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Abstract

Despite the recent methodological advancements in causal panel data analysis, concerns remain about
unobserved unit-specific time-varying confounders that cannot be addressed by unit or time fixed effects
or their interactions. We develop a Bayesian sensitivity analysis (BSA) method to address the concern.
Our proposed method is built upon a general framework combining Rubin’s Bayesian framework for
model-based causal inference (Rubin [1978], The Annals of Statistics 6(1), 34–58) with parametric BSA
(McCandless, Gustafson, and Levy [2007], Statistics in Medicine 26(11), 2331–2347). We assess the
sensitivity of the causal effect estimate from a linear factor model to the possible existence of unobserved
unit-specific time-varying confounding, using the coefficients of the treatment variable and observed
confounders in the model for the unobserved confounding as sensitivity parameters. We utilize priors
on these coefficients to constrain the hypothetical severity of unobserved confounding. Our proposed
approach allows researchers to benchmark the assumed strength of confounding on observed confounders
more systematically than conventional frequentist sensitivity analysis techniques. Moreover, to cope with
convergence issues typically encountered in nonidentified Bayesianmodels, we develop an efficientMarkov
chainMonte Carlo algorithm exploiting transparent parameterization (Gustafson [2005], Statistical Science
20(2), 111–140). We illustrate our proposed method in a Monte Carlo simulation study as well as an
empirical example on the effect of war on inheritance tax rates.

Keywords: Bayesian sensitivity analysis; causal inference; linear factor model; hierarchical shrinkage priors; transparent
parameterization
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1. Introduction

Researchers are often concerned about unobserved confounding when analyzing time-series cross-
section data. To address such confounding, scholars routinely use linear outcome models with additive
two-way fixed effects (TWFEs) to take advantage of the panel data structure. However, the underlying
assumptions for identifying causal effects with a linear model with additive fixed effects, often heuris-
tically understood as “parallel trends” (PTs) of the outcomes in the absence of treatment, are known to
be rather restrictive (e.g., Manski and Pepper 2018).

Recent model-based approaches relax the assumption of PT by replacing the TWFE with an
interactive factor term (e.g., Abadie, Diamond, and Hainmueller 2010, 2015). The factor term, also
known as interactive fixed effects (IFEs; Bai 2009), allows the common shocks to have heterogeneous
influence on different units and incorporates the TWFE as a special case. In addition, the counterfactual-
prediction-based estimators, like the synthetic control (SC) estimator, allow the treatment effect to be
heterogeneous. Such causal panel data models (Athey et al. 2021) are gaining popularity in empirical
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social sciences research. Still, there may be an unobserved confounder U that varies both across units
and time periods in a way that cannot be fully captured by either the TWFE or the IFE.

To address this problem, we develop a fully Bayesian sensitivity analysis (BSA)method. Our method
is based on a general framework for causal BSAwhich combines Rubin’s Bayesian framework formodel-
based causal inference (Rubin 1978) with parametric BSA (McCandless, Gustafson, and Levy 2007).
That is, we adopt a strategy similar to McCandless et al. (2007) by assuming that there is an unobserved
continuous confounder U and investigate how its existence affect the treatment effect estimate under a
given prior belief about the magnitude of confounding by U.

The proposed methodology fits within the literature that assesses the robustness of treatment effect
estimation in the presence of potential violations of PT. Rambachan and Roth (2023) propose a sensi-
tivity analysis framework that treats observed pre-trends as informative about possible violations of PT.
Ye et al. (2024) assume that the outcome trajectories of treated units are bounded by those of the
set of control units. Both approaches yield partial identification of causal effects. The proposed BSA
framework assesses robustness by explicitly modeling the presence of an unobserved time-varying
confounder. Built on a counterfactual prediction approach that accommodates heterogeneous treatment
effects, it can be viewed as an extension of the omitted variable bias (OVB) framework in Cinelli
and Hazlett (2020) to panel data settings. Recent developments in more interpretable sensitivity
analysis (e.g., Cinelli and Hazlett 2020; VanderWeele and Ding 2017) may be adapted to causal panel
settings, although doing so often involves additional structural assumptions, such as treatment effect
homogeneity.

We make two important contributions in this article. First, conceptually, our proposed method
addresses a key challenge that is common to most existing non-BSA techniques for unobserved
confounding: the specification of “plausible” sensitivity parameter values. While there have been many
successful attempts to address this in a frequentist setting—for instance, researchers can assess how large
an influence unobserved confounding would need to have to explain away the estimated treatment
effects (e.g., Altonji, Elder, and Taber 2005; Imbens 2003)—existing techniques typically leave such
specification up to the discretion of the researcher, providing little systematic guidance as to how to
set those parameter values. BSA, on the other hand, provides a principled solution to this problem
via a formally justified procedure to incorporate the researcher’s prior belief about those values. That
is, in BSA, a researcher would begin with a prior distribution on the sensitivity parameter values and
the results would be summarized using the posterior distribution of the sensitivity parameter, e.g., by
averaging the causal effect estimates over the posterior on the sensitivity parameter.

In many BSA methods, however, this advantage remains only theoretical, as they also provide little
guidance on how to specify such priors. In contrast, our proposed approach adopts the approach of
Gustafson et al. (2010) and borrows information from the observed covariates to make an informed
choice about the sensitivity parameter prior. Specifically, we assign priors to a subset of sensitivity
parameters with restrictions to guarantee that the dispersion of the unobserved confounder is com-
parable to that of observed confounders.Then, we assign exchangeable priors to the coefficients of both
unobserved and observed confounders.We view this as a Bayesian analog of “benchmarking” sensitivity
parameters by observed pre-treatment confounders, as commonly done in frequentist approaches to
make results of sensitivity analysis more interpretable (Cinelli and Hazlett 2020; Imbens 2003).

Second, computationally, BSA often runs into convergence issues because the model with sensitivity
parameters is by design nonidentified. To cope with this problem, we develop an efficient Markov chain
Monte Carlo (MCMC) algorithm by utilizing the transparent parameterization proposed by Gustafson
(2005). Moreover, the shrinkage prior assigned to the coefficient of unobserved confounder induces
substantial indirect learning of the coefficient given data, making results based on BSA significantly
different from those based on Monte Carlo sensitivity analysis (MCSA; Greenland 2003), a procedure
that does not involve the Bayesian updating of sensitivity parameters.

