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Abstract

A system of quadratic forms is associated to every generalised quadratic form over a division algebra
with involution of the first kind in characteristic two. It is shown that this system determines the isotropy
behaviour and the isometry class of generalised quadratic forms. An application of this construction to
the Witt index of generalised quadratic forms is also given.
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1. Introduction

By a theorem of Jacobson [2], the theory of hermitian forms over a quaternion algebra
(or a quadratic extension) with the canonical involution in characteristic different
from two, may be reduced to that of quadratic forms. The main idea of [2] is to
associate to every hermitian space (V, i) on these algebras with involution the quadratic
form v — h(v,v). This construction determines the isotropy and the isometry class
of the hermitian forms. Jacobson’s construction was generalised in [8] to arbitrary
characteristic.

Associating some quadratic form over the base field to a hermitian form of arbitrary
index to give information about it, is a very difficult problem and seems to be far out
of reach in general. Considering this, one can instead use some generalisations of
quadratic forms to study hermitian forms. In [5], a system of quadratic forms was
associated to every hermitian form over a division algebra with involution of the first
kind, which controls the isotropy and metabolicity of these forms and determines their
isometry classes. This system, which is a natural extension of Jacobson’s construction,
was also used to study the behaviour of hermitian forms under finite field extensions
of odd degree and quadratic separable extensions (see [5, Section 5] and [6]).

The theory of hermitian forms over fields of characteristic two divides into two
distinct theories: that of hermitian forms and that of generalised quadratic forms. The
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[2] Generalised quadratic forms 375

relationship between these two types of objects is essentially identical to that between
bilinear and quadratic forms. The aim of this work is to establish a construction
similar to [5] for generalised quadratic forms in characteristic two. Let (D, 6) be a
division algebra with involution of the first kind over a field F of characteristic two
and let p be a generalised quadratic form over (D, 6). For every basis 8 of the quotient
D/Symd(D, 6), we associate a system of quadratic forms g, g to p. It is shown that
this system can be used to determine the isotropy and hyperbolicity of generalised
quadratic forms, as well as their isometry classes (see Propositions 4.3 and 4.8 and
Theorem 6.4). It is also shown in Theorem 5.4 that there is a natural relation between
the Witt indices of the form p and the system ¢, g. These results are based on a
strengthening of a key result from [6], about the Witt index of systems of quadratic
forms in arbitrary characteristic, and is of independent interest (see Proposition 3.1).

It should be mentioned that some ideas used in this work are of course parallel to
those given in [6]. However, this work includes a number of improvements. It also
reveals some new aspects, as it covers totally singular generalised quadratic forms.
Although totally singular forms are in some sense simpler than nonsingular forms,
their study, even over fields, has its own limitations, as various standard tools are
unavailable for these forms.

2. Preliminaries

Let V be a finite-dimensional vector space over a field F. A quadratic form on V is
amap g :V — F satisfying g(au + pv) = @?q(u) + f2q(v) + apb,(u, v) for all u,v € V
and o, € F, where b, : V X V — F is a symmetric bilinear form. The form b, is called
the polar form of g. For a subspace W of V we use the notation

Wt = {v e V |b,(v,w) =0 for all w € W}.

We also set rad(b,) = V+t and rad(q) = {v € rad(b,) | g(v) = 0}. The form ¢ is called
nonsingular if rad(b,) = {0}, regular if rad(q) = {0} and totally singular if b, is trivial.

A system of quadratic forms on the space V is an m-tuple g = (q1, ..., qn), Where
every g; : V — F is a quadratic form. The system ¢ may be identified with a quadratic
map g : V — F™. This map induces a bilinear map b, : V X V — F™ which is given by
by(u,v) = q(u +v) — q(u) — q(v). If W is a subspace of V, the orthogonal complement
of W with respect to b, is defined as

Wt ={v eV |b,(v,w) =0 forallwe W}

The radicals of b, and g are rad(b,) = V+% and rad(q) = {v € rad(b,) | g(v) = 0}. We
say that g is nonsingular if rad(b,) = {0}, regular if rad(q) = {0} and fotally singular
if by is trivial. Clearly, g is totally singular if and only if every g; is totally singular.
We also say that g is strongly nonsingular if g; is nonsingular for some 1 < i < m, and
totally nonsingular if every g; is nonsingular.

