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CONTINUATION AND UNIQUENESS FOR GENERALISED
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Abstract

We discuss uniqueness and continuation of solutions to the Cauchy problem for i
two dimensional Emden-Fowler differential system.

1. Introduction

In this paper we study continuation and uniqueness of solutions of the gen-
eralised Emden-Fowler system

x = a(t)\y\a sgny, y = -b{t)\xf sgn* (S)

where a: [0, oo) —> (0, oo) and b: [0, oo) -» [0, oo) are continuous and
b{t) > 0 on (0, oo) and a and /? are positive constants. The prototype of
system (S) is

" r O (E)
where c: [0, oo) —> [0, oo) is continuous and c{t) > 0 on (0, oo). For equa-
tion (E), the properties of solutions mentioned above have been considered
by Coffman and Ullrich [1], Heidel [4] and Kwong [5]. Some results concern-
ing equations more general than (E) may be found in Hastings [3], Ullrich
[9] and Coffman and Wong [2]. Further related results may also be found in
Kwong and Wong [6] and in Mirzov [7, 8]. The purpose of this paper is to
establish necessary and sufficient conditions in order that all solutions of (S)
are continuable to [0, oo) and for the zero solution of (S) to be unique. Our
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results improve and extend some known theorems in Coffman and Ullrich
[1], Heidel [4] and Kwong [5].

We classify (S) into four cases I, II, III and IV according to a > 1, /? > 1;
a < 1, fi < 1; a > I, fi < 1 and a < 1, fi > 1 respectively. We can
prove, similar to [2], that the solution of an arbitrary Cauchy problem for
(S) is unique when a > 1 and fi > 1, and that all solutions of (S) are
continuable to [0, oo) when a < 1 and fi < 1. But for the remaining cases,
continuation and uniqueness of solutions of (S) are not guaranteed by the
classical theorems.

2. Continuation

In this section we consider continuation of solutions of (S) for the cases I,
III and IV. Let (x(t), y(t)) be a nontrivial solution of the Cauchy problem (S)
with x(t) = x0, y{x) = yQ on (col, co2), where (<y,, co2) is the maximum
interval of existence, cot = co((x, XQ , yQ). Clearly 0 < c y , < T < ( u 2 < o o .
We first establish the following lemma which is similar to the Lemma A in
Coffman and Wong [2].

LEMMA 1. Let (x(t), y(t)) be a nontrivial solution o/(S) on (co,, co2). Then
co2 < oo (col > 0) if and only if x(t) and y{t) have infinitely many zeros in
any left {right) neighborhood of w2((W1) and

limsup|x(OI = limsup|>>(f)| = oo (limsup|;t(f)| = limsup|.y(?)| = oo).

(1)

In fact, the sufficiency is obvious and the proof of the necessity is similar
to that of the lemma A. 1 in Coffman and Wong [2].

We next introduce the notion of "characteristic sequence on [T{, T2]" for
arbitrary Tl and T2 , 0 < Tx < x < T2 . We suppose that {t2k} and {/2fc+1}
are zeros of x{t) and y(t) on (T,, T2) respectively such that

0 < Tx < • • • < t_3 < t_2 < r_, < T < /0 < tx < t2 < • • • < T2 < oo.

If the number of the zeros of x(t) is not less than two, then integrating (S)
from tlk_x to t2k we have

1 \\a+l - l b^2k-l\x(t Mfi+l (t <T <t \

(2)
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Similarly integrating (S) from t2k to t2k+l we have

We denote

If the number of the zeros of x(t) is less than two, AQ and Bo are denned
by AQ = Bo = 1. It is easy to show that the following relation holds:

_ b(x2i)a(r0)
A>-a(T2i)b(r0)

B>- ( 4 )

The sequences {Af} and {B{} are called characteristic sequences on [T{, T2]
of the nontrivial solution (x(t), y(t)) of (S).

When (S) belongs to any of cases I, III and IV, we have the following result.

THEOREM 1. All solutions of(S) are continuable to [0, oo) if and only if for
arbitrary T{ and T2, 0 < Tx < T < T2, the charactenstic sequence {At} on
[T,, T2] of every solution of(S) is either not defined or is bounded above.

PROOF. Sufficiency: Let (x{t), y(t)) be a nontrivial solution of (S) on
(to,, co2). If co2 < oo, then by Lemma 1 we know that x(t) and y{t)
have infinitely many zeros in any left neighbourhood of co2 and satisfy (1).
On the other hand, from (2) and (3) it follows that

f+l = B.lxit^1, (5)

F1 = Ak\y(t0)\
a+l • (6)

From (5) and (6) and by our assumption we have

oo, Iimsup|y(r2jt)| < oo,

which contradicts (1). If tu, > 0, then we are led to a contradiction as
above. Since the characteristic sequence {Af} on [ 0 , T + 1 ] of (x(t),y(t))
is bounded above, we know from Lemma 1 that x(0+) and y{0+) exist and
are finite. Thus the solution (x(t), y(t)) is continuable to [0, oo).