The rest of this article is organized as follows: in Section 2, we introduce our general framework
for causal BSA, as well as the details of our proposed methodology; in Section 3, we illustrate details
of computational issues; in Section 4, we conduct Monte Carlo studies; and in Section 5, we apply the
proposed method to a real-world example. The last section concludes.
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2. Methodology

2.1. The General Framework
Researchers often rely on unconfoundedness assumptions to infer causality from observational data,
where they do not directly control the treatment assignment mechanism. A canonical example of such
an assumption, often called conditional ignorability, posits that the treatment assignment is independent
of the potential outcomes given a set of observed pre-treatment confounders, i.e.,

Di ⊥⊥ {Yi(0),Yi(1)} ∣ Xi, (1)

whereDi ∈ {0,1} is the treatment assigned to unit i, Yi(d) is unit i’s potential outcome under treatment
d ∈ {0,1}, andXi is a vector of observed pre-treatment covariates. Inmany real-world applications, how-
ever, this assumption may not hold. A typical example is observational studies with non-randomized
treatment assignment, where researchers cannot rule out the possibility of unobserved confounders
correlated with both the treatment and potential outcomes. Another example, which we focus on in
this article, is longitudinal data where researchers collect repeated observations for each unit. In such
data, unobserved unit-level heterogeneity in the potential outcomes and time-varying common shocks
to the outcomes may also affect the adoption of treatment.

A common approach to addressing the violation of an unconfoundedness assumption is sensitivity
analysis. Specifically, instead of the relationship (1), it is assumed that there is an unobserved confounder
Ui such that

Di ⊥⊥ {Yi(0),Yi(1)} ∣ Xi,Ui, (2)

which is also known as “latent ignorability” (Rubin 1976). Various sensitivity analysis methods have
been developed on the basis of assumptions similar to (2) (e.g., Imbens 2003; Oster 2019; VanderWeele
and Ding 2017). In this article, we propose a fully Bayesian approach, which directly builds upon
the Bayesian causal inference framework of Rubin (1978) (see also Imbens and Rubin 1997; Rubin
et al. 2008). Specifically, we consider causal inference to be the problem of imputing missing potential
outcomes (Ymis) given observed data (D,X andYobs) as well as themaintained assumptions. Under latent
ignorability, we have

Pr(Ymis∣D,X,Yobs)
= Pr(D,X,Y(0),Y(1))

Pr(D,X,Yobs)∝ Pr(D,X,Y(0),Y(1))
= ∫ Pr(D,X,U,Y(0),Y(1))dU
= ∫ Pr(D∣X,U,Y(0),Y(1))Pr(X,U,Y(0),Y(1))dU
= ∫ Pr(D∣X,U)Pr(X,U,Y(0),Y(1))dU,

(3)

where the last equality holds because of (2). Note that Pr(D∣X,U) is the treatment assignment
mechanism and Pr(X,U,Y(0),Y(1)) is what Rubin et al. (2008) call the “science.” Thus, the posterior
predictive distribution of the missing outcome Pr(Ymis∣D,X,Yobs) is proportional to the treatment
assignment mechanism multiplied by the underlying science, marginalizing over the unobserved
confounder.Many existing sensitivity analysis techniques implicitly utilize this general relationshipwith
additional parametric assumptions for Pr(D∣X,U) and Pr(X,U,Y(0),Y(1)) (e.g., Imbens 2003).

Here, we pursue an alternative factorizationwhich establishes an explicit connection betweenRubin’s
Bayesian causal inference framework and the Bayesian, non-counterfactual framework for sensitivity
analysis (McCandless et al. 2007). That is, we have

Pr(Ymis∣D,X,Yobs)
∝∫ Pr(D∣X,U)Pr(X,U,Y(0),Y(1))dU
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= ∫ Pr(D,X,U)
Pr(X,U) Pr(X,U,Y(0),Y(1))dU (4)

= ∫ Pr(U∣D,X)Pr(D,X)Pr(X,U,Y(0),Y(1))
Pr(X,U) dU

∝∫ Pr(U∣D,X)Pr(Y(0),Y(1)∣X,U)dU,
suggesting an alternative procedure for inference based on the imputation of the latent variable U as a
function ofD andX, as well as amodel for the potential outcomes. Indeed, the standard BSA framework
utilizes this imputation-based strategy for inference (Gustafson et al. 2010;McCandless et al. 2007), first
imputing U using a parametric model for Pr(U∣D,X), and then including the imputed values of U in
an outcome model f (Yobs∣D,U,X). That is, a model for the observed data (Yobs,D,X) can be obtained
by integrating U out:

Pr(Yobs,D,X) ∝ Pr(Yobs∣D,X)
= ∫ Pr(Yobs,U∣D,X)dU
∝∫ Pr(U∣D,X)Pr(Yobs∣D,X,U)dU.

(5)

Comparing (5) to the posterior predictive distribution (4) reveals that the standard BSA framework can
be used for sensitivity analysis with respect to causal quantities involving missing potential outcomes.
That is, a latent ignorability assumption, such as (2), implies sufficient constraints on the joint potential
outcome distribution conditional on X and U so that a causal quantity of interest is identified by the
distribution of the observed outcome Yobs conditional on D, X, and U.

2.2. Setup and Notation
Now, we set up our notational framework. Suppose that we observe a panel data set that consists of N
units and spans overT periods, with i = 1,2, . . . ,N and t = 1,2, . . . ,T indexing unit and time, respectively.
We are interested in the effect of a binary treatment indicator, Dit ∈ {0,1}, on some outcome variable
Yit ∈ R. For notational convenience, we assume that the panel data set is balanced, i.e., there are no
missing observations. We adopt the potential outcomes framework (Rubin 1974) to define the causal
quantities of interest. We denote by Di = (Di1,Di2, . . . ,DiT) the full treatment assignment vector for
unit i and Dt

i = (Di1,Di2, . . . ,Dit) the treatment assignment vector up to time t for unit i. Yit(di) and
Yit(d′i) are two different potential outcomes for unit i in period t given treatment assignment vectors
di = (di1,di2, . . . ,diT) and d′i = (d′i1,d′i2, . . . ,d′iT). We make the following assumptions.

Assumption 1 (No anticipation of future treatments). Treatment assignment in the future does not
affect current potential outcomes, i.e.,

Yit(di) = Yit(d′i) if dti = d′ti (6)

for any i ∈ {1, . . . ,N} and t ∈ {1, . . . ,T}.
Assumption 2 (No carryover effects). Past treatment assignments do not affect current potential
outcomes, i.e.,

Yit(dti) = Yit(d′ti ) if dit = d′it (7)

for any i ∈ {1, . . . ,N} and t ∈ {1, . . . ,T}.1

1This assumption is also called no dynamics in Arkhangelsky and Imbens (2022).
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Under these assumptions, we can re-write the potential outcome as Yit(di) = Yit(dit), and there are
two potential outcomes Yit(1) and Yit(0) for each unit in each period. The individual treatment effect
is defined as the difference in potential outcomes:

δit = Yit(1)−Yit(0). (8)

We focus on the identification and estimation of the average treatment effect on the treated (ATT),
defined asATT = ∑i,t Ditδit

∑i,t Dit
.The results also apply to other convex combinations of individual effects, like

ATT in a specific period relative to the occurrence of the treatment.
We consider three types of unobserved confounders: unit-specific time-invariant confounders γi,

time-specific unit-invariant confounders ft , and confounders that vary both across units and time Uit .
Below, we will develop a method for sensitivity analysis based on the following latent ignorability
assumption with respect to these unobserved confounders.