A system of quadratic forms g on V is called isotropic if there exists a nonzero
vector v € V such that g(v) = 0. Such a vector v is called an isotropic vector of g.
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A subspace S of V is called fotally isotropic if every vector v € S is isotropic, that is,
qls = 0. We say that (V, g) (or the system gq itself) is metabolic if there exists a totally
isotropic subspace L of V such that dimp L > % dimg V. Such a subspace L is called a
Lagrangian of (V, ). An isometry between two systems of quadratic forms (V, ¢) and
(V’,q’) is an isomorphism of vector spaces f : V — V’ such that ¢’(f(v)) = g(v) for all
veV.

Let g: V= F™ and ¢’ : V' — F™ be two systems of quadratic forms. The
orthogonal sum of g and ¢’ is asystem g L ¢’ : V@ V' — F™ defined by

(gL @)W, V)=qgv)+qg (V) forveVandV €V.

Every system of quadratic forms g : V — F™ has a decomposition g =~ g L ¢y,
where Gis = glraa,) 18 totally singular and g,s is nonsingular. We refer the reader to
[7, Chapter 9] for basic concepts and facts regarding systems of quadratic forms.

Let A be a central simple algebra over a field F. An involution on A is an
antiautomorphism o of A of period two. An involution on A is said to be of the first
kind if it restricts to the identity map on F. The sets of symmetric and symmetrised
elements of an algebra with involution (A, o) are defined as

Sym(A,0)={x€eA|o(x)=x}, Symd(A,o)={x+o0(x)]|xeA}

We refer the reader to [4] for a reference on algebras with involution.
Let (D, 0) be a division algebra with involution over F and let V be a right vector
space over D. A hermitian form on V is a bi-additive map 4 : V X V — D for which

1)  h(ud,vd") = 6(d)h(u,v)d’ for all u,v € V and d,d’ € D, and
(i)  h(v,u) = 0(h(u,v)) for all u,v e V.

It follows immediately that h(v, v) € Sym(D, 6) for all v € V. For a D-subspace W of V
we use the notation

Wt ={v e V| h(v,w) =0 for all w € W}.

Let (D, 6) be a division algebra with involution of the first kind over a field F
of characteristic two. Let V be a finite-dimensional right vector space over D. A
map p: V — D/Symd(D, 0) is called a generalised quadratic form over (D, 6) if
p(va) = 8(@)p(v)a forall v e V and a € D, and

pu+v)—pu) —pv) = h,(u,v) + Symd(D,0) forallu,veV,

where h, : VXV — D is a hermitian form. The pair (V,p) is called a generalised
quadratic space over (D, 6). By [1, (1.1)], p uniquely determines &,. Also, for every
vev,

hy,(v,v) =d + 6(d), (2.1)

where d € D is any representative of the class p(v) € D/Symd(D, 6). Note that if
(D, 6) = (F,id) then D/Symd(D, 6) = F, p is a quadratic form over F and A, is the
polar form of p.
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Let (V,p) be a generalised quadratic space over (D, 6). A basis {vi,...,v,} of V
over D is called an orthogonal basis of (V,p) if h,(v;,v;) = 0 for all i # j. In view of
[3, Chapter I, (6.2.4)], if D # F then every generalised quadratic form p over (D, 6)
has an orthogonal basis. An isometry between two generalised quadratic spaces (V, p)
and (V’, p’) over (D, 6) is an isomorphism of right vector spaces f : V — V’ satisfying
o' (f(v)) =p) forallve V.

Let (V,p) be a generalised quadratic space over (D, #6). Set rad(h,) = V*» and
rad(p) = {v € rad(h,) | p(v) = 0}. We say that p is nonsingular if rad(h,) = {0}, regular
if rad(p) = {0} and totally singular if h, is trivial. Let W be a D-subspace of V
with V =~ rad(h,) ® W. Then p =~ pi L pns, Where pi = plrade,) 18 totally singular
and p|,s = plw 1s nonsingular. Similarly, every generalised quadratic form p has a
decomposition p = pg L pr, Where pg = plrad(p) is trivial and pr is regular.

