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ASYMPTOTIC DISTRIBUTION OF
LIUSTERNIK-SCHNIRELMAN EIGENVALUES FOR ELLIPTIC
NONLINEAR OPERATORS
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Asymptotic formulae are given for the distribution of Liusternik—Schnirelman eigenvalues of certain pairs of
nonlinear functionals generalising the usual Weyl theory for linear pairs of elliptic operators. In particular an
application is made to the von Karman theory of buckled plates.
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Introduction

Let V be a reflexive Banach space and «/(u), #(u) two real valued C' functionals on
V. For ¢ a real constant, set M.={ueV:o/(u)=c}. Under certain technical conditions
the variational theory of Liusternik—Schnirelman provides a natural generalisation of
the Courant-Weinstein mini-max principle establishing the existence of an infinite
number of distinct eigenpairs (A,,u,), u,€ M., 4,€R, of the Euler-Lagrange equations
associated to the pair (& (u), B(u)):

A(uy) = 4 B(wy)

(see [6, 9]).

In two papers [7, 8] Chiappinelli discussed the question of the determination of the
properties of the asymptotic distribution of eigenvalues: w(t)= #{k:4,<t}. In the
problems discussed in [7, 8], (&7, %) were chosen to be functionals related in V =H(Q)
to the pair of operators (—Au,u+ f(u)) and (Lu+ f(x,u),u) respectively, where f(u)
satisfied a certain growth condition and f(x,u) was taken to be sublinear and odd in u
with L as a second order linear selfadjoint elliptic operator. Nevertheless lacunae were
left and in the present paper we consider various variational problems in which we
assume that V is a closed subspace of the real Sobolev space H™(Q), Q a Sobolev
domain in R"” and HYQ)<V, 2m=n. Let of o(u) and B,(u) be the quadratic functionals
associated with the self-adjoint linear differential operators in divergence from Ay, By of
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orders 2m=2my+2m’ and 2m’ respectively, my>0, m' =0, whose coefficients are Holder
continuous of order s, 0<s<1, uniformly on Q. Then more specifically we consider
pairs of non-linear functionals (=/(u), #(u)) taken in the form:

(3o(4) + f(u), $8,(u) + h(w))

where f(u) and h(u) are nonquadratic functionals satisfying certain technical conditions
(f(u) satisfies essentially the conditions (S) of [6] and f, h are C' even potentials and
h'(u) is compact in V*, the normed conjugate of ¥, on bounded closed subsets of V).

We set vo(t)= #{kiu St; Agu) = Bul}. It is known that v°(r)=gdt/>™+
(¢!~ sis+ Di2moy a5 t— o0, where §=|Q)|, the Lebesgue measure of Q, and g is a geometric
constant. Let

. _ 2ms (2ms
s+1

-1
Jo S+l +my(2m— n)) <n/2, 2m>n.

In case f=0 and h satisfies conditions H3, the corollary to Theorem 1, states that for
2m>n, then setting v(t) = # {k: 1<t}, we have

v(t) =got"2mo 4 Q" —s/s+ ViZme) a5 t—o0, if j0§j§§

and
W(t) =gdt"/?m 4 0(¢"2m0~9)  as t—o0, in case 0<j< jo,
where
m—j n 1

= 0-
T 2jm 2

While in case 2m=n, we have merely that w(t)=v°(t) as t—o0 at level M,. With the
same conditions on h but with f(u) satisfying more general growth and coercivity
conditions, we establish in Theorem 2, that for ¢ sufficiently large v(t) =v°(t) as t— oo at
level M. Theorem 1 uses nonintegral interpolation estimates and Theorem 2 these
together with the use of a radial odd homomorphism from M, to the level set
3. = {u: oy(u)=2c}. We also give a result for the von Karman equations describing plate
buckling, taking advantage of the special form of the pairs, where h=0 and f(u) is
positive and compact on bounded closed subsets in ¥ = H3(Q). Theorem 2’ states that in
this case v(t) =gét + O(t?> ~55*1/2) a5 t o0 at level M. Here it should be noted that f(u)
is not a polynomial type expression in the derivatives of u as it effectively involves
pseudo-differential operators.

The first author (VBM) acknowledges the support of the Ministero della Publica
Instruzione (Italy) and the second (MT) the support of ICTP (Trieste) and the CNPq
(Brazil) while visiting Trieste and Lecce.
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1. Preliminaries

Let Q be an open bounded region in R” with a sufficiently regular boundary (see {10]
and the references given there). We denote the norm on the standard Sobolev spaces
H“?(Q) by || ||..,» the >-norms by || ||, and more briefly we denote H*7(Q) by H'(Q).

£(Q) denotes the completion of CF(Q) in the norm || ||,,,-

For two functions ¢ and y defined on a common domain D of some R" we write
¢(y) ~¥(y) and @d(y) = yY(y) to mean respectively that for ye D and y— oo we have

$O)=Y()1+0()  and 0<a, <2V
75

fa,<o0.