Assumption 3 (Panel latent ignorability).

{Yit(0),Yit(1)} ⊥⊥Dit ∣ Xit,γi,ft,Uit (9)

for i ∈ {1, . . . ,N} and t ∈ {1, . . . ,T}, where Xit is a vector of observed confounders.

2.3. Causal Panel Data Models
The panel latent ignorability assumption implies that we need to control for observed confounders Xit
as well as the unobserved confounders γi, ft , andUit to identify the effect ofDit onYit . AllowingUit to be
time-varying enables the model to capture both unobserved time-varying confounders and the time-
varying influence of time-invariant confounders, making it a more flexible specification. Suppose the
observed confounderXit is a vector of length P, i.e.,Xit = (Xit,1,Xit,2, . . . ,Xit,P), where each element Xit,p
is normalized to have zero mean and unit variance. Existing literature has proposed both design-based
approaches like doubly-robust estimator (Arkhangelsky and Imbens 2022) and model-based approach
to counterfactual outcome prediction. The latter is widely adopted in empirical studies, where scholars
assume a parametric model for the potential outcomes. A general functional form for the observed
outcome model is written as:

Yit = g(Dit,Xit,γi,ft,Uit,εit), (10)

where εit is an error term with zero mean. In empirical studies, scholars add more constraints on
the functional form to identify causal parameters despite the presence of unobserved confounding.
For example, Pang, Liu, and Xu (2022) assume that the observed terms in g(⋅) are additive and that
unobserved confounding can be represented by functions of γi and ft , such as the TWFE and the latent
factor term or IFE in the SC methods. With a statistical model for potential outcomes, scholars can
predict the counterfactual outcomes under control for the treated observations and then average the
predicted differences between the observed outcomes and predicted counterfactuals as an estimate for
the ATT. Such counterfactual prediction-based approaches are called “causal panel data models” in
Athey et al. (2021).

Here, we focus on a linear model incorporating γi and ft by way of a two-way interaction term or a
latent factor term:

Yit = δitDit +β0+X′itβ+γ′i ft +εit,
γi∣Ω0 ∼N(0,Ω0), ft ∼N(0,Ir), εit ∼N(0,σ2), (11)

where β0 is the global intercept and β = (β1,β2, . . . ,βP) is the slope coefficients for Xit . In this setup,
γi can be regarded as an (r × 1) vector of factor loadings and ft an (r × 1) vector of common factors.
The number of factors r is unknown by the researcher a priori. The functional form above implies that
Yit(0) = β0 +X′itβ +γ′i ft +εit , i.e., we assume a latent factor model (LFM) for counterfactual outcomes

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/p

an
.2

02
5.

10
02

9 
Pu

bl
is

he
d 

on
lin

e 
by

 C
am

br
id

ge
 U

ni
ve

rs
ity

 P
re

ss

https://doi.org/10.1017/pan.2025.10029


“PAN_Driver” — 2025/12/16 — 14:50 — page 6 — #6

6 Licheng Liu and Teppei Yamamoto

under control. From a Bayesian perspective, Model (11) is a static variant of the state space model
(Klinenberg 2022; Pang et al. 2022). Following the literature of Bayesian factor analysis, we assume
that the factor loadings are drawn from an i.i.d. multivariate normal distribution N(0,Ω0), where
Ω0 =Diag{ω2

1, . . . ,ω
2
r } is an (r× r) diagonal matrix, and that common factors are drawn from an i.i.d.

multivariate normal distribution N(0,Ir), where Ir is the identity matrix. The error term εit is drawn
from i.i.d. normal distribution with mean 0 and variance σ2. Model (11) entails the assumption that the
panel latent ignorability (9) holds without conditioning onUit , i.e., unobserved confounding that varies
both over units and time can be fully captured by the r-dimensional factor term γ′i ft .

It is worth noting that there is an extensive literature on estimatingModel (11) using both frequentist
and Bayesian approaches.2 While the Bayesian approach offers greater flexibility in estimation, it relies
on additional distributional assumptions for the factor term and the error term. In the frequentist
approach, the factor term γi′ft , also known as “interactive fixed effects” (Bai 2009), can be used to
address endogeneity for the identification of coefficients β, when some covariates inXit are endogenous.
Additionally, instead of assuming that error terms are drawn from an independent standard normal
distribution, they can be serially correlated within a unit.

In this article, we focus on BSA for treatment effects and thus assume independence between the
factor term and the observed covariates, with i.i.d. error terms. However, Model (11) can be extended
to incorporate endogenous covariates by directly modeling the relationship between Xit and γi′ft . For
the error terms, while we assume that εit are i.i.d., the factor term, which includes unit random effects as
a special case, provides a way to account for within-unit correlation (Cameron and Miller 2015). More
complex structures for the error term, such as stochastic volatility (Belmonte, Koop, andKorobilis 2014),
can also be incorporated.

Determining the number of factors is a frequently discussed issue in the literature on estimating
LFMs like (11).The prior variances for factor loadings, {ω2

1, . . . ,ω
2
r }, which control the effective number

of factors, play a key role in the Bayesian analysis of factor models. For example, if ω2
1 = 0, then the

factor loading that corresponds to the first factor equals 0 for each unit, and thus it has no effect on
the potential outcomes and is essentially excluded from the model. However, a well-known challenge in
specifying prior for variance is that the conjugate inverse gamma distribution performs poorly for the
purpose of selection of factor numbers. Since the support of the inverse gamma distribution includes
only positive real numbers, even a conventional vague inverse gammaprior exerts a substantial influence
on the posterior of ω2 when its true value is close to 0 (Frühwirth-Schnatter and Wagner 2010). There
are two main approaches to this problem, both based on Bayesian shrinkage: spike-and-slab prior and
continuous shrinkage prior. In this article, we adopt the continuous shrinkage approach. We follow
Frühwirth-Schnatter and Wagner (2010) and re-parameterize the factor loadings as follows:

yit = β0+δitDit +X′itβ+(ωγ ⋅ γ̃i)′ft +εit,
γ̃i ∼N(0,Ir), ft ∼N(0,Ir), εit ∼N(0,σ2), (12)

where the factor loadings γi in model (11) are re-parameterized as the product of ωγ and γ̃i. In model
(12), γ̃i is a vector of “standardized” factor loadings with each entry drawn from i.i.d. standard normal
distribution andωγ is now interpreted as a vector of coefficients controlling the influence of each factor.
If the kth element inωγ equals 0, then the kth factor is excluded from themodel.The re-parameterization
allows the use of a prior distribution for ωγ that contains 0 in the interior of its support, enabling model
selection by shrinkage.3

2Bayesian methods for causal inference have been increasingly developed and applied in political science research (Gill
2012) For example, Hollenbach, Montgomery, and Crespo-Tenorio (2019) propose a model-based approach, and Keele and
Quinn (2017) develop a sensitivity analysis method for binary outcome data. Bayesian approaches have also been applied to
quantify the uncertainty of Rosenbaum bounds in sensitivity analysis (Mebane Jr and Poast 2013).