A generalised quadratic form p on V is called isotropic if there exists a nonzero
vector v € V such that p(v) = 0. Such a vector v is called an isotropic vector of p.
The form p is called anisotropic if it is not isotropic. A nonsingular generalised
quadratic space (V, p) is called hyperbolic if there exists a D-subspace L of V with
dimp L = % dimp V such that p|; is trivial. It is easy to see that every regular generalised
quadratic form p decomposes as p = pay L Phyp, Where pq, is anisotropic and pyy,, is
hyperbolic (see [3, Chapter I, (6.5.1)]).

3. The Witt index of systems of quadratic forms

Let F be a field of arbitrary characteristic and let (V, g) be a system of quadratic
forms over F. We call the maximal dimension of totally isotropic subspaces of
V the Witt index of g and we denote it by w(g). Note that (V, g) is metabolic if
and only if w(g) > %dimp V. Also, if ¢ is strongly nonsingular and metabolic then
w(g) = 5 dimp V.

The proof of the following result is similar to that of [5, (2.3)].

Prorosition 3.1. Let (V,q) = (U,¢) L (W, @) be an isometry of systems of quadratic
forms over a field F of arbitrary characteristic. Suppose that ¢ is strongly nonsingular.
If v is metabolic, then w(q) = w() + w(p).

Proor. Clearly, w(q) > w(¥) + w(ep), hence it suffices to prove that w(q) < w(¥y) + w(e).
We may identify U and W with subspaces of V suchthatV=U + Wand U N W = {0}.
Therefore, for every v € V, there exist unique elements u € U and w € W such that
v=u+wand g(v) = ¥u) + ow).

Set n = w(q) and s = w(p) = %dimF W. Let L be a totally isotropic subspace of
(V,q) with dimg L =n. Let 711 : L —» U and mp : L — W be the restrictions to L of
natural projections V — U and V — W. Then v = m;(v) + m,(v) for every v € L, which
implies that g(v) = ¥(m1(v)) + @(m2(v)). Since g|; is trivial, one concludes that

Y(m () = —p(ma(v))  and by (m(v), 1) = =by(ma(v), ;2(v)),  (3.1)

forall v,v' € L.

https://doi.org/10.1017/5S0004972720000106 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972720000106

378 A.-H. Nokhodkar [5]

Set Wy := LN W = ker(sry) and W’ := Im(r;) € W. Note that W; C W’. Let L’ be
a Lagrangian of (W, ¢). Then dimg L’ = 5. Set r = dimp W’ and t = dimp(W' N L') —
dimp(W; N L"). We claim that

wiy)=zt+n—r. (3.2)

Choose a basis B8 of W, N L’ and extend it to a basis of W' N L', by adding some
vectors wi,...,w; € (W N L)\ (W, NL". Since w; € W, there exists v; € L such that
wi=m),i=1,...,t.Setu; =m(v;) e U,i=1,...,t, and let U’ be the subspace of
U spanned by {uy, ..., u;}. We prove that (L N U) + U’ is a totally isotropic subspace
of (U,¥). Clearly, LN U is a totally isotropic subspace of (U, ). Moreover, as

wi,...,w € L', using (3.1), one concludes that
Yw) = Y(m(vi) = —p(ma(vi) = —p(w;) =0,
for i=1,...,t. Hence, U’ is also a totally isotropic subspace of (U, ). Now, if

u € LN U then m(4) = uand my(u) = 0, so (3.1) implies that

by (ui, ) = by (m1(v;), m1(u)) = =by,(m2(v;), m2(u)) = 0,

fori=1,...,t It follows that (L N U) + U’ is a totally isotropic subspace of (U, ¥). To
prove (3.2), we show that dimp((L N U) + U’) =t + n — r. Note that L N U = ker(my),
SO

dimp(LNU)=dimpg L —dimg W =n—r.

