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Values at T-tuples of negative integers of twisted
multivariable zeta series associated to polynomials of
several variables

Marc de Crisenoy

ABSTRACT

We consider twisted multivariable zeta series associated to polynomials of several vari-
ables. We introduce a new class of polynomials, namely HDF', that contains strictly non-
degenerate and hypoelliptic polynomials. For polynomials belonging to the HDF class, we
show that we can extend holomorphically our series to CT. Then, thanks to a new princi-
ple called ‘the Exchange Lemma’, we give very simple formulae for the values of our series
at T-tuples of negative integers. Finally, we make the p-adic interpolation of those values.
Thus, we have generalized the results of Cassou-Nogues (that she used to construct the
p-adic L-functions of totally real fields) in two ways: we consider multivariable series and
our series are associated to more general polynomials. In addition, our proof is completely

different.
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Introduction

Let Q, P1,...,Pr € R[Xy,...,Xy]| and p1, ..., un be complex numbers of modulus 1. To these data
we can associate the following multivariable zeta series:

3 (T2, p)Q(my, ... my)

Z(Q;Pry...,Pripy, ... \UN; S, ..., ST) =
T
mizl,...omy =1 [[i= Pi(ma,...,my)s

where (s1,...,s7) € CT.

In this article we will always assume that

T
Vte{l,....T}, Vxe[l,+oo[Y, Pi(x)>0 and [[P(x) —— +oc.

= || =00
=1 xeJN
Then Z(Q; Py, ..., Priu1,...,uN;S1,...,57) is an absolutely convergent series when R(si),...,

R(sr) are sufficiently large. We will say that the series is twisted when all of the yu; are different
from one and non-twisted when they are all equal to one.

The complexity of these series lies in the polynomials P;, so the authors studied these series for
several classes of polynomials.

The issue of meromorphic continuation

The meromorphic continuation to C of these series was proved in the non-twisted and monovariable
(i.e. T'= 1) case by Mellin (P with positive coefficients [Mel01]), Mahler (elliptic case [Mah28]),
Cassou-Nogues (positive coefficients case for polynomials with two variables [Cas83]), Sargos (non-
degenerate case [Sar84|), Lichtin (hypoelliptic monovariable case [Lic88]) and Essouabri (HyS case
[Ess97]) Definitions of some of these classes are recalled at the beginning of § 1.

In fact, these results extend easily (in their respective classes) to the multivariable case (see, for
example, [Lic91] and [Ess95, p. 74]).

When the p,, are roots of unity, the meromorphic continuation is clearly a consequence of the non-
twisted case, but when they are not, we have to use the path used in [Ess97]. As a conclusion, it is a
simple adaptation of the work of Essouabri to see that under HyS the series can be meromorphically
extended to C” for any p1,...,uy of modulus 1.

Katsurada and Matsumoto [KM96|, Akiyama and Ishikawa [AI02], Matsumoto and Tanigawa
[MTO03], Zhao [Zha00], Ishikawa [Ish02], and Egami and Matsumoto [EMO02] gave simple proofs of
the existence of meromorphic continuation. However, they only considered special cases of linear
forms.

The issue of values at negative integers

The monovariable and non-twisted case when P = P; is a product of linear forms. Shintani [Shi76]
showed that the negative integers are not poles and gave formulae for the values at those points.
Thanks to this, he gave a new proof of a result of Klingen and Siegel: for any totally real number
field K, we have (x(—k) € Q for all k£ € N.

Eie also studied this case in [Eie96].
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In [Cas79], Cassou-Nogues studied the twisted case for T' = 1 when P; is a product of linear
forms. She gave formulae at negative integers adapted to p-adic interpolation. This allowed her
to construct the p-adic L-functions associated to number fields and to solve crucial arithmetic
conjectures.

In [Cas82] she generalized her work to the 7" = 1 polynomial with positive coefficients, still in
the twisted case. Using similar methods, Chen and Eie (in [CEO01]) gave very simple formulae for the
values at negative integers, but they did not achieve the link with the formulae of Cassou-Nogues
that are useful for p-adic interpolation.

