Applying the decomposition (3.7), it suffices to show this for
any summand of the form Gr)¥ H® Grzv KC*. In other words, the problem is reduced to the case where H
is a pure Hodge structure of weight a and C* is a pure Hodge complex of weight b, and we need to show
that H ® IC* is a pure Hodge complex of weight a + b. This amounts to showing the following properties:

o The vector spaces H* (X, Hy ®k IC*) are finite-dimensional: this is the same as above.

o The maps Idg ® @ form a pseudo-morphism which becomes a pseudo-isomorphism after
tensoring by C over K: this is the same as above.

o The spectral sequence HP*7 (X, Gr’; (Hc®cKL)) = HPY (X, H- ®c IC7.) degenerates at Eq: Let
us use the Hodge decomposition of H, namely F?'He = P (Hc)B%, to decompose the tensor

i2p)
product:
Hc ®c ]Cé = @(Hc)p’a_p ®c Ké,
g (3.8)
FP(Hc ®c K2) = Z FP'He ®c FPKL = EB (Hc)P97P' @c FP2ICE.
p1+p2=p pi1tp2=p

Since KZ. is a Hodge complex of sheaves, the spectral sequence for the direct summands converges
at Ey, since it only differs from the one for X2, by a tensor with a vector space and a shift in the
filtration.

Applying [41, Lemma A.42], this in particular implies that the following morphisms, induced by
the inclusion, are injective:

HP* (X, FP (He ®c K2)) < HP* (X, He ®c K2).

o Thefiltration induced by F endows V (X, Hy ®x KC%) with a Hodge structure of weight a + b + j:
FPH/ (X, Hc ®c K2) is, by definition, the image of the morphism induced by the inclusion of sheaves
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(which is injective, as stated above)
H/ (X, FP(He ®c K)) <= H/ (X, He ®c K2).

Applying (3.8), FPH/ (X, Hc ®c K?) is the direct sum for all py, py such that py + po = p of all
the images of the morphisms

HY (X, (He)P“"P' @c FP2KZ) — B/ (X, He @c K2,
that is, the direct sum of the images of
(He)P7P' @c HY (X, FP2KE) — He ®@c BV (X, K2),

which coincide with (Hc)?"*"P' @c FP2H/ (X, K?.) for all py + py = p. Therefore,

FPH/ (X, He®c K2) = ) (Ho)P P @c FPHY (X, K2) = Z FP'Hc ® FP2HY (X, K2).
pi1tp2=p pi1tp2=p

That is, the filtration F* on H/ (X, Hc ®c K?.) is the tensor filtration on Hc ®c H/ (X, K?.). The
rest follows from the fact that Hc is a Hodge structure of weight a and, since K2, is a Hodge complex

of sheaves of weight b, H/ (X, K?) is a Hodge structure of weight b + ;.
O

Definition-Proposition 3.9. Consider the objects in Assumption 3.1, and let ® := (D, ..., Dyps) and
Y = (¥,...,¥am-1). Let ec and e as in Definition 3.3. Let m € Z where m # 0, and let (R,,,, W., F*)
be the MHS on R,, as in this section.

Then,

IC'(m, V,®, ‘I’) = (((Rm ®r ICH.Q d+ q)o(SK)), W_), ((Rm ®c Ké, d+ q)ZM (8@)), W, F'),a)

is a K-mixed Hodge complex of sheaves on X, where

o The filtrations W, F* of R,, ®x K} and/or R, ®c IC; forall j =0,...,2M that appear are the tensor
filtrations defined as in Definition-Proposition 2.53 from (R, W., F*) and the filtrations in C°.

o Everywhere, we write d + a to denote the sum of the differential Idg,, ®d, where d is the differential
in KC*, and left multiplication by a.

o «a is the filtered pseudo-isomorphism given by

((Rm ®c K5, d + @ (£c)), W.) ((Rm ®c K3,d + ®>(ec)), W.) LN

\le Ray \le Qa;

ev1(ec)

((Rm ®c /CI, d+ a1 Dy(e)), W) —_— ((Rm ®c ICI, d+ary®;(ec)),, W)
(3.10)

Proof. First note that all of the complexes of sheaves involved in this definition are indeed complexes
of sheaves by Lemma 2.50 and Remark 2.51, and they are bounded because the complexes in K° are.
All the W, filtrations that appear in the complexes appearing in K®(m, V, ®, ¥) are increasing, as they
are tensor filtrations of increasing filtrations. Similarly, the F* filtration of (R, ®c K2, d + @2 (ec))
is a decreasing filtration.

We have to verify the following claims:

o The vector spaces H*(X, (R,, ®k Ky, d + ®y(&x))) are finite-dimensional. If m = 1, these hyper-
cohomology groups coincide with H* (X, ICH'<), which are finite dimensional by the hypothesis that
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KC* is a mixed Hodge complex of sheaves. For m > 1, we have a short exact sequence
0 — Sym™ VY 5> R, = Rp_1 —» 0 (3.11)
which induces a short exact sequence of complexes of sheaves
0— (Sym™ vV @ Kg,d) = (Ry ®x Ki,d + ®(ex)) = (Rp—1 O Ky, d + ®(ex)) — 0

We have that H* (X, Sym™ ™! V¥ @¢ Kp.) = Sym™™' VY ®H* (X, K3, so they are finite dimensional
vector spaces. The short exact sequence of complexes of sheaves induces a long exact sequence in
cohomology groups, so the result for all m > 1 follows by induction from these long exact sequences.

For m < 0 the result follows by dualizing (3.11) over K and following the same inductive argument.

o The differentials preserve the weight and Hodge filtrations, that is, the weight and Hodge filtrations
are filtrations by subcomplexes of sheaves. We start by showing that ec € (Wo N F 0)(VCV ®c Vo).
Recall how the filtrations are defined on duals and tensor products in Definition-Proposition 2.53.
Let us assume that a basis {s}’} is chosen in a way compatible with the filtration W, (resp. F*), that
is, for every m, W,,,V (resp. F?) is generated by a subset of this basis. Let {s;} denote the dual basis.
If s € W,V (resp. s7 € FPV), then s; (seen as a morphism from V to K) takes W,,_1V (resp.
FPY'Ve) t0 0, so s; € W_,,VV (resp. s; € F~PVY). In particular, 5; ® 57 € Wo(V¥ @k V) (resp.
5;®s) € FO(VY @ Vi), so ec € (Wo N FO)(VY @c Vo).

Now, recall that @y;(ec) = (Id @Dy;)(ec) foralli =0, ..., M. By Assumption 3.1, ®,; decreases
the weight by 1, so

Dy (50) € r(x, W, (Vg ®c /c;,.)).

Since K* is a mixed Hodge complex of sheaves, d preserves the weight. Since KC*® is a multiplicative
mixed Hodge complex of sheaves and the multiplication morphisms in (3.2) are MHS morphisms,
multiplication by ®;;(ec) decreases the weight by 1. Hence, applying d + ®,;(&c) preserves the
weight, since d does. Since ay; also preserves the weight for all i, multiplication by ay;—1®;-2(ec)
and ap; P;; (ec) decreases the weight by 1, so applying d+ao;—1 P22 (ec) or d+a; Dy (ec) preserves
the weight. Similarly, multiplication by ®;,, (ec) and the differential d + ®,, (ec) both preserve the
Hodge filtration.

o The associated graded for the weight filtration is a Hodge complex of sheaves. First, note that,
by a similar argument as above, W,;_| (&c) decreases the weight by 1, since W, also decreases the
weight by 1. Since ®,;(sc) also decreases the weight by 1 for all i = 0,..., M, applying Gr" to
(3.10) yields:

w
G (Rn®cKpd)  Grl (Ry 00 K3 d) =

lGr.W (Id®ai) \LGr_W(Id ®as) (3.12)

GI‘_W (R ®c ]CI, d) —— GI'_W (R ®c ’CI, d)

Hence, Glr}V applied to (3.10) yields (up to some extra identity maps between the sheaf complexes)

the same diagram as Gr}V applied to R,, ® K*® (without twisting the differential). The rest follows
from Lemma 3.6

o The maps @ form a filtered pseudo-morphism, which becomes a filtered pseudo-isomorphism
after tensoring with C over K: First, the maps Id ®; are clearly morphisms of complexes (they
preserve the differential). By Remark 2.52, ¢¥2+1(¢) js an isomorphism of complexes. When passing
to Gr", we obtain (3.12), which we already showed is a pseudo-isomorphism. Since the filtrations
W, are biregular, the result now follows by increasing induction and the five lemma. O
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3.2. Properties of the thickening

Proposition 3.13. Suppose we have (K*,V, ®,¥) as in Assumption 3.1. Via the embedding V¥ C R,
multiplication induces a morphism of mixed Hodge complexes of sheaves for every m € Z \ {0}:

VVe K '(m,V,®,¥) — K*(m,V,®,¥),
where

VYK (m,V,®,¥P) =
(VY ®& ®Rm @ K§, d + Dp(£x)), W.), (V& ®c ®Rym ®c K&, d + Popr(ec)), W., F), Idyv ®a),

and the filtrations are tensor filtrations of V¥ and K*(m,V, ®,¥) as in Definition-Proposition 2.53.

Proof. Note that V¥ @ K*(m,V,®,¥) is a mixed Hodge complex of sheaves by Lemma 3.6. By
(3.2), multiplication induces a mixed Hodge structure morphism VV ® R,,, — R,;, so the multiplication
morphism VV®K*(m,V, ®,¥) — K*(m,V, ®, ¥) preserves the filtrations. To see that it is a morphism
of mixed Hodge complexes of sheaves, we also need to see that it commutes with the pseudo-morphisms
of both mixed Hodge complexes of sheaves. That is, it suffices to see that it commutes with Id ®«;,
which is clear since it acts on the first factor, and with e*2-1(£) which follows from the commutativity
of Reo. m]

Proposition 3.14. Suppose we have (IC°,V, ®, W) as in Assumption 3.1. Letm’,m € Zwithm’ > m > 0.
The projection morphism R,y —» R,, induces a morphism of mixed Hodge complexes of sheaves:

K*(m",V,®,¥) - K*(m,V,®,¥),

and the dual R_,;, — R_,y of the projection morphism induces a morphism of mixed Hodge complexes
of sheaves:

K(-m,V,®,%¥) - K*(-m’,V,®,¥P).

Proof. The proof follows the same steps as the proof of Proposition 3.13, this time using that the
projection R,y - R,, is an MHS morphism, so we omit it. O

Proposition 3.15. Suppose we have two pieces of data as in Assumption 3.1 with a morphism connecting
them:

(K, V,®,¥) — (K*,V,®, V),

in other words, there is an MHS morphism u: V — V, such that the maps ®’s and V’s commute with
these. Then, the morphisms between complexes of sheaves induced by u and the identity in K*

K*(m,V,®,¥) > K*(m,V,®,%¥), K'(-m,V,®,¥) > K*'(-m,V,®,¥).

are morphisms of mixed Hodge complexes of sheaves for all m € Z»

Proof. Let R,, and ﬁm be constructed as in this section for the spaces V and 17, respectively. The
morphism y: V — V induces MHS morphisms u¥ : V¥ — VY and (¢¥)® : Sym’/ V¥ — Sym/ V.
Together they define a ring morphism Y, : Reo — Reo, Reo-module morphisms ), : R, — R, and
their duals y,, : R_,, — R_,, forallm > 1. The maps p, and p,, are MHS morphisms for all m > 1.

Tensoring with the identity morphism of K®, we obtain morphisms between the complexes, which
automatically preserve all filtrations since ), do as well.

Let us show that these morphisms commute with the differentials (that is, they are morphisms of
complexes of sheaves). We start by showing that (u,, ®c Id;c;) o(d+ &%(5@) = (d + ®;(ec)) o
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(1), ®c Id;c;), where ec and £¢ are constructed from V and V as in Definition 3.3, and the subindex
C is changed for K if the degree i is O (in which case K§ is changed for K3). Since d acts as the
identity on the factor R,,, it is clear that it commutes with w,. Therefore, it suffices to show that
®@;(ec)ou,, = ﬂLocf)i(Ec): R,,®cK* — R,,®cK". Suppose we have a simple tensor a®c € §m®cK{.
Let {5)} be a basis of V, and let {5, } be its dual basis. Then,

iy (®i(£c) - (a® ) = /«%(Z 5:a® ®;(5)) A C)

= Zp;/n(Fra) ®D;(5) Ac

= > 1 G (@) @ B;(5) Ac

= (Z 1Y (5) @ @i (5)) | A (1 (a) @ c).

Note that if {s,} (resp. {5;'}) is a basis of V' (resp, V), then

Zuv('s'r) ®®;(5Y) = Z 51 ® &)i(,u(sg/))

1

which equals }; s; ® (I),-(s;’) by hypothesis. Applying this to the previous string of equalities yields

2, 51@Dils))| A (uy (@) @ 0)

l
= ®@;(ec) + (4 (a) ® ).

fon(Di(sc) - (@ ® ) =

This shows that u, ®c Idyc; commutes with the differentials of the form d + ®; (ec) and d + ®@;(2c). The
proof follows the same steps for the other differentials appearing in the corresponding thickened mixed
Hodge complexes of sheaves, namely those of the form d + a;®;(ec). Hence, y,, ®c Idic; commutes
with the differentials for all m > 1.

The proof of the fact that ®; (8¢) o fm = pm o @;(ec) follows the same steps, this time using that
foralla¥ € R_,,,and5 € R,,,5 - Um(a”) = (), (5) - a¥), so we omit it. This shows that y,, ®c Idc:

commutes with the differentials of the form d + ®;(ec) and d + @; (2c). As in the previous case for u,,,
the proof follows the same steps for the other differentials appearing in the corresponding thickened
mixed Hodge complexes of sheaves, so u, ®c Idcs commutes with the differentials for all m > 1.

It remains to show that these morphisms between the complexes of sheaves commute with the pseudo-
morphisms at every degree. It is clear that they commute with the morphisms of the form Id ®«;, since
these are the identity on the first factor. The commutation with the morphisms of the form e*/(¥) and
¢¥i(?2) follows similar steps as the ones done for checking that these morphisms induced by u between
the complexes of sheaves commute with the differentials, so we omit them. |

Proposition 3.16. Let m € Z \ {0}. Let V be a K-vector space, where K = Q,R,C. Let M : (K°®,d) —
(G*, d) be a quasi-isomorphism of complexes of sheaves over K on a topological space X. Let ® : V —
(X, K. Then,

My = 1dg,, @M : (R ®x K*,d + ®(ex)) = (R @& G°, d + (M o @) (e£x))
is a quasi-isomorphism.

Proof. Note that My is a morphism of complexes (it commutes with the differentials)
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Suppose that m > 0. Consider the decreasing filtration G- by subcomplexes of (R, ®x K*, d+P(ek))
given by

GpRm ®r K® = (®ijSm—1 Symj Vv) Rk Ke.

Note that G'R,,, ®x K* = R,, ®¢ K* and G™R,,, ®¢ K* = 0. Similarly, we define the decreasing filtration
G of R, ®x G*,d+ (M o ®(eg)). Note that My preserves the filtration G-, and multiplication by ®(ex)
or (M o @) (ex) increases the filtration by 1. In particular, for p > 0 we have the following commutative
diagrams of short exact sequences:

GP*Y (R, ®x K*,d + ®(ex)) —— GP (R ®x K*,d + ®(ex)) — Grg(Rm ®x K*,d)

I Jo Je

GP* (R, ®x G*,d + (M o ®)(ex)) < GP (R ®x G*,d + (M o ®)(ex)) —» Grf;(Rm ®x G°,d)

If p = m — 1, the vertical arrow on the left is a morphism between two 0 complexes, and the vertical
arrow on the left is a quasi-isomorphism, so the central vertical arrow must also be a quasi-isomorphism.
The rest of the proof now follows from decreasing induction and the five lemma, ending at p = 0, where
one can show that the central vertical arrow is a quasi-isomorphism.

The result for m < 0 follows similarly by defining a decreasing filtration on R, ®g K°® from the
dual decreasing filtration on R, defined as in Definition-Proposition 2.53 from the one in R_,,, namely
GPR_yy ={h: Ry —> C| & pri<j<m-i Sym’ V¥ c ker h}. O

Proposition 3.17. Suppose that we have two pieces of data as in Assumption 3.1:
(K*,V,®,¥), (K*,V,®,¥)

Furthermore, suppose that they are connected by a morphism of multiplicative mixed Hodge complexes
of sheaves M : K* — K°, that is compatible with the remaining data, in the sense that for every i,

Dy = My; o Dy;;
Woi1 = Mpi—1 o ¥a_1.

Then, 1dg,, ®M is a morphism of mixed Hodge complexes of sheaves between the two thickenings
K*(m,V,®,¥) and K*(m,V,®,¥). Moreover,

o if M is a weak equivalence in the sense of [41, Lemma-Definition 3.19] (that is, a collection of
quasi-isomorphisms), so is Idg,, ® M, and

o if Mis a filtered quasi-isomorphism between the respective components of the mixed Hodge complexes
of sheaves K* and K* (and bi-filtered in the last), so is Idg,, ®M.

Proof. Let a and S denote the pseudo-morphisms in ® and K, respectively.

First of all, Idg,, ® M»; commutes with the differentials d + ®;(ec) and d + 521-(8@) because M
commutes with all ®’s, and it commutes with differentials of the form d + a; o ®y; and d + jtfzi(a@)
because M commutes with the a’s as well. Next, Idg,, ® M commutes with all the maps in the pseudo-
morphisms (3.10) (the e’s and the f’s): It commutes with maps of the form Idg,, ®; and Idg,, ®8;
because M, being a morphism of mixed Hodge complexes of sheaves, must commute with the @;’s and
Bi’s, and it commutes with maps of the form e¥(#) because M is required to preserve the multiplicative
structure and commute with the W’s. Lastly, Idg,, ® M preserves all the filtrations because both Idg,
and M do. This concludes the proof of the fact that Idg,, ® M is a morphism of mixed Hodge complexes
of sheaves.

The first point in the “moreover” part of the statement follows from Proposition 3.16.
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Lastly, the proof of the second point for the weight filtration in the “moreover” part of the statement
follows from the fact that the differentials become untwisted after passing to the graded pieces, and from
the direct sum decomposition of the graded pieces in terms of graded pieces of the tensor appearing in
the proof of Lemma 3.6. For the Hodge filtration in the last component of both mixed Hodge complexes
of sheaves, one can again use the direct sum decomposition of the graded pieces in terms of graded
pieces of the tensor, and use an inductive argument similar to the one in the proof of Proposition 3.16,
defining the filtration that G* induces on these graded pieces. O

4. The thickening of the logarithmic Dolbeault complex

In the previous section, we showed how to construct a thickened mixed Hodge complex of sheaves
from a multiplicative mixed Hodge complex of sheaves together with the extra data (V,®,¥) of
Assumption 3.1. In this section, we apply this construction in the case where the multiplicative mixed
Hodge complex of sheaves is the modified logarithmic Dolbeault mixed Hodge complex of sheaves
from Definition-Proposition 2.73 (based on Navarro Aznar’s mixed Hodge complex of sheaves from
Definition 2.69) and V is the first cohomology of a semiabelian variety G. The following result clarifies
which ingredients we will use in order to construct a thickening of the logarithmic Dolbeault complex.
In it, note that the mixed Hodge complex of Definition-Proposition 2.73 is extended by an extra term
(using the identity morphism) to fit Assumption 3.1.