Hence, it is enough to prove that

dimp U’ =t and (LNU)NU ={0}. (3.3)
To prove (3.3), it suffices to show that if Z§:1 a;u; € LN U for some ay,...,qa; € F,
then @y =---=a; =0. Since v; € L for i = 1,...,1t, the condition Zle aque LNU

implies that
t t t
Z a;w; = Z ;v — Z a;u; € L.
i=1 i=1 i=1
It follows that Y/, esw; € LNW = W;. Since wy,...,w, € (W NL)\ (W;NL)
and BU {wy,...,w;} is a basis of W N L’, one concludes that Z;zl a;w; = 0, hence
a; = --- =, = 0. This completes the proof of (3.3), and therefore (3.2).

We now prove that W’ C WILI’“’. Letw e Wy and w € W’. Write w’ = m,(v) for some
v € L. Using (3.1), one concludes that

by(w, w') = by(ma(w), 12(v)) = =by (1 (W), 1 (v)) = =by (0, 11 (v)) = 0.

Hence, W’ C Wll * . as claimed.
Set X =W, NL" and [ = dimg X. Then dimp W/ N L’ = [ + ¢t. The inclusion X C W,
. . J_b¢ 1
implies that W, C X, s0
W’ C Xt
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Also, the inclusion X C L’ yields
L =L"* C Xt

Since ¢ is strongly nonsingular, we have dimp X% <2s—1 Now, W’ is an
r-dimensional subspace of X**% and L’ is an s-dimensional subspace of X** with
dimp W N L =1+t Hence, r+s—1[—1t<2s— 1, which implies that r — ¢ < 5. Using
(3.2), one concludes that w(¥) > n — s = w(q) — w(yp), that is, w(g) < wy) + w(p). O

Using Proposition 3.1, we can strengthen [5, (2.3)] as follows.

CoroLLARY 3.2. Let (V,q) =~ (U,¥) L (W, @) be an isometry of systems of quadratic
forms over a field F of arbitrary characteristic. Suppose that ¢ is strongly nonsingular.
If g and ¢ are metabolic, then so is .

Proor. The hypotheses imply that w(g) > % dimg V and w(yp) = % dimp W. It follows
from Proposition 3.1 that w(iy) = w(q) — w(e) > % dimyg U. Hence, ¢ is metabolic. O

4. The construction

From now on, unless stated otherwise, all fields are implicitly supposed to be of
characteristic two.

We fix (D, 6) as a finite-dimensional division algebra with involution of the first
kind over a field F. For d € D we denote the element d + Symd(D, 6) in the quotient
of vector spaces D/Symd(D, ) by d. We also denote D/Symd(D, 6) by D.

The following result is easily verified. (Compare [5, (3.1)] which gives the
analogous statement for hermitian forms.)

Levma 4.1. Let (V, p) be a generalised quadratic space over (D, ) and letnt : D — F be
a nonzero F-linear map. Considering V as a vector space over F, themap g, : V — F
given by q, (v) = n(p(v)) is a quadratic form over F. Moreover, the polar form of q, »

is given by by, (u,v) = n(h,(u, v)).
Let (V, p) be a generalised quadratic space over (D, 0). Fix a basis
B={uy,...,un},

of D over F and let {ry,...,m,} denote its dual basis of Hom(B, F). Fori=1,...,m,
define the map quB :V > Fby

4" (V) = m(p(V)).

In view of Lemma 4.1, considering V as a vector space over F, every qZ"B is a quadratic

form with the polar form b i (u,v) = mi(hy(u,v)). We also have

m
p0) = " ¢l
i=1
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forallve V. Let
4.8 = (@) g+ d,'p)-

Then g, is a system of quadratic forms. Clearly, if (V,p’) is another generalised
quadratic space over (D, 6) then g,y 8 ~ g, 8 1 q, 5. We will denote qziB and g, g by
g; and g, respectively if the basis 8 is clear from the context.

Note that if (D, 8) = (F,id), that is, p is a quadratic form over F, then for every basis
B of D = F, the form g, 1s a scalar multiple of p. More precisely, taking 8 = {a} for
some « € F*, one has g, g = a~ ! p. In particular, if 8 = {1} then qp.8 = p-

Lemma 4.2. Let (V,p) and (V’,p’) be two generalised quadratic spaces over (D, 6). If
(V,p) = (V',p') then q, = q.