3The factor terms are unidentified because of the label-switching problem, such that ωγ ⋅ γ̃i = (−ωγ) ⋅(−γ̃i). Following the
literature, we introduce a step of random permutation in our sampler to address this problem.
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2.4. Bayesian Sensitivity Analysis
Although the factor term in model (11) is highly flexible, it may not fully capture the unobserved
confounding that varies across units and time. To address this common concern, we develop a sensitivity
analysis method for treatment effect estimation under Assumption 3, where the existence of general
confounding varying across units and time is permitted. As shown above in terms of a general setting
(4) and (5), Assumption 3 enables imputation-based sensitivity analysis for causal effects by jointly
modeling Yit conditional on (Dit , Xit , γi, ft , Uit) and Uit conditional on (Dit,Xit,γi,ft). Specifically, we
expand Model (12) to incorporate Uit in the model:4

Yit = β0+δitDit +X′itβ+βuUit +(ωγ ⋅ γ̃i)′ft +εit,
Uit = λ0+λdDit +X′itλx+λf (ωγ ⋅ γ̃i)′ft +νit,

γ̃i ∼N(0,Ir), ft ∼N(0,Ir),
εit ∼N(0,σ2), νit ∼N(0,c21),

(13)

where the coefficient βu measures the effect of Uit on the outcome of interest. We follow common
practice (e.g., Gustafson et al. 2010) to model Uit as a linear function of the treatment indicator Dit ,
observed confounders Xit , as well as the factor terms (ωγ ⋅ γ̃i)′ft , with their associated coefficients
denoted by λ ≡ [λ0,λd,λ

′
x,λf ]′. The variance of the normal error term νit equals c21, a fixed constant

specified by the researcher.We call Model (13) “Bayesian sensitivity analysis for the linear factor model”
(BSA-LFM).

λ and βu represent our sensitivity parameters and deserve several additional remarks. First, as
discussed in the next section, we specify the prior for each element in λ to be symmetric and centered
at zero, indicating that the grand mean of the unobserved confounder is 0a priori. Second, existing
methods for sensitivity analysis often assume that the unobserved confounder is only determined by
the treatment indicator to simplify the analysis (e.g., Lin, Psaty, and Kronmal 1998). However, the
assumption that Uit is independent of the observed covariates and the factor term conditional on treat-
ment is often unrealistic and has been challenged by VanderWeele (2008).5 In addition, the common
correlations of the outcome and the unobserved confounder imply additional learning (Gustafson et al.
2010). That is, while βu and λd are the only two sensitivity parameters that affect the estimation of the
treatment effect,6 allowing non-zero correlation of Uit with observed confounders as well as the factor
terms can help narrow the inference. If at least one element in λx or λf is not equal to 0, we can achieve
substantive updating in βu given the data. Furthermore, allowing for correlation between observed
covariates and unobserved confounders implies that some covariates may be endogenous (Diegert,
Masten, and Poirier 2022), which is a weaker condition than treating all covariates as exogenous.

Finally, it is important to note that wemust assume some correlation betweenλ0 andλd. SinceModel
(13) allows for arbitrary heterogeneous treatment effects, like most counterfactual imputationmethods,
only observations under control (Dit = 0) are used for model fitting. For these observations, Model (13)
reduces to:

4An alternative specification of Uit assumes that it is orthogonal to the observed covariates and the latent factor term
conditional on Dit ; that is, Uit = λ0 +λdDit + νit . As a reviewer noted, this specification reduces the number of sensitivity
parameters, thereby simplifying the model. This approach aligns with the MCSA (Greenland 2003), which draws inference
based on the prior distribution of sensitivity parameters. However, as Gustafson and McCandless (2018) shows, compared
to MCSA, the proposed BSA, which links Uit to the observed covariates and latent factors, enables inference based on the
posterior distribution of sensitivity parameters (e.g., βu) and may yield more precise uncertainty estimates.

5As noted by VanderWeele (2008), if neither the observed covariates nor the factor term affects treatment assignment, it is
reasonable to assume λ0 = λx = λf = 0. This conventional practice is included as a special case within our proposed model.

6As one reviewer helpfully pointed out, re-parameterizing themodel ofU to expressD as a function ofUmakes it clearer that
λd , rather than the other λ terms or βu, is the essential sensitivity parameter. Suppose D is continuous. Then, the model of U
can be equivalently written as:Dit = −λ0

λd
+ 1

λd
Uit −{λx

λd
Xit + λf

λd
(ωw ⋅ γ̃i) ft +v′it}, where v′it = − 1

λd
vit . This re-parameterization

demonstrates that 1/λd is the key sensitivity parameter.
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Yit∣Dit=0 = β0+X′itβ+βuUit +(ωγ ⋅ γ̃i)′ft +εit,
Uit∣Dit=0 = λ0+X′itλx+λf (ωγ ⋅ γ̃i)′ft +νit. (14)

Thus, we can only infer λ0 directly from the data and indirectly estimate λd through its assumed
correlation with λ0. Details of the prior specifications are provided below.

2.5. Prior Specification
Prior specification plays a key role in BSA. Because data contain no direct information about unobserved
confounders, posteriors of sensitivity parameters (λ and βu) are dominated by priors assigned to them.
In fact, priors for the sensitivity parameters encode the researcher’s a priori belief about the direction
and magnitude of unobserved confounding. Such beliefs are typically incorporated in frequentist
sensitivity analysis only partially and informally by fixing the sensitivity parameters to particular values.
In contrast, our Bayesian approach provides a more formal, principled way to represent researcher’s
belief about confounding in the form of a probability distribution.

From a practical standpoint, the choice of a prior distribution for sensitivity parameters entails
a bias–variance trade-off. An overly diffuse prior would result in a credible interval that has low
power to detect a non-zero treatment effect, while a prior with high precision risks bias that never
disappears asymptotically. Here, we adopt the approach proposed by McCandless, Gustafson, and
Levy (2008), which makes use of observed confounders to benchmark our prior on the effects of
unobserved confounders. That is, we assume that the confounding effects ofUit and Xit,j (j ∈ {1, . . . ,p})
are comparable a priori after standardization, in the sense that βu and β have exchangeable prior
distributions. Formally, we have

E(Uit) = 0, Var(Uit) = 1,
fβ,θ(β0,β1, . . . ,βp,βu) = ∫ p∏

k=0
fβ(βk∣θ)fβ(βu∣θ)fθ(θ)dθ, (15)

where the second line in (15) is by de Finetti’s theorem, and the first line adds several constraints on the
prior distributions of sensitivity parametersλ as well as the variance of νit . We assign conjugate normal
priors to λ with constraints on prior variances7 and exchangeable priors to βu and β. More specifically,
our prior on λ is specified as follows:

• λ0 and λd:

(λ0,λd)′ ∼N(0,Λ),
Λ = (c22, − c23/2−c23/2,c23 ),

(16)

where the hyperparameters are constrained such that 0 < c2 ≤ 1, c3 > 0, and 2c2 > c3 to guarantee
positive definiteness of the covariance matrix.

