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ABSTRACT. Tisserand's definition of the "sphere of action" of a planet
is based on the equality of tidal vs. gravitational acceleration ratios
of the sun and planet. Opik and others based their relation on equating
the differential solar and planetary forces on a particle. Neither ex-
pression was formulated to describe the zone of influence surrounding a
planet when considering the small, but significant, long-term pertur-
bative effects of the planets on a particle's orbital elements. For the
purpose of determining these effects on interplanetary dust we derive a
zone of influence based on equating the gravitational forces of the sun
and planet.

The general expression for the radial distance to the boundary of
the planetary zone of influence on small particles can be written as

s = k-f(ap)-g(mp, other planetary parameters) (1)

where k is a constant which depends on the nature of the problem under
study, f and g are functions which may also have the same dependence as
k, ap is the planet's semimajor axis, and my, is the planet's mass. The
other parameters may include the eccentricity of the planet, as well as
other orbital parameters and such factors as oblateness and axial tilt.
Functions f and g are generally not separable but we have found that the
effect of semimajor axis can be separated from the other parameters.

The equation of Tisserand (1889) and Opik (1951) can be written as

2 2
s (l/MO) /Sapmp /5, and (2)

il

1y 1/ .
s %(I/ZMG) 3apmp 3, respectively. (3)
I1f we equate the gravitational and radiation forces of the sun
and planet, a different relationship is obtained. Consider a particle of
mass m at a distance s from a planet of mass mp and semimajor axis aj,
and at a distance r from the sun. The magnitude of the force on the

particle due to the planet is
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2
F = GCmnm s 4
. m) /s (4)

while the magnitude of the force on the particle due to the sun is
2
Fy = GMgm(1-g)/r" (5)

where B is the ratio of radiation force to gravitational force.
Since a, - 8 sr =< + s, we can write r as r= a_ + 8s where 6 is a
number getween -1 and +1 which depends on the planet-sun angle. Sub-
stituting the expression for r into equation (5) and substituting
Mé= M@(I—B) we can set the ratio of the solar force to the planetary
gravitational force equal to some constant k2, where

szmpm/s2 = GMém/(ap+<Ss)2 , which reduces to (6)

— ¥ 1/ 1 1/ -1
s = kap(mp/Me) 2[l—ké(mp/M@) 2] @)

Equation (7) can be approximated by a simple power law when the
mass of the planet and k are small, giving

- Wt/ L/
s = (/M Pyam 12 (8)

Compare this with the results of Tisserand and Opik, eqs. (2) and (3).
A computer simulation technique was used to find the most applic-
able expression for our study. Each encounter was run using a 10,000
step Cowell's method computation over the period of one synchronous
orbit. For a particle in circular orbit at 10 A.U., the errors in
eccentricity and semimajor axis incurred over one orbit were less than
1x1075 and 5x10 9 A.U., respectively. The particle was initially in a
circular orbit and the planet was given a fixed orbital eccentricity.
The encounter occurred
at perihelion or ap-
helion, depending on
whether the particle's
orbit was inside or
outside the planet's as |
orbit. The particle's
orbital plane coincided
with that of the pla-
net, so that only
subsolar and antisolar
encounters were
studied. The distance
of closest approach
was compared with 0 R S s L L L i L 1
either a or m as- [ 1 2 3 4 [ T [ ] L] 10
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suming a” constant Ae
or a constant percent- Figure 1. Relationship between a, and s
age change in a. Fig- for a constant change in eccentricity
ure 1 shows the effect (Ae=.0014). The planet's mass is 1 Mé and
of ap on the zone size its eccentricity is 0.05.
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for a constant Ae, and

verifies the linear re- %
lation, common to all
three derivations, be-
tween the zone bound-
ary and the semimajor
axis. This result also
shows that the uncoup-
ling of the functional
forms of a, and mp in
equation (R) is wvalid.
The constant change
Ae= 0.0014 chosen in
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later 2 and 4) is the o ' w 100

minimum value that PLANETARY MASS [IN Mg)

guarantees that the

zones of influence of Figure 2. Relationship between and s

the inner five planets for a constant change in eccentricity

do not overlap. (Ae=.0014). The planet's semimajor axis
Figure 2 shows is 10 A.U. and its eccentricity is zero.

the effect of the pla-
net's mass on the zone boundary. The general trend follows a power law
most closely approximated by equation (8), and diverges from the power
law in the same manner as equation (7). Figure 3 is a graphic represen-
tation of equation (7). While this and the previous%figure show a
striking similarity, the spread due to [1-ké&( /Mé) 17! is greater
than the spread observed in the simulations. This is a consequence of
the fact that, during an encounter, § assumes other values than l.
Figure 4 shows
the effect of planetary
eccentricity on the
zone boundary. As im-
plied in equation (1),
this effect cannot be
separated from the
functional dependence
on planetary mass. This
is evidenced by the
fact that these curves
match the results for
high mass planets but
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low mass. This result
deserves further in-

01 " A T - ka1 ] i R

vestigation to deter- 01 1 1 100

mine the relation be- PLANETARY MASS N Mg)

tween eccentricity and Figure 3. Theoretical curves relating m

the size of the zone of and s through equation (7). ap is 10 A.B.

influence. and k is chosen to match the simulation
Figure 5 shows value for mp = Me. B is zero.
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the relationship be-
tween planetary mass
and the distance of
closest approach when
the desired effect is a
constant percentage
change in the semimajor
axis of the particle,
Aa/a= 5x10 °, which is
the value found when
Ae=,0014. Unlike the
result for a constant
Ae, (see fig. 3) the
boundary followsathe
form s « (mg/M@) /8, a
result which matches no
theoretical formula yet
derived. Note, also,
the divergence from the
power law for planets

of high mass, similar to
the form in equation (7).
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Figure 4. Relationship between mp and s
for a constant Ae=.0014. This is the same
as Figure 2 except ep = 0.05.

The form of the relation determining the zone of influence is
highly dependent on the nature of the perturbing effect to be observed.

We have shown that the
expressions most appli-
cable to interactions
with orbiting particles
involve powers of the
planetary mass not for-
merly considered and
that the size of the
zone boundary depends
upon the eccentricity.
We are now studying

the effect of eccen-
tricity on the zone
size for a constant
Aafa, and intend to
extend this work to
changes in inclination
and ascending node.
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