Proor. Let f: (V,p) = (V’,p’) be an isometry. Then f is an isomorphism of vector
spaces over F satisfying

4y 5(fW) = (o' (f (1)) = mi(p(v) = ¢,/ 5 (),

forall ve V and i =1,...,m. Hence, q,(f(v)) = q,(v) for all v € V, proving the
result. =

The following result is evident.

ProrosiTion 4.3. Let (V, p) be a generalised quadratic space over (D, 0) and letv e V.
Then p(v) = 0 if and only if q,(v) = 0. In particular, p is isotropic if and only if q, is
isotropic.

CoroLrary 4.4. Let (V, p) be a generalised quadratic space over (D, 6). If q,(v) = 0 for
some v €V then q,(vd) = 0 for all d € D.

Proor. If g,(v) = 0 then p(v) = 0 by Proposition 4.3. Hence, p(vd) = 0 for all d € D.
Again, Proposition 4.3 implies that g,(vd) = 0 for all d € D. O

Lemma 4.5. Let (V, p) be a generalised quadratic space over (D, 0) and let v e V.

(i) Ifverad(h,) thenv € rad(b,), that is, v € rad(b,,) foralli=1,...,m.
(i) Ifv ¢rad(h,) thenv ¢ rad(by,) for all i = 1,...,m; in particular, v ¢ rad(bg).

Proor. Suppose that v € rad(h,). Then h,(v,w) =0 for all w € V. It follows that
by, (v, w) = mi(hy(v,w)) =0 for all we V and i = 1,...,m, that is, v € rad(b,,). This
proves (i). To prove (ii), suppose that A,(v,w) # O for some w € V. Fix an index i
with 1 <i<m. Setd = h,(v, w)‘lu;, where u; € D is a representative of u; € D. Then
by, (v, wd) = mi(h,(v,w)d) = m;(u;) = 1 # 0, hence v ¢ rad(b,,). O

CoroLLARY 4.0. Let (V,p) be a generalised quadratic space over (D, 0). Then

(i) rad(h,) =rad(b,,) =rad(by,) foralli=1,...,m;
(ii) rad(p) = rad(qp).
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Proor. Part (i) follows from Lemma 4.5. Part (ii) follows from (i) and Proposition
4.3, O

CoroLLARY 4.7. Let (V, p) be a generalised quadratic space over (D, ). Then

(1)  pis nonsingular if and only if q, is totally nonsingular;
(i) p is regular (respectively, totally singular) if and only if q, is regular
(respectively, totally singular).

Proor. The result follows from Corollary 4.6. O

Prorosition 4.8. Let (V, p) be a nonsingular generalised quadratic space over (D, 6).
Then p is hyperbolic if and only if g, is metabolic.

Proor. The proof is very similar to that of [5, (4.2)]. If p is hyperbolic then there
is a subspace L C V with p|; = 0 such that dimp L = %dimD V. Hence, ¢q,|; = 0 and
dimg L = % dimp V, that is, g, is metabolic.

To prove the converse, write p = pay L Phyp, Where p,, is anisotropic and pyy,, is
hyperbolic. Then g, ~ q,,, L q,,,, by Lemma 4.2. As already observed, the system
oy, 1s metabolic. Also, by Corollary 4.7, g,  is totally nonsingular. Hence, using
Corollary 3.2, one concludes that g, is metabolic. In view of Proposition 4.3, this is
impossible, unless pq, is trivial. O

We conclude this section with an application of the system ¢, to C;-fields, suggested
by the referee. Recall that a field K (of arbitrary characteristic) is called a Cj-field if
every homogeneous polynomial of degree d over K in more than d’ variables has a
nontrivial zero.

The next result follows from a theorem of Lang and Nagata (see [9, (15.8)]).

THeoREM 4.9. Let K be a C;-field and let (V, q) be a system of r quadratic forms over
K. If dimg V > r2' then q is isotropic.

Let n be the degree of D over F. By [4, (2.6)], dimr Symd(D, 6) = n(n - 1)/2.
Hence, the quotient D has dimension m = n(n + 1)/2 over F.

Prorosition 4.10. Suppose that F is a Ci-field. Let (V,p) be a generalised quadratic
space over (D, 0) and let s = dimp V. If s > 2"1(n + 1)/n then p is isotropic.