• λx:

λx ∼N (0, c24p Ip) . (17)

• λf :

λf ∼N (0, c25(k1−1)2rk2
), (18)

7As one reviewer pointed out, another common choice is to assign uniform priors to the sensitivity parameters, reflecting
vague prior knowledge. In this case, it is necessary to specify lower and upper bounds to satisfy the constraint on the variance
of Uit .
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where k1 and k2 are hyperparameters for ωγ defined below. Taken together, our prior specification for
λ implies the following proposition.8

Proposition 1 (Prior variance of unobserved confounder). Priors (16)–(18) imply that the prior
variance of Uit is independent of treatment status Dit and given by,

Var(Uit ∣Dit) =Var(Uit) = c21+ c22+ c24+ c25. (19)

A formal proof of Proposition 1 can be found in Appendix 1 of the Supplementary Material. Since
we standardize the observed and unobserved confounders to have unit variance, Proposition 1 implies
the following constraint on the hyperparameters:

c21+ c22+ c24+ c25 = 1. (20)

Now, we turn to parameters in the outcome model and prior variances of factor loadings. There
are several sensible options for exchangeable priors assigned to β and βu. Of particular note, while an
independent, weakly informative normal prior is perhaps the most intuitive choice, Gustafson et al.
(2010) use the i.i.d. t distribution with a certain degree of freedom, noting that the latter often yields
substantially narrower inferences than a normal independence prior with the samemarginal variability.
This prior has a hierarchical form: the priors for β0,β1, . . . ,βp,βu are i.i.d. N(0,τ 2S) given S, and the
hyperparameter S is drawn from inverted-gamma distribution S ∼ Inv−Gamma(d/2,d/2).

Here, we propose a more flexible specification, allowing each βk and βu to have heterogeneous prior
variances drawn from a multi-level model. Specifically, we use the Laplacian prior (Park and Casella
2008), which is a continuous shrinkage prior that have heavier tails than the t distribution and more
densities near 0 to “let the data speak for itself.”

• βj for j ∈ {0,1, . . . ,p}:9
βj∣τ 2βj ∼N(0,τ 2βj),
τ 2βj ∣ξβ ∼ Exp(ξ2β2 ),

ξ2β ∼Gamma(a1,a2).
(21)

• βu:

βu∣τ 2βu ∼N(0,τ 2βu),
τ 2βu ∣ξβ ∼ Exp(ξ2β2 ),
ξ2β ∼Gamma(a1,a2).

(22)

We also assign the Laplacian prior to ωγ for the purpose of factor number selection.
• ωγj for j ∈ {1, . . . ,r}:

ωγj ∣τ 2γj ∼N(0,τ 2γj),
τ 2γj ∣ξγ ∼ Exp(ξ2γ2 ),

ξ2γ ∼Gamma(k1,k2).
(23)

8If the researcher chooses k1 ≤ 1, another prior specification for λf is λf ∼N (0, c
2
5(k1+1)
2rk2

). See the Supplementary Material
for more details.

9The parameterization of gamma distribution has mean = a1
a2
.
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Table 1. Suggested default specifications for the hyperparameters.

Hyperparameter Function Default values

(c21, c
2
2, c

2
3, c

2
4, c

2
5) Controlling the dispersion of Uit Subject to restrictions

(a1, a2) Controlling the effects of Xit and Uit (0.001, 0.001)

(k1, k2) Determining the number of factors (1.001, 0.001)

(e1, e2) Controlling the error variance (0.001, 0.001)

Finally, we use the conventional inverted-gamma prior for the error variance σ2.
• σ2

ε:

σ2 ∼ Inv−Gamma(e1,e2). (24)

Taken together, our model for sensitivity analysis requires 11 hyperparameter values to be set by the
researcher, subject to the constraints as specified above. Appropriately setting hyperparameter values is
often a challenging task in implementing Bayesianmethods in practice, particularly for complexmodels.
Fortunately, sensible default values that approximate a lack of prior knowledge are available for most
of the hyperparameters in our model, including those related to the error variance, coefficients in the
outcomemodel, and factor selection.This substantially simplifies the task of specifying priors in applied
research.

Table 1 summarizes such default values for these hyperparameters, along with their substantive
interpretations. For the prior variances of the sensitivity parameters λs, we impose constraints to keep
their scales small while allowingβu to be potentially large. In practice, selecting these valuesmay require
some prior knowledge. For instance, if researchers believe that Uit is informative given Xit or the factor
terms, they may choose relatively large values for c24 or c25. Otherwise, they may favor a larger random
component, reflected in a larger c21.

3. Computation

Suppose the true data-generating process (DGP) is model (13) but we fit the LFM inmodel (12) without
the unobserved confounder Uit . Then, the bias for the ATT estimate is represented by the product
βuλd. Frequentist sensitivity analysis usually sets a range of values for βu and λd and investigates how
large their values must be to explain away the estimated treatment effect (Imbens 2003; Rosenbaum
and Rosenbaum 2002). By contrast, BSA assigns priors to all parameters and makes inference on the
posterior distribution. Model (12) implies a joint distribution of the observed outcome Yit and the
unobserved confounder Uit , and thus it seems appealing to apply the MCMC algorithm to the joint
posterior distributions of parameters aswell asUit . However, since none of the elements in the parameter
vector θ = {β0,β,βu,Λ,F,λ0,λd,λx,λf ,σ

2} is known, the model is nonidentified. For example, define
θ̃ = {β0,β,βu/2,Λ,F,2λ0,2λd,2λx,2λf ,σ

2}, an alternative parameter vector. Then, f (Y ∣θ) = f (Y ∣θ̃).
The non-identifiability of such a model results in practical issues of simulation-based model fitting,

like the MCMC. For example, Gelfand and Sahu (1999) argue that with flat priors, the trajectories of
the Markov chain for some parameters tend to drift to extreme values, causing poor mixing of Markov
chains andmake them hard to converge. In this article, we address the issue of computation by adopting
the “transparent parameterization” of the original nonidentified model (13) to improve the efficiency of
the MCMC sampler, as recommended by Gustafson (2005).

3.1. Transparent Parameterization of the Nonidentified Model
We begin by briefly summarizing the general idea of transparent parameterization proposed
by Gustafson (2005). Suppose the original parameter vector in the nonidentified model is θ.
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we reparameterize θ to new parameter vector φ ≡ {φI,φN} such that f (data∣φ) = f (data∣φI). Priors
assigned to φ can be factorized as f (φ) = f (φN ∣φI)f (φI), and the corresponding posteriors are:

f (φI ∣data) ∝ f (data∣φI)f (φI),
f (φN ∣data) = ∫ f (φN ∣φI)f (φI ∣data)dφI.