Lemmad4.1. Let U L G be an algebraic morphism from a smooth variety to a semiabelian variety. Let
0-Gr >G5 Ga—0

be the Chevalley decomposition of G.
Suppose that we have the ingredients (X,Y, ®Y d%, WY, satisfying the following properties:

1. X is a good compactification of U and Y is an allowed compactification of G (Definition 2.39) such
that X and Y are compatible with respect to f (Definition 2.40), that is, f extends to ? X > Y. Let
E=Y\GandletD =X \U.

2. Let n > max{2,dimg U}, and let /\/},D’n be the (multiplicative) mixed Hodge complex from [38]
(see Definition-Proposition 2.73):

;(,D,n = (('A;(,R(logD)? W.n)7 ('A;(,(C(log D)’ Wn’ F)v a'),
where « is the filtered pseudo-morphism such that a ® 1 is the filtered pseudo-isomorphism
(A c(log D), W) = (A% r(log D) @ C, W) = (A% c(log D), W) & (A c(log D), W).

3. Let H := H'(G;R), together with its mixed Hodge structure.
4, CDH’;, d% are linear maps which are a section of the cohomology map, with the following domain and
target:

®f: H — I'(Y, Ay (log E)),

®f: He = H®y C— T(Y, Ay (log E)).
Here, A)l,’j%{(log E) denotes the closed K-valued forms in A;,K(log E). These maps satisfy the
following three conditions: _ _
o For K = R,C, the image of @H’; is contained in T'(Y, Wl.A;’Cﬂlg(log E)), where W_ is as in Defini-
tion 2.69.
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o Both <I>§ and <I>é send classes that are pulled back from G 4 to forms whose restriction to G is in
the image of p’, : T'(G 4, AIGA ) — (G, A]G o) for K =R, C respectively.
o d)é sends classes that are represented by holomorphic forms on G to (1,0)-forms.
5. WY is a linear map (a homotopy)

¥Y: He - T(Y, A) ~(logE))
such that
do¥' =Co o] - 0.

Then, (K*,V,®, ©,,¥) = (./\/';( H, ?* o d)Y,7* ) @Y,f* o WY) satisfy Assumption 3.1.

D.,n’

Proof. We need to show that @, ®,, ¥ satisfy the conditions of Assumption 3.1. We do thi~s in several
steps. Note that, since n > 2, the filtrations of the logarithmic Dolbeault complex W]’.‘ and W; coincide

for j =0, 1,2, so we can use V~V_ in our arguments.
@}, preserves the weight filtration, as follows:

® : (H,W.[1]) - (v, (AL (og E), W")).

Since G is smooth, Ger H = 0 when i is not contained in {1, 2}. Therefore, after the shift, the nontrivial
graded pieces correspond to indices contained in {0, 1}. The weight 1 is preserved by hypothesis.
For weight 0, note that

Wo(H' (G,R)[1]) = WiH'(G,R) = H' (G 4,R), and WoAy ¢ (logE) = Ay 5.

Since Y is an allowed compactification of G, there exists a compactification G asin Corollary 2.38 and
an algebraic map p : Y — G such that p o jy = jg, where jz : G < Zis the inclusion for Z =Y, G. In
particular, p 4 extends to a fibration 4 : G — G4.Leta € H'(G 4, R). By hypothesis, <I>ﬂ§ (a)lc = pjw
for some w € I'(G 4, AIGA z)- Note that CI)]’(R (a) and p*(pa”w) have the same restriction to G, and since
G is dense in Y, they must coincide. In particular, (I)]g(a) el'(Y, All, ) =T, W()All, r(log E)).

d% preserves the weight filtration: d% : (He,W[1]) — F(Y , (A)l,’%(log E), VT/)) also respects
the weight filtration by the analogous argument over C.

WY preserves the weight filtration: it maps (Hc, W.[1]) to F(Y , (Ag),’c(log E), VT/)) Since ‘DIE
and @, respect the filtrations (up to a shift), the relationship between ¥, ® and @Y. implies that it
suffices to show that, for d : A(},C(log E)— A;,C(log E),d™! (VT/jA;’C(log E)) = WJ-AOY,C(Iog E) for
all j > 0 (we only need to apply this fact for j € {0, 1}).

To do this, we will show that for all j > 1, d°! (Wj_lA)l,’c(log E)) N WiA) (logE) =

Wj,lAg < (log E)). We apply Proposition 2.71, which ensures that
HO(GrlY Ay (log E)) = HO(GrT A} c(log ) = 0.

Spelling out the definition of H°, this means that if @ € W,-.A()), c(logE) is such that dao €
VT/j_lA;’C(log E),ihen a € VT/j_lAg,’c(log E), as d~esired. By induction on j,~we have that for any
J>Jj'20,ifaeW;A) (logE) is such that da € Wy A, (log E), then @ € W A}, . (log E).

@, respects the Hodge filtration (without any shifts): The relevant pieces are F = H!(G, C) and
F'. For F°, we have that H' (G, C) = F'H!(G, C). Automatically, its image lands in F()A;,’R(log E) =
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Ay 1 (log E). Next, by Deligne’s theory of MHS, F'H' (G, C) is composed of the classes of holomorphic
forms, and ®c maps these to (1, 0) forms by hypothesis, that is, to F' A}, . (log E).

7* takes logarithmic forms to logarithmic forms and respects the filtrations W. and F", so in
particular it also respects W' and W{'. Also, f commutes with the differential d. Hence, @, @, ¥
satisfy the conditions of Assumption 3.1. O

In order to apply Lemma 4.1, we need to make sure that such (I)])é, ':I)(lgj and WY satisfying the assump-
tions therein exist, which we achieve in Definition-Proposition 4.8 and in Corollary 4.9. Before that,
we start by recalling some general facts about abelian Lie groups in order to fix notation (Lemma 4.2).
Then, we will state the definitions of the maps ®F, ®S and W< in Definition-Proposition 4.6, which
are a first approximation to the definitions of @), @Y and ¥ . The images of the maps @5, @5 and ¥
consist of analytic forms on G. We later extend these to @}, ®% and ¥ in Definition-Proposition 4.3.

Lemma 4.2. Let G be a complex semiabelian variety. Let A be the kernel of the exponential map
TG — G. Let the Chevalley decomposition of G be given by

05Gr 562 6,—0. 4.3)

Let Q5 denote the holomorphic de Rham complex of sheaves on X for every smooth complex algebraic

variety X, and if X is a complex Lie group, let Q;’inv (resp. A;I?;g for K = R, C) denote the sheaf of

holomorphic (resp. analytic) invariant 1-forms on X. Then,

1. For K = R,C, there are natural isomorphisms F(G,Agjg) =~ Homg(TG,K) and H'(G,K) =
Homgz (A, K). The map that sends a form to its cohomology class corresponds to the restriction to A.

2. There is a natural isomorphism I' (G, Qémv) = Hom¢(TG, C).

3. The restriction T'(G, ngv) - I'(Gr, Qgiw) is surjective.

4. The projection of invariant forms onto their cohomology classes T'(G, Aéiﬁg) — H'(G,R) is
a surjection, and the same holds for G5, and Gr. The statement is also true for C-coefficients.
Furthermore, in the case of G a this projection is an isomorphism (both with R and C coefficients).

5. F(G,ngv) can be seen as a subspace of H' (G, C) through the projection of forms onto their
cohomology classes, which is an injective map. The same holds for G o and Gt. Furthermore, in the
case of Gt this injection is an isomorphism.

6. H'(G 4, C) can be seen as a subspace of H'(G,C) via (pa)* : H'(G4,C) — H'(G,C), which is
injective.

7. The cohomology class of every closed holomorphic I-form is represented by an invariant holomorphic
form.

8. I'(G, Qld"w) and H' (G 4, C) generate H' (G, C) as a complex vector space.

Proof. Note that all invariant forms appearing in the statement of this lemma are closed, since they
pull back to constant forms on the corresponding universal cover (a complex vector space), and the
differential commutes with the pullback. Hence, invariant forms do represent cohomology classes, and
the statements in parts (1), (4), (5) and (8) make sense.

Since G 4 and Gt are semiabelian varieties, every statement that is proved for G applies to them as
well.

1. The isomorphism I'(G, Agi’]}g) =~ Homg (TG, K) comes from pulling back an invariant form through
the exponential map TG — G, which yields a constant form. Constant forms on a vector space are
identified with its dual. For the second isomorphism, note that TG is the universal cover of G, and
therefore A is canonically 7;(G) and also H, (G, Z). Furthermore, since TG is a vector space, the
pairing between a constant form seen as an element of Homg (TG, K) and x € TG is the same as the
integral of the form on a path from 0 to x. If x € A, this path is the pullback of a loop in 7{(G), and
the statement follows from de Rham’s theorem.
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2. The isomorphism I'(G, Qginv) = Homc (TG, C) is analogous to the real analytic setting.

3. The morphism p 4 in (4.3) is a fibration with fiber G, so it induces a short exact sequence between
tangent spaces at the identity, and hence the restriction Homc(7G,C) — Home(TGr,C) is a
surjection. Now, use part (2).

4. Since G = TG /A, Aisdiscrete, and in particular any Z-basis is R-linearly independent. The statement
for G follows from part (1). In the case of G 4, the fact that the projection is an isomorphism now
follows from the fact that both spaces have the same real dimension, namely 2 dim¢ G 4.

5. From above, we have a natural isomorphism I'(G, Qémv) =~ Homc(TG, C),and H' (G, C) is naturally
identified with Homz(A, C). Since A generates TG as a C-vector space, this restriction is injective.
In the case of G, A is a C-basis of TGr, and the injection is an isomorphism.

6. Consider the long exact sequence of the fibration p 4 on homotopy groups. Since the universal covers
of all the spaces involved are contractible and their fundamental groups are all abelian, we get a short
exact sequence in homology

0= Hi(Gr.Z) 5 H1(G,2) 2% H /(G Z) — O,

and in particular, a short exact sequence in cohomology

0 — H(A,C) 22 1'(G,0) S H' (Gr.C) — 0. (4.4)

7. Let us consider first the cases where G is an algebraic torus and an abelian variety. If G is a torus,
then every cohomology class is represented by an invariant holomorphic form, by part (5). If G is an
abelian variety, the Hodge decomposition tells us that the space of classes of holomorphic forms has
complex dimension equal to dim G, so it suffices to compare dimensions.

For a general G, consider a closed form a € F(G,Qé;). By the torus case, its restriction to
Gr is represented by an invariant holomorphic form a7 on Gr which, by (3), is the restriction of
some ar € I'(G, Qg'"v). Then, @ — ar is a holomorphic form that vanishes on Gr. By the short
exact sequence (4.4), its cohomology class comes from G 4, and by the abelian variety case, it is
represented by an invariant holomorphic form @ 4. Then, in cohomology, @ = ar + (pa)*a@a, which
is the class of an invariant holomorphic form, as desired.

8. Using the short exact sequence (4.4), H'(G4,C) together with the image of any section of *
generate H' (G, C). Combining parts (5) and (3), such a section can be constructed from a section of

[(G,Q5™) = I(Gr,g™). O

Remark 4.5. Consider the Chevalley decomposition (4.3) and A as in Lemma 4.2. Since Gt is an
algebraic torus, ANTG7 = m1(Gr) is freely generated by a C-basis of TGr, and since G 4 is an abelian
variety, the image of A in TG 4 is a full rank lattice in G 4.

We can choose a way of extending A to a full rank lattice in G. Let A’ := i - (AN TGr). Then,
N & (ANTGr) is a full rank lattice in TG7, and A @ A’ is a full rank lattice in TG.

Definition-Proposition 4.6 (Definition of ®F, ®S and W). Let Y be an allowed compactification of
a complex semiabelian variety G, let jy : G — Y be the inclusion and let E ==Y \ G. Let

056G 562 6,-0

be the Chevalley decomposition of G.

o We define (Dg as the unique C-linear map whose restrictions to H'(G 4, C) and the cohomology

classes of I'(G, Qgi"") are as follows:
1.

(@)1 (g0 H'(Ga,©) = T(G, AGE)
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is given by the composition of the isomorphism found in Lemma 4.2(4) H 1(Ga;C) =
['(Ga, AEI:VC) and the pullback by p 4.
2. ’
G . Li 1,i
(Qc)lr(G,ngv) . F(G, QGIHV) — F(G, AGI’I('S’
is the map given by the inclusion of sheaves.
o We define dbg as the composition

@G
HY(G,R) = H'(G,C) —> ['(G, AL ) = I'(G, AL ).

where R is the real part.
o Wedefine ¥° : H'(G,C) — I'(G, A, ) as the unique linear map satisfying that ¥ = C® ®F -

(I)g whose image lies in Homg.Lie groups (G,0C).

Proof. To see that ®F is well defined, we need to see that (<I>g)|F(G gl and (@) |p1(G,.c) agree
El G 2

on I'(G, anv) N H' (G4, C). We are going to use the notation for A and A’ from Remark 4.5. We will
give a global definition of C[)g and we will check that it agrees with the definition that we gave on each
of the subspaces. The uniqueness follows from Lemma 4.2, part (8).

Consider the natural isomorphism

Homyz (A, C) & Homz (A, C) = Homg (TG, C) = ['(G, AZ™),

and let (@, @’) € Homgz(A, C) @ Homgz(A’, C). Seeing this inside of I'(G, Agig), we have that t*(a, a”)
is the restriction to Homz(ANTGr,C) ® Homz(A’,C) = I'(Gr, Ag;"vc). The elements of Homz(A N
TGrt,C) @ Homz(A’,C) which correspond to elements of F(GT,Qg‘;") = Homz(ANTGr,C) =
Homc(TGr,C) are the ones satistying that @’ = —i o @|anr g, © i. Consider the following chain of
isomorphisms:

,C

’ ’ ~ ~ 1,inv
H'(G.C) = Homa (A, C) = :(a,a' ) € Homz (A, C) ® Homz(A’, C) = Homg (TG, C) = T'(G, A )}

where @’ = —i o a|anr Gy ©F

= {(@,a) €T(G, AG'Y) | *(a,@’) € T(Gr,QE™)} € T(G, AG'T).

A.7)

We claim that the composition above coincides with the definition that we have given of @g: We
start by showing that both definitions agree on H!(G4,C). Let 8 € H'(G4,C) = I'(G 4, Ag:‘vc) ~
Homg (TG 4,C) = Homz(A/(A NTGr),C), where the first of these isomorphisms is the one in part
(4) of Lemma 4.2. Let g be the quotient g : TG — TG 4. By our definition, (@g)|H1(GA ) B) =
Bog € Homg(TG,C) = F(G,Ag‘g) for all 8 € Homg(7TG 4,C). Note that 8 o g o 15 is just
B € H'(G 4,C) seen inside of H'(G,C) = Homgz(A, C), where 15 : A — TG is the inclusion. The
chain of isomorphisms in (4.7) sends 8 o g o 15 to (B o g o ta, 0), which corresponds to 8 o ¢ under the
isomorphism Homg (TG, C) = Homgz (A, C) ® Homz(A’, C).

Let us now see that both definitions agree on I'(G, ngv) = Homc (TG, C). Let 8 € Home (TG, C).
By our definition, (@g) IF( G.Ql™) (B) equals B itself, but seen inside of Homg (TG, C). In Lemma 4.2

G

(4), we see 8 in H'(G,C) = Homgz(A, C) as 8 o t5. The chain of isomorphisms (4.7) sends f8 o 15 to
(Botp,Botp), where tp : A’ < TG is the inclusion. This equals S itself. Hence, we have seen that
@Y. is well defined.

Let us now construct ¥©. Suppose a € H!(G,C) = Homz(A, C). We will see @ as an element of
Homgz (A, C). Then, by our construction, (C®®r) («) vanishes on A’, while ®c(a@)|ar = —ioa|anr G4 i-
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They both agree on A, so their difference is the element § € Homz(A & A’,C) that vanishes on
A and agrees with i o @|anr G, © 1 on A’. Going back through the isomorphism Homz(A & A’,C) =
Homg (TG, C), B corresponds to a linear map vanishing on the R-span of A. The pullback of an invariant
form to the universal cover TG yields a constant 1-form. Let us pull back the form 8 = (CQ ®p —D¢) ()
to a form in TG. Note that this pulled back 1-form on TG is exact: a linear function on a vector space
seen as an invariant 1-form is the differential of itself, seen as a function (in coordinates, > a;dz; is the
differential of }’ a;z;). In other words, it is the differential of the linear function % vanishing on the span
of A and agreeing with i o a|snr G, ©ion A’ (i.e., 8 seen as a function). Lastly, note that 2 : TG — C
descends to G, since it is A-invariant (it vanishes on A and it is R-linear). This function can be defined
to be WO (a) (it is uniquely defined up to constants amongst the functions YC (@) that satisfy that
d¥° (@) = C® ®F (@) — @ (). Note that we have defined ¥ as a linear map, and furthermore, it is
a homomorphism H'(G,C) — Homg_pje groups (G, C). In fact, since WC () is uniquely defined up to
adding a constant function, our choice of WO such that its image is in Homg_ e groups (G,C)isunique. O

Definition-Proposition 4.8 (Definition of oY, <I>§ and PY). Let Y be an allowed compactification of a
complex semiabelian variety G, let jy : G — Y be the inclusion and let £ .= Y \ G.

The images of the maps ®C, d)]g and WY consist of logarithmic forms in T'(Y, A)l,’c(lj(log E)),
re, Ai,’jé(log E))and (Y, Ag’R(log E)) respectively, where T'(Y, Ai,’K(log E)) is seen as a subspace

of I'(G, AQ,K) through

T(Y, Ay (log E)) € T(Y, (jy ). Ag ) = T(G, A &),
for K=R,Cand!/ =0, 1. Hence we can define

oL : H'(G,C) - T(Y, W, A% (log E))  T(Y, Ay L (log E)),
@} : H'(G.R) - I[(Y, W Ay§ (log E)) € (Y, Ay (log E)), and
¥ H'(G.C) > T(Y, A}  (log E))

as the maps ®¢, d)]g and W© of Definition-Proposition 4.6 respectively.

