Appendix D
Spinor fields

In this appendix we record the basics of spinor fields. We start with the
properties of Dirac matrices in Euclidean space-time. The four Dirac
matrices 7, p = 1,2, 3,4, are 4 X 4 matrices with the properties

Yu v + Y Y = 25/LD]1' (Dl)

So they anticommute: 7,7, = —7YYu, # # v. They can be chosen
Hermitian and unitary, 'y;ft =V =Y 1. The matrix

V5 = —M1727374 (D.2)

anticommutes with the v,, 7,75 = —757,, and it is also Hermitian

and unitary, v5 = ’yg , v2 = 1. A realization can be given in terms

of tensor products of the 2 x 2 Pauli matrices oy, £ = 1,2,3, and

o0 = lgxa: Y = =02 ® 0k, Y4 = 01 ® 09, V5 = 03 ® 0p. Usually

one does not need a realization as almost all relations follow from the
basic anticommutation relations (D.1). Other realizations are related by
unitary transformations, which preserve the Hermiticity and unitarity
of the Dirac matrices, but not the behavior under complex conjugation
or transposition. It can be shown that, in every such realization, there is
an antisymmetric unitary 4 x 4 matrix C, called the charge-conjugation
matrix, which relates v, to its transpose:

AP = _Cly,0, CcT=-C, CiCc=1, D.3
1 H
=7 =7 = CysC. (D.4)

In the above realization a possible C' is given by C' = 03 ® 02. The
matrices I' = 1, v, (=i/2)[Vu, Y], ivu7vs and 75 form a complete set of
16 independent Hermitian 4 x 4 matrices with the properties I'? = 1,
TrT' = 0 except for T' = 1, Tr (I'T”) = 0 for T" # I". Useful relations are
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furthermore v5v. = €xaprYAYuYvs With €cxu the completely antisym-
metric Levi-Civita tensor, €234 = +1, the trace of an odd number of
vu's is zero, Tr (y5y,7) = 0, and

Tr ('YH’YV) = 46,“,, (D5)
Tr (Ve vavu V) = 4(66x6pn — 6pbrn + Ok 0rp), (D.6)
Tr (75’7&’7)\7,1/%) = _4€f§/\,uy- (D?)

More trace relations are given in most textbooks on relativistic field
theory.

The Dirac matrices are used to describe covariance under (in our case)
Euclidean rotations, which are elements of the group SO(4). A rotation
in the p—v plane over a small angle w,,, can be written as

Ry =6 +wu + O(w2)7 Wy = —Wyp (D.8)
- 5uv+i%WnA(MrcA)w,+"', (Dg)
(MNA)W/ = _i(énua)\u - 6my5)\u>- (DlO)

The antisymmetry of w,,,, ensures that R,,, is orthogonal, R, Rx, = dxx,
with det R = 1. The M, are the generators of SO(4) in the defining
representation. The structure constants CSKW defined by [Myx, M,,| =
C’QKW M, are easily worked out.

The 4 x 4 spinor representation of these rotations can be written in
terms of Dirac matrices as

ilw > -1
A — e 2WnrTpr — ]1 + 7]5(4)“”2#” + KN (Dll)
Z;1,1/ = _Zi [7}“71/]) (D12)

where the ¥, are the generators in the spinor representation. They
satisfy the same commutation relations as the M, , as follows from the
basic relations (D.1). The matrices A are unitary,

AT=A"'  Euclid. (D.13)

They form a unitary representation up to a sign, e.g. for a rotation over
an angle 27 in the 1-2 plane, wy2 = —ws; = 27, and in the realization of
the Dirac matrices introduced above, A = exp(1w,.,v,7,) = exp(iToy ®
0'3) =—1.

The representation A is reducible, as follows from the fact that A
commutes with vs, [A, v5] = 0. Introducing the projectors Pg 1, onto the
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eigenspaces +1 of s,

Pr=311+7), PL=3(10—-), PE=P., P§=Px,
PPy =0, P,+Pg—=1, (D.14)

we can decompose A into two components Ar, and AR as

The Ar, and AR are inequivalent irreducible representations (up to a sign)
of SO(4). They are essentially two-dimensional, because the subspace of
~v5 = 1 or —1 is two-dimensional, but we shall keep them as 4 x4 matrices.
The A’s are real up to equivalence,

A* = eiw“”’yi’}/: = ei“’uWE%T — CTe%w“”V“’Yl’C
=CTAC, (D.16)
A g =C'ALRC. (D.17)