(25)

The posteriors (25) imply qualitatively different asymptotic behaviors for φI and φN . That is, direct
Bayesian learning occurs for φI , in that under regularity conditions, f (φI ∣data) converges to the point
probability mass at the true value of φI as sample size grows, and indirect Bayesian learning for φN ,
which converges to the conditional distribution f (φN ∣φI) at the true value of φI . This, in turn, implies
that φI and φN will also exhibit distinct behaviors in an MCMC sampler.

Gustafson et al. (2010) suggest that transparent parameterization could be exploited for the purpose
of building a computationally efficient posterior sampler, making jumps in spaces for those parameters
informed by the data while moving fast through spaces for those parameters with little information
from the data. We adopt a similar strategy for our proposed BSA-LFM. Specifically, we substitute Uit
in the first line for potential outcome with the second line in model (13) that describe the DGP of Uit ,
essentially integrating out the unobserved confounder:

Yit = (δit +βuλd)Dit +(β0+βuλ0)+X′it(β+βuλx)+(1+βuλf )(ωγ ⋅ γ̃i)′ft +βuνit +εit. (26)

Define δ̃it = δit +βuλd, β̃0 = β0+βuλ0, β̃ = β+βuλx, ω̃γ = (1+βuλf )ωγ , and ε̃it = βuνit +εit . Model (13)
can then be re-written as:

Yit = δ̃itDit + β̃0+X′itβ̃+(ω̃γ ⋅ γ̃i)′ft + ε̃it,
ε̃it ∼N(0,σ̃2),
σ̃2 = β2

uc21+σ2
Y .

(27)

The original parameter vector is θ = {β0,β,ω,Γ,F,σ2
Y,βu,λ0,λd,λx,λf }, and the re-parameterized

vector is:

φ = {β̃0,β̃,ω̃,Γ,F,σ̃2,βu,λ0,λd,λx,λf }, (28)

where φI = {β̃0,β̃,ω̃,Γ,F,σ̃2} and φN = {βu,λ0,λd,λx,λf }. One can verify that the data likelihood only
depends on φI :10

f (Yobs∣φ) ∝ (√σ2+β2
uc21)−(NT−∑i,t Dit)

exp[− 1
2(σ2+β2

uc21) ∑Dit=0
(yit −(β0+βuγ0)−X′it(β+βuγx)−(ωγ(1+βuγf ) ⋅ γ̃i)′ft)2]

= σ̃−(NT−∑i,t Dit) exp[− 1
2σ̃2 ∑

Dit=0
(yit − β̃0−X′itβ̃−(ω̃γ ⋅ γ̃i)′ft)2]

∝ f (Yobs∣φI). (29)

Now, we derive the posteriors for parameters in the re-parameterized model (27). Denote the one-to-
one mapping of the transparent re-parameterization by φ = g(θ). Prior distributions assigned to the
original parameter vector θ imply priors assigned to φ are:

fφ(φ) = fθ(g−1(φ))∣J∣, (30)

10For counterfactual imputation-based approach, only observations under control status are used for model fitting.
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where ∣J∣ is the determinant of the Jacobian θ = g−1(φ). Thus, posterior distributions of φ can be
written as:

π(φ∣Yobs) ∝ f (Yobs∣φ)fφ(φ)
= f (Yobs∣φ)fθ(g−1(φ))∣J∣
= f (Yobs∣φ)∣1+βuλf ∣−r

p∏
j=0

π(β̃j−βuλx∣τ 2βj)π(τ 2βj ∣ξ2β) r∏
k=1

π( ω̃γj

1+βuλf
∣τ 2γj)π(τ 2γj ∣ξ2γ)π(ξ2γ)

π(βu∣τ 2βu)π(τ 2βu ∣ξ2β)π(Γ̃ )π(F)π(σ̃2−β2
uc21)π(λ0,λd)π(λx)π(λf ),

(31)

whereπ(⋅) denotes the prior distribution of the corresponding original parameter.Then, we can recover
the posteriors of the original parameter vector θ from the posteriors (31) of φ. Since prior distributions
are assigned to θ, the implied priors are not conjugate for some parameters in φ. Therefore, we develop
a Metropolis–Hastings step within Gibbs sampling procedure to simulate the posteriors summarized
as Algorithm 1. Details of the MCMC algorithm can be found in Appendix 2 of the Supplementary
Material.

Remark. In Step 10 of Algorithm 1, we estimate the individual treatment effect for observations
under treatment (Dit = 1) using δit = δ̃it − βu ⋅ λd, where δ̃it = Yit − Yit(0), with Yit(0) representing
the imputed counterfactual outcome under control. This step demonstrates the “frequentist analogy”
of the proposed BSA. To see this, suppose the treatment effects are homogeneous (δit ≡ δ). In that case,
the identified parameter is δ̃ = δ +βu ⋅λd. Researchers can obtain an interval estimate for δ by fixing
the sensitivity parameters at specific values and varying these values. The BSA approach, rather than
selecting specific values for the sensitivity parameters, marginalizes the treatment effect estimate over
the posterior distributions of βu and λd.

Algorithm 1 AMetropolis–Hastings within Gibbs sampler.

At iteration (h+1):
1. Update coefficients β̃0, β̃,
2. Update factor loadings γ̃i for i ∈ {1, . . . ,N},
3. Update factors ft for t ∈ {1, . . . ,T},
4. Update the square root of prior variance for factor loadings ω̃γ ,
5. Update error variance in the re-parameterized model σ̃2,
6. Update sensitivity parameters λ0, λxj for j ∈ {1, . . . ,p}, λd, λf and βu,
7. Update prior variances τ 2βj

, j ∈ {0,1, . . . ,p}, τ 2βu
, τ 2γj for j ∈ {1, . . . ,r},

8. Update hyperparameters ξ2β and ξ2γ ,
9. Update counterfactual outcome Yit(0) and individual treatment effect δit =Yit−Yit(0) forDit = 1,
10. Average over δit for Dit = 1 as an estimate of ATT.

Repeat Steps 1-10 at the next iteration until the Markov chains converge.

4. Monte Carlo Studies

In this section, we conduct a series of Monte Carlo studies to investigate the behavior of the
proposed BSA (BSA-LFM) in terms of key frequentist performance metrics. We focus on the
ATT (∑i,t Ditδit/∑i,t Dit) as a quantity of interest and investigate the coverage rate of the posterior
credible intervals, as well as their average lengths. In particular, we are interested in how well the
proposedmethod performs against alternatives in terms of the aforementioned bias–variance trade-off.
Specifically, our analysis focuses on whether we can (1) improve the coverage rate for the true ATT
compared to the LFM (DM-LFM; Pang et al. 2022) and (2) obtain narrower credible intervals while
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maintaining the same false positive rate (measured by coverage rate when true ATT is 0) using the
proposed shrinkage priors when there exists an unobserved confounder.