Necessity: Let (x(t), y(t)) be a nontrivial solution of (S) on [0, oo). By
Lemma 1 we know that x(t) and y(t) have finitely many zeros on [7 , , T2]
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for arbitrary Tl and T2, 0 < T{ < x < T2. So the sequence {At} bounded
above. This completes the proof of Theorem 1.

In general, it is difficult to verify the conditions of Theorem 1. Therefore
we shall introduce some conditions which are easier to apply.

COROLLARY 1. Let a > 1 and ft > 1 and suppose that b(0) > 0 and
that b(t)/a{t) is locally of bounded variation on [0, oo). Then any Cauchy
problem of(S) has a unique solution on [0, oo).

In fact, the uniqueness of solutions is obvious, because the right hand side
of (S) satisfies a local Lipschitz condition in x and y . Now we show the
extendability of solutions. Let m = minT <t<T[b(t)/a(t)], where T, and T2

are arbitrary, 0 < Tx < x < T2. Then the characteristic sequence {At} on
[Tx, T2] of any nontrivial solution of (S) satisfies

In4. <
k=l

T,

so that

At <exp-\J{b/a} <oc.

Thus the conclusion follows from Theorem 1.

REMARK 1. Letting a = 1, /? > 1 and a{t) = 1 in (S), Corollary 1 reduces
to a theorem of Coffman and Ullrich [1].

3. Uniqueness

In this section we consider uniqueness of solutions of (S) for the cases II,
III and IV. For this we first prove the following seven lemmas.

LEMMA 2. Let x0 # 0 and y0 ^ 0. Then the Cauchy problem (S) with
x(x) = xQ, y{x) = y0, x e [0, oo) has a locally unique solution.

This is clear since the right hand sides of (S) are continuous and satisfy a
Lipschitz condition in a neighborhood of (xQ, y0).

https://doi.org/10.1017/S033427000000864X Published online by Cambridge University Press

https://doi.org/10.1017/S033427000000864X


[5] Emden-Fowler systems 89

LEMMA 3. Let x0 = 0, yQ^0. Then the Cauchy problem (S) with x(x) =
xQ, y(x) = yQ, x € [0, oo) has a locally unique solution (x(t), y(t)) such that
x{i) ^ 0, y(t) ^0 on (x, x + e], e > 0 sufficiently small.

PROOF. The existence is obvious. We now prove the uniqueness. Let (x(t),
y{t)) be a solution of the Cauchy problem such that x{t) ^ 0, y(t) # 0 on
(T , T + e], and set

u(t) = x(t)/(t - x), v(t) = (y(t) - yo)/(t - x).
It is easy to see that u(t) and v(t) are continuous on [x, x + e] and satisfy
the integral system

1 0 ds

(7)

for t e (T , T + e); furthermore the local uniqueness for solutions of the
Cauchy problem is equivalent to that of the integral system (7). Let («,(*),
v{(t)) and (u2{t), v2(t)) be two solutions of (7). Using (7) we have

v2(t)-vl(t)= -Jb(s){-^L [ufa-ulis)] ds.
(8)

Computing the two factors of the integrands in (8), we have

(9)

= f(s)[v2(s)-vl(s)], ( 0 < ^ < l )

ufi
2{s) - uP

{(s) = /?{",(*) + 02[u2(s) - u1(s)]}f)-1 x [u2(s) - u^s)]

= g(s)[u2(s)-Ul(s)], ( O < 0 2 < 1 ) .

Clearly f(s) and g(s) are integrable on [T, x+e] for a > 0 and 0 < /? < 1.
From (8), (9) and (10) we get

x [\u2(s) - ux{s)\ + \v2{s) - v{{s)\]ds.
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From which it follows that u^t) = u2(t), vY(t) = v2(t). This completes the
proof of Lemma 3.

LEMMA 4. Let a > 1, 0 < 0 < 1 and let x0 ^ 0, yQ = 0. Then the Cauchy
problem (S) with x(r) = x0, y(r) = y0, r e [0, oo) has a locally unique
solution (x(t), y(t)) such that x(t) ^ 0, y(t) ^ 0 on (x, r + e], e > 0 small
enough.

The proof of Lemma 4 and the next lemma are similar to that of Lemma
3 and so we omit them.

LEMMA 5. Let b(0) > 0,0 < a < 1 and 0 > 0, and let x0 # 0, yQ =

0. Then the Cauchy problem (S) with x(r) = x0, y(x) = yQ, T e [0, oo)
has locally unique solution {x(t), y(t)) such that x(t) # 0, y(t) ^ 0 on
(T , T + e], e > 0 small enough.

According to Lemmas 2, 3, 4 and 5 we know that the uniqueness of so-
lutions of (S) for the cases a > 1 and 0 < 1 or 0 < a < 1, /? > 0 and
b(0) > 0 reduces to that of the zero solution of (S). We now consider the
uniqueness of solutions of (S). We first give a generalisation of the lemma in
Heidel [4].