We assume the following hypotheses.

Hi(a) Let V be a closed subspace of H™(Q) such that HJ(Q)< V.

We consider two formally symmetric strongly elliptic operators in divergence form
Ay, B, of order 2m=2my+2m’ and 2m’ respectively, my>0, m'20 such that their
associated bilinear forms &/, and %, satisfy the following conditions with positive
constants cq, by, 7.

HI(b) Ao, ) +yl[ulF 2ol 2 ueV.
Hl(c) Bolu,u) Zbollul|z. .,  ueV
H1(d) The coefficients of A, and B, are uniformly Hoélder continuous of order s,

0<s<l,on Q.

We set ofp(u) =Ap(u,u) and By(u) =Bo(u,u). As remarked earlier we consider pairs of
nonlinear even functionals o/(u)=4.,(u) + f(u), B(u) =31Bo(u) + h(u), ue V. In Theorem 1
we deal with the degenerate case f =0 while in the case of the von Karman equations
h(u)=0. Both these cases may be placed within the context of the theory as formulated
in Theorem 6.6.11 of [4], where by Propositions 5.2, 6.4 and Theorem 7 of [6] we may
take both &/ and % to be C'.

H2(a) .o7'(u)is a C' odd gradient operator with 2/'(0)=0 and for any u#0, &/'(su).u
is a strictly increasing function of the positive real variable s.

H2(b) The functional o/(u) is coercive.

H2(c) When u,—u weakly in V and «'(u,) converges strongly in V* then
o (u,)—>(u) and u,>u in V.

The last hypothesis stated there is replaced by the following in Sections 2, 3 and 4.1
taken together with Hi(c,d).
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H3(a) Let H(x,&) be a function defined on Q x R!, measurable in x and C! in £ on
R, for each fixed x outside of a nullset in Q.

H3(b) .H(x, —&) = —8H(x,&), xeQ, ¢eR".
H3(c) 0:H(x,6)¢20; xeQ, Ee R

H3(d) |0:H(x, &)|=cléf, 1<g=n(n—2j)"", xeQ, e R*, where 0< j<n/2.
Then we define h(u) by h(u) = [q H(x, u(x)) dx, ue V. These hypotheses lead to

H2(d) (1) h(u) is well defined, bounded on bounded subsets and of class C! on V;
(2) K'(u) is compact on each bounded closed subset of V;
(3) h(u)=[§ W (su)uds is even and positive.

Note that these properties given in H2(d) follow as in the Appendix to Section 1 of
[5]. H2(d) gives the last hypothesis of Theorem 6.6.11 of [4].

In the case f =0, H2 is trivially satisfied, while for the von Karman equations all the
necessary verifications are given in Section 4.2 to establish (iv) of Theorem 6.6.11 of [4].

We consider the eigenvalue problem

a(u, v) = Ab(u, v), for all vel, (1.1)

where a(u, w) =(2/'(u),v) and b(u,v) =(#'(u),v). Let M. ={ueV: A (u)=c}.

The Liusternik—Schnirelman max-min theory states that there exist an infinite
number of distinct elements of u, e M, such that (1.1) is satisfied with a corresponding
A€ R. More specifically let S,={K<cM_ K symmetric compact and catK >k}. Each
eigenvalue pair (4,,u,) is associated with a critical level ¢, determined by

c=sup inf ZAB(u) (1.2)
VeSx ueVeM,
such that
Bw)=cy; (L3)
and
-3

(see [6, 4, Chapter 6, 9]).
We expect that under reasonable conditions

l;t,vg(“k):c—x

3 Cor (1.5).
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Note that in case f=0, h=0, a quadratic pair, M, is the simpler level set Z_ =
{ueV:ioy(u)=c}.
Let us recall that the eigenvalues A0 of the linear problem Aquf = A0 Byuj are given by

X=Qc)"'sup inf By(u) (1.6)

KeSyx ueK<X,

(see Lemma A 6, 7A of [4]).

It follows that our principal task is to show that the rlght hand sides of (1.5) and (1.6)
are asymptotic as k—oo. It is useful to recall that the class S, is preserved under radial
odd homeomorphisms 7 of submanifolds of V invariant under the involution mu— —u.
This follows from Lemma 1.2d of [6].

Although we maintain the same hypotheses as h(u) in Section 4.1 the preceding
formulation is not adequate to deal with the more general nonlinear functionals
introduced in 4.1. However, in this case we note that the technical hypotheses on f(u)
are those of Theorem 10 of [6] while it is readily seen that under conditions H3 the
underlying abstract elements of the theory given in Theorem 8 of [6] may be established
and the results of Theorem 10 of [6] taken over without modification, namely those
listed in equations (1.2) to (1.4).