The methods of Cassou-Nogues do not appear to extend easily to more general settings, that is,
the case T' > 2, or the case of degenerate polynomials.

The works of Akiyama, Egami and Tanigawa [AETO01], Akiyama and Tanigawa [ATO01], Arakawa
and Kaneko [AK99], Apostol and Vu [AV84] deal with the values in the multivariable setting and
non-twisted case. They deal with special cases of linear forms.

Presentation of this work

Although the H(S class contains both non-degenerate and hypoelliptic polynomials, it is too large for
our purposes. Indeed, one might hope that for any polynomial P belonging to HyS, the continuation
of any twisted zeta series Z(Q, P, i1, s) would be entire. We give an example P., that shows that this
is not the case. This leads us to introduce a subset HDF' of H(S that still contains strictly all non-
degenerate and hypoelliptic polynomials. The first main result of this paper shows that if Py, ..., Pp
belong to HDF, then any twisted series Z(Q; Py, ..., Pr;pui,...,uN; S1,--.,57) has a holomorphic
continuation to C* (Theorem A). The second main result of this article is Theorem B. This gives
a very simple expression for the value at any T-tuple of negative integers of these holomorphically
continued series. This generalizes the result of Cassou-Nogues [Cas79, Cas82] to the multivariable
case where the polynomials P, ..., Pp, T > 1 belong to HDF'. Our proof is quite different than that
of Cassou-Nogues and is based on a simple ‘Exchange Lemma’. This is a new idea whose proof can
only be given in a multivariable setting. The formulae we obtain also generalize those of Chen and
Eie in [CE01]. Using these formulae we are then able to prove our third main result, Theorem C.
This shows that the values at T-tuples of negative integers of a large class of twisted series (in T’
variables) can be p-adically interpolated.

Notation
Set N = {0,1,2,... },N* = N— {0}, J = [1,+o0[, and T = {a € C | |a] = 1}. The real part
of s € C will be denoted by R(s) = o and its imaginary part by J(s) = 7. If z € Q,, set
vp(z) = ord,(z). Set 0 = (0,...,0) € RY and 1 = (1,...,1) € RN, For x = (z1,...,zy) € RV
we set [x| = |z1| + -+ + |zn]. For z = (21,...,2n) € CV and a = (a1,...,an) € RY we set
2™ =z 23N For t € {1,...,T} we denote e, = (0,...,0,1,0,...,0) € NT. Define e: C — C
by e(z) = exp(2inz) . Given P = Y .yv aaX® € R[X1,..., Xn], we define PT € R[X,..., Xy]
by P =3 qenn [aal X,

The notation f(\,y,x) <y ¢(x) (uniformly in x € X and A € A) means that there exists
A = A(y) > 0, that does not depend on x or A, but could a priori depend on other parameters
and, in particular, on y, such that for all x € X and all A € A, |f(\,y,x)| < Ag(x). When there is
no ambiguity, we will omit the word uniformly and the index y. The notation f =< g means that we
have both f < g and g < f.

Convention

In this work we will say that a series defined by a sum over N > 1 variables is convergent when it
is absolutely convergent.
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1. Statements of main results

Let us first recall a few definitions.
DEFINITION 1.1. We say that P € R[X7,..., Xx]\{0} is non-degenerate if P(x) < P*(x) (x € JV).

Clearly the polynomials with positive coefficients are non-degenerate.
The following proposition characterizes the non-degenerate polynomials according to their
growth performance on JV. The proof is given in [Dec03].

PROPOSITION 1.2. Let P € R[Xy,..., Xy] satisfying P(x) > 0 for all x € JY. Then P is non-
degenerate if and only if for all @« € NV (9*P/P)(x) < x~ ¢ (x € JV).

DEFINITION 1.3. We say that P € R[X,..., Xx] is hypoelliptic if

vx € JV, P(x) >0 and VYo e NV\ {0}, Fz (X)H
X|—+00
xeJN

In [Ess97], Essouabri introduced a new class of polynomials as follows.
DEFINITION 1.4. We say that P € R[X7,..., Xy] satisfies HypS if

o*P
vx e JY, P(x) >0 and Vae NV, T(X) <1 (xeJV).
It is clear that this class contains both non-degenerate and hypoelliptic polynomials on JV.
What is less clear is that this inclusion is strict. Essouabri gave the following example.