Proof. Since the images of @Y, @g and WO consist of invariant forms and those are closed, any form
on Y that extends them must also be closed. '
Let us check that the image of ® : H'(G,C) — F(G,Ag"g) C I'(G, Af; ) lies in the space

Iy, Wi Ai,’c(lc(log E)). Since Y is an allowed compactification of G, there exists a compactification G

of G as in Corollary 2.38 and an algebraicmap p : ¥ — G such that po jy = J&> where j&: G — G is
the inclusion. Let E’ = G \ G. First of all, the image of CDg is contained in I'(G, W, Az (logE 7ylely,

in fact, all invariant forms are logarithmic of weight W, equal to 1 (recall that we already know that
invariant forms are closed). This can be verified over an open cover of G 4: over a small enough open set
Upof Gy, G is isomorphic to (P'Y" x Uy, and an explicit basis of the space of invariant forms can be
written down using local coordinates. By pulling back through p, we see that the elements in the image
of @g all extend (necessarily uniquely) to elements of T'(Y, Wi A)l,’d (logE)).

.C
The fact that the image of ®¢ : H'(G,R) — F(G,Aé';{v) c (G, WAL ) lies in
Iy, All/”cﬂlg(log E)) follows from the definition of (I)]g as the real part of d)g and from the previous
paragraph.

Let us show that the elements in the image of ¥¢ extend to globally defined elements in the space
I'(Y, A) .(log E)).Itsuffices to see that they extend to globally defined elements in (G, A% L(log E")),

and then pull those back through p : ¥ — G. This can be verified over an open cover of G 4 as before: over
asmall enough open set U4 of G 4, G is isomorphic to (C*)" XU 4, and G is isomorphic to (PHY"xU . Let
(z1,- - -»2zn) be (complex) coordinates of the (C*)" factor. One can check that the elements in the image
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of WY (as defined explicitly in the proof of Definition-Proposition 4.6) are the functions (C*)"xUs — C
of the form }}"" | a; log(|z;|) for ay, . ..,a, € C. Hence, these all lie in I'(G, A% C(log E")). m|

Corollary 4.9. Let Y be an allowed compactification of a complex semiabelian variety G, let jy : G — Y
be the inclusion and let E == Y \ G. Then, the maps (I% and @Hg satisfy the assumptions of part (4) in
Lemma 4.1.

Proof. Let 0 — Gr S5 6 A — 0 be the Chevalley decomposition of G. Let K = R, C. The
first condition (the image of CID]Ilg is contained in weight 1) is part of Definition-Proposition 4.8. The fact
that d% and d>£ are sections of the cohomology map follows immediately from the definition of d)g
(Definition-Proposition 4.6).

The fact that CD% maps forms which are pulled back from H'(G 4, C) to forms whose restriction to
G is in the image of p’, : T'(Ga, AEA’K) - I'(G, AE,K) also follows by Definition-Proposition 4.6.

Lastly, by Lemma 4.2 (7), classes of holomorphic forms are represented by invariant holomorphic
forms. By definition, d% maps these to holomorphic forms, which in particular are (1, 0)-forms. O

Applying Definition-Proposition 3.9 to the objects (Ny ,, .. H'(G,R), o o, o d%,?* oY),
which satisfy the assumptions of Lemma 4.1 by Corollary 4.9, we get a thickened mixed Hodge complex
of sheaves. We describe this mixed Hodge complex of sheaves explicitly in the following definition.

Definition 4.10 (The thickened logarithmic Dolbeault mixed Hodge complex of sheaves). Let U be a
smooth connected complex algebraic variety, let G be a complex semiabelian variety, andlet f : U — G
be an algebraic morphism, which extends to f:X — Y, where X,Y are compatible compactifications
152, Sym’ Hy (G, X)

of U, G with respect to f as in Definition 2.40. Let R, := = -
l_[j:m Sym] Hl (Ga K)

and let R_,, =

Homg(R,,,K) forallm > 1,and K =R, C.
Let m € Z\ {0}, and let n > max{2, dimg U}. We denote by (R, ® N;(’D’n, d+ f o®Y(g)) the
thickened mixed Hodge complex with real part

(R ® A5 (log D).d + 7" 0 @ (er) ) W),
complex part ((Rm ®c A% (log D), d + ?* o d)é (s@)), wn, F-), and a filtered isomorphism

a=el W ((Ry @n A p(logD),d +F o @ (55)) @5 CW") S
((Rm ® Ay c(l0g D), d +F 0 ®L (ec) ), W").

Here, W denotes the tensor filtration of the weight filtration in Ry, and the filtration W”* of A%,  (log D)
from Definition-Proposition 2.73, and F- denotes the tensor filtration of the Hodge filtration in R,,, and
the filtration F* from Definition-Proposition 2.73.

Remark 4.11. Note that technically, applying Definition-Proposition 3.9 to the objects
Ny pnwH(G.R),F 0@, F 0@k, T ow")

yields a thickened mixed Hodge complex with four terms (/C7, ICT, IC;, IC; ), but since two of the maps
between them are the identity (IC(') = ICI, IC; = IC; ), we have simplified the notation in the definition
above.

The maps defined in Definition-Proposition 4.8 satisfy the following functoriality property.
Corollary 4.12. Suppose that we have a map of semiabelian varieties g: G1 — Goy. Let Y, be an

allowed compactification of G,. Then, there exists an allowed compactification Y| of G| such that g
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extends to g : Y1 — Ya. Moreover, for every such allowed compactification Y1, the maps (QEXQ , @é‘ , )
and (CDH?, d)éz, YY) are compatible in the sense that g* o CI)Dgl = <I>£2 og*t g'o CDE‘ = (I%2 og* and
g* o \PYI — \PYQ Og*-
Proof. Let G be a compactification of G| as in Corollary 2.38. We can obtain Y; as a resolution of
singularities of the closure of the graph of g inside of G| X Y>.

Recall that by Proposition 2.4, g must preserve the Chevalley decomposition. By Lemma 4.2, (I)g

is completely determined by its restriction to I'(G;, Qginv) and H'((G;) 4, C), both seen as subspaces
of H! (G;, C). With the definition of CDgi from Definition-Proposition 4.6, it is straightforward to see
that g* o CDg‘ = CI)g2 o g*. Hence, g" o (Dé‘ = CIDE2 o g*. In Definition-Proposition 4.8, @D);" is defined as
the real part of d)g, so these are compatible as well. Finally, ¥¥ is determined up to constants by the

condition that it is a homotopy between <I>ng and (Dg, so it is uniquely determined if one requires that its
image is composed of homomorphisms of R-Lie groups G; — C, and compatible with g. [

Example 4.13 (The case G = C*). Let m > 1, and let n > max{2,dimg U}. If G = C*, the R-linear
isomorphism of MHS A, : R,,(1 —m) — R_,, from Example 2.62 lifts to an isomorphism of mixed
Hodge complexes of sheaves:

An®1d: (Ry @ Ny ppd+f 0@ (£))(1-m) — (R @ Ny d+f 0@ (&),

where (1 — m) denotes a Tate twist. Indeed, the commutativity with the differentials is immediate: d
leaves the first factor of the tensor product unchanged, and 7* o®Y (&) acts on the first factor of the tensor
product by multiplication by elements of R, which commutes with A,,,. The commutativity with the
pseudo-morphism is also immediate because it leaves the first factor of the tensor product unchanged.

5. Thickened logarithmic Dolbeault complexes and local systems

Let f : U — G be an algebraic morphism from a smooth variety to a semiabelian variety. Let (I)Ig be
as in Definition-Proposition 4.6, let m € Z \ {0} and let R,,, as in Definition 2.20 (with R-coeflicients
throughout this section). Recall the definition of the twisted differential from Definition-Proposition 3.9.
This section is devoted to showing that (R,, ®r .A;J’R, d+f*o (D]g (er)) is aresolution of R, ®g L (see
Lemmas 5.8 and 5.9), explicitly defining the morphism that makes the former a resolution of the latter
(namely the one defined in Construction 5.4 below). Recall that the definition of £ and L can be found
in Definition 2.12.

Construction 5.1 (Definition of (®¢)"). Recall that ®¢ is a map from H'(G,R) to I'(G, Agi'ﬁ') (ex-

tended in a unique way by CDHQ to logarithmic forms on Y), and recall that T'(G, Ag%v ) = Homg (TG, R)

by Lemma 4.2(1). Under this identification, we can consider its dual ((I)]g )" as a morphism
(®)": TG — H\(G,R). (5.2)

Note that since @g is a section of the cohomology map, (d)]g )Y fixes H;(G,R) c TG. Furthermore,
we will also use the notation (d)]g )V to denote the map

(®F)": TG ®r A}, = Hi(G.R) @ A (5.3)

induced by (®£)" in (5.2).

Recall from Remark 2.15 that a local R-basis of £ at any point of U is given by lifts ¢ of f to TG,
that is, maps ¢: U — TG such that exp ot = f. The sheaf L is a local system of rank 1 free R[7(G)]-
modules. Recall from Notation 2.16 that £ and £ are identified through the identity map £ — L that
maps ¢ to ¢, which is an R-antilinear isomorphism.
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Recall that R, = ]_[‘j’.‘;o Sym’ H;(G,R) and R := R[x(G)]. Moreover, recall Notation 2.21 and
Definition 2.22.

Construction 5.4 (Definition of e*(‘bg)v). Letm € Z\{0}. Let {y; } be abasis of 7; (G), so that {log y; }
is a Z-basis of A = H{(G,Z) c TG, and let {¢;} be chosen so that {logy;,e;} form an R-basis of
TG > Hi(G,Z). Since they form a basis, any lift.: U — TG may be writtenas¢ = > logy;®g,+e;®h;
for some g;, h; € A%’R, o)

Z:Zlog7i®gi+ej®hj.

Hence, we can see £ as a subsheaf of TG ®g Ag, g and restrict (CID]g )Y as in (5.3) to L.
Up to a sign, we postcompose (d)]g )V as in (5.3) with the exponential map, to obtain the following:

e @ Ry ®r L C Ry ® (TG ®x AY ) — Ry @ AY 5 = Ry Ok, (Reo @ AY )

a®r= a(z logy; ®gi+e; ®hj) s e (@)Y (D
00 k
1
:“;)E(_Zlog% ® gi —Z(Cbg)v(ej) ®hj) .
- ; 7

Note that the product of k many elements in H; (G, R) ®A([)j g isanelement of Sym* H,(G,R) ®RA?] g C
R ®r Ag, g SO, since R, is an Ro.-module, it makes sense to multiply @ € R,, by the elements in the

k
first factor of the tensor product of % (— Yilogy: ®g; — Zj(CD]g)V (ej)® hj) for all K.

Proposition 5.5. The map e (@)Y defined in Construction 5.4 is well-defined on the tensor product

(over R), and is R-linear.

Proof. Let us show that the above formula is well-defined on the tensor product (over R). The same
reasoning will show us that ¢~ (@9 is R-linear.

Recall that R acts on L by letting ¥y € 711(G) act by translation by y;', that is, yo - 7 = y5' - ¢,
which corresponds with postcomposing ¢ with translation by —logyo = logy, ! (namely the element
in H|(G,Z) c TG corresponding to yy € m1(G)). Furthermore, R is embedded in R, by the ring
¥ = €!°27 of Definition 2.22. Hence, we need to show that for any y € R, the image of e/27a ® I
equals the image of @ ® y - 1. It is enough to check this for yg € 71(G), since R is generated by 71 (G).
With the above notations:

GyVv
de- (@9 (0D _ ae—(<I>R) (—logyo 1+ Zlogy[ ®git+e;® hj)

= @exp

J

logyo® 1 - > logyi ®gi— ) (9F)"(e;) ® h,) (5.6)

Grve
= @el°20 o~ (PF)VT
O

Proposition 5.7. Let {logy;,e;} be an R-basis of TG, where {logy;} is the Z-basis of H{(G,Z)
corresponding to a basis {y;} of m1(G). Let {logvy,, e}f} be its dual basis. Suppose a locally defined

TeLisgivenbyi=Y,logy; ® g +2;ej®h; €TG ®RA?] g+ Then,
o All the I-forms dg; and dh; are the pullback of invariant I-forms on G, namely:

dg; = f*logy,, dh; =f*e}/,
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where logyiv,e; : TG — R are seen in T’ (G,Agirﬂg) through the isomorphism described in

Lemma 4.2, part (1).
o For every j, the function hj is the composition of f with the (globally defined) unique differentiable
homomorphism G — R mapping exp(e;) to 1 and the rest of the elements of {exp(e;)} to 0.

Proof. Let us start with the first statement. Let V be the open set in U such that ¢ is a map from V to
TG. By definition of the dual basis, for all x € V we have that

gi(x) = ((logy) ", 1(x));  hj(x) ={(e;)",1(x)).

In any small neighborhood of exp(i(x)) in G, we can define a;, b; : G — Rsuch that a; oexp = (logy;)"
and b; oexp = eJY. Hence, locally we have that g; = f*(a;), and h; = f*(b;) in a neighborhood of x.
Thus, dg; = f*(da;), and dh; = f*(dbj). Note that exp* da; = d((logy;)") is a constant 1-form on
TG. The identification Homg (TG, R) = Agi"" from Lemma 4.2(1) implies that da; = (logy;)" (seen

R
as an element of Agi@) and similarly, db; = ejv.. This concludes the proof of the first statement.

For the second statement, we just need to see that b; is defined globally, and that it coincides
with the homomorphism G — R described. Note that b; is defined globally because e}’ is invariant
by the action of logy;. Since b; o exp = eJY and exp is a surjective homomorphism, b; is a group
homomorphism which takes exp(e;) to 1 and the image by exp of the rest of the elements of the basis

{logy;, e} toO. O

Lemma 5.8. Forany m € Z\{0}, the complex (R ®r Ay, 5, d+f~ O(I)Ig (&r)) has nonzero cohomology

only in degree 0. The kernel of the differential in degree 0 is a local system of Re-modules whose stalks
are isomorphic to Ry,.

Proof. We will show that locally there is an isomorphism between (R,;, ®r .AZ,,R, d+f*o d)g (er)) and

(Rm®r Aj, ¢, d). Letus consider a simply connected open set V of U. Over such an open set, all closed 1-
forms are exact, and in particular the restriction to V of the image of f*o (Dg : H'(G,R) —» I'(U, Ab r)
consists of exact forms. Let h: H'(G,R) — I'(V, A(‘),’R) be a linear map such that do h = (f* o CDg)lv.
Applying Lemma 2.50, multiplication by ¢”(#%) is an isomorphism:

(R @ Ay, g d + f* 0 DF (e1))
= (R ®= Ay g d + f* 0 OF (r) = (d o h)(er) + [h(er), f* 0 ©F (er)]).

Note that h(eg) and f* o dJIg (er) commute because they are elements of a cdga, so the differential on

the right-hand side above is simply d. Note that (A3, , d) is a complex of acyclic sheaves (with respect

to the global sections functor) which resolves the trivial local system R, (see [27, p. 127], for example).
This shows that (R,, ®r A3, 5, d+f" o @g (er)) is isomorphic to the resolution of a trivial local system
with stalk R,,, which is exact in all places except for degree 0, as desired. O

Lemma 5.9. The morphism e (@)Y defined as in Construction 5.4 is an isomorphism onto the kernel of

d+f o ®S (er) : Ry ®x .A%»R — R, ®r Ab’R

Proof. Let us start by proving that d o e~ (@) = —(f*o CD]g (er)) o e‘(q’g)v, which will show that the
image of ¢~ (®9)" is contained in the kernel of d+ f* OQg (er). Let {e;} be an R-basis of TG and let {e; }
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be its dual basis. Let 1 = )} ¢; ® h; be a local generator of L. We must compute d (e_(‘blg )Y (7)), that is,

d(e™ ™" @) = (e @)

- d(i %(— D@9 (e @ h
) k-1

N L LS @) enon| (- @9 @) e dn
= (k=1)! 7 7

k
= (_Z@g)v(ei) ® dh;

k

. e—(q’g)v )

Using Proposition 5.7, dh; = f*(e;). Finally, note that if {s;} is an R-basis of H,(G,R), and {s}f} is
its dual basis, then

—Z(@ﬁ{)v(e» ® [ (e)) = ~1d®f"

Z(@gw(ei) ® e/

=-Idef"

Zsj ®(I)]g(s}/)) =—f o@ﬁ(sR).

J

So indeed the image of ¢~ (@9 is contained in the desired kernel.

Using Lemma 5.8, we know that the kernel of d is a local system, of the same real dimension as
R,,. To show e @ is an isomorphism onto the kernel, we only need to prove that e~ (@) is either
injective or surjective on stalks, since we know the dimensions agree.

The stalks of kerd + f* o d)g (er) C Ry, ®r A?/,R are finitely generated R|,,|-modules. If m > 0,

Nakayama’s Lemma implies that one can show that e ()" is surjective on stalks by taking the quotient
by the maximal ideal of R,,, reducing to the case m = 1 (which is clear, the complex is just (.A;j R d)). If

G
m < 0, we can show that e (®%)" is injective by noting that R_; C R,, is contained in every nonzero sub
G
R_,p-module of R,,. Therefore, to show that e (®%)" is injective, it is enough to show that, identifying
the stalk with R,,, the kernel of e~ (@) intersects R_; trivially, which is again clear. O

Remark 5.10. Let m > 1 and suppose that G = C*. The isomorphism A,, : R,, — R_,, from

Example 2.62 extends to an R-linear isomorphism
Am ®r Idz : Ry ®r L — R_y ®g L.
Moreover, it is immediate from the definition of e_@g)v that
(Amrldy Joe @ Ry@r L — Ropen A
coincides with
@) o (A, @5 1dz).
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6. Mixed Hodge structures
6.1. The MHS on H/(U,R,, ®g L)

Let f : U — G be an algebraic morphism between a smooth complex connected algebraic variety U
and a semiabelian variety G. Let X and Y be compatible compactifications of U and G with respect to f
as in Definition 2.40, let j : U — X be the inclusion, and let D = X \ U. Note that

(Ry @r Ay g d + [0 OF (80)) = /7 (R ® A g (log D), d + F 0 O (o) ),
where f : X — Y extends f and <1>1§ is as in Definition-Proposition 4.8. Hence,

Rjo(Rm ®k £) = Rj.j ™ (R @5 Ay (log D), d + T 0 @ (2)).

1

In this case, the adjunction Id — Rj,j~" applied to the complex of sheaves

(R ® A% (10g D), d + T 0 Dr(s2))

is the real part of the thickened logarithmic Dolbeault mixed Hodge complex of sheaves (R, ®
N, x.pnd+ ?* o ®Y (g)) from Definition 4.10. It is an isomorphism in the derived category by Propo-
sition 2.71 and Proposition 3.16 (see Remark 2.67).