We introduced the vector space R°™ whose elements are &™={¢,: |a|§m}. Let
F(x,&™) be the function defined on the trivial jet bundle QxR*"—R!, which defines an
operator on functions on €, assigning to each u another function v on Q with
v(x) = F(x, E™(u)(x)), xeQ, where &E™(u)(x)={Du(x), |¢|<m}. Define the nonlinear
functional f(u)= [q F(x, ™ (u)(x)) dx.

We consider even functionals

H(w)y=4Lo()+ f(u), ueV.
Associated with the functional «/(u) is the Euler-Lagrange operator

AW)=Aou+ Y, (= 1DFDF,(x, ™ (u)(x)

lel=m

where F,_ is the partial derivative of the function F with respect to £,. Such functionals
are well defined under hypotheses given in the Appendix to Section 1 of [5].

We refer to such hypotheses as being the “usual hypotheses” and observe that under
these hypotheses the following properties hold (see [S] or [6]).

P1  f(u) is well defined, bounded on bounded subsets and of class C*' on V. For each
u,veV

fwv)= Y (F (&™), D)

la|sm

is well defined and f'(u)-v= f(u,v) for all u,veV.

C
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P2 f'(u) satisfies condition (S) of Section 6, Definition 6.1 of [6], and is bounded on
bounded subsets.

P3  f'(u)-uzcy||u|. 2 —ca|t]|m 2> for all ueV.

P4 There exists a continuous positive function i,(x), x € R, such that

{fl(“) ‘us Wl(”“”m,z)”“”m,z =¢1(”“”m, 2)
S(w)

Note that the eigenvalue problem (1.1) is equivalent to
d(u,v) = a(u, v) + bg 'yb(u,v)= (A +bg '7)b(u, v) )
for all veV, and so causes a shift in the eigenvalues A—»A+bg'y. As characteristically
there exists a sequence of eigenvalues A,— oo this will not make a difference to the
asymptotic properties of 1, as n—o0. Note that H1(b,c) and P3 imply that
5(“’14)é(co+Cl)||u||3..2—czllu”m,2- (1.8)
From (1.7), (1.8) it follows without loss of generality we may assume that y=0.

Let I';,={u:ueV;||ul|Z ;=6,}. From (1.8) it follows that there exists a k>0 such that
for 6,2k,

(02 0T 5, (19)

Then as in [5], setting u=rv, ||v]|2 2=k

A (u)— A (v)=| M(Sl;)svdsg(c(’;cl)logr, r>1.
1
We conclude that
12
() g(i‘%@ log (%) — max |e(v)|>0, (1.10a)
Woll2, 2=k

taking J, sufficiently large.
Note that (1.10a) implies that o/(u)—oco with |ju|, ,—o00. Also note that the
hypotheses H2(d) imply the existence of a constant ¢, >0 such that

o) 2 ||ul|2, 5 + 1 ([l 2) = P[]}, »)- (1.10b)
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Hence, if &/(u)=c— o0 it follows from (1.10b) that ||u||,,,,2—»oo. Therefore for ¢ sufficiently
large ||u||,,,, =k so that (1.10a) is satisfied and we obtain the bound

|[te]|m, 2 S kexp [2co+c) (c + max |.sz¢(v)|>, (1.10¢)

NellZ, 2=k

ueM,, c sufficiently large.
The following property holds:

PS Under the hypotheses H1, H3 and the “usual” hypotheses on f, for ¢ sufficiently
large, #(u)>0 for ue M, and given d >0, there exists d, >0 such that for all ue M_ with
PBu)=d then #'(u) - u=d, >0.

Now (1.10¢) holds so that ||u||,, ,<const, ue M,, also by H2(d) it follows from the
Appendix to Section 1 of [S] that %#'(u) is compact on closed bounded subsets of V.
Suppose then there exists a sequence u,e M_, u,*u, such that both %(u,)=d and
(#'(u,) - u,)—0. Then we conclude that #'(u)-u=0 by compactness and weak conver-
gence and by positivity @o(u)=0 so that ||ul|, ,=0 which implies #(u)=0, while the
potential formula implies that lim 2(u,)=%(u) = d a contradiction.

The last property is proved in Lemma 3 and may be announced as follows:

P6 For c sufficiently large each ray from the origin hits M, in exactly one point.
2. A technical lemma
Let us recall the Sobolev embedding
Hi(Q) < L}(Q), for 2<IL2n(n—2j))"4, (2.1)

valid for all 0< j<n/2 (see [12, §4.6.1]). In the subsequent analysis, for definiteness, we
set

[=2q=2n(n—2j)"*.
Further recall the interpolation inequality in the H%(Q) Sobolev spaces:
[l 2 < Qa2 7. (22)
This is a so-called multiplicative inequality familiar from interpolation theory (see [12,
Remark 6, §2.4.2]). For a proof we refer to [12, Theorem 1, §4.3.1; Theorem 1, §2.4.2 and
formula (v) of that theorem]. Note that the W*?(Q) spaces defined in [12] coincide with

H"?(Q) in the case p=2.
We set
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nm—j
0=— ,
mn—2j

n
O<j<—.
<j<3

Then we have the following lemma.