Example 1.5. Let P, = (X —Y)?2X + X € R[X,Y]. Then P., satisfy HoS but P is degenerate and
is not hypoelliptic.

In the HyS class, the extension of a twisted series is not always holomorphic.
PROPOSITION 1.6. We have that Z(1, P.,., —1,—1,-) has a meromorphic extension to C with a single
pole at s = 1, which is simple. The residue at s = 1 is equal to m/sinh(r).

This will be proved in §3.4.

Remark 1.7. It follows from the algebraic independence of 7 and e™ that 7 /sinh(r) is transcendental.

Thus, to show that a twisted series has a holomorphic extension to C, we have to restrict to a
subclass of HypS. So we introduce a new class of polynomials.

DEFINITION 1.8 (HDF hypothesis). Let P € R[X1,...,Xxy|. Then P is said to satisfy the weak
decreasing hypothesis (denoted HDF' in the rest of the article) if:
e for all x € JV, P(x) > 0;
e there exists g > 0 such that for « € NV and n € {1,...,N}: o, = 1 = (9°P/P)(x) <
z 0 (x e JV).

The proof of the first point of the following remark is easy and is given in [Dec03, p. 48].
Points (2), (3) and (4) are clear.

Remark 1.9.
(1) Let P € R[Xy,...,Xn] satisfy HDF. Let us denote I = {n | P depends effectively on X,,}.
Then
P(x) +o0.
ZnEI Tn—+00
xcJN
(2) The class HDF is stable under product.
As a consequence, we have the following.
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(3) If Py,..., Pp satisfy HDF, then

H P(x) —— 400 <= H Pi(x) depends effectively on all variables.
X— 400
XEJN t=1

(4) For Pp,...,Pr € R[Xy,...,Xy]| we have

x) depends effectively on all variables

||’:]ﬂ

<= for all n there exists ¢ such that P, depends effectively on X,,.

The condition on the right-hand side is very easy to verify.

It is clear from the preceding definitions that the HDF' class is contained in HyS and contains
both hypoelliptic and non-degenerate polynomials. We are now going to give a simple method to
construct polynomials satisfying HDF but that are degenerate and not hypoelliptic. So the HDF
class is strictly larger that the union of the class of non-degenerate polynomials with the class of
the hypoelliptic polynomials. The result is as follows.

LEMMA 1.10. We assume that P € R[Xq,..., Xy]| is non-degenerate and is not hypoelliptic. We
assume that Q) € R[X,..., Xn] is hypoelliptic and degenerate. Then PQ) is degenerate and is not
hypoelliptic.

Furthermore, since the class HDF' is stable under product, PQ satisfies HDF', so we have obtained
what was required.
The preceding lemma is an obvious consequence of the following lemmas.

LEMMA 1.11. Let P and Q € R[X1,..., Xx]|. We assume that for all x € JN, P(x) > 0 and that P
is degenerate, but that () is not. Then P() is degenerate.

The proof is in [Dec03].

LEMMA 1.12. Let P and Q € R[X},..., Xn]. We assume that P is hypoelliptic. We assume that @
satisfies Q(x) > 0 for all x € JN and is not hypoelliptic. Then PQ is not hypoelliptic.

The proof is easy with the Leibniz formula.

We now come back to our series. Under the HDF hypothesis the twisted series Z extends
holomorphically. More precisely we have the following.

THEOREM A. Let Q,Py,...,Pr € R[Xy,...,Xy] and p € (T\ {1}V
We assume that Py, ..., Pp satisfy HDF and that

H Pi(x) ——— 400
=1 |x|—400
- xcJN

Then Z(Q; Py, ..., Pr;u;-) extends to CT as an entire function.

To study the values of Z(Q; Py,. .., Pr;u;-) on (—=N)T| the key lemma is as follows.