In Section 5 we saw that the morphism

e,(q)g)v . R, ®r L— (Rm ®r A;J,R’ d+f*o (Dlg (SR))

is a quasi-isomorphism. The first goal of this section is to show that the mixed Hodge complex of sheaves
(Rn®Ny p, .d+ [ o®¥(g)) endows H (U, Ry, ®& L) with an R-MHS for all i, and to describe the
map via which these MHS are induced.

Definition 6.1 (MHS on H*(U,R,, ® L)). Let f : U — G be an algebraic morphism between a
smooth complex connected algebraic variety U and a semiabelian variety G. Let ¥ be an allowed
compactification of G, and let X be a good compactification of U such that f extends to f : X — Y. Let
D=X\U,letm e Z\ {0} and let n > max{2, dimg U}.

o Suppose that m < 0. The thickened logarithmic Dolbeault mixed Hodge complex of sheaves
(Rn®Nyg p - d+ f* o ®Y (g)) from Definition 4.10 endows H*(U, R,,, ®g L) with a mixed Hodge
structure via this sequence of isomorphisms in the derived category.

. - R ;e*(q’ﬂ%)v .
Rj.(Rm ®r L) ! > Rje(Rim ®3 A o d + f* 0 ®F (er))
. adjunction H .
(R ®r Ay p(log D), d + f o ®f (er)) — Rj.j ™ (R ®r Ay p(logD),d + f o ®f (er))

(6.2)

o Suppose that m > 0. Let r = dim¢ H{(G, C). The Tate twisted thickened logarithmic Dolbeault
mixed Hodge complex of sheaves (R,;, ® J\/},D,n, d+f o®Y(&))(r) endows H*(U, R,, ®g L) with
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a mixed Hodge structure via the same sequence of isomorphisms as in (3.12), namely

(G \V
Rj.e (Pg7)

Rj.(Ry ®r L) > Rj.(Rm ®r A o, d + f* 0 OF (e5))

. adjunction H .
(R @3 Ay 5 (log D), d + T 0 ®Y (£0))(r) = Rj.j™ (Rm @5 A} 5 (log D), d+ T o0 ®Y (s5))

Remark 6.3. The Tate twist when m is positive but not when m is negative might seem arbitrary in the
previous definition, but it is not. Indeed, the case m negative will be used to endow quotients of the
homology Alexander modules with MHSs, and those MHSs will be functorial (see Section 7) without
the need for any twists. However, the case when m is positive is related to the MHS on the torsion part
of the cohomology Alexander modules defined in [16] in the case when G = C* (see Remark 10.12),
where the twist was needed to enjoy good functoriality properties (see [16, Theorem 6.1]). In any case,
the focus of this paper is the case where m is negative.

Example 6.4 (The case G = C*). If G = C*,andm > 1, the MHS on H*(U, Rm®RZ) and H* (U, R_,,,®r
L) from Definition 6.1 are related as follows: Let A, : R, — R_,, be the Reo-linear identification
from Example 2.62. The isomorphism A,, ® Id7 : R,; ®r L — R_,, ®g L from Remark 5.10 lifts (by

the commutativity with e (@) explained therein) to the isomorphism of mixed Hodge complexes of
sheaves

Ap®1d: (Ry @ Ny ppd+f 0@ (£))(1=m) — (R ® Ny d+f 0@ ()
from Example 4.13. By Remarks 2.61 and 2.64, A, induces the following isomorphism of MHS
H' (A ®1d5) : H/ (U, Ry ®& £)(2 = m) — H/ (U, R_,, ® L),

where (2 — m) denotes the (2 — m)-th Tate twist.

In Section 6.2 we will see that the previous definition is independent of the choice of n and the
choice of compatible compactifications. Before that, let us show some properties of the MHS from
Definition 6.1 while assuming the independence of those choices.

Remark 6.5 (The pro-MHS on H*(U,R. ®g £)). Let m’ > m > 0. In that case, the projection
morphism pyy . m: Ry — Ry is an Ry-linear mixed Hodge structure morphism, and it induces a
projection p,y m ® Id: Ry ®r L — R,, ®r L. This morphism extends via e~ (@) and the morphisms
in Definition 6.1 to a morphism of mixed Hodge complexes of sheaves (that is, a morphism between the
corresponding complexes of sheaves respecting the filtrations and the pseudo-morphism):

P ®1d: (Ryy @ Ny p od +f 0@ (£)) = (Ru ® Ny p od +f 0@ (e)).
In particular, p,y , induces an MHS morphism
H*(U, Ry ®g L) — H*(U, Ry, ® L).

By Proposition 2.28, taking the inverse limit for m > 0, one obtains a pro-MHS on H*(U, R ®r L).

Remark 6.6 (The pro-MHS on Re ®r H..(U, £)). Letm’ > m > 0.Inthat case, thedual p),  : R_,, <
R_,y of the projection morphism p, ,, from Remark 6.5 is also a mixed Hodge structure morphism
which is R..-linear, and it induces an inclusion p)’n,’m ®Id: R_,,, ®r L — R_,y ®r L. Note that, by
Remark 2.26, dualizing this inclusion (over R) yields the projection

Puvom ®@1d: Ry ®r L — Ry, Qr L.
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o)

The morphism p), =~ ® Id extends via e~ (@) and the morphisms in Definition 6.1 to a morphism of

mixed Hodge complexes of sheaves:
Prym ®1d: (R @ Ny od+ f 0 @Y (£)) = (Royw @ Ny p od + [ 0 @ (g)).

In particular, prvn,’ . induces an MHS morphism
H*(U,R_, ® L) = H* (U, R_y ®g L).

If Homg (H* (U, R-,, ®r Z,B) is endowed with the dual MHS, these morphisms endow their limit
1111 Homg (H* (U, R_,;, ®g L,R) with a pro-MHS. By Corollary 2.30, this endows Re ®g H.(U, L)

with a pro-MHS. In fact, using the isomorphism Homg (H* (U, R_;, ®g L£),R) = H,(U, R, ®& L)
from Remark 2.26, we see that the dual of the MHS morphism induced by p%,’m in cohomology is the
morphism induced in homology by p,y m ® Id : R,y ®r L — R,,, ®g L. With this interpretation, the
pro-MHS on R, ®g H..(U, L) is given by the isomorphism R, Qg H.(U, L) = yan H.(U,R,, ®r L)
and the morphisms induced in homology by the projections p,y , ® Id : R,y ®g L — R, ®r L.

Remark 6.7. Let m € Z\ {0}. The action of H;(G,R) C R on R, induces a multiplication morphism
Hi(G,R) ® (R ®r L) — Ry ®r L. (6.8)

Since the morphism e (@) Rn®r L — ker(d+ f*o dbﬂg (er)) C R,y ®r A(L), g from Construction 5.4
is Reo-linear, the multiplication morphism from (6.8) extends to a morphism of mixed Hodge complexes
of sheaves

Hi(G,R)® (R ® Ny pp pd+f 0@ (€)) = (R ® Ny pp o d+f 0@ (¢))

for any n > max{2, dimg U} by Proposition 3.13. Therefore, the multiplication morphism (6.8) induces
an MHS morphism for every m € Z \ {0}:

H{(G,R) ® H*(U, R, ®& L) — H*(U,R,, ®& L).

By Proposition 2.28 and Remark 6.5, taking the inverse limit for m > 0, one obtains a pro-MHS
morphism replacing m by co.

Remark 6.9. Let m > 0. Since the R-dual of multiplication by elements of H; (G, R) in an Re-module
is multiplication by elements of H;(G,R), the fact that the multiplication map

H{(G,R) ® H*(U,R_;y ® L) = H"(U,R_1n ®& L)
from Remark 6.7 is an MHS morphism implies that the multiplication map
H(G,R) @ Homg (H" (U, R-n ® £),R) — Homz (H" (U, R_u ®r L), R)
is also an MHS morphism, where Homg (H* (U, R_,, ®r Z), R) is endowed with the dual MHS. This can
be easily checked using the definition of the tensor and dual MHSs from Definition-Proposition 2.53.
By Remark 6.6, taking the inverse limit for m > 0 one obtains a pro-MHS morphism

Hi(G,R) 8 (R ® H.(U, L)) = R ® H.(U, L).

Remark 6.10 (Multiplication by elements of H;(G,R) if G = (C*)"). Suppose that G = (C*)", in
which case H| (G, R) is pure of type (—1,—1). Let a € H|(G,R) be a nonzero element. Since the span
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of a is a sub-MHS of H;(G,R), Remark 6.7 implies that multiplication by a is an MHS morphism
a:H (U,Ry®r L) — H(U,R,, ® L)(-1)

for every m € Z \ {0}, where (—1) denotes the Tate twist. By Proposition 2.28 and Remark 6.5, taking
the inverse limit for m > 0, one obtains a pro-MHS morphism replacing m by co. Similarly, Remarks 6.6
and 6.9 imply that

a Roo ®r H*(U, [z) - Roo ®R H*(U7 L)(_l)

is a pro-MHS morphism.

6.2. Independence of the choices

Note that there are some choices involved in Definition 6.1, namely the choice of compactifications, the
number n > max{2, dimg U} and the choice of the maps ol CI)g and WY& . Note that the choice of the

maps ®F, (IDg and W¢ was canonical, so we will not attempt to modify those. However, it is important
that the MHS in Definition 6.1 does not depend on compactifications or on n. This section shows this.

Lemma 6.11 (Independence of n). Under the same notation as in Definition 6.1, the MHS on
H*(U, R, ®r L) endowed by the mixed Hodge complex of sheaves (R, ® ./\/‘;(’D’”, d+f o®Y(g))
does not depend on the choice of n > max{2,dimg U}.

Proof. Letn’ > n > max{2, dimg U}. The identity map induces a morphism of complexes of sheaves
(as in [41, Definition 3.16])

(R ® Ny prd+f 0@ (£) = (Ru® Ny 1, d+ [ 0@ (&)

Since the identity is a quasi-isomorphism, this is what is called a weak equivalence, which induces
isomorphisms of MHS in hypercohomology (see [41, Lemma-Definition 3.19]). O

Lemma 6.12 (Independence of the compactification of U, fixing the compactification of G). Let Y be an
allowed compactification of G. Let X1 and X> be two good compactifications of U suchthat f : U — G
extends to algebraic maps ?1 : Xy > Yand ?2 : Xp > Y. Let D; be the simple normal crossings divisor
X\ U fori = 1,2. Then, the MHS on H*(U, R,, ®& L) induced by (R, ®N;(1,D1,n’ d+(f)) o ® ()

coincides with the MHS induced by (R, ® /\/)'(2 Dy @+ (?2)* o ®Y (g)) forallm € Z \ {0}.
Proof. LetZ be a good compactification of U obtained as a resolution of singularities of the closure of the

diagonal U — U XU in X; X X,. Then, there exist algebraic maps 7t Z — X;fori=1,2. LetD = Z\U.
It is enough to show that the MHS on H*(U, R, ®g L) induced by (R,, ®N;(1 pd+ (f)* o ®Y (g))

coincides with the MHS induced by (R ® N3 5 . d + (f; o n')" o ®Y (¢)).
The proof follows the same steps as [16, Theorem 5.21], so we omit some details. The pullback of
forms through 7! induces a morphism

1
}.(1,D1,n - (” )* é,D,n

which respects the filtrations. Although (7!), NV, > p.n is notamixed Hodge complex of sheaves, the proof
of Proposition 3.17 implies that the morphism N, ;(1 Din (nh) N, > D €xtends to the thickenings by

(f1)*o®" (&) and (f, ox')* o @Y (&), respecting the filtrations. Composing with ('), of the canonical
map from the mixed Hodge complex of sheaves (R, ® V. zond+ (fion!)* o®(&)) into its Godement
resolution, we obtain a morphism of mixed Hodge complexes of sheaves

(R ® N3, py s d+ (F1)* 0 ®(£)) = R(T)(Rn ® N7 o d + (fr o) 0 @(e),
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where the latter is a mixed Hodge complex of sheaves (see Definition 2.65). If we restrict to U, the map
between these mixed Hodge complexes of sheaves is just the map from the analytic forms on U (real or
complex) to its Godement resolution. Hence, this map induces the identity between the cohomology of
R, ®r L itself, which concludes the proof. ]

Lemma 6.13 (Independence of the compactification of G, fixing the compactification of U). Let Y; be
an allowed compactification of G for i = 1,2. Suppose that X is a good compactification of U such that
f : U — G extends to algebraic maps f, : 1 X = Y and fy 5+ X = Y. Let D be the simple normal
crossings divisor X\U. Then, the MHS on H* (U, R,,®g L) induced by (R, ®N;(’D’n, d+(f) 0@ (g))

coincides with the MHS induced by (R, ® ./\/;(’D’n, d+ (72)* o 2 (g)).

Proof. First, we find an allowed compactification Y of G such that there exist algebraic maps 7’ : ¥ — Y,
as in the first sentence of the proof of Lemma 6.12. Now, take Z to be a good compactification of U
obtained by doing a resolution of singularities of the closure of the graph of f : U — G inside of X X Y.
LetD = Z \ U. We get an algebraic map p : Z — X, and f extends to f : Z — Y. Hence, it suffices to
show that the MHS on H*(U, R,, ®g L) induced by (R, ®N;(’D’”, d+ (f )* 0o ®Y1(g)) coincides with

the MHS induced by (R @ N3 - . d + 7 odY ().

Note that (7' o f)*o @é =(f)* Od>£ forK = R, C (both are exiensions of f*o @g). By Lemma 6.12,
the mixed Hodge complex of sheaves (R, ® /\/; B’ d+ (n' o f)* o ®(&)) induces the same MHS
on H*(U, Ry ®r L) as (Rn ® Ny 1, . d + ()" 0 ®"1(2)). o

Theorem 6.14 (Independence of the compactifications of G and U). Let Y; be an allowed compactifi-
cation of G, and let X; be a good compactification of U such that f extends to fi X; > Y, fori=1,2.
Let D; = X; \ U. Then, the MHS on H*(U, R, ®g L) endowed by (R,,, ® ./\/‘;(’D’”, d+ (f;)* o ®¥i(g))
is the same fori =1,2.

Proof. This follows from Lemmas 6.12 and 6.13 by finding suitable compactifications lying above the
ones given, using the same methods for doing so as in the proof of these two lemmas (resolution of
singularities of the closure of the diagonal of U or of G). O

6.3. The MHS on quotients of Alexander modules
In this section, we obtain other MHSs from the MHS on H*(U, R, ®g Z) given in Definition 6.1.

Corollary 6.15. Let a be the maximal ideal of Rw. For every m € Z \ {0} and every m’ € Z > 0,
o H*(U, R, ®g L) is a sub-MHS of H*(U, R,,, ®g L), and similarly replacing m by co and “MHS”
by “pro-MHS.” Therefore, the quotients

H*(U, Ry, ®r L)
a™ H*(U, Ry ®r L)

are quotient MHSs as well.

Proof. Note that a” H*(U, R,, ®g L) is the image of the map in Remark 6.7 composed with itself 1’
times:

(H{(G,R)®" @ H*(U, Ry ®g L) — (H1(G,R))®" D @ H*(U,R,, ®r L) —

The proof for m = oo follows from Remark 6.7 and Remark 2.57. O

Corollary 6.16. The MHS in Definition 6.1 induces the following two sequences of MHS for m € Z>1:

Rn®r H(U,L); R, ®r H;(U,L).
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The latter MHS induces through the R-module isomorphism H;(UY \R) = H;(U, L) from Remark 2.13
an MHS on R, ®g H;(US ,R).

Moreover, the quotient maps induced by R,y —» Ry, for all m" > m between these are MHS
morphisms.

Proof. By Remarks 2.23, 2.24 and 2.26, and Corollaries 2.29 and 2.30, we have the following R.-
module isomorphisms:

Reo ®r H'(U, L) = lim H'(U, Ry @R L);

m
Re ®g Hi(U, £) = lim H;(U, Ry, ® £) = lim Homg (H' (U, R-, ® L), R).

These isomorphisms endow the right-hand side spaces with pro-MHS by Remarks 6.5 and 6.6. Further-
more, by Remarks 6.7 and 6.9, the multiplication maps

H1(G,R) ® (R ®r H'(U, L)) — R ®& H' (U, L)
H{(G,R) ® (R ®r Hi(U, L)) = R ®r H;(U, L)

are pro-MHS morphisms. By Remark 2.57, the images and cokernels of the composition of pro-MHS
morphisms are pro-MHSs as well. In particular, R,, ®g H' (U, Z) and R, ®g H;(U, L) are pro-MHSs,
but they are also finite dimensional vector spaces, so they must be MHSs.

For the “moreover” part of the statement, note that the quotient maps

Ry ®r H(U,L) = Ry ®g H (U, L)
Ry ®r Hi(U,L) > R,, ®g H; (U, L)

induced by R,y —» R,, for all m’ > m are induced in the quotients by the identity morphisms in

Re ®r H' (U, Z) and R, ®r H; (U, L), respectively, so they are MHS morphisms. O

Definition 6.17 (MHS on quotients of the Alexander modules by powers of the augmentation ideal).
Let m > 1, and let m be the augmentation ideal of R = K[7;(G)].

o The R-module isomorphism R/m™ = R,, from Remark 2.23 induces isomorphisms

M = R/mm ®r Hi(U,Z) ~ R, ®x Hi(U7Z),
mmHI(U, L)

H;(U, L) _ " .
wH (UL = R/ ®r Hi(U. L) = Ry @ Hi(U. L),

The right-hand sides of these isomorphisms are MHS by Corollary 6.16, which we use to define

H'(U,L) H;(U.L) ;
MHS on T H U D and oy foralli > 0 and forall m > 1.
o The R-module isomorphism H; (U/,R) = H;(U, £) from Remark 2.13 (where R acts on H; (U/ ,R)

by deck transformations) endows % with an MHS.

Remark 6.18. Since the isomorphisms R/m™ = R,, and R/m™ = R, from Remark 2.23 form a
commutative diagram with the projections R/m™ - R/m™ and R, - R,, for all m’ > m > 1, the
projection morphisms

H'(U, L) . H' (U, L) H(U.L) H(U.L)
m"HI(U,L) wmHI(U,L) wTHU,L)  mmHU,L)

are MHS morphisms.
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Recall that 7;(G) acts on H;(U, L) = H;(U/,R) by deck transformations. The following result
states that the nilpotent logarithm of deck transformations respects the MHS on quotients of Alexander
modules.

Corollary 6.19. For all y € n(G), let logy € H|(G,Z) be the element corresponding to y via the
abelianization map. Let m be the augmentation ideal of R := R[n1(G)], and let m > 1.
Then, the multiplication map defined as the only R-linear map satisfying that

Hi(G,R) ® T HU D — mmHI(U,L)
log)’ RV — lOg('y) -V

forally € i (G)andallv € J;I(l—LZUZ)Z) is an MHS morphism, where log(y)-v denotes the multiplication

by log(y) :=log(1 + (y — 1)), seen as a power series iny — 1 € m.