Lemma 1. Under hypotheses H1, H3 and properties Pl to P4 there exists a constant
K(Q, ¢) such that

h(u) < K(S, o)||u||3*°, ueM,, (2.3a)
and

B (u) u< K(Q)||u|3*°, ueM,, (2.3b)

if ¢ is taken sufficiently large.

Proof. By hypotheses and the formula for potential operators we have h'(tu)-u=
fau(x)H(x, tu(x)) dx < C1? [q [u(x)|** * dx, 0<t <1, and

h(u) gq—fl [l a.

From Schwartz’s inequality it follows that

h(u) < const |Ju][4]|u|,.- (2.4)
Then using (2.1) and (2.2) we have

[ulls < el 2 < CQ el 27
and from (2.4)
h(u) < const |[ul|3 * @m=m)||y||2i/m.

Then (1.10c) yields the upper bound, if ¢ is taken sufficiently large,

h(u) < K(Q, o)jull3*,
similar estimates give (2.3b).

Note that in the case f =0 the value of ¢ is unrestricted. Recall that in case 2m>n, u

can be modified on a set of measure zero so that ue C°Q) and one has the well known

interpolation inequality (see Lemma 13.2 of [1]):

()| < v, juflnr > uaf] 3~ (2.5)
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This leads to an estimate of the form
h(u) < const ||uf|§+ Dt ~@rzm),

However, as

n m—j_ 2m-—n n m—(n/2) n n
1 =(1l+——}1——
+n—2j m > 2m +n—2j m +n—2j 2m

we see that in (2.3a) and (2.3b) we have attained a higher power of ||ul|, which is
desirable in the asymptotic analysis as we shall subsequently. Also any fixed value of
g>1 may be attained by choosing j suitably.

3. The distribution of eigenvalues f =0, 2mZn

In the subsequent analysis we 6 =|Q], the Lebesgue measure of Q.

We recall a basic result which may be derived following the line of arguments given
in [10, 11]. Although the latter paper deals with much more general bilinear (matrix)
pairs and accordingly does not give explicit expressions for the second term in the
asymptotic formula for the distribution function, it is evident that the estimates for
scalar bilinear pairs as considered here may be obtained as in [9]. Using (1.9), (1.3) and
(1.4) it follows that

c? = c(g5)2"'°/"t ~2mojn ot =((2mo/n) +((s/s + l)/n))) 3.1

We now establish a fundamental lemma. We set

Lemma 2. Under hypotheses HI, H2 and with f =0, we have
c,=c0+ 0@t~ Zmomitaly g5 to0.
Proof. By hypothesis 1%8(u) £ B(u), ue M =X, so that it follows immediately that
<, (32
For an upper bound we note that from Lemma 1 and H1(c) we have

sup inf Bu)<sup inf (By(u)

KeS, ueKc M, KeS, ueKc M.
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where ¢(x) is the continuous positive increasing function
p g
$(x) =§+b5“+‘”/2K(Q,c)x‘*"/2.

Then by an observation of Chiappinelli in [7, §3] we have

sup inf (.éao(u))§¢|:sup inf .@o(u):l.

KeS: ueKcs M, KeS, ueKc M,

It follows that from (3.1}, (3.2) and (3.4)

c?gctéc?_‘_o(t_(zmo/’l)(l +9)/2)=c?+0(t‘(2m0/")(1 +d)) as t—00.

(3.4)

3.5)

Theorem 1. Suppose that f=0, 2m=n, and hypotheses H1 and H2 are satisfied. Then

ATt =cc? + Ot~ Bmoiml+ o)y g5 t >0 at level M.,
Proof. Recall that from (1.3), (1.4) and (&/'(4,) - u,) = 2¢ we have
At —c e, =3B () u,— B(u,)]c™ .
Set W,=(3h'(u,)- u,—h(u,))c . Then by inequalities (2.3a,b) we have

Wil <3¢ K(Q )||u|[3 0 S 3¢~ LK(Q, )by 4+ 2By (u,) ! +912,

using Hl(c),
SCQ,)Bu) *%, by Bo(w) < B(u),

=C(Q,0)(c)' "%
< C,(Q, )t ~Gmolmil +a) using Lemma 2.
From (3.5) and (3.6) we l;ave
A t=cT1Q 40~ Bmoimit +ay) a5t o0,

Corollary. Set

o= 2" ﬁni+m (2m—n) -
Jo= i1 ™Mo

in the case 2m>n

(@) If jo<j=n/2, then
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() = goe™3mo 4 O(¢n ~ (s 1)2mo) as t—oo atlevel M..
(b) If 0<j<jg, then
w(t) =got"tmo 4 O(t™2m =) g5 t—oo at level M,
(c) In the case 2m=n, then
W)xtme  ags t—oo at level M,.