LEMMA 7. Let a > l , 0 < / ? < l . Then a nontrivial solution (x(t), y(t)) of
(S) is singular if and only if x(t) and y(t) have infinitely many zeros on a
finite interval.

PROOF. Sufficiency. Suppose that x(t) and y(t) have infinitely many zeros
on some interval [T,, T2]. Then the exists a limit point of zeros, say T €
[ r , , T2]. By continuity of solutions we get x(T) = y(T) = 0. So (x(t), y(t))
is singular.

Necessity. Suppose that x1{T)+y2(x) ^ 0 , x(T) = y{T) = 0 and T < T
and that x(t) ^ 0 on (T , T). Without loss of generality we can assume
that x{t) > 0 on (T, 7"). Then y'(t) < 0 on (T, T), from which it follows
that y(t) < y{T) = 0 on (T, T). We thus obtain x(0 < x(T) = 0, which
contradicts our assumption. This completes the proof of Lemma 7.

LEMMA 8. Let 0 < a < 1, /? > 0 and b{0) > 0. Then the conclusion of
Lemma 7 holds.

The proof of Lemma 8 is similar to that of Lemma 7 and so is omitted.
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THEOREM 2. Let a > 1, 0 < /? < 1. Then the zero solution of(S) is unique
if and only if for arbitrary Tx and T2, 0 <TX < x < T2, the characteristic
sequence {At} on [TX,T2] of every nontrivial solution of{S) has a positive
lower bound.

PROOF. Sufficiency: Let (x(t), y(t)) be a singular solution of the Cauchy
problem (S) with x{x) = x0, y(x) = y0 and let x{T) = y(T) = 0. By
Lemma 7 we can choose Tx and T2 such that Tx < T2 and x(t) and
y(t) have infinitely many zeros on [Tx, T2]. Therefore, the characteristic
sequences {At} and {2?,} and the amplitudes of x(t) and y{t) satisfy (5)
and (6). From (6) it follows that

Mm Ak = Mm \y(t2k)\
a+l/\y(to)\

a+l

= \y(T)\a+l/\y(to)\
a+l

= 0,

which is a contradiction.
Necessity: By Lemma 7 any nontrivial solution of (S) has finitely many

zeros on [Tx, T2] for arbitrary Tx and T2, 0 < Tx < x < T2. Then the
characteristic sequence {A{} is finite and positive, and so {̂ 4,} has a positive
lower bound. This completes the proof of Theorem 2.

THEOREM 3. Let 0 < a < 1, fi > 0 and b{0) > 0. Then the conclusion of
Theorem 2 holds.

The proof of Theorem 3 is similar to that of Theorem 2 and so is omitted.
The following result is an analogue of Corollary 1.

COROLLARY 2. Let b(0) > 0 and suppose that b(t)/a{t) is locally of bounded
variation on [0, oo). Then the zero solution of(S) is unique.

In fact, for arbitrary T, and T2, 0 < Tx < x < T2, the characteristic
sequence {A(} on [T,, T2] of any nontrivial solution of (S) satisfies

/

k=\

- j2fZlk-lci[b{t)/a{t)]dt.

Then we get

• - / ;

> e x p , _ , WM0M011
b(t)/a(t)
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Therefore by Theorems 2 and 3, the result follows.

COROLLARY 3. Let b(0) > 0 and suppose that ln[b(t)/a{t)] has finite lower
variation on any finite interval. Then the zero solution of(S) is unique.

In fact, the characteristic sequence {At} on [T{, T2] satisfies

> - {lower variation of \n[b(t)/a(t)] on [T{, T2]} = -L.

Thus Af > exp(-L) . From this, and by Theorems 2 and 3, we get the
conclusion of Corollary 3.

REMARK 2. Letting a = 1, 0 < fi < 1 and a(t) = 1 in (S), then Corollaries
2 and 3 reduce to Theorem 1 of Heidel [4] and Corollary A. 5 of Coffman
and Wong [2], respectively.

4. Global continuation and uniqueness

In this section we shall establish necessary and sufficient conditions for
global continuation and uniqueness of solutions of (S). From the results of
Sections 2 and 3, it is easy to prove the following results.

THEOREM 4. Let a > 1 and fi > 0. Then all solutions o/(S) are unique and
continuable to [0, oo) if and only if for arbitrary Tx and T2, 0 < T{ < x <
T2, the characteristic sequence {A(} on [T{, T2] of every nontrivial solution
of(S) has positive lower and upper bounds.

THEOREM 5. Let 0 < a < 1, fi > 0 and let b(0) > 0. Then all solutions of
(S) are unique and continuable to [0, oo) if and only if for arbitrary T{ and
T2, 0 < T, < T < T2, the characteristic sequence {At} on [T{, T2] of every
nontrivial solution of(S) has positive lower and upper bounds.

The final corollary improves and extends results of [1] and is related to
results of [5].

COROLLARY 4. Let a > 0, 0 > 0 and suppose that b(0) > 0 and b(t)/a(t)
is locally of bounded variation on [0, oo). Then all solutions of(S) are unique
and continuable to [0, oo).
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