Moreover, if G = (C*)" for some n > 1, then for all y € n\(G), multiplication by log(y) is an MHS
H!(U,L)
mmHi(U,L) .
Furthermore, the same results hold if we replace H (U, L) by H;(U, L) or H;(U/ ,R) everywhere.

morphism from to its (—1)-st Tate twist.

Proof. Note that the multiplication morphisms
Hi(G,R) ® (Ry ®r H'(U, L)) = H'(U.L), Hi(G.R) @ (R ® Hi(U, L)) — H;(U, L)

are MHS morphisms because they are induced by the multiplication morphisms on R, ®g H (U, L) and
R ®r H; (U, L), respectively, which are pro-MHS morphism by the proof of Corollary 6.16. Also note
that the isomorphism R/m™ = R, from Remark 2.23 takes log(y) € R/m™ to logy € R,,. The result
now follows from Remarks 6.7 and 6.10, and from the way the MHS of Definition 6.17 are constructed.
Note that the dual MHS of a j-th Tate twist corresponds to the (—j)-th Tate twist of the dual MHS. O

7. Functoriality

In this section we prove the following theorem, which is stated in terms of the homology of covers
instead of the homology of local systems (recall Remark 2.13) due to the geometric meaning of the
morphisms to which it applies.

Theorem 7.1 (Functoriality). Let U, U, be smooth connected complex algebraic varieties, and let
G1, Gy be semiabelian varieties. Consider a commutative diagram of algebraic morphisms

U —- Uy

lfl lfz (7.2)

G 25 G,

where p is a group homomorphism. Let

vl 2 uf

lﬁ ~ lﬁ (7.3)

TG, —2 TG,

be a commutative diagram which is the unique lift of (7.2) satisfying that p is an additive group
homomorphism, and such that f| and f, are defined from the pullback diagrams as in (1.1).
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Fori = 1,2, let R" = R[m((G;)] and let m; be the augmentation ideal of R'. For m € Zs1, let
pi = TSy Hi(GiR)
mo I3, Sym’! Hi(Gi,R)
b3 US> Uk
1.

Then, the following statements hold for the morphisms induced in homology

Zen' R ®1 Hy (U R) > R2, @ H;(UL.R)

is an MHS morphism for all j > 0 and for all m > 1, where the domain and the target have the MHS
from Corollary 6.16.
2. Equivalently,

H; (U R) H;(ULR)
8x.m: -
m”H;(UR)  mIH; (UL R)

is an MHS morphism for all j > 0 and for all m > 1, where the domain and the target have the MHS
from Definition 6.17.

Before we prove Theorem 7.1, let us interpret its statement in more detail: the commutative diagram
(7.2) induces a commutative cube

uf £ > US
5
fi o
Al TG, ———— 5 TG,
(7.4)
exp
U, £ sU exp
G P > Ga

as follows: the left and right sides of the cube are pullback diagrams, p is the unique lift of p to the
universal covers that is a group homomorphism, and g is determined uniquely by g and p. The top of
this cube is the commutative diagram (7.3).

Also note that the morphism

2 :H;(UlR) - H;(UL,R)

induced in homology by g for all j > 0 satisfies that g..(y - —) = p.(y) - g.(—) forall y € 71(G1), which
justifies that the maps g. ,,, are well defined for all j > O and all m > 1.

7.1. Proof of Theorem 7.1

Remark 7.5. In the setting of Theorem 7.1, the commutative diagram (7.2) factors as

Ull—d>U1L>U2

lfl lp"fl lfz (7.6)

G 2 G, 4 6,
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so the map U lf‘ - U“Zfé factors through Uf °fi, Therefore, it is enough to consider the cases where p = 1d
and g = Id, which we will do in Theorems 7.14 and 7.15 respectively.

Let £ = f1_1 exp, BTGI, and let £, := fz‘1 exp,@rcz. Let L_l (resp. L_z) be L (resp. L) with
the conjugate R' (resp. R,)-module structure, as in Definition 2.12. Before we prove Theorem 7.1, we
need to recall how the MHS on R!, ®gi H j(Ul.ﬁ, R) was defined (Definition 6.17) using mixed Hodge
complexes of sheaves, since the proof will need to realize the morphism g, as a morphism at the level
of the corresponding complexes of sheaves. The MHS on R, ®gi H (U lﬁ R) is induced from the MHS
on H' (U;, Rim, ®Ri L;) for all m’ > 1 (from Definition 6.1) as follows:

1. The isomorphism H;(U;, R, ®gi £;) = Homg (H’ (U;, R', , ®gi L;), R) from Remark 2.26 endows
H; (Ui, R, ®gi L;) with the dual MHS of H/ (U;, R, ®gi L;) forall m’ > 1.

2. The isomorphism R{, ®g: H;(U;, L;) = yan, H;(U;, R, ®gi L;) from Corollary 2.30 endows
R!, ®i H;(U;, L;) with a pro-MHS, where the morphisms in the inverse limits are the ones induced
by the projections R}, - R, , for all m"” > m’ (Remark 6.6).

3. R}, ®gi H;(U;, L;) is endowed with an MHS in Corollary 6.16 as the cokernels of the multiplication
map

H{(G1,R) ®z ... ®r Hi(G,R) ® (R, ®ri H;(U;, L)) — (R, ®gi H;(Ui, L1)),

m

which is a morphism of pro-MHS (Remark 6.9).

4. R ®pi Hj(Ul.ﬁ ,R) is endowed with the MHS from R’, ®gi H;(U;, L;) through the natural isomor-
phism Hj(Ul.ﬁ, R) = H;(U;, £;) from Remark 2.13, which comes from an isomorphism at the level
of chain complexes (Corollary 6.16).

The following two lemmas address the question of how to realize the morphism g, as a morphism
between complexes of sheaves.

Lemma 7.7. Suppose that p = Id in the setting from Theorem 7.1. Let us denote G = G| = G,
R =R[n(G)] and Ry, := R}, = R2, for all m > 1. Then, L) = g_lll_g, and the map g. : Hj(Uf‘,R) —
Hj(Ufz, R) is induced through steps (1)—(4) above for all j > 0 by the adjunction 1d — Rg.g~" applied
to the sheaves R_,y ® £_2f0r allm’ > 1.

Proof. Following [35, p.60], let

CAJ ;i ingular j-simpl
SiUi, L;) = {Z o0 (finite linear combination) 7 - IZJ;I: ?izl;g;l;_rljﬁf;mp ex, and }
o

Through the usual differential of singular homology and restrictions of [/ to the faces of o, we obtain
Se(Ui, L;), the singular chain complex that computes H;(U;, £;) for all j. The morphism in homology
induced by g. through the isomorphism in Step (4) above comes from the following map of chain
complexes.

g:Sj(Ui, L)) — S;(Usp, L2)

Since £, = g'L£5, we have that T'(A/, 01 £)) = T'(A/, (g o )" £5), so this definition makes sense.
A similar definition can be given for a map between the chain complexes corresponding to truncated
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local systems, namely

gm: Sj(Ut, Ry ®r L1) — S;(Uz, Ry ®r L2)
2o@®ly)or— Y, (a®ly)goo

where a € R,y and [, € T'(A/, 07 L}). Note that T'(A/, 0™ 'R,y ®& L£1) = Ry ®r T'(AJ, 071 L}), so
this is well defined. Analogously, we may define g.,. If we pass to the inverse limit, these morphisms
Se(U1, Ryy ®r L1) — Se(Uz, R,y ®r L) for all m’ induce through the isomorphism in Step (2) the
same morphism in homology as g. (note that R, is a flat R-module). The multiplication map in Step
(3) above can be lifted to a morphism of chain complexes

Hi(G1,R) ®r ... ®r Hi(G1,R) ®r(Se(Ui, Reo ®r Li)) = Se(U;, Ro ®r L),

m

inducing a multiplication map

Hi(G1,R) ®r ... ®r H1(G1,R) ®H (Ui, Ro ®r L;) — H;(U;, Ro ®r L)

m

for i = 1,2, and for all j > 0. For a fixed j, the morphism that g, induces in the cokernel of these
multiplication maps coincides with R,,, ® H;(g). All that is left to see is that the morphisms induced
by gu in homology agree with the dual of the morphisms induced in cohomology by adjunction
Id — Rg.g~! applied to the sheaf R_,, ®g L, through the isomorphism in Step (1) above. .

The isomorphism in Step (1) can be realized at the level of chains as follows: Let S*(U;, R—,,y ®r L;)
the complex obtained by taking the R-dual of Se(U;, R,y ®g L;). The dual of g, is

(8m)": ST (Uz, Ropy ®R L2) — S/ (U1, Ry ®r L1)
Hvr—> Hog,.

Note that $7 (—, R_,y ® L;) is a presheaf. Let S/ (=, Ry ®r L;) be its sheafification. We will use
facts stated in [43, p.360, section F]. $*(—, R_,w ®r L; ) is a complex of fine presheaves which is a
resolution (in the category of presheaves on U;) of R_,y ®r ﬁ, , where the resolution map R_,,, ®g [, -
S%(—, R_,v ®r L;) is given locally on V; c U; by

So(Vi, R ®r Li) — R
ZXEVi loyox  +— Yo bx(loy),

where o7 is the map from A%tox eV, I, is in the stalk of Ry, ®R L; at the point X, and we are using
that Ry, ®& L; and R_,,, ®r L; are R-dual local systems. Hence, S'(— R_,v ®R L; ) is a resolution of
R_,w®r L; (in the category of sheaves on U;) of fine sheaves. In particular S* (-, R_,y ®g L;) is a complex
of acyclic sheaves with respect to pushforwards, so it can be used to compute H' (U;, R_,,y ®r L;).
Moreover, the sheafification morphism induces an isomorphism

HY(S7 (Ui, Rep ®r L7)) — HY (Ui, Repy ® L7)
for all j. It suffices to show that the morphism induced by (&n')v in cohomology coincides through this
isomorphism with the map R_,y ®g L2 — Rg.(R_,y ®g L) induced by the adjunction Id — Rg.g™!

in sheaf cohomology. Consider the morphism

am . Rom ®RL_2 — g*(R—m ®R ‘C_l)
@@L +— a®tLog,
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where ¢ : V — TG satisfies that exp ot = f,. Note that (gm)" can be easily extended to a morphism of
complexes of presheaves (g,)" : S*(—, R_jn ®r L2) — g.5°(—, R_,, ®& L3). The result follows from
the commutativity of this diagram and the fact that the complexes of (pre)sheaves that appear are fine.

R_,v ®r ZQ

la’rﬂ

8+ (R—m’ ®R Z1)

resolution

adjunction[d—Rg.g~!
lg* of resolution

(gm’

S* (= Ropw ®r £2) )5 0.8% (=, R_p 1 L)

\Lsheaﬁﬁcation \Lg* of sheafification

5.(_7 R_,v ®r £_2) g*§°(—, R_,v ®r E_l)

]

Lemma 7.8. Suppose that g = 1d in the setting of Theorem 7.1, and let U = U| = U,. Let p, denote
the induced map in homology, which generates a map R}n, - an, for allm’ > 1. After applying the
isomorphisms in Steps (1)—(4) above, the map g, in Theorem 7.1 is induced by the following maps of
sheaves for allm’ > 1:

Rzm, ®R2‘C_2 — le, ®RI E_l
p®poiw > $op.di.

2
m’’

Here ¢ is any element of REm, = Homg (R
U — TG satisfying that exp oty = fi.
Proof. Seeing Ui as subsets of UXTG;, we have that g (u, z) = (u, p(z)),sothemap g, : H;(U/i,R) —
H;(U %2 R) coincides through the identifications in Step (4) with the map that the morphism

R) and vy is a local generator of L, that is, a local lift

£1—> £2

L —> poud

(7.9)

induces in homology, where the morphism above is described in terms of local sections (local lifts of f;
to U — TG;). Notice that the morphism (7.9) descends to the truncated local systems as

R,ln, ®ri L1 — an, ®r2 L2

a®y +— pla)®poi (7.10)

for all m" > 0. By Step (2), the inverse limit of the maps in homology induced by these morphisms
coincides with the map in homology induced by

Rio ®rt L1 — Rfo Qr2 L2

_ 11
a®t +— p.(a)®pouy, (7.11)

which makes the following diagram commute, where the horizontal arrows are multiplication.

H\(G1,R) ®r (R ® H;(U,L1)) — R ® H;(U, L))
lp*®(p*®uj(<7.9>>) lp*@’Hj((7‘9))=Hj((7'11))=li<_mm/ H; ((7.10))

Hi(G»,R) ® (Roo ®H,'(U, Ez)) — R ®Hj(U, Lo).
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The equality p. ® H;((7.9)) = H;((7.11)) follows because R, is a flat R'-module. In light of Step
(3), the commutativity of the diagram above tells us that we just need to identify what the morphism
Rgm, ®g2 E_z — R! v ©R! E_l corresponding to (7.10) is through the chain of isomorphisms at the
level of sheaves from Remark 2.8 (see Step (1)), and check that it agrees with the one described in the
statement of this Lemma.

Let m’ > 1, let ¢ € R*,, = Homg(R2,,R), and let ¢ be a local section of £;. Note that p o ¢
generates £, locally over R?, so any element of R%m’ ®r2 L can be written as ¢ ® m for some
¢ € R?, . For two lifts ,': U — G, let us use (//, 1) € 71(G;) C R’ the pairing between £; and L;
from Remark 2.17, which is defined by (z,¢) = 1. We have the following chain of isomorphisms from
Remark 2.26:

R?,, ®p L = R?,, ® Homg: (L2, R?) = Hompg:(Lr, Homg (R2,,R))

pR®powy < ¢ (pow,y) < tH (b ¢({pow,t)- b))
= ’HomR(ern, ®r2 L3,R)

o (b = ¢((pouw,t)-b).
Now, we have the following morphism

’HomR(ern, Qr2 L2,R) — ’HomR(R,ln, ®rt L1,R)

H — (a® 1 — H(p.(a) ® pou)), (7.12)

which is the R-dual of (7.10). Hence, the composition of the chain of isomorphisms above with (7.12)
takes ¢ ® poiy to (a @y — ¢(p.(a))). Going backwards through the chain of isomorphisms of
Remark 2.26, we have:

HomR(ern, ®rt L1,R) = ’H,ole(El,’}-lomR(ern,,R)) = le,®’H0mR1(£1,Rl)

(a®w) — ¢(pi(a)) < L — ¢op. © ¢op.® (10— (W;))
~ pl -
= R_m, R L
o Pop.®u
In conclusion, the map of sheaves is the one we claimed. O

Remark 7.13. Suppose that p is an algebraic morphism, but not a group homomorphism. In that case,
one cannot pick a canonical lift p to the universal covers, so there are many choices of p (each of which
determines a choice of g) that make the cube (7.4) commutative. However, notice that the hypothesis
that p is a group homomorphism was not used in the proof of Lemma 7.8. Hence, if g = Id, the map

Gom R, ®gt Hi(UNR) — R2, ®go H; (U2, R)

induced by the choice of g determined by the choice of p is induced by the morphisms Rzm, ®r2 Lr —

le, ®g1 L1 through Steps (1)~(4). Note that if p is a homeomorphism (for example, a translation in a
semiabelian variety G) and g = Id, then g, ,, is an isomorphism.

Theorem 7.14 (Functoriality, p = Id). Theorem 7.1 holds if p = 1d.

Proof. Letus denote G := G| = G, R =R[n(G)] and R,, := R}, = R2, forallm > 1. By Lemma 7.7
it suffices to show that the adjunction morphism Id — Rg.g~! applied to the sheaves R_,, ® £, induces
MHS isomorphisms in cohomology for all m” > 1.
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Let Y1, Y> be compactifications of G and X;, X» be compactifications of U; and U, such that

X —5 X,
F Iz
1d
Y — 1
forms a compatible compactification with respect to the commutative diagram (7.2), where p = Id. Let
Ji : Ui — X; be the inclusion for i = 1,2. We have that R(j). of the adjunction morphism yields

R(j2)«(R_py ®r L2) = R(Z)*R(j1)s(R_p ®r L1). At the level of the thickened logarithmic Dolbeault
complexes which are quasi-isomorphic to R(j;)«(R_,» ®g L;) for i = 1,2, this is the composition of

(R @5 A3, x(log D2).d + ()" o OF (e5)) -
@ (R © Ay, 5 (log Dy),d+ (7)) o Y (22)),

given by the pullback of forms through g (which is a morphism of complexes of sheaves by the proof of
Proposition 3.17 and the fact that (IDIE' =1d o (IDI?) with (g). of the inclusion of

(Row @2 A%, n(log D1),d + (F)" o @) (50)

into its Godement resolution. Since g is algebraic, the first of these morphisms respects the weight
filtrations W Hence, picking n > max{2, dimg Uy, dimg U}, both of these morphisms will respect the
weight filtrations W”, which are biregular. Recall the definition of the derived direct image of a mixed
Hodge complex of sheaves (Definition 2.65). Using Proposition 3.17, we see that composition above
extends to a morphism of mixed Hodge complexes of sheaves

(R—m' &Ny d+ 5 0 07(2)) = R@.(Row ® N, p, od + i 0 @V1(2)),

where the morphism between the complex part is also given by the pullback by g. Indeed, pullback
by g respects both the weight and Hodge filtrations there, and it is straightforward to check that

R(2)- (ef*"q’y' (5‘9)) composed with the real part of the morphism (tensored by ®rC) coincides with

the composition of the complex part of this morphism and ef o2 (e0) Thig proves that the morphism
induced by adjunction Id — Rg.g~! applied to R_,, ®& £2 yields MHS morphisms in cohomology

H (Uz, Ry ®g L2) = H/ (U1, R_py ®r LV)
forallm’ > 1 and forall j > 1. O

Theorem 7.15 (Functoriality, g = Id). Theorem 7.1 holds if g = 1d.

Proof. Let us denote U := U; = U,. By Lemma 7.8 it suffices to show that the maps of sheaves
R%m, ®r2 L2 — le, Qp1 L1 given by ¢ ® pory — ¢ o p. ® 1p induces MHS isomorphisms in
cohomology for all m” > 1, where ¢ € REm, and ¢ is a local generator of L.

Let Y1, Y> be compactifications of G| and G,, and let X be a compactification of U such that

x My x

7 5

R
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forms a compatible compactification with respect to the commutative diagram (7.2), where g = Id. Let
j : U — X be the inclusion, and let D = X \ U. Now, we consider the thickened complexes from
Definition 4.10.

(RL ® N o d + T 0 @Y (),

where n > max{2, dimg U}.