Proof. First note that since my(2m—n) >0, in the case 2m>n, then j, <n/2.
We deal with cases (a) and (b). By (3.1) and Theorem 1 we have

l,—l =(g5)2mo/nt-(2mo/n)+0(El)+()(E2) as t—o0. 3.7)

where E =t (@motGis*1lin gnd E,=¢~Gmoml+a) 1t follows that E, or E, will be
dominant in second order asymptotics depending as to whether

N
2moa%'s—_’

+1

or as to whether

mo(2m—n)j_ s
mn—2j) “s+1°

leading to the inequalities j= j,. In the case j,=j<n/2, (a) holds and, in the case,
0< j<j, (b) holds.
Finally, if 2m=n, from (3.1) and Theorem 1 we see that

A t2moln
giving result (c).

4.1 Estimates in the general case 2Zm2n

An important element in the theory of Liusternik—Schnirelman as given in [6,
Theorems 10 and 8] is the property previously indicated, (P6). The following lemma
establishes P6 in this case, the last property necessary to apply the theory of [6].

Lemma 3. Under conditions which guarantee properties P1, P2, P3, P4 (the “usual’

hypotheses) together with H1(b) and HI(d) each ray from the origin hits M, in exactly
one point if c is taken to be sufficiently large.
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Proof. Let ue M,. If this property does not hold then there exists a positive ¢t #0, 1
such that ue M_. Consider first the possibility that O <t <1. Then we have

12y (u) +t jl' (f'(stw)- w)ds =c,
)

so that setting ¢’'=1—1t? and st=1, we observe that

/1—a’

%(l—a’)&io(u)+v£ (f'(ru) uw)dr=c.

Subtracting this from «/(u) =c, we see that

1

to'slo(u)+ | W&:a

Using property P3, we conclude that

f(u)-uze,t?||ul|2, 2 — cotl|uflm.2

and, hence, that

1
02do'collullmz2+ § (extllulln. 2= collullm.2) de.
J1—-a’

Moreover, for ¢ sufficiently large ||ul|,,., = k>0 from (1.10b) and we conclude that

271
0ziceoldrteilnz| 5| —eotilims

or

)

Og%o”((;o +c1)”u||,,,'2 —_ H—\/ITO-’

However, from (1.10b), we have seen that ”u||,,,'2—>oo as c— o0, ue M_. It follows that for
¢ sufficiently large to guarantee

2c,

(co+c)(1+/1-0)

[l 2>

the preceding inequality yields a contradiction, ruling out the possibility that 0<t<1.
The hypotheses that t>1 may be dealt with similarly, setting ¢'=t>—1, with an
argument which leads to the inequality
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+
oty <5

1+./1+o”

once again leading to contradiction for ¢ sufficiently large.

As an immediate consequence of Lemma 3 it follows that #(u)=(1—(f(u)/c))”?u is
an odd, radial, one—one onto map of M, to X, when ¢ is sufficiently large. We

sett(u) =(1—(f(w)/c) ™2 =/ 2calo(u)~ "%, ue M..

In fact, a simple modification of the argument given in Proposition 6.4 of [6] serves
to show that #(u) is a homeomorphism (in fact, a diffeomorphism of the Finsler
manifolds involved). In order to see this, renorm V by the equivalent norm |jul||>=
(2¢) " 'sfy(u). This equivalence follows from H1(b), with y=0 as we always suppose,
together with 2/o(u) < c4||uf|2 ., which follows from H1(d). Then Z, becomes the unit ball
in norm ||| ||| and one may apply the result cited above.

Theorem 2. Assume that the hypotheses HI1, H2 hold together with the usual
hypotheses on f that 2m>n and that c is taken sufficiently large as in Lemma 3. Then we
have v(t) ~t">™ as t—o0 at level M..

Proof. Under the conditions we have assumed all the conclusions of Theorem 10 of
[6] are applicable. It follows that

c,=sup inf [(1 — f—(c@) Bo(1(u))/2

VeS, ueVecM,
+j' K (s (1 - M)mi(u)) . ((1 - M)llzf(u)) ds]
0 [4 4

z (A =(fw)e)trz
. <@o(r(u))+ i

<
= SUP 2

VeS: Huei{V)=Z,

K (st(u) - (u)) ds)

Ssup inf (@ + j' (K (su)-u) ds)
0

VeSS, ueVcl,

=sup inf B(u)=¢é,

VeS; ueVclX,

by the invariance of the class S, under the odd radial homeomorphism #(u). However,
Lemma 2 may be applied to ¢, and we obtain
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¢, £c21+0(1)) as t—oowo. (4.1
For an inequality in the reverse direction observe that