We generate simulated datasets with varying sample sizes according to the following DGP:

Yit = 3+δitDit +X1it +3X2it +αi+ξt +γ′i ft +Uit +εit,
Uit = 0.3−0.5Dit +0.1 5∑

k=1
Xkit +0.1(αi+ξt +γ′i ft)+νit. (32)

The DGP (32) assumes that there are three time-varying confounders: X1, X2, and U that determine
the value of potential outcomes. The first two are observed while the last one is unobserved. Their
corresponding coefficients are 1, 3, and 1. αi and ξt are additive two-way random effects, and λ′i ft is
the latent factor term with two factors. All of them are drawn from independent and identical standard
normal distributions, i.e.,αi ∼N(0,1), ξt ∼N(0,1), γki ∼N(0,1), and fkt ∼N(0,1) for k ∈ {1,2}. We also
assume that five covariates are observed: X1, X2, X3, X4, and X5, and only the first two have non-zero
effects on potential outcomes. The observed covariates X1 to X5 are also generated from independent
and identical standard normal distributions. For the unobserved confounder U, we assume that it is
correlated with all observed covariates X1 to X5, treatment indicator D, and additive two-way random
effects as well as the latent factor term. εit and νit are normal errors withmean 0 and variance 1 and 0.25,
respectively. Therefore, X3, X4, and X5 implicitly determine the value of potential outcomes through U.
Values of sensitivity parameters (each element of λx and λf ) are all set to 0.1. We keep them small so
that they are not on the margin of their corresponding prior distributions. Finally, we set the value of
the treatment effect δit . For coverage rate and length of credible intervals, it suffices to study the case
where ATT equals 0. For power analysis, we set a variety of values for ATT. We assume that individual
treatment effects are heterogeneous; however, for a given value of the ATT, there is no variation across
simulated samples.

Existing literature finds that the performance of factor models for causal inference depends on the
number of pre-treatment periods as well as the number of control units (Pang et al. 2022; Samartsidis
et al. 2020; Xu 2017). For the design of Monte Carlo studies, we consider several combinations of the
number of units (N ∈ {50,100}) and time periods (T ∈ {30,50,90}).We set the proportion of the treated
units to be 20%, whose treatment status switches from 0 to 1 in the post-treatment periods. For the
remaining control units, their treatment statuses are always equal to 0. We regard the last ten periods
as post-treatment periods. For each combination ofN and T, we generate 1,000 simulated data samples
using the DGP described above.

For model fitting, we include all observed covariates (X1 to X5) in the regression models and regard
the true number of factors as known.11 We compare estimation results based on four different model
specifications: (1) DM-LFM (w/ U) the ideal, “oracle” case where the unobserved confounder U is
observed, (2) DM-LFM (w/o U) the naïve case where we ignore the unobserved U, (3) BSA-LFM
(w/ Shrinkage Prior) BSAwith the proposed shrinkage prior forβu, and (4) BSA-LFM(w/Normal Prior)
BSAwith normal prior for βu. For shrinkage prior, we assign a diffuse prior ξ2βu

∼Gamma(0.001,0.001)
to the hyperparameter, while for the normal prior, we assign βu ∼N(0,10). The results are displayed in
Tables 2 and 3.

Table 2 displays a coverage rate of nominal 95% credible intervals. As expected, DM-LFM (w/ U) has
a coverage rate close to the nominal value for different number of units. DM-LFM (w/o U), however,
produces a coverage rate substantially smaller than the nominal value, and the problem of under-
coverage worsens as the number of units increases. BSA-DM-LFMwith shrinkage or normal prior has a
coverage rate equal to 100%, indicating that they are always conservative. Table 3 reports average lengths
of the nominal 95% credible intervals. For both the ideal case and naive case, the average length of CI

11Readers may refer to Pang et al. (2022) for details about how to conduct selection of number of factors with shrinkage
priors.
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Table 2. Coverage rate of 95% credible intervals.

Model N = 50 N = 100

T = 30 T = 50 T = 90 T = 30 T = 50 T = 90

DM-LFM (w/ U) 0.933 0.933 0.934 0.910 0.943 0.959

DM-LFM (w/o U) 0.566 0.539 0.515 0.317 0.242 0.182

BSA-LFM (w/ Shrinkage Prior) 1.000 1.000 1.000 1.000 1.000 1.000

BSA-LFM (w/ Normal Prior) 1.000 1.000 1.000 1.000 1.000 1.000

Table 3. Average length of 95% credible intervals.

Model N = 50 N = 100

T = 30 T = 50 T = 90 T = 30 T = 50 T = 90

DM-LFM (w/ U) 1.131 1.024 0.960 0.792 0.718 0.674

DM-LFM (w/o U) 1.152 1.045 0.983 0.805 0.733 0.690

BSA-LFM (w/ Shrinkage Prior) 4.351 4.340 4.344 4.296 4.313 4.315

BSA-LFM (w/ Normal Prior) 5.389 5.385 5.382 5.355 5.356 5.353

decreases at the order of the squared root of the sample size. For BSA-LFM, the average length of CI
decreases only slightly as the number of units increases.12

The conservativeness of the credible intervals and their asymptotic behavior arise from the two
sources of uncertainty contributing to these intervals. While sampling variability decreases as sample
size increases, the “scenario uncertainty” about the extent of unobserved confounding, which is reflected
on the specification of sensitivity parameters, remains unchanged (Gustafson et al. 2010). If the
substantive prior knowledge about the sensitivity parameter values is available, it is possible to reduce
the width of the credible interval by changing priors assigned to the sensitivity parameters, e.g., by
reducing the prior variance of λd.

We also conduct a power analysis on BSA-LFM with varying sample sizes and magnitudes of
treatment effect and compare its performance with different priors with that of DM-LFM. Figure 1
presents the results. We find that the power curves of the ideal and naïve cases look very similar for
different number of units, except that it is symmetric about 0 for the ideal case while shifted toward
right for the naive case due to the negative bias. We have two notable findings about BSA-LFM. First,
with shrinkage prior, the power curve looks more symmetric about 0 even if the posterior median
indicates a negative bias. Second, for a given number of units, as the magnitude of true ATT increases,
the percentage of credible intervals excluding 0 becomes larger. Compared to normal prior, BSA-LFM
with shrinkage prior may produce a larger percentage of credible intervals excluding 0 for a given
combination of the number of units and treatment effect, which is consistent with the evidence that
on average BSA-LFM with shrinkage prior produces narrower credible interval than that with normal
prior. Combined with the results above, we may conclude that BSA-LFM with shrinkage prior can be
more efficient to detect a non-zero ATT compared to that with normal prior while maintaining same
false positive rate when some observed covariates have zero effect on potential outcomes.

12For BSA-LFM with and without shrinkage priors, the coverage rate of 95% credible intervals is both 100%.Therefore, we
conduct additional Monte Carlo studies and compare the coverage rate of 50% credible intervals. The results are reported in
Appendix 3.2 of the Supplementary Material.
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Figure 1. Percentage of nominal 95% credible intervals excluding zero.