Let pn, : R?,, — R!,, be the dual of the morphism R}, — R2 induced by p. : H|(G|,R) —
H;(G»,R). By Proposition 3.15, since p*: H'(G2,R) — H'(G1,R) is an MHS morphism, p,, ® Id
induces a morphism of mixed Hodge complexes (taking into account Corollary 4.12, which ensures that
the ®@’s and ¥’s we have defined commute with p*).

The resulting morphism of mixed Hodge complexes of sheaves induces a morphism of MHSs, as
desired. It remains to show that it agrees with the one in Lemma 7.8. First, note that it results, up to
natural quasi-isomorphism (see Definition 6.1) from applying Rj, to

2 . Pm®ld 1 .
RZ, @ Ayp —— R, ®r Ay »

so we just need to show that the following diagram commutes:

@)Y
2 e 2
Rz, ®p2 L2 —— RZ,, ®r ‘A;J,R
¢®[70L0r—>¢op*®ﬁl lpm®ld
Glyv

— g .
Rl_m ®rt L1 — Rl_m ®r ‘AU,R

The proof is done via direct computation. A generator of £, can be given as p o ¢, where ¢ is a
generator of L. Let us write ¢ = }}; e; ® hj, where h; are analytic functions on U and {e;} is an

R-basis of TG . Applying p results in the element p ot = 3 ; p(e;) ® h;. If a € R?, , then

Gy y S
(pm ® 1d) (e~ (@) )(0‘ ®po ‘)

J

Corollary 4.12, taking duals, usin
=(pm®1d)(aoexp(—Zp*@gl)v(ef)®hj)) ( Y ° g)
J

= (pm ®1d) (a : exp(— 3 (@8 (3(e))) h))

that p is a homomorphism

Going through the other path, the generator @ ® 3’ ; p(e;) ® h; is mapped to @0 p. ® 3’ ; € ® h; through
the vertical arrow. Therefore, we have:

G
e—(le\])V(aop*@)Zej@hj
J

= pm(a) - eXP(— Z(ﬂbg‘)v(q) ® hj)-
J
To show that the above two expressions coincide, we just need to show that for any 8 € H; (G, R) and
any @« € Hom(Sym’ H;(G,,R),R),
(psB - @) o p.=p+(aop.).
The proof is a computation: we use the fact that the product

H(G;,R) ® (Sym’ H\(G;,R))Y — (Sym’~! H(G;,R))”
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is the dual of H'(G;,R) ® Sym’~! H,(G;,R) — Sym’/ H,(G;,R). For any y € Sym’~! H;(G,R),

((psB - @) © pi,¥) = (PP - @, psY) =@, P - PsY) =

(@, ps(B-y)) =(aop.B-y)=(B-acp.y) _

7.2. A more general statement

Suppose that p : G| — G in the statement of Theorem 7.1 is an algebraic morphism but not a group
homomorphism. In that case, Remark 2.8 says that there exists a group homomorphism p; : G| — G,
and a translation p, : Gy — G such that p = ps o p1, and the commutative diagram (7.2) can be
decomposed as

U1L>U21—d>U2

lfl lpg oy lfz

Theorem 7.1 says that the commutative square on the left induces an MHS homomorphism between the
quotients of Alexander modules of (Uy, f1) and (U2, p; 1o f5) by powers of the respective augmentation
ideals. Hence, in this more general setting, it suffices to understand what happens for the commutative
square on the right. This is done in the following result. The main issue is that, while any group
homomorphism between semiabelian varieties lifts to a unique group homomorphism between its
universal covers, algebraic morphisms between semiabelian varieties don’t have a canonical lift to their
universal covers in general. To avoid this dependence on the base points, we will compose it with another
map in (co)homology in a way that the composition does not depend on the choice of base points used
to construct the lift.

Theorem 7.16. Consider the commutative diagram

vy

b L

G 225G

where p : G — G is a translation, that is, multiplication by an element x € G. Let y € TG such that
exp(y) = x. Let L1 = f~'exp, Ry and L = (po ) exp, R - Then, the following hold:

o If p: TG — TG is addition by y, then exp op = p o exp.
o Let{}) : R_,u®r Ly — R_,, ®r L1 be the morphism from Remark 7.13 given by ¢ ®@p o 1 > ¢ 0 p, QL
The composition e~ (@90 o &y, induces through Steps (1)—(4) the morphism

e @) 0 1d, py t Ry ® Hy(U' . R) = Ry &g H; (U R),

where e ®9"0) denotes the multiplication by e~ (@90 ¢ R, and I:l*,m is the map induced by
the lift Id: U/ — uref of Id which is determined by p as in Theorem 7.1.
o The morphism e (@0 o (i is independent of the choice of y € TG such that exp(y) = x.
o e (@)D o ﬂi*,m is an isomorphism of MHS.
H; (U’ R)
mmH;(US R)
map Id in general.

H; (U R)

and
w7 H; (UP°T R)

In particular, are canonically isomorphic, although not through the
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Proof. The proof of the first point is immediate. The second point is a consequence of Remark 7.13 and
the fact that the R-dual of multiplication by an element of R, is also multiplication by an element of R.

For the third point, notice that, since G is path connected, p is homotopic to the identity in G. In
particular, &;,(—¢ ® ﬁ_OL) = ¢ ® 1. Notice also that for all y, y’ € TG such that exp(y) = exp(y”) one
has that y — y’ € H|(G,Z) C TG. In particular, y — y’ is fixed by (<I)]g)v, SO

(@) () = (@)Y (V) = (®F) (y=y") =y =y € Hi(G,Z).
Hence,
@D 6 2 (p@TFY) = @D W o (po1) = (e—@g)vm . ¢) o1,

and, if we let y € m1(G) be the element corresponding to y — y’ € H;(G,Z) (i.e., logy =y — y’ using
the notation of Remark 2.23), then

O o (peTHy) = Do (peiry—y) = () g gyl
= "0 (OO gy @T= (7)) 01T,

which concludes the proof of the third point. o
For the fourth point a similar computation to that of (5.6) yields that the morphism £;), : R_,, ®& L2 —
R_, ®r L, lifts through the morphisms e~ (®¥)" from Construction 5.4 to a morphism R_,, ®z A —

R_,, ®r A([)J,R given by multiplication by (@0 ¢ R in the first factor. This is done using that

P« ¢ Rn — Ry, is the identity. Hence, e~ (¥ o £y lifts through the morphisms e~ @ from
Construction 5.4 to the identity morphism in R_,,, ® A(L)]’R, which in turn lifts to the identity morphism
in R_,;, ® AZJ,R. Finding compatible compactifications of U and G with respect to the commutative
diagram in the statement of this lemma, it is clear that the identity morphism can be realized at the
level of mixed Hodge complexes of sheaves from Definition-Proposition 2.73, and hence it induces a
morphism of MHS in hypercohomology. In particular, e (@) o I~d*,m is a morphism of MHS which
is an isomorphism of vector spaces, so it is an isomorphism of MHS. O

The following example conveys that the MHS defined in this paper have the potential of distinguishing
(up to algebraic isomorphism) algebraic varieties whose cohomology groups have isomorphic MHS.
This could be interesting in the case of affine hypersurface complements (Example 2.36).

Example 7.17. Let U be a smooth connected complex algebraic variety. By Remark 2.32, its Albanese
map oy : U — G is completely determined up to translation in the target. By Remark 2.35, UV is the
universal (torsion-free) abelian cover of U, which is a topological invariant (i.e., it does not depend on

ay, juston U). Let m be the augmentation ideal of R[71(G)]. By Theorem 7.16, the isomorphism class
H;(U%U R)

m'"JHj(U"U R)

the algebraic structure of U and on the value of m > 1, but not on the choice of Albanese map ay .

of the mixed Hodge structure on is an algebraic invariant of (U, m), that is, it depends on

7.3. Compatibility with Deligne’s MHS

We end this section by showing the compatibility of the MHS defined in this paper with Deligne’s MHS,
as a consequence of functoriality.

Corollary 7.18. Let U be a smooth connected complex algebraic variety, let G be a semiabelian variety,
and let f : U — G be an algebraic morphism. Let m : U/ — U be the pullback of exp : TG — G by
f Let R = R[n1(G)], and let m be its augmentation ideal. Then, the map that n induces in homology
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factors through the MHS morphism

H;(U',R)
————— — H;(U,R)
m"H;(U/,R)

forall j >0 andallm > 1, where H;(U,R) is endowed with Deligne’s MHS.

Proof. The statement follows from applying Theorem 7.1 in the case where U; = U, = U, G| = G, G,
is a point, fi = f and g is the identity. Indeed, in this case R> = R = R2, U”2 = U and g = 7, so in
particular the augmentation ideal m, of R? is (0). The thickened logarithmic Dolbeault mixed Hodge
complex of sheaves (R,zn ® N)’( pad+ E* o ®) from Definition 4.10 constructed form (U, f5, m)
coincides with the mixed Hodge complex of sheaves (V] x.D.n» @) from Definition-Proposition 2.73, so
by Remark 2.74, the pro-MHS on R% ®g» H (U kL R)y=H (U % R) from Corollary 6.16 coincides with

Uk
Deligne’s MHS on H;(U,R). Hence, the MHS on Hj(UfZ,R) = % from Definition 6.17
2 »

coincides with Deligne’s MHS on H,; (U, R). O

8. Completion with respect to other ideals

Let U be a smooth connected complex algebraic variety, let G be a complex semiabelian variety and
let f : U — G be an algebraic map. Let H be a finite index subgroup of 7;(G), and let my be the
augmentation ideal of R” := R[H] c R[n(G)] = R. Note that my R is the ideal of R given by

mgR=(y—-1|veH).

% with a canonical MHS for all i > 0 and for all

m > 1. Here, (my)"H;(U/ ,K), which in principle is an R¥ -submodule of H;(U’,K), can also be
seen as an R-submodule by identifying it with (mgy R)"H; (U’ ,K).

For this, we start by passing to the finite cover induced by H as follows: let pg : Gg — G be
the covering space corresponding to H, where Gy is a semiabelian variety and pg is morphism of
algebraic groups (see Remark 2.27). Note that this determines py : Gg — G up to unique isomorphism
of semiabelian varieties on the domain.

The pair (f, py) determines the following pullback diagram:

The goal of this section is to endow

Uy cUXGy — Gy

l,rH B lpH (8.1)

v—7'L ¢

Note that 7y : Uy — U is a finite cover of U, with deck transformation group H (the same as
pH : Gg — G). Note also that py induces a unique isomorphism of vector spaces py : TGy — TG,
such that expopy = pg o exp.

We define the following map, which is easily seen to be an isomorphism of complex analytic varieties,
where U IJ;” is constructed from the pullback diagram of ( 7, exp) as U/ is constructed from the pullback

diagram of (f,exp):
On: US — Ul
(,2) = ((w.exp(Pr™" (). p1 ' (2))
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It fits into the following commutative cube:

vl “ > Uf
f
—_ w
izl .
x TGy —22 s TG
l (8.2)
exp
Un SLENENY o4 exp
Gu el > G

Here, the bottom face of the cube is the pullback diagram above, and the left and right faces are also
pullback diagrams.

A straightforward computation shows that 7 o7’ 0 g = 7, s0 1’ 0 O : Uf > Ugisa covering
space and Ay is an isomorphism of covering spaces over Uy . Hence, 6y induces an isomorphism
(Og)* : Hj(Uf,K) — H,-(U,’;",K) of R[H]-modules for all j > 0. Note that y € H < m1(G) acts on
H;(U 7, K) by (pu ). (), where the latter is seen as a deck transformation of 7 : Uf — U. In particular,
0y induces isomorphisms of R[H] = R[7;(G g)]-modules

Hi(U K HURR)
(mp)"H;(USK) — (my)mH (U K)

Proposition 8.3. Let H be a finite index subgroup of m(G). Let m be the augmentation ideal of
R = R[n1(G)], and let my be the augmentation ideal of R = R[H] c R. Let f : U — G be an
algebraic map, where U is a smooth connected complex algebraic variety, and let 1 : UT — G be the
corresponding abelian cover corresponding to fas in (1.1). Then,

H;(U/,R)
(my)"H;(UT,R)

has a canonical MHS for all j > 0 and for all m > 1 such that the natural projection morphism

H;(U’ ,R) H;(U/,R)
-
(myg)"H;(US,R) ~ m™"H;(US,R)

is a morphism of mixed Hodge structures.

Proof. Using the notation in the discussion above, the isomorphism induced by 6y can be used to

H;(U' R) , , H,;(UH r)
W) H, (U7 5 with an MHS from the canonical MHS of —(mH)”‘H_,- R

For this MHS on ()" H, (U7 )

is determined up to unique isomorphism of semiabelian varieties, but this follows from functoriality
(Theorem 7.1). The statement about the projection map follows from functoriality (Theorem 7.1) applied
to the commutative diagram (8.1). O

endow from Definition 6.17.

to be canonical it must not depend on the choice of G, which

Proposition 8.4. Let 711(G) = Ky > K| > K, ... a sequence such that K; is a finite index subgroup of
K;_1 foralli > 1. Then, the following is a diagram of MHS morphisms, where all the maps involved are
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the natural projections and the MHS are the ones from Proposition 8.3.

j j j

N H; (U’ R) 5 H;(US R) S H;(US R)
(my,)3H; (U ,R) (mk,)2H;(UT R) mg, H; (Uf R)
i ¢ i (8.5)
(mk,)*H; (UT ,R) (mk,)?H; (US ,R) mg, Hj (US ,R)
\ Hj(Uf -R) \ Hf(Uf -R) \ H./'(Ust)
7 m3H;(UT R) 7 mZH;(UT R) 7 mH;(UT R)

Proof. Construct a chain of covering spaces
.—> Gk, > Gk, > G

and use those semiabelian varieties to endow the different modules in the diagram with canonical MHS
as in the proof of Proposition 8.3. The vertical projections are morphisms of MHS by Proposition &.3.
The horizontal projections are morphism of MHS by Remark 6.18. O

Example 8.6. Suppose that G = C*. In this case, R = R[x;(G)] is isomorphic to R[r*'], where ¢
is a generator of 711(G). The map p : C* — C* that sends z to zV is a finite cover. In this setting,
Proposition 8.4 applied to the chain of subgroups 71(G) = (t) > (V) > (t*N) > (*V) yields
the commutative diagram (8.5), where (mg,)" = (tZHN — D)™ foralll > 1 and all m > 1, and
(m)™=(@-1"

9. Eigenspace decomposition

Inthis section, U, G,f,Gy, pu.Un, fu,n,ng,n’, 0y, and the augmentationidealsm c R = R[7,(G)],
and my c R” = R[H] will be as in Section 8. Let £ (resp. Lg) be the local system of R[7(G)]-
modules given by (f)~! exp, R (resp. ( fu) ' exp, Ry, ), andlet £ (resp. L) be the corresponding
local system endowed with its conjugate R[x; (G)]-module (resp. R[ H]-module) structure.

The rings R and RH for m > 0 will be defined from Gy, that is, RY = H;‘;O Sym’ H;(Gy,R),
RH = . syml-efi] G- Similarly, for all m > 0, RH = Homg (R R). The same construction can
be carried out for C coefficients, and, abusing notation, will be denoted equally, as in Section 3.

The goal of this section is to prove the following theorem, which provides a generalization of Theorem

[17, Theorem 1.3].

Theorem 9.1. Let vy € n1(G), which acts on Hj(Uf, R) by a deck transformation of © : U7 — U. Let
H be a finite index subgroup of m1(G), and let my be the augmentation ideal of R[H]. Let y = YssYu
H;(U’ R)
(mp)™H; (U R)
(i.e., diagonalizable) operator and a unipotent (i.e., v, — 1d is nilpotent) operator that commute with

each other. Then,

be the Jordan-Chevalley decomposition of y acting on as the product of a semisimple

~ H;(U/',B) H;(U'.R)
7 )" H;(UT.R) . (mp)™H,; (U7 R)

is an MHS isomorphism for all j > 0 and all m > 1.
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H;(US R)
(mg)mH;(US R)
order of the class of y in 7 (G)/H) and 7{ (G) is an abelian group, Theorem 9.1 immediately implies
the following result. It uses the terminology of the lesser-known C-MHSs; see cf. [17, Definition 2.1]
for a definition.

Since y acts quasi-unipotently on (i.e., ¥V —1d is a nilpotent operator, where N is the

Corollary 9.2 (Eigenspace decomposition). Let y € n1(G), let N be the order of the class of y in the
quotient 11(G)/H and let K = R, C. Let g(x) € K[x] be a monic irreducible factor of x¥ — 1, and let E;’
HU'E)  HULE
(mp)™H;(US K) (mpy)™H;(US K)
for some N-th root of unity A € K, E;,' is the generalized eigenspace of eigenvalue A.
H;(US K)
(mp)™H;(US K)

be the kernel of g(yss) : form > 0, so in particular, if g(x) =x—A4

Then, the inclusion Eg — endows Eg with a K-MHS, and the direct sum decompo-

sition

H;(U/K) y
(my)"H; (U K) @Eg

is an MHS decomposition, that is, the MHS on the right-hand side is a direct sum of MHS as in the
left-hand side.

Moreover, let n be the rank of m\(G), and let {y,...,yn} be a basis of n1(G) as a Z-module.
Consider all the n-tuples g = (g1,...,8gn) such that g;(x) € K[x] is a monic irreducible factor of

n
xNi — 1, where Nj is the order of the class of y; in the quotient w1 (G)/H. Denote Ez = E;{l‘ Then,
i=1

H;(U'.K) 3
(mp)"H; (U K) @Eg

is a finer K-MHS decomposition.

Theorem 9.1 will be proved by passing to the finite cover Uy of U, so first, we need to specify certain
identifications between local systems on U and Uy . Let Ly = f; expyR;; and L = f ~Lexp, Rrg-
From the commutative cube (8.2), we deduce the following chain of canonical identifications:

()L = () (fu) " exp Ry, = (mp)h(fu) ™ exp Ry, = (xu) (20 (fn) 'Ry, =
O ) (f) ' Ryg, =m0n) " (fu) 'Ryg,, =m(H) ' @r ) "Reg =m(H) 'Ry = L.

Here, the superscript —1 is used to describe the inverse image functor when the function is in parentheses,
and the inverse of a bijective map when there are no parentheses, we hope that the use is clear from the
context. Recall that the R[H]-module structure on Ly side is by deck transformations of 7’ : U Z’ —
Uy, and the R[H]-module structure on L is by seeing H inside of x1(G) and thus considering the
elements of H as deck transformations of 7 : Uf — U. Hence, the chain of identifications above
induces an isomorphism of R[ H]-modules between the (conjugate) local systems

95 : (nH)*E — L.

Lety € m1(G),andlet T, : U f — U/ be the corresponding deck transformation of 7. By definition,
v € R[n1(G)] has an action on £ induced by 7, that is, if ¢ is a local section of £ seen as a map
t:U — TG such thatexpot = f,y -t =t+logy. The action of 7, descends to the deck transformation
of my, which we will also denote 7, : Uy — Up.