¢é,=sup inf B(v)

VeS:e veVecX,

VeSS, ueVce M,

=sup inf [r(u)2 @ + } (W'(st(w)u) - 1(u)u) ds],
o

using the invariance of S, under the odd radial homeomorphism 77!,

VeS, ueVeM,

Ssup inf [(2c) o(u) ! @oz(u)

(2C)("+ 1)/2&;0(“) —(q+1)/2
+
q+1

K@, c)||u||;+°],

using Lemma 1, so that

é<constsup inf [||u]|,3B(w) + ||u||. 9" VBu)* +2],
VeS: ueVeM,

using H1(b), Hl(c) and #,(u) <%(u). By (1.10b), ||u||m'2;k for ¢ sufficiently large and
hence we have

é<constsup inf {B(u)+Bu)'*%?}
VeSc ueVeM,

<const (¢, +(c,)* +9?)
SO(1)c? +0((c)) 12, as t—oo, (4.2)

using (4.1)
From (4.1) and (4.2) we conclude that
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c,rc) as t—oo.
Recall that by (1.4)

A1 (@I(ut) ) ut)

= , u,eM..
' (d’(“t) : u:) ‘

By (1.9) we have for |ju||., ;2 k,
(@02,
and since by (1.10b), ||ul|,, ;= k for ¢ sufficiently large
(ﬂ’(u,)-u,)gﬁ’;—cl)kl.

Also from (1.10b) we have

(d’(ut) u) < q)(”ut“m. 2)-

We conclude from (1.10c) and (4.6) that

(.szf’(u,) ‘u)SD(kexp2(co+c,) " '[c+ max |,<zl(v)|>.

floll2, 2=k

Now (4.5) and (4.7) imply that there exist positive constants A; and A, such that

A(B'(u) u)S A7 S A(B' (1) uy).
As in Theorem 1 one shows that

TP (u,) u,) — B(u)]=W,
satisfies

|Wi|=0((c)* *72).

395

4.3)

(4.4)

4.5)

(4.6)

4.7)

(4.8)

(4.9)

Remembering ¢, =%(u,), by (1.3), and using (4.3), (4.8) and (4.9) we have established that

A txc? as t— oo at level M., for ¢ sufficiently large and the theorem is established.
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4.2 The von Karman equations for buckled plates

In this special case the result given in Theorem 2 may be considerably refined.
It is convenient to introduce the notation

[j; g] =(fyygx_j;:ygy)x+(fxxgy_fxygx)y'

The von Karman equations for deformations produced in a two dimensional elastic
plate of shape Q< R? subject to compressive forces of magnitude A on its boundary 6Q
may be written (see [4, §1.1, 2.5¢, 6.2b]) in the form

Au=A[®,u]+[u, ¢] in Q (4.10)
A’¢=—[u,u]; (4.11)
u=u,=u,=0
on Q.
¢p=¢.=¢,=0

In (4.10), (4.11) ® + A represents the Airy stress function and u is the vertical deflection
of the plate from its undeformed state.

H'(a) We assume that the matrix

v -0,

0,0 0}0
is Holder continuous of order s, 0<s<1, and strictly positive definite on Q. The usual
Garding estimate (see [1, Theorem 7.6]) implies that defining

Bo(wW)=([D,w],w) for all we H%(Q),
we have

Bo(W) Z ¢ |[W]|3.2 = colW]|.

with some positive constants ¢, and c;.
More strongly we assume that:

H'(b) Bo(w)Zca||wlli..,  weHQ),
with some positive constant c;.
For completeness and as some of our results are formulated in a slightly more precise

form than in [4, 2], we derive a number of basic properties of the von Karman
equations.
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Let us introduce the bilinear form /y(u, v) =(Au, Av) for all u,v € H3(Q). This bilinear
form is continuous and the associated quadratic functional o/y(u) is positive on H3(Q).
Accordingly, we may define a linear bounded selfadjoint operator U: H3(Q)— H3(Q)
via the theorem of Lax—Milgram (see [1, Theorem 8.11]) such that
Ao(Uu,v)=(u,v), , for all u,ve H3(Q).