Proor. In view of Proposition 4.3, it suffices to show that the system of m quadratic
forms (V, g,) is isotropic. Observe that dimp V =n?s. If s>27'(n + 1)/n then
dimp V > n(n + 1)27" = m2!. Hence, the result follows from Theorem 4.9. O

5. Comparison of Witt indices

The aim of this section is to find a relation between the Witt indices of a generalised
quadratic form p and its associated system of quadratic forms g,. We start with the
following simple observation.
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Remark 5.1. Let (V, p) be a generalised quadratic space over (D, 6) and pis = Plrad(n,)-
Then rad(p) is the unique maximal totally isotropic D-subspace of pi. Moreover, every
maximal totally isotropic D-subspace of (V, p) contains rad(p). This follows from the
fact that for every totally isotropic D-subspace R of (V,p) and for every v € rad(p),
the D-subspace vD + R is also totally isotropic. Similarly, if (V,¢g) is a system of
quadratic forms over F, then rad(g) is the unique maximal totally isotropic subspace
of Gis := qlraa(v,) and every maximal totally isotropic subspace of (V, ¢) contains rad(g).

Dermnition 5.2. Let (V, p) be a generalised quadratic space over (D, d). We call the
maximal dimension (over D) of totally isotropic D-subspaces of (V, p) the Witt index
of (V, p) and we denote it by w(p).

Note that if p is nonsingular then w(p) < % dimp V. Also, a nonsingular generalised
quadratic space (V, p) is hyperbolic if and only if w(p) = % dimp V.

LemMma 5.3. Let (V, p) be a generalised quadratic space over (D, ). Then there exists
a decomposition p ~ pys L pns Such that py is totally singular, pys is nonsingular and

W(P) = W(pts) + W(pns)-

Proor. Set W = rad(h,) and let W’ be any D-subspace of V with V =~ W & W’. Then
p =~ pis L plwr, where pg = plw is totally singular and ply- is nonsingular. Write
R =rad(p), r = dimp R and n = w(p). Let L be a totally isotropic D-subspace of (V, p)
with dimp L = n. By Remark 5.1, w(pi) = and R C L. Let {v{,...,v,} be a basis of
R over D and extend it to a D-basis {vy,...,v,} of L. Let §| be the D-subspace of V
spanned by v,,1, ..., Vv, and let S, be any D-subspace of V satisfyingV~W e S, S».
SetS =51 ®S,. Then S is a D-subspace of V with V.~ W& S. Hence, p ~ ps L pls
and pls is nonsingular. Note that S is a totally isotropic subspace of (S, p|s), hence
w(pls) = n —r =w(p) — w(pi). On the other hand, the isometry p =~ p L p|s shows
that w(p) > w(ps) + w(pls ). Hence, w(pls) = n — r, proving the claim. O

We are now ready to prove the following natural result.

TueOorREM 5.4. Let (V, p) be a generalised quadratic space over (D, 0). Then we have
w(q,) = dimp D - w(p).

Proor. By Lemma 5.3, there exists a decomposition p ~ pi L pys such that pg :=
Prad(,) 18 totally singular, py is nonsingular and w(p) = w(pys) + w(pns)- Setk = dimp D,
n=w(p) and r = w(p,). We want to show that w(q,) = kn. Note that w(p,s) =n —r,
hence one can write pns = pPryp L Pan, Where ppyp is hyperbolic of dimension 2(n — r)
over D and p,, is anisotropic. Then

o = Gp, L dppy, L o, 5.1

By Corollary 4.7 and Proposition 4.8, gy, is totally nonsingular and metabolic. Hence,
in view of Proposition 3.1, the isometry (5.1) implies that

W(qp) = W(qphyp) + W(qpts J‘ ann)'
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Since g, is totally nonsingular and metabolic, one has w(gp,,) = k(n —r) by
dimension count. Hence, it suffices to show that w(g,,, L q,,,) = kr.