5. Empirical Application

To illustrate its applicability, we apply ourmodel to the empirical section of Scheve and Stasavage (2012),
which studies the causal effect of war and democracy on taxation of inherited wealth, an important
debate in the field of political economy. The authors implemented a difference-in-differences (DID)
model specification to analyze an original dataset that includes 19 countries that spans 180 years
(1821–2000). They found that mass warfare has a significant positive effect on the top margin rate of
inheritance tax, while democracy does not have a significant effect. In this replication, we follow the
article and regard mass warfare as a binary treatment indicator which equals 1 if a country engaged in
any interstate wars and 2% of the total population was serving in the military. Democracy measured in
the expansion of suffrage right is regarded as an observed time-varying confounder. We consider the
following model specification:13

Yit = δitDi,t +X′itβ+βuUit +αi+ξt +λ′i ft +εit, (33)

13Note that in our model, both the treatment indicator and observed confounders are contemporaneous with the outcome
variable. For consistency and comparison with the original findings in Scheve and Stasavage (2012), we lag the treatment and
observed confounders for one year.
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Figure 2. The effect of war on taxation.

Note: On the left panel, dashed lines indicate posterior 95% credible intervals for ATT estimates based on the naïve model (blue) and

the proposed BSA (red).

where Xit is a vector of (lagged) time-varying confounders that include: a binary indicator of universal
male suffrage, a binary indicator of left executive, and GDP per capita. Lagged outcome variable is also
controlled. The original statistical model only adds TWFEs to control for unobserved confounders.
In some alternative model specifications, Scheve and Stasavage (2012) control for country-specific time
trends to approximate common shocks with unit-heterogeneous effects. Here, we add a latent factor
term with ten factors and shrinkage priors for factor selection.

As noted by the original authors, the treatment effect of mass warfare in their baseline model could
be biased due to the existence of unobserved time-varying confounders. For example, it is possible that
a country’s belief about its ability to finance wars by taxing the rich and selection into war are positively
correlated, biasing the estimate of the treatment effect in the positive direction. To address this concern,
we apply our proposed sensitivity analysis.We regardUit as an unobserved continuous confounder, and
investigate how it affects the magnitude and significance of the causal effects. For comparison, we also
fit a naïve statistical model which does not includeUit but otherwise is exactly the same.The estimation
results are displayed in Figure 2.

As expected, the point estimates (posterior means) are very close between our proposed model
(“w/ BSA”) and the naïve model (“w/o BSA”), both in terms of time-varying treatment effects (right
plot, red and blue solid lines) and overall average effects (left plot, solid circles). However, the resulting
95% credible interval is wider when we consider the existence of Uit , especially for the first two post-
treatment periods (red and blue dotted lines). For average treatment effect, while the 95% credible
interval based on the naïve model does not cover 0, the interval based on the proposed model does,
indicating that the estimated effect becomes insignificant when we consider the uncertainty due to the
existence of an unobserved confounder.

In some cases, researchers may be more interested in hypothetical scenarios corresponding to
particular values of the sensitivity parameters. In the taxation example, if the ability to tax the rich
to finance war is the unobserved confounder, then βu should be positive. Posteriors of the sensitivity
parameters offer useful, principled guidelines for this type of analysis, by way of providing probabilistic
benchmarks for such specific values.14 To examine the posterior dependence between the treatment
effect and the sensitivity parameters, we fix the values of βu and λd at different deciles of their posterior
distributions and re-estimate the treatment effect. The results are shown in Figure 3. We find that when

14Due to limited space, we provide a simulated example on BSA conditional on a specific value of sensitivity parameters βu
or λd with conditional posteriors of the other sensitivity parameter in Appendix 3.1 of the Supplementary Material.
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Figure 3. Sensitivity analysis conditional on posterior deciles of βu and λd .

Note: In each plot, the red dotted line indicates zero, while the blue dotted line represents the naïve estimate of the ATT, i.e., the
posterior mean of the ATT without Bayesian sensitivity analysis. Each tick on the x-axis represents a decile of the corresponding
sensitivity parameter’s posterior distribution. Thehistogramon thebottom represents theposteriormarginal density of the sensitivity
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Figure 4. Sensitivity contour of the ATT estimate.

Note: In this plot, the value at (0, 0) corresponds to the ATT estimate without applying BSA. Other values represent the ATT estimates
obtained under different combinations of sensitivity parameter values. The ranges ofβu andλd shown in the plot correspond to their

95% posterior credible intervals.

the value of βu or λd is closer to 0, the corresponding 95% CI is narrower, indicating less uncertainty
when confounding strength of Uit is weaker. Indeed, the 95% CI may exclude 0 when either βu or λd is
close to 0. Besides, the point estimate of the treatment effect increases as βu changes from negative to
positive, while the value of λd barely affects the point estimate.

Finally, researchersmay also be interested in assessing the robustness of their findings under extreme
or “worst-case” scenarios, as is common in conventional frequentist sensitivity analysis. For instance,
one may ask how large the sensitivity parameters must be to explain away the estimated ATT. To
illustrate this, we present a contour plot (Figure 4) that shows how the simultaneous variation of βu
and λd corresponds to different values of the ATT estimate. In parallel, the posterior distributions of
the sensitivity parameters can help researchers assess how plausible a given scenario on the sensitivity
contour is in light of the observed data.
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6. Conclusion

In this article, we propose a novel BSA method for treatment effect estimation with causal panel
data models, especially the linear factor model, based on counterfactual imputation, assessing the
sensitivity of the causal effect estimate to the possible existence of unit-specific time-varying unobserved
confounding. Through appropriate prior specification, our approach is essentially a Bayesian analog of
“benchmarking” sensitivity parameters by observed pre-treatment confounders, making the results of
sensitivity analysis more interpretable.

Another advantage of our proposed method is its computation efficiency. When there exists an
unobserved time-varying confounder, the augmented linear factor model with sensitivity parameters
is by design nonidentified. We utilize the transparent parameterization (Gustafson 2005) to develop
an efficient MCMC algorithm. Furthermore, the shrinkage prior assigned to the sensitivity parameter
induces substantial indirect learning, making the model more efficient to detect a non-zero treatment
effect compared to a diffuse normal prior, as is shown in the Monte Carlo studies.

Our proposed method also has several limitations. First, although the posterior distributions of
the sensitivity parameters provide insight into how plausible different degrees of violation of the no
unobserved confounding assumption may be, specifying priors is not necessarily easier than defining
a range of plausible sensitivity values. As such, researchers must rely on substantive knowledge when
selecting priors for the sensitivity parameters. Second, the method relies on parametric assumptions
for the outcome model and the unobserved confounder. While the use of linear models reflects a
pragmatic modeling choice in practice, such assumptions may limit flexibility in capturing complex
DGPs. Finally, although our proposed method is quite flexible to summarize the influence of the
unobserved confounder, the Bayesian approach is inherently more computationally intensive than
typical frequentist approaches, whichmay constrain its practical applicability to relatively small datasets.
Future research aimed at overcoming these limitations is worth pursuing.
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