Since by the Poincaré lemma the norm induced by /(1) on H3(Q) is equivalent to
|| I|2.2 the inverse U~* of U exists and is bounded. For all u, v,y € H3(Q), we set

Q(u’ v, ‘ﬂ) = j ((uyywx - uxywy)lpx + (uxxwy - uxywx)lpy) dx.
Q

Integration by parts shows that Q(u,v,¥) is a symmetric function of its variables. We

use the notion of negative norm || ||, on H3(Q) due to P. Lax (see [13, I11.10, Theorem

1]). Note that feH3(Q)* thus by Riesz’s theorem exists a JfeH3(Q) such that

(J £,v)5.2=(f,v) since (f,v) is a continuous functional on H3(Q). It follows that the weak
- solution of the equations Zo(u,v)=(f,v), feHQ)* and all ve H3(Q) is given by

u=U"'Jfe H3(Q). Now we have

([u, u],v)= — Q(u,u,v) for all u,ve H3(Q),
integrating by parts and, hence,

|(Cw, u], 0)] <[Q(u, u, v)| < const [[ull . o[|ul]. o] 4

by Holder’s inequality,

<const [[ul[3 2]]....
by Sobolev’s inequality, for all ve H3(Q), ||v]|.,< 1. Hence,

||Cee, 1| - » Sconst ||u]l3. .-
Note that equations (4.10) and (4.11) may be reformulated in the form:
o(u,v)=ABo(u, v) —([u, U~ 'J[u,u]l,v), for all ve H3(Q);

¢=—~U""J[u,ul. (4.12)
That the formulation given in (4.12) is, in fact, well defined is a consequence of the
following lemma. Part (a) of the lemma refines the estimate given above. For ue H}(Q),

we set C(u)="[u, U™ "J[u,u]] and f(u)=%(C(u),u).

Lemma 4. (a) ||U~"J[u,ull|, ,<const||u||33||u|3/% for all ue HY(Q).
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(b) f(u)<const||ul|33||u||i73 for all ue HY(S).
() f(W)=0 for all ue H3(Q).

Proof. Recall that H3(Q)< H¥?* Q) taken together with the Sobolev and interpola-

tion estimates (see the references in Section 2) yield:
[[ul] .« < comst [lu] /2, > < const [|uf|/3 ] ue] |33
Then we have for u,y € H3(Q),
(U™ ul, )z = [w,ul,¥), ., withy'=U""Y,

=([u,ul,¥)

= —(Q(u,u,¥"), by integration by parts.

It follows by Hélder’s inequality and (4.13) that
(U~ 0w, D), )2, 2| S const fJull 2l .o [¥]] 1.«
< const [Jul 273 lufl 1] |¥/1]..
<const [ul|33lfull 312,
for all Y e H3(Q), ||¥|l...<1. We conclude that

U200, 432 Sconst 33 /3

(4.13)

Now set ¢=U "'J[u,u). Then f(u)=4[u,¢], U " 'u)= —10(u, ¢, U 'u). It follows that

f(u) <const ”“”2.2”45“1.4”(]— x“”1.4

< const [|ull3.»|¢]]..4»
by Sobolev’s inequality
< const [[ull23lu][/3

by part (a).
Finally, note that

f(u)— _-Q(u ¢ u)—_(¢ [(uyyu uxyuy)x+(uxxuy Uyy y) )

by symmetry and integration by parts,

=%(¢’ [u,u])
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=HU ™ J[u,ul, [u,u])
=4([u,u], U~ " J[u,u])
=3(J[u,ul, U™ J[u,ul), ,
=4 U~ 2J[u,u]3..20, forall ueH}Q).
Lemma 5. (a) The operator C(u) is completely continuous from H}(Q) to HI(Q)*

with norm ||C(u)|| -, < const ||u||3/3||u||1/3 for all ue H(Q.
(b) The functional f(u) is weakly sequentially continuous on H3(Q).

Proof. Suppose that u,%in H3(Q). Then sup, ||u,||,., <.
We first show that U~ 'J[u,u] is completely continuous. One has as before

(04, 6] = (14 4,3, U )3, = ([t 6] — [tk 4,3, U™ 140)
=(Q(th 1, ') — Qthys h, V).
It is readily seen that
|t 4, ') — Qs s ¥ Qs 4, ') — QY1)
+ @ty 4, ') — Oty 11, )|
=|oW, u,u)— QW' u,u,)]
+|Q (1t 4, ¥) — Qtt 1, Y1),
by the symmetry of Q,

<const {||ul,., +sup|jual2. 2} 4~ tall1.all¥]l2..—0  as n—ooo,
n

for all yeH3Q),
continuously.
It follows that

|¢||<1, using the fact that HZ(Q) is embedded in H'%Q)

U~ u]—U""J[u,u,ll,.—»0 as n-oo. (4.14)
The estimate

[(C(w), ¥|=|Q(u, 6. 9)|

<const ||ul|,.,||@|l. 4|¥]]:.4
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< const [[ul|,. of|]|2. 2 ||¥]2. 2
<const [[ul|33|ulli3]I]]..

for all y e H(Q), ||¥||...<1, implies that C(u)e H3(Q)*, with negative norm ||C(u)||-,<
const ||ul|3/3][u]|13. Also

[(C(u) — Cu,), )| |0, ¢, u)| — Q(W, b, u,)|
+ |Q(un’ ¢’ l//) - Q(um ¢m ll/)