Let R = rad(p). Then rad(g,) = R by Corollary 4.6. As observed in Remark 5.1, R
is the unique maximal totally isotropic D-subspace of pg and also the unique maximal
totally isotropic F-subspace of g, . In particular, dimp R = w(p) = r. Let L be a totally
isotropic subspace of g, L g,, with dimz L = w(g,, L ¢,,). Then R C L by Remark
5.1. According to Corollary 4.4, for every v € L, vD is a totally isotropic subspace of
Ao L Gpu = Qo 1o~ Hence, R + vD is a totally isotropic subspace of g, L g,,,, which
implies that it is a totally isotropic subspace of p L pa,, thanks to Proposition 4.3.
However, we have w(poy L pan) = 7. Since R + vD is a D-subspace of pi L pan, One
concludes that v € R. Thus R = L. It follows that w(g,,, L q,,) = dimp R = kr, proving
the statement. O

6. A classification theorem

In this section we show that the system g, can be used to classify generalised
quadratic forms.

Lemma 6.1. Let (V,p) be a generalised quadratic space over (D, 0). If D # F and
p(v) € Sym(D, 6)/Symd(D, 6) for all v € V then p is totally singular.

Proor. From relation (2.1), h,(v,v) = 0 for all v € V. In view of [3, Chapter I, (6.2.3)],
the assumption D # F implies that 4, is trivial, so p is totally singular. O

Proposition 6.2. Let (V,p) and (V’,p") be anisotropic generalised quadratic spaces
over (D,0). If q, L q is metabolic then p = p’.

Proor. Let L be a Lagrangian of (V L V’,q, L q,). By Proposition 4.3, ¢, is
anisotropic. Hence, L NV = {0}, that is, the projection n’ : L — V’ is injective. In
particular, dimp L < dimg V’. Similarly, we have dimy L < dimg V. However, note
that dimp L > 3(dimp V + dimp V"), so

dlmFV = dimFV' = dlmFL

It follows that the projections 7 : L — V and n’ : L — V’ are both isomorphisms.
Now, if D = F then g, ~a-p and g, ~ « - p’ for some a € F*. We prove that the
isomorphism 7’ o 77! : V — V" is an isometry p ~ p’. For v € V, choose V' € V' such
that (v,v') = 7~ '(v) € L. Since (qp L q,)(v,v") =0, one concludes that g,(v) = g, (V).
Hence,

P on ) = a7l gu( o n7 () = a7 gy (A (v, V)
= a gy (v) = a'g(v) = p(v),
son’ o ! is an isometry.
Suppose that D # F. We claim that p is totally singular if and only if p’ is totally
singular. Suppose that p is totally singular and let v}, v} € V’. Choose v, v, € V such
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that (vi,v}) € L and (v2,V)) € L. The equality b, 1g, (V1 V), (v2,V5)) = 0 implies that
b, , (V{,v5) = by, (vi,v2) = 0. Hence,

hy(v],v5) € Symd(D, 6) forall vi,v; € V' (6.1)
For d € D, applying (6.1) to vectors v}, v,d € V', one concludes that
hy (v}, v5)d = hy (v}, vyd) € Symd(D, 6) for every v{,v, € V' andd € D.

However, Symd(D, 6) € D, so hy (v}, v}) = 0 for all v{,v] € V’, that is, p’ is totally
singular. Similarly, p is totally singular if p’ is totally singular.
‘We now consider two cases.

Case 1: p is totally singular. Hence, p’ is also totally singular. Let 8 = {vy,...,v,}
be a basis of V over D. For i =1,...,n, choose v; € V' such that (v;,v)) € L. As
(gp L gp)(vi,v)) =0, we have g,(v;) = g, (v}), hence p(v;) = p'(v)) fori=1,...,n. It
follows that

n n

n n
oD vid) = Y odoptids = Y o i = (Y vidi).  (62)
i=1 i=1 i=1 i=1
for all dy,...,d, € D. We claim that 8’ = {v{,...,v,} is a basis of V' over D. Since
dimp V = dimp V’, it suffices to show that $’ is linearly independent over D. Suppose
Yy vid; = 0 forsome dy, . ..,d, € D. Then p’ (3, vid;) = 0, hence p(3;_, vid;) = 0 by
(6.2). Since p is anisotropic, )7, vid; = 0, hence d; = - -- = d, = 0, proving the claim.
It is now clear from (6.2) that the D-linear map f : V — V” induced by f(v;) = v! for
i=1,...,n,is an isometry p =~ p’.