Now, note that for all (u,z) € Uf c U x TG, v - (u,z) = (u,z +logy), where logy is the element
of H(G, Z) corresponding to y through the abelianization. In that sense, we can think of y € 71(G)
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as acting on Ug’ through the isomorphism 6y as follows: for every ((u, s), w) € U'Z’ cUy xTGy C
UxGyg xXTGy,

¥+ ((,5),w) = 61 0 (7) 0 07 (u,5),w) = (w5 - exp(pr " (log y)) ), w+ prr " (log ).

The following result below is a generalization of [17, Lemma 3.1] (where G = C*). The proof is a
straightforward verification on local sections which follows the same steps as in [17, Lemma 3.1], so we
omit it. In it, we describe the y-action on L, similarly as to how we have described the y-action on U Z" .

Lemma 9.3. Let y € n1(G). There is a morphism of sheaves M., Ly — (7;,)*5 such that after
taking (my ). it becomes multiplication by vy, that is, the following composition is multiplication by 7y:

- 9% —— (wH) My —_— — — g —
L—> (rp)ilyg — (@u)(T))Lu = (wu © Ty)Lu = (g )Ln — L.

Furthermore, for every local section t ofm (seen as amap ¢ : Uy — TGy such that expot = fg),
M., is given by

My (@) = (pr ' o (=logy) opr) oio Ty = (i—pr ' logy)o Ty,
where (=logy) : TG — TG is defined by z — z —logy.

Remark 9.4. From now on, we are going to be working on complexes of sheaves defined over Uy . We
will look at the map that M., induces between R @pn Ly and itself, namely 1d ®M,,. For simplicity
in the notation, we will denote Id ® M., also by M., from now on. Note

The following is a higher dimensional generalization of [17, Lemma 3.3].

Lemma 9.5. Let m € Z \ {0}. Under the quasi-isomorphism
_(®CH )V - . %
e RE @ Tt — (Rly @r Al o d + (fir)" 0 O (o)

from Construction 5.4, the map M, (where M., was defined in Lemma 9.3) becomes the following
morphism of complexes of sheaves, defined RH -linearly as

My (RH @8 A3y, od + (fi)" 0 O (o)) — (Ty).(RE @2 A3y, o+ (fin)" o OF" (o)
1@w — eP (027 @ (7)) w.
In other words, the following diagram commutes:

P M P
R,I;,ll ®RH »CH LA > (E)*RZ ®RH ;CH

G GH
L_(QRH)V l(ﬂ)*e*@]& )V

A,
(RE @r A7, nod+ (fir)" 0 @F% (o)) =25 (T,).(RE 0 Ay, o d+ (fu)" 0 OF" (22)).

Proof. Since p’, : H'(G,R) — H'(Gy,R) is surjective, M, is a morphism of complexes of sheaves.
Moreover, since 7, is a deck transformation of 7y : Uy — U,

* * GH * * * G _ T+ * * G _ _x * 1 G _ rx GH
Tyofno®" opy =T, ofgopyo®y =T, onyof ody =nyof OF =fyodg",
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The rest of the proof is a direct application of the definitions of the morphisms involved which can
be checked on elements of the form 1 ® t, where ¢ is a local section of L. It uses that ((I)Ig )V fixes

H\(Gy,R), so in particular it fixes pr; ' logy. m|
Let M;,S be the following morphism of complexes of sheaves, defined R -linearly as

M (RiE 5 Al o + ()" 0 7 (0] — (). (Rl} 85 A, o+ () 0 0" (o)
1w — 18 (T))"w

Lemma 9.6. The morphism M3 induces an isomorphism of MHS in cohomology
hss : H (Up, RE @ L) — H/ (Up, RE @gu L)

forall j > 0andall m € Z\ {0} through the quasi-isomorphism e_(‘blgﬂ)v.

Proof. We denote also by 7, : Gg — Gp be the deck transformation of py : Gy — G induced by
v € m1(G). Let Y1, Y> be compactifications of Gy and X, X, be compactifications of Uy such that the
first commutative diagram in

Ty Ty
X — X Ug —— Ug
\Lf: o \Lf: \LfH \LfH
Ty Ty
Y — 1 Gy — Gu

forms a compatible compactification with respect to the second commutative diagram.
Let D; := X; \ Uy fori = 1,2. Note that j, M3’ restricts to a morphism of sheaf complexes

(RE 5 A5, z(l0g D2).d + (fa) 0 ®F (20)) = (Ty). (R @r A3, s (l0g D1).d + (fin)" o O (2)),

where X, Y are compatible compactifications of Uy, Gy with respect to fi, and D = X \ Uy, and this
restriction is the pullback by 7,.

Recall the definition of the derived direct image of a mixed Hodge complex of sheaves (Defini-
tion 2.65). Composing this restriction of j.M3” with (7). of the inclusion of

(Ri @r A3, z(log D1).d + (Fa)" 0 @ (20))

into its Godement resolution, and using that the pullback by algebraic functions respects the weight
filtration W, we obtain a morphisms of filtered complexes

(Rif ® A5, x(10g D2). d + (Fi)" o @ (e5), W) = R(Ty).(Rl] © A%, 5 (10g D1). d + (Far) o @} (e2). W)

given by the pullback by f,, for any n > max{2, dimg Ug }. The result follows from the fact that this
extends to a morphism of mixed Hodge complexes of sheaves

(RZ ®N).(2,D2,n’d +f_1‘1* o (I)YZ(S)) - R(?)’)* (RZ ®N;(1,D1,n7d +f_H* o (DYI (‘9)),

where the morphism between the complex part is also given by the pullback by Ty Indeed, pullback
by 7, respects both the weight and Hodge filtrations there, and it is straightforward to check that

R(fy)* (ef:*"lpy1 (SC)) composed with the real part of the morphism (tensored by ®rC) coincides with
the composition of the complex part of this morphism and T EIC ) O
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Lemma 9.7. Let N be the order of the class of y in the quotient 11(G)/H, and let j > 0, m € Z\ {0}. Let
hss : H' (U, Ry} @k L1r) — H (Up, R}) ®gn L)

as in Lemma 9.6, and let
h: H Uy, Rl ®gu Ly) — H (Up, RE @gn Lpy)

be the map induced by M., in cohomology. Then,

© (hss)N =Id.
o (ho(hs) ' =1d)m =0

o hgs and h commute.
In particular, hgg is the semisimple part in the Jordan-Chevalley decomposition of h.

Proof. Note that hgg and h are the maps induced in cohomology by ﬂy and M‘Y‘ through the quasi-

isomorphism e~ (@™ These statements can be easily checked by looking at My and M;Y The first
statement is a consequence of the fact that (’7;,)N is the identity on Uy . The second is a consequence
of the fact that (¢PH (192%) — 1)Iml ¢ RH acts as multiplication by 0 in RH. O

We are now ready to prove the main result in this section.

Proof of Theorem 9.1. Let m > 0. By Lemma 9.3, multiplication by y € m1(G) C R[7(G)] in C
determines an isomorphism of sheaves from y : R¥, ®@pn £ — RE, ®pu L to itself, which, through
the isomorphism 6 determines an isomorphism

(ma )Myt (TH s (Rflm ®pH E) — (mH)s (Rflm ®pH E)

Letyss : H/ (U, R®, @gn L) — H (U, R® ®gn L) be the semisimple part of the isomorphism induced
by ¥ in cohomology. Now, taking duals and applying Lemma 9.7, we obtain the commutative diagram
HomR(Hj(U, RY ®pn Z),R) = HomR(Hj (Un, RY. ®pn E),R)

\L(YSS)V MHS | (hss)"
HomR(Hj (U, R ®pn Z),R) =y HomR(Hj (Un,RY @gn E),R),
where the arrow on the right is an MHS morphism by Lemma 9.6.

We can apply Remark 2.26 to the right column of this diagram and Remark 2.27 to the left column
to obtain

H;(U,RY ®gu £) —— H;(Un, R @ L)
l MHS | (755) (9.8)
H;j(U,RY ®gu L) —— H;(Uy,RY ®gu Lp1).

Note that the arrow at the left has been labelled s because the dual of multiplication by 7y is multiplica-
tion by 7, and taking duals respects the Jordan-Chevalley decomposition. Now, these maps are defined
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for all m > 0 and commute with taking inverse limits, so by Corollary 2.30,

RE ®@gu Hj(U, L) ——> RE ®gu H;j(Uy, Ly)
[ pro-s | 42" 9.9)

m m

Rg QRrH H](U,E) i) Rg QRrH Hj(UH,ﬁH).

In the previous commutative diagram, the horizontal arrows were induced by 6 after tensoring by
RH over RY, taking the j-th cohomology, taking R-duals and performing an inverse limit. However,
notice that this is the map induced in homology by the identification g : U/ — U {;’ from (8.2), under
the identification from Remark 2.13. Indeed, both of these maps come from the natural identifications
arising from the commutative cube (8.2).

Let us see that the maps in (9.8) all commute with multiplication by any element of H; (Gg,R) ¢ RH.
It is a well known fact of the Jordan-Chevalley decomposition that the semisimple part of a matrix A
with real entries can be written as a polynomial on A as follows: if pa(x) = Hizl (x — Ax)™ is the
characteristic polynomial of A for 41, ..., A; distinct elements in C, Bézout’s identity implies that we
can pick polynomials Cy (x), Di (x) € C[x] such that Cx (X) - (x =)™ + Dy (x) - [T jp (x = 2;)" =1,
and Dy can be chosen so that its constant term is 0. Let P(x) := Zi:l Ak Dy (x) - 1 j2 (x =)™, which
is a polynomial with O constant term. Since every vector in ker(A — A;1)"** is an eigenvector of P(A) of
eigenvalue Ay forall K = 1,...,1, P(A) is the semisimple part of A. Now, since the Jordan-Chevalley
decomposition commutes with taking duals, we have that (h)" is a polynomial in 4" with no constant
term, so in particular (As)" commutes with every linear operator that commutes with #". Since the
action of y on the left-hand side of (9.8) commutes with multiplication by any element of H(G g, R),
we obtain that it commutes with all the maps in (9.8), as desired.

In Corollary 6.16 R¥ @ pu H;(Up, L) is endowed with an MHS as the cokernel of a multiplication
map

H (Gy,R)®...® H(GH,R) ®(R£ ®rH Hj(UH,ﬁH)) — R @gu H;j(Un, Ln),

m

so, by (9.9),
(hss)" : RY ®@gu Hi(Un, L) — RE @pu H;(Un, Lpr)
is a mixed Hodge structure isomorphism. Note that there exists m’ > 1 such that the natural map
H;(Un,R™, @pu L) — RE @gu Hj(Un, L)

is surjective and an MHS morphism. Since this surjection commutes with (4,5)", Lemma 9.6 implies
that ((hSS)V)N : R ®pu H;(Uy,Ly) — RE®pu H;(Ug, Ly ) is the identity, it commutes with £, and
hY o ((hm)v)fl is unipotent. In other words, (/)Y : RE ®gu H;(Un, L) — RE ®gu H;(Un, L)
is the semisimple part in the Jordan-Chevalley decomposition of #", and it is an MHS isomorphism.

(uf
Recall the definition of the MHS on %

Definition 6.17. Under the isomorphism H;(Ug, L) = H;(U, £) coming from 8y and the identifica-
tion from Remark 2.13, (hg)" corresponds to the semisimple part of the map induced by 7y, so

from Proposition 8.3, which uses the MHS from

H; (U7 R) RH ®pn H;(U, L) — RY @pu H; (U, L) H; (U7 R)
— (U, L) — (U L) 2 ———————
s mHHj(Uf,R) m PRH 11 m CRH j mHHj(Uf,R)
is a mixed Hodge structure isomorphism, concluding the proof. O
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10. The Q-MHS in the case G = (C*)"

In 6.1, a canonical MHS was defined on H*(U, R,, ®& L) for all m € Z \ {0}. All of the other MHS
defined in this paper are induced from these ones through morphisms defined over Q. The goal of this
section is to prove that the MHSs of this paper are actually defined over Q, in the specific case where
G = (C*)", although we expect the result to be true in general. Note that the construction in Section 6
only uses morphisms defined over Q, and the results in Sections 6, 7, 8 and 9 only involve morphisms
defined over Q. Therefore, the results therein also hold for the MHS with Q-coefficients.

Let U be a smooth connected complex algebraic variety, and let f : U — (C*)" be an algebraic
morphism, where n > 1. Let X and (P')" be compactifications of U and (C*)" which are compatible with
f,andlet f : X — (P')" be the extension of f to those compactifications. Let D := X \ U and let n’ >

max{2,dimg U}. Pick coordinates (z1,z2,...,2z,) of (C*)", and note that {[L&] lj=1,... ,n}

2 zj
form a basis of H'((C*)",Z). With this choice of coordinates, we have that f = (fi,..., f.), where
fi:U—>Cforallj=1,...,n
Note that G 4 in the Chevalley decomposition of G = ((C*)" is a point, and G = Gr. Hence, by

Definition-Proposition 4.6, (D((cpl)n factors through F((Pl)", (Pl)" (log E)) where E = (P1)™"\ (C*)". It

—% yn —x Iyn
is straightforward to see that maps f o dbg " o Cbg )" and f o W®)" appearing in Definition 4.10
have the following form:

7ol (H' ()" 0. W.[1]. F

1 dz;
2xi 2j

~—

— (I(X, QL (log D)), W, F*) (r(x, A}(’C(logD)),W_”/,F')

1 df
2ri f;

(rx. Al g (tog D). W)
dafi _ afi
%271'1 fi _ﬁST,{’

I—l

Foolf)": (H'(Chym R, W.I1])
L
|5

F oW (H'((C)",C), W.[1])

[1dﬁ
2ni fj

(r(x Cor AL, (logD)),W_”')

(10.1)
— 57 log(1£5).

Illl

Recall the filtrations in the target of the first of these maps, which were defined in Section 2.9, and
note that it respects the filtrations (recall that H'((C*)",R) is pure of type (1, 1)).

Let j : U — X be the inclusion. Consider the multiplicative Q-mixed Hodge complex of sheaves on
X of [16, Theorem 2.37]

(K2, W), (% (log D), W., F*), go), (10.2)

which coincides with the one from [41, Section 4.4] except for a slight modification in the weight
filtration of the rational part so as to make it biregular.

For the purposes of this section, we just need to recall this much of the definition of this mixed Hodge
complex of sheaves:

~ K if m < dime X
P o._ -p o ._ m s
Ko = "lll_r)noo(Sym (Ox)® (/\MX p®z Wik = {IC(:o otherwise. ’
Poo: KL — QF (log D)
d d
g1 E8m-pO®YIAN...ANyp > wgy...-gm_p%/\.../\yip”
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where Oy is the sheaf of holomorphic functions on X and Mip p is the sheaf of abelian groups
associated to My p = Ox N j*OZ,, where O, is the sheaf of nonvanishing holomorphic functions on
U, as a sheaf of groups under multiplication.

Remark 10.3. Note that f; € I'(X, j.Oj)) forall j = 1,...,n. These functions can be extended to X as
the quotient of two holomorphic functions, and thus f; € I'(X, ./\/l‘;g(p D) forallj=1,...,n.

Definition 10.4. We define the morphism ®g as

®g: (H'((CH)",Q), W.[1]) — r(x, (/c;cl,w_))

Clearly, ®q preserves the weights and, using (10.1), it is straightforward to see that ¢, 0 ®g =

f o d)épl)n in H'((C*)", Q). In particular, we may apply Definition-Proposition 3.9 to get the following
mixed Hodge complex of sheaves.

Definition 10.5 (Thickened rational mixed Hodge complex of sheaves). Let m € Z\ {0}. The following
is a Q-mixed Hodge complex of sheaves in X:

(((Rm ® K2, d + @o(50)), W), (R 82 @ (log D). d +F 0 0" (20)), W, F). 1d @0 ),

where the filtrations are the tensor filtrations corresponding to R,,, and the mixed Hodge complex (10.2),
and [d ®¢ : Ry ®g K3, — R ®c Q5 (log D) is a quasi-isomorphism after tensoring the domain with
C over Q.

Remark 10.6. Let m € Z \ {0}, and let n” > max{2,dimg U}. Note that the mixed Hodge complex

of sheaves from Definition 10.5 can be given an extra term so that its complex part coincides with
the complex part in the mixed Hodge complex of sheaves (Rm ®/\/}’D’n,,d +?* o @E"" (s)) of
Definition 4.10. Indeed, by Proposition 3.17, the composition of the bi-filtered quasi-isomorphisms
from Theorem 2.70 and Definition-Proposition 2.73 (Q% (log D), W, F*) — (.A;(,c(log D), W" F)
given by inclusion extends to a bi-filtered quasi-isomorphism between the complex parts of the thickened
complexes of Definitions 10.5 and 4.10

((Rm @2 Q% (log D).+ T 0 @ (60)), W, F*) = (R ®c A c(log D), d + F 0 @L(e0), W, )

Notation 10.7. Let ZQ (resp. Lg) be as £ in Definition 2.12 but with Q (resp. R) coefficients. For

m € Z\ {0}, R, (resp. R) in the expression R,, ®g ZQ will be as in Definition 2.20 for K = Q (resp.
Q[ ((C*)™)]), and similarly for R-coefficients.

We now introduce some notation. Let K = Q, R or C, depending on context. Let sjv. = [%m %] , let

J
{sj1j=1,...,n} c H((C*)" K) be the dual basis of{s]v. | j=1,...,n}. Lety; be aloop around the
origin in the j-th coordinate C* of (C*)" forall j = 1, ..., n. Identify T(C*)" with C" (with coordinates
(wi,...,wy)) in a way that exp(wi,...,w,) = (e™,..., e"). With those identifications, logy; is
seen in 7(C*)" as 2mie;, where ¢; is the j-th element of the canonical basis of C". Denote by x; and

y; the real and imaginary parts of z;. Note that {ey,...,e,} U {logy;,...,logy,} form an R-basis
of T(C*)". Note that @H(QC*) ! ([ﬁdz—?]) = %ﬁ%, which, at the identity element of (C*)" takes the
value %dy i The form %dy ;j takes the value 1 in logy; and 0 in the rest of the elements of the fixed R

basis of T(C*)". Hence, under these identifications, ((D]gf*)n)v (as introduced in Construction 5.4) takes
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the following form:

@) TG — H(G.R)

logy; > logy; =s;
ej 0

Let V be a small open set in U and let ¢ : V — T(C*)" be a holomorphic map such that expoc = f.
Note that such ¢ form a Q-basis of ZQ in V. Under the identifications above, ¢ = (¢y,...,t,), where
tj : V. — Cis holomorphic. Hence, it makes sense to talk about Re j and Y jforallj=1,...,n. Notice
that exp(¢;) = fj, so exp(Re;) = | fjl.