B

as above, by symmetry, so that,
§°°n5‘(”‘/’”2.2||¢||1.4||“‘“n”1.4+||“n||2.2“¢"¢n||1.4”'//||1.4)

Sconst {““”%,2”“—“"”1.4'*'5“1’ ||“n||2.2”¢‘¢n||1‘4}||w||2,2

for all ||y],., <1
It follows that

|C(w) — Cw,)|| - » S const (lu—u,|1, 4 +[|¢ — @ul>.2) >0

as n— 0, by (4.14) and the fact that H3(Q) is compactly embedded in H!'4(Q).
Finally since f(u)=%C(u),u) and C(u,)>C(u) in H3Q)* if u,Bu in HIQ), it is
immediate that f(u,)— f(u).

Observation. Conditions (i), (ii) and (iv) of Theorem 6.6.1 in [4] are obviously
satisfied. If u,%u in H3(Q) and o'(u,)S>/'(u) in H3(Q)* then o'(u,).u,— (u).u.
However, by Lemma 5(a) f'(u,) f'(u) in H3(Q)* so that Agu,Ay(u) in H3(Q)* and,
hence, o(u,)—>/o(u). This implies that lim,_, , |[u,||3.,=||u||3,.. It follows that u,-5u in
H3(Q). By the weak sequential continuity of f(u), f(u,)— f(u) and we conclude that
A (u,)— (u) as n—o0. It follows that condition (iii) of Theorem 6.6.1 in [4] is satisfied.

It follows from (4.12) that we may formulate the Liusternik—Schnirelman theory with
respect to the pair of functionals (o/(u),%,(u)), where Z(u)=34s,(u)+ f(u) at level
M ={u: o (u)=c}.

As before the map T(u)=t(u)u is an odd radial one—one onto map of Z. into M.,
where

t(u)= \/i

iy

is the solution of the equation 72c +1* f(u) =c. In fact, this map is the inverse of
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u

|10

[

:-!)
=
NS

of M,—X_. It follows that T is a homeomorphism since 7 is a homeomorphism by the
same argument as given in Section 4.1,

Theorem 2. For the von Karman equations for buckled plates under the hypotheses
H’ the asymptotic distribution of eigenvalues v(t) is given by

W(t)=got+02 -6+ N2y g5 o0
at any level M., ¢>0.

Proof. First,
co=sup inf (3%,(u))
VeS, ueVeak,
4f(uw)
. ¢ Bo(i(w
<sup inf 0
- Ve?. ueVcek, 2 2

<sup inf ((1+L£—u—))%2(i)>, w=1(u),

VeSt weVeM,

1+ 1+

by the invariance of the class S, under the homeomorphism 7. Hence,

c®<sup inf ((1+K1(c)||u||}{22 M>, (4.15)

VeS: weVeM, 2

using Lemma 4(b) and the estimate |ju||,,, <constc'/? for ueZ,.
Also, we have the inequality

t(u)'lg\/l +(1+L(Zﬂ>/\/§gxz(c), (4.16)

by Lemma 4(b), and ||u|,,, Sconstc'? for ueX,. From (4.15) and (4.16) we conclude
that

c?<sup inf ((1+K3(C)||w||1'2)93°(w))

VeS: weVc M, 2
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and by H'(b)
2<sup inf (1 +K4(c).%0(w)”4)ﬂw—) 4.17)
VeS. weVe M, 2
=c,+0((c,)*"* as t—oo. (4.18)
On the other hand, an argument similar to that given in Theorem 2 shows that
¢, =c as t—o0. (4.19)
From (4.18) and (4.19) we conclude that
c=c2+0((c)>*) as t—oowo atlevel M,. (4.20)
Finally, we observe that
e S @20
One has ('(4,) u,) = o(u,) +(C(w,) - u,) and by Lemma 5(a)
|(Clue) )| < comst |33 |2
S const ||u,||/3 By (u,)"4, (4.22)
by the coercivity of ./,(u), the positivity of f(u) and u,e€ M, together with H'(b).
From (4.20), (4.21) and (4.22) it follows that
A7 =2e0(2c +0(c)) ) T H L+ 0((c) )
=c '? +0((c?)®**) as t—co. (4.23)
Recalling that 127! =¢~1¢?, we conclude from (4.23) that
A7 =(A)+0((A) 314 as t—ooo (4.29)
a_t level M. The conclusion of the theorem follows immediately from (4.24) and (3.1)
since
=c(gd)t 1 +0O(t~ UG+ a5 oo
and

(A9 ~SM4=Q(t~A*E26+ ) 0cs<1,  as t—oo.
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Observation. The assumption made in Theorem 6.7.16 of [4] where it is shown
4,20, A,—00 as n—o0 is equivalent in our notation to (Byu,u)>0, by compactness this
hypothesis implies H'(b). Bifurcation type results are given in [2, 3].
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