Case 2: p is not totally singular. As D # F, there exists v € V with p(v) ¢
Sym(D, 8)/Symd(D, 6) by Lemma 6.1, so h,(v,v) # 0. Choose V' € V’ such that (v,V’) €
L. Then g, (V') = g,(v). Hence, p’(v') = p(v), which implies that a, (v', V') = h,(v,v) #
0. We use induction on dimp V. Define the map f : vD — v'D by f(vd) =v'd ford € D.
Then f is an isometry p|,p = p’|,»p. This proves the result in the case where dimp V = 1.
Suppose now that dimp V > 1 and let W = (vD)*» CV and W’ = (v’D)lhp’ cV.
Since hy(v,v) = hy(V',V") # 0, both pl,p and p'l,,p are nonsingular. It follows from
[3, Chapter I, (3.6.2)] that p ~ pl,p L plw and p’ = p’|,,p L p’lw+. SO, gp = Gpi,,, L Gy
and gy >~ qp,, L qp),,,» which implies

o L go = (q,ﬁlvn L LIP\V'D) L (qp\w 1 quW’)'

By [5, (2.2)], the system g,,,,, L ¢p,, is metabolic. Also, by Corollary 4.7, g, L q,..,,
is totally nonsingular. Hence, the system g, L g,,, is metabolic by Corollary 3.2.
Note that g, and g,,, are both anisotropic. Therefore, by the induction hypothesis,
polw = p’lw, which implies that p ~ p’. O

Lemma 6.3. Let f: (Vi,q1) L (V],q}) = (V2,q2) L (V},q,) be an isometry of systems
of quadratic forms over F. If q; is trivial and q is regular for i = 1,2, then q| = ¢,.
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Proor. Note that rad(q; L g7) = Vi and rad(q> L g5) = V2, hence f(V)) =V,. By
dimension count, dimg V| = dimr V. Consider the natural injection i : V| < V; & V|
and the natural projection 7 : Vo & V] — VJ. The equality f(V}) = V; implies that the
composition o foi: V] — V] is injective, and therefore it is an isomorphism by
dimension count. It now readily follows that the map 7 o f o i is an isometry and that
Vi,q) = (V3,q5). O

THeEOREM 6.4. Let (V,p) and (V',p") be two generalised quadratic spaces over (D, 6).
Then (V,p) = (V’,p") if and only if (V, q,) = (V, q).

Proor. The ‘only if” implication was proved in Lemma 4.2. Conversely, suppose that
dp = qp . Write p = pg L pre and p’ = pjy L py., Where po = plradp and pjy = p’lradr are
trivial and p,. and p;, are regular. Then

9o = dpo L Gp. and gy =gy L gy

Note that g, and g, are regular by Corollary 4.7. Since the systems ¢, and gy,
are trivial, the isometry g, = g, yields g, = g, , thanks to Lemma 6.3. Now, write
Pre = Pan L pryp and pj, = pr L pflyp, where p,, and p}, are anisotropic, and plyp
and pf are hyperbohc. Then gy, = gp,, L qpy,, and gy, = qp;, L qp; . The isometry
dp. = qp, implies that

qpan 1 qphyp = qpém 1 Qp]’w- (63)
Note that g,  and qp;,, are metabolic and totally nonsingular by Proposition 4.8 and

Corollary 4.7. Using Pr0p0s1t10n I, and by comparing Witt indices of both sides
of (6.3), one concludes that g, and dp;,, have the same dimension over F. Hence,
dimp ppyp = dimp p;lyp, which implies that pyy,, =~ pflyp.

On the other hand, as g, =~ g, , the system g, L g, is metabolic by [5, (2.1)].
Hence,

qpan 1 qpén 1 qphyp L qp;yp’

is metabolic. Note that g, L 4y, is metabolic by Proposition 4.8 and is totally
nonsingular by Corollary 4.7. Hence Corollary 3.2 implies that g, L qp is also
metabolic. By Proposition 6.2, we have p,, = p;,,, which implies that p ~ p’. O
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