We now do the analogue of Construction 5.4 but for Q-coefficients.

Construction 10.8. Let m € Z \ {0}. Then, we can define an R = Q[x{(C*)"]-linear morphism of
sheaves vg : Ry ®r Lg — j (R ®g KY) locally by

VQIRm(X)RZQ —>j_1(Rm®QK80)
n
a®L— aexp|—5= X (s; @ (1;®1)].
j=1

The proof that vg is well-defined on the tensor product (over R) and that it is R-linear follows similar
steps as its analogue for R-coefficients (Proposition 5.5), so we omit it. This time, it needs to use that
forallay,...,a, € Z, (]—I;Ll 7;1") 1= (y —2miay, ..., 1, —2miay,).

* ) (cH\v
Proposition 10.9. Let m € Z \ {0}. Then, the restriction of the morphism e’ W (80) L =@ )Y

Ry ®r Ly — j! (Rm ®c Ag)(’c(log D)) to R, ®r ZQ coincides with the composition (1d ®¢) © vg.
Proof. The proof is a direct computation:

C*)")v( n

. - * [
ef*oxp(c " (£0) ' e_(@]%c )n)v (@) =a- ef-*olp(c " (&) . e—(d)% et C_,’®‘Rl_,’+i et logy_,-@ﬁt_,—)

n

1 ¢ 1
=« - exp —%;sii@)logﬂfﬂ) - exp —ﬁjz:;sj@&j
n
=a-expl—o— 5;® (Re; +i34)

J=1

1 n
=a-exp|—5 jz:; 5;®tj | =(Id®¢p«) o vola ®t)

]

Remark 10.10. Since Id ®¢., (resp. e/ *Oq’(c*)"(%)) is a quasi-isomorphism when the domain is ten-
sored by C over Q (resp. over R) and C is faithfully flat over Q (resp. over R), we have that
JH(Rm ®g K%, d + @g(eg))) tesolves a free rank 1R-local system. Using Proposition 10.9 and
Lemma 5.9 we get that vg induces a quasi-isomorphism

vQ - R,, ®r ZQ — j_l(Rm ®0 ,C;o,d + @Q(SQ)).

In particular, the mixed Hodge complex of sheaves from Definition 10.5 endows H*(U, R, ®r ZQ)
with a Q-MHS following the same steps as in Definition 6.1 (with the same shifts if m > 0), using the

adjunction Id — Rj,j~ L.
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H*(U, R,, ®g LR) from Definition 6.1 is defined over Q. In particular, all of the MHSs defined in this
paper are defined over Q in this case, and the results in Sections 6, 7, 8 and 9 also hold for Q-coefficients.

Corollary 10.11. Let m € Z \ {0}, and suppose that G = (C*)" for some n > 1. The MHS on

Proof. Proposition 10.9 implies that, after tensoring by R over Q, the MHS on H*(U, R,, ®r ZQ)
induced by the mixed Hodge complex of sheaves from Definition 10.5 coincides with the MHS from
Definition 6.1. O

Remark 10.12 (The case G = C*). Suppose thatm > 0 and that G = C*. Let s be a positive oriented loop
around the origin in H; ((C*)", Q), and use it to identify R,,, with Q[s*']/(s™). Under the identifications
and choice of coordinates explained in this section, the mixed Hodge complex of Definition 10.5 and
vg coincide with those of [16] (see Remark 5.12 and Theorem 5.24 therein). Therefore, the Q-MHS on
H*(U, R, ®r Z) from both papers is the same. Note that, in [16], this MHS (with the same Tate twist
as in Definition 6.1) was used to endow Torsg H*(U, L) with a canonical MHS.

11. Relationship with the Milnor fiber of a central hyperplane arrangement complement

Let f; € C[xy,...,x,] be homogeneous polynomials of degree 1 fori = 1,...,m such thatifi # j, f; is
not a product of f; by a constant. Suppose that m > n.Let f =[], fl.d" forsomed; > 1,letd = 31", d;,
let H; = V(f;) ¢ C", and let H = U" H;. The f;’s describe a central hyperplane arrangement in C",
but if we think of it as being determined by f, the arrangement is not necessarily reduced.

The Milnor fiber of f is £~'(1), and it is equipped with the monodromy action

= i
(X1s s xp) — (Ex1,.. ., Exp),
where & = ¢ . Note that this induces a semisimple action on the reduced homology groups
H/(f7'(1),C), and its possible eigenvalues are the d-th roots of unity.

Definition 11.1 (Spectrum of f). The spectrum of f is defined by Sp(f) = X 4cq 1y ,at, Where

(e}

ng.o = 5;(=1)/7"* dime G B/ (f7'(1), O,
HI(f1(1), ©), is the eigenspace of eigenvalue A by the monodromy action on the reduced cohomol-

ogy groups H’(f7'(1),C),
A=e 27 gnd

p=ln-ea]

o

e}

e}

The spectrum of a hypersurface singularity was first defined by Steenbrink [44] as a local invariant
of the Hodge filtration of the cohomology of the local Milnor fiber, but in the case of central hyperplane
arrangements, the Milnor fibration corresponding to the singularity at the origin comes from a global
fibration of the hyperplane complement over C*, and Definition 11.1 coincides with Steenbrink’s.

Remark 11.2. Budur and Saito showed in [3] that Sp(f) depends only on the combinatorial data of the
(not necessarily reduced) arrangement defined by f.

Despite this positive result of Budur and Saito, one of the most important open problems of arrange-
ment theory is the following.

Question 11.3. Are the Betti numbers of the Milnor fiber associated to a (reduced) central hyperplane
arrangement in C" determined by the combinatorics of the arrangement?

This has been solved if n = 3 and the projectivized arrangement in P> only has double and triple
points by Papadima and Suciu in [40]. However, a general answer to this question is not known even in
this particular case:
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Question 11.4. Is the first Betti number of the Milnor fiber associated to a (reduced) central hyperplane
arrangement in C" determined by the combinatorics of the arrangement?

In this section, we translate Question 1 1.4 to a question of whether the dimensions of the filtered pieces
by the Hodge filtration of an MHS defined in this paper are combinatorially determined, motivating the
future study of the objects introduced in this note.

Suppose that one wants to study Question | 1.4. It is enough to consider the case where the arrangement
is essential and the number of hyperplanes is greater than the dimension of the ambient space.

Lemma 11.6 below details the relation between Question 11.4 and the following stronger question.

Question 11.5. Let f be the reduced defining polynomial of a (not necessarily central) essential line
arrangement in C2 of 3 or more lines, and let U be the corresponding arrangement complement in C2.
Let 7 : U/ — U be the pullback of exp : C — C* by f : U — C* as in (1.1). Is the first Betti number
of the infinite cyclic cover 7 : U/ — U of an essential line arrangement complement U in C? with 3 or
more lines determined by the combinatorics of the arrangement?

Lemma 11.6. Let {H\, ..., H,} be a (reduced) central arrangement of m different hyperplanes in C",
where m > n, and let {Ly, ..., L} a (reduced, not necessarily central) line arrangement in C> which
is obtained from {H,, . .., Hy,} after intersection with n — 2 generic hyperplanes. Let f(x,y) € C[x, y]
be a reduced defining polynomial of U!" | L;, and let U = C2\ V(f). Let UT — U be the pullback by f
ofexp: C — C".

If dime Hy (U, C) is determined by the combinatorics of {L1, ..., Ly}, then the first Betti number
of the Milnor fiber of {H\, ..., Hy} is determined by the combinatorics of {Hy, . .., Hy}.

Moreover, the reverse implication holds if n = 3.

Proof. Note that the combinatorics of {Hj, . .., H,, } determines the combinatorics of {L1, ..., L,,} and
the reverse implication also holds if n = 3. By the Lefschetz hyperplane section theorem, C" \ (U= H)
can be obtained (up to homotopy equivalence) by attaching cells of dimensions 3 and higher to U.
Consider the commutative diagram

U C"\ (Uj=1H;))
N oA

(where f; is areduced defining polynomial of the arrangement {H1, .. ., H,,}). Since f, is homogeneous
of degree m, (C™\ (U i=1H J-))f2 = (f2)~'(1)xC. Hence, the inclusion in the commutative diagram above
induces an isomorphism H, (U7 ,C) — H,((f>)~'(1), C). If the dimension of H; (U7, C) is determined
by the combinatorics of {Ly, ..., L,,}, then the dimension of the first Betti number of the Milnor fiber
of the arrangement {H1, ..., H,,} is determined by the combinatorics of {Hy, ..., H;}. O

From now on in this section, this will be our setting: m > 3, Ly, L,,...,L,, form an essential
arrangement of m different lines in C2, and f; € C[x, y]isa polynomial of degree 1 such that L; = V( f;)
foralli=1,...,m.Let f = [1, f;, and let U := C?\ (U™ L;). The infinite cyclic cover 7 : U/ — U
is constructed as the pullback of exp : C —» C* by f : U 5 C* Moreover, we identify R = C[m(C*)]
with C[#*!] by taking a positively oriented loop around the origin to 1.

Remark 11.7. By [16, Proposition 2.24, Corollary 7.21], there exists N € N such that #V — 1 annihilates
H (U !, C). Moreover, by [14, Theorem 5], N can be taken to be the least common multiple of all the
numbers which are greater than 2 and appear as multiplicities of multiple points in the arrangement (so
in particular, this choice of N is combinatorially determined).

Remark 11.8. Let N be asin Remark 1 1.7 (given by the least common multiple of the non-2 multiplicities
of the multiple points in the arrangement), and suppose that N < m = deg f. We may substitute N by
min{Nk | k € N, Nk > m}, which is again combinatorially determined.

https://doi.org/10.1017/fms.2025.10102 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10102

78 E. Elduque and M. Herradon Cueto

Let N as in Remark 11.8 (a combinatorially determined number such that N > m and tV — 1
annihilates H, (Uf ,C)), and let 1y : Uy — U be the covering space of U obtained via the pullback
diagram

UNcUxC*L)C*

l”” . lWHWN (11.9)

v—L ¢
Notice that if we see U as the affine variety V(z - f(x,y) — 1) ¢ C?, then

UN:{(x’yaZ7W)€C3XC*|Zf(x,y)=1, f(x,y):wN}
= {(x,y,w) € C2xC*| f(x,y) =wl},

Let f(x, v, z) be the homogenization of the polynomial f(x,y). The following is an isomorphism of
algebraic varieties

V(N f(x,y,2) = 1) € C e Uy = {(x,y,w) € C2xC* | f(x,y) =wN} c C?

1
(x7y’z) — ()Z_C’%’Z

(11.10)

and under this identification, 7y and fj in the pullback diagram (11.9) become

an: Uy =V(EZN " f(x,y,2)=1) cC? — U=C2\V(f) c C?
(x.7.2) = (%%

and

n:Un = V(zN_mf(x,y, =1)cC® —cC*

(x,y,2) — %
respectively. Note that Uy is a (possibly nonreduced) Milnor fiber of an essential central hyperplane
arrangement in C3, so it makes sense to talk about Sp(zV ™" f(x, y,z)). Under the identification of R
with C[#*!], the t-action on Uy given by Deck transformations of 7 is

1:Un =V(EN " f(x,y,2) =1) c C — Uy _
(x,9,2) — e~ (x,y,2),

which is the inverse of the monodromy of the Milnor fiber.

Theorem 11.11. Let {L;,...,L,,} be a (reduced) essential line arrangement in C2, with m > 3.
Let f(x,y) € C[x,y] be a reduced defining polynomial of U L;, and let U = C2\ V(f). Let

i=
L = f~'exp,C.., and let N as Remark 11.8, which is determined by the combinatorics of {L1, ..., Ln}.
Then, the following hold.

; -p Hy (U7 R) —
1. dlmcGI‘F m ¢O$p—0,],2.

) -1 ___HU'R)
2. dime Gy Gropmor®

3. Hy(U' ,R) is a free C[t*']-module of rank x(U), so dimc % = Ny (U), which is

is determined by the combinatorics of {L1, ..., Ly}

determined by the combinatorics of {L1, ..., Lpy}.
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4. The following are equivalent:

-

o dimg F~! % is determined by the combinatorics of {Ly, ..., Ly}
f

o dimg FO% is determined by the combinatorics of {L1, ..., Ly}

o dimc H (U, C) = dim¢ Torsg H; (U/ , C) is determined by the combinatorics of {L1, ..., Lp}.

Proof. The statement in (3) is true by [14, Theorem 4]. The covering 7 : U/ — U factors through Uy
as my o nr’, where ' : U/ — Uy is a covering space. The short exact sequence at the level of singular
chains

N_ ")
0— c.(U) ==L co ) Y2 o (Un) — 0

yields the Milnor long exact sequence in homology, which we claim gives rise to the following exact
sequences of MHS, where (1) denotes a Tate twist.
H,(U/,C)
(tN - 1)H> (U, C)
0 — Torsg H,(U/,C) = H{(U/,C) — H,(Uy,C) — Hy(U’,C) = Torsg Hy(U',C)(1) — 0,
0 — Ho(U',C) = Torsg Hy(U”,C) — Hy(Uy,C) — 0,

— Hy(Uy,C) — Torsg Hi (UY,C)(1) — 0,

Let us see that these are indeed short exact sequences of MHS, where Torsg H; (U !, C) is endowed with

the MHS from [16], H;(Uy, C) is endowed with Deligne’s MHS, and % is endowed with

the MHS from Proposition 8.3. Indeed, H; (U’ , C) = Torsg H;(U/,C) fori = 0, 1 by [14, Theorem 4].

We have that % — H,(Up, C) is an MHS morphism by Corollary 7.18 and Proposition 8.3.
The remaining maps are shown to be MHS morphisms in [17, Corollary 5.9].

The statement in (1) holds by observing the first of these sequences, because since Uy is smooth,
the analogous statement holds for H,(Uy, C) (see [9, Corollaire 3.2.15]).

The f-action is semisimple in all of the homology groups appearing in the three exact sequences
above, in fact, "V acts as the identity. In the case of Uy, it acts by deck transformations realized by an
algebraic isomorphism, so it is an MHS isomorphism in homology. By Theorem 9.1 (and its counterpart
for the torsion in [17, Theorem 1.3]) multiplication by ¢ is an MHS isomorphism for the rest of those
homology groups. The exact sequences above induce exact sequences of MHSs in the corresponding
eigenspaces, which in turn induce the following exact sequences:

0 — Gr,”

H>(U',C)
((IN - 1)H2(Uf s C)

0 — Gr,” (TOTSR Hl(Uf,C))/l — Gr.” Hi(Un,C)y — Gr;pﬂ (TorsR Ho(Uf,C))A -0,

) — Gr” Hy(Un,C)y — Gr;pﬂ(TorsR Hl(Uf,C))/l — 0,
2

Gr,? (TorsR Ho (U, C)) = Gr” Hy(Un, Ch.
A

By [16, Theorem 10.5], the following hold:

o Torsg H{ (U !, C)4 is a pure Hodge structure of weight —1, where the subindex # 1 denotes the direct
sum of all of the eigenspaces of eigenvalue other than 1. Hence,

dimCGr%(TorsR H1(U~f,C)) 1=dimc Grl._,-l (TorsR H1(Uf,C)) g
# #

) (TorsR H (U, C))] is a pure Hodge structure of type (-1, —1), so its only nonzero graded piece is

Gry! (Torsg Hy (U’ ,C)),. Moreover, this graded piece has dimension m — 1, which is combinatorially
determined.
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o Torsg Hy(UY, C) is a Hodge structure of weight 0 and dimension 1. The only nontrivial eigenspace
is the eigenspace of eigenvalue 1, which has dimension 1, and its only nontrivial graded piece is
Gr). (Torsg Ho(U',C)),.

Recall from Remark 11.2 that, by Budur and Saito’s result, n 7, := ¥ (=1)7 dimc Gr}, H/(Uy,C),

is a combinatorial invariant, where f(x,y,z) = V" f(x,y,2), 1 = €27, sz.(UN,C),l is the
eigenspace of eigenvalue A for the t-action on the reduced cohomology groups H’/(Up,C) (which
is the inverse of the monodromy action), and p = |3 — . Let 4; := ez’”% forl =1,...,N be all the

N-th roots of unity. We have that

nf,ﬁ+(2—p) = dim(c GI';JJ HZ(UN, C)/ll - dimc GI'I_:p Hl(UNyc)/l[ (1112)

is combinatorially determined for all p = 0, 1, 2 (the only possibly nonzero graded pieces). Now, using
the exact sequences above, we get that, for all [ # N,

nF 1= dimc Gr(}; ( T I_—Izl()lg;&gi XS ),11 — dime¢ Gr% (TorsR H (U’ C))A,’
nF L= dim¢ Gr;l ( T flzl()([{lfzigi‘ XS ),1, + dimc Gr% (TorsR H(U', C))Al
— dimc Gr! (TorsR H (U, C))Al,
and for/ = N,
nFin= dim¢ Gr% ( o 1;121()[[]{2&51’ o) )/1,,
ng 1= dimc Gr}l((tN I__Izl()l[];;(f]:i‘c))ﬂl - m,
Hence, dim¢ Gl’;;l % = (Zﬁ 17 Ly )+m is combinatorially determined, which concludes

the proof of the statement in (2). For the statement in (4), just note that

. _ Hy(US ,R) . Hy(U'\R) .o H(U'\R)
dime Gri! = dim¢ F —dim¢ F
MR GV D Hy (U R) TGN S DH(UTR) T N — H (U, R)
and that
H-(US H-(US
dimc F° 2U7,©) = dim¢ Gr¥) 2U7,C)

F (N —1)H,(Uf,C)

= (i nf’;fﬁz) - %dimc(TorsR Hl(Uf,C))

N - 1)H,(Uf,C)

#1
N

=[S0z 1| - = (dime Torsg By (UF, ©) - ( )

= an’%ﬂ 2( 1M¢ 1OISR 1 . m .

O

Remark 11.13. Note that, by Theorem 11.11, % is a space whose dimension is combi-

natorially determined, and the dimension of one out of its three possible nonzero graded pieces by the
Hodge filtration is also combinatorially determined.
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The following corollary summarizes the work done in this section.

Corollary 11.14. Let {L,,..., Ly} be a (reduced) essential line arrangement in C2, with m > 3.
Let f(x,y) € Clx,y] be a reduced defining polynomial of U, L;, and let U = C2\ V(f). Let N
as Remark 11.8, which is determined by the combinatorics of {Li,...,L,,}. Consider the MHS on

H,(U' R) .. [ 0 H,(U' C
M_Im from Deﬁnmon 6.17. Then, lfdlmcF m

combinatorics of {L1, ..., Ly}, Question 11.4 has a positive answer.

is always determined by the
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