The ~,, are vector matrices in the sense that
Aty A= R (D.18)

This follows from the basic anticommutation relations between the 7’s,
as can easily be checked for infinitesimal rotations. Products 7,7y, ---
transform as tensors. Because v, Pr,1. = PL,rVu, the projected relations
have the form AJ{:{ Yu Ar = R,y P, and similarly for L < R. It follows
that

Ry = 3T (Af v, ALy), (D.19)
which illustrates the relation
SO(4) ~ SU(2) x SU(2)/Z> (D.20)

(interpreted as 2 x 2 matrices, A, r are elements of SU(2), and Z; =
{1, -1} compensates for A;, g and —Ay, g giving the same R).

We can enlarge SO(4) to O(4) by adding reflections to the set of R’s,
which have determinant —1. An important one is parity P = diag(—1,
—1,—1,1). Its spinor representation can be taken as Ap = 74, which has
the expected effect on the 7,:

Y4V Va4 = Puv Yo (D.21)

and it has therefore also the required effect on the generators ¥,,,,, such

)
that we have a representation of O(4). Because v4PLrys = Pr We
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have y4A1, R 74 = Ar,L.. So we need both irreps L and R in order to be
able to incorporate parity transformations.
Vector fields V,,(z) transform under SO(4) rotations as

Vi(z) = RV (R '), (R'2), = Ryuay, (D.22)

which can be understood by drawing a vector field in two dimensions on
a sheet of paper and seeing how it changes under rotations. Spinor fields
() transform according to

V(7)) = Aaptop(R™ '), (D.23)

where o and § are matrix indices (‘Dirac indices’). The fields can be
decomposed into irreducible components as

YL(z) = PLy(z), Yr(z) = Pry(2). (D.24)

It is customary to introduce a separate notation v for fields transforming
with the inverse AT as

W' (z) = Y(R™ ) AT (D.25)

(so ¢ is a column vector and ¢ a row vector in the matrix sense). Under
parity we have

V'(z) = (Px), Y (x) = P(Pr)y. (D.26)

In general ¢ and v are independent fields, but with the help of the
charge-conjugation matrix C' we can make a 1-type object out of ) and
vice-versa:

PO = —(CT)T =pTCT, PV () = z/3<°><R—1x)A—1
PO = (@O)T = -0yt V(@) = MO (RT2).  (D27)
The fields () and (9 are called the charge conjugates of 1 and ),

respectively.
Note the standard notation for the projected 1’s,

YL =1 Pr, Yr=1vPL. (D.28)

This looks unnatural here but it is natural in the operator formalism
where wL R = ¢L RYA = wPR L- In the path-integral formalism (in real
as well as imaginary time) one introduces independent generators ¢, ()
and ¢} (z) of a Grassmann algebra, which are related by Hermitian
conjugation, such that ¢, g = PLrt implies ¢£’7R = ¢T PR, and
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then Y r = wItR 74 also gives (D.28). The fields ¢, g transform in
representations equivalent to Ag 1

UL — YL AL = (L0)T — Ar (¥L.0) T, (D.29)

Yr — drAL = (UrC)" — AL (PrC)", (D-30)
where we used (D.17) and for clarity used the arrow notation for trans-
formations, while suppressing the space-time index .

An O(4) invariant action which contains all the types of fields intro-
duced so far with a minimum number (>0) of derivatives is given by

S = f/d‘lx D(m + 7,0,)0 (D.31)

= —/d4$ [m(PLvr + YrYL) + YLyududL + YrYu0uR] -

Finally, we can get corresponding formulas for Minkowski space-time
by raising indices in contractions such that there is always a contraction
between an upper and a lower index, e.g. w,, Y., = W'Y, (we do
not make a distinction between upper and lower indices in Euclidean

space-time), and substituting z* = x4 — 2° = —izg, W = Wy —
iw’ = —ijwgy. This implies that 9, — —idy, 0y = 0/0z°. Tt is then
also expedient to use 7 = —yy = —iy4,. We have to be careful with

Hermiticity properties of A, because after the substitution it is no longer
unitary:

A" =pBAT3, B =1iy", Minkowski. (D.32)
In Minkowski space-time p = 0, 1, 2, 3 and indices are raised and lowered

with the metric tensor n,, = n** = diag(—1,1,1,1), e.g. 0% = —0y,
Op = 0F = 0/0x".

https://doi.org/10.1017/9781009402705.013 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402705.013