EXCHANGE LEMMA. Let Q, Py,...,Pr,Q1,...,Qr € R[Xq,..., Xy]|. We assume that:
° Pl, ce ,PT,Ql, ce ,QT/ satisfy HDF,

o HPt(x) ——— 400 and HQt(X) — 400.

|x|—+00 . [x|—+o0
xeJN - xeJN
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Let pe (T\{1)N and k = (k1,...,kp) e N' £ = (¢1,... ¢) € NT'. Then
T T
Z<QHQtet;P17---,PT;u;—k> :Z(QHPt’“;Ql,...,QTf;u;—£>.
t=1 t=1

Remark 1.13. (1) Justification of the interest of this lemma. Let us consider the case T =T =1
with @Q = 1. Let us assume that P; is ‘complicated’ and that )7 is ‘simple’. The Exchange Lemma
gives Z(Q?;Pl; w;—ky) = Z(Plkl; Q1; p; —¢1). In principle, the left-hand side should be difficult to
evaluate, whereas the right-hand side should be easier to evaluate. The equation indicates that an
a priori hard problem (evaluation of the left-hand side) is actually easier than one might think.

(2) Justification of the study of multivariables series. It is true that the Exchange Lemma is
meaningful for series in T = T’ = 1 variable. However, to prove the Exchange Lemma in the
monovariable setting, we need to use series in T + 7" = 2 variables. This justifies, if required,
the use of multivariable series.

Remark 1.14. In the previous works, the existence of a holomorphic continuation and the calculus
of the values were simultaneously worked out. Here it is absolutely not the case: we have two
independent steps.

DEFINITION 1.15. For p € T, we set (,(s) = Z(1; X;u58) = 3,51 (1™ /m?).
To illustrate how to use the Exchange Lemma, we easily deduce a theorem giving the values of

the general series Z at points —k € (—N)T in terms of the values at negative integers of a much
simpler series (,. This result also extends those obtained by Cassou-Nogues [Cas82] and Chen and

Eie [CEOL].
THEOREM B. Let Q, Py,...,Pr € R[X;y,..., Xy]. We assume that: Py,..., Pr satisfy HDF and
that
T
H P,(x) ——— 400
1 |x|—+o00
xeJN

Let k = (ki,...,kr) € N and write Q[[[_, P/* = Y c5aaX®. Let p € (T \ {1})N. Then
Z(Q; Pr, ..., Prip;—k) = Y ges a I Tn; Cun (—an).

An interesting corollary, arithmetic in nature, now follows as an immediate consequence of
formulae for ¢, at negative integers (cf. Lemma 5.7) and of Theorem B.

COROLLARY 1.16. Let K be a subfield of R. Let Q, P, ..., Pp € K[Xy,...,Xy]. We assume that
Py, ..., Pr satisfy HDF and that

T

H P (x) — 40

1 |x|—+o0
xeJN

For any p € (T\ {1})" and k € NT we have Z(Q; P\, ..., Pr;p; —k) € K(uq, ..., un).

The Exchange Lemma is a general principle of calculus of values at T-tuples of negative integers;
we can also apply it to a class of integrals Y (see §2 and §4.3).

A suitable p-adic interpolation for the function —k — Z(Q; Py, ..., Pp; u; —k) is only possible
provided that one restricts the series to lattice points m such that p t P,(m) for each ¢. The second
main result of the paper is the following. Its proof is based on Theorem B.

THEOREM C. Let p be a prime number. We fix a field morphism from C into C, (left implicit

in the discussion and by means of which one calculates |x|, for any x € C). Let Q,P1,...,Pr €
Z[X1,...,Xn] and p € (T \ {1})N. We assume that:
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(i) Pp,...,Pp satisfy HDF, and that

T
H Pi(x) —— +o0;
t=1 x| =400

xeJN

(i) forallne {1,...,N}, |1 — pnlp > p~1/p(—1),
We set

T
Z(Q7P177PT7H’7S): Z IJ/mQ(m)HPt(m)_St
t=1

meN*N
vte{l,..., T}, ptPi(m)

Let r € {0,...,p — 2}T. Then there exists Z;(Q,Pl; ..y Prip;+): Z," — C, continuous such that
for all k € N satisfying k; = r; mod (p — 1) for all t € {1,...,T}, we have

2. Analytic properties of certain functions Y defined by means of integrals

The proof of Theorem A, given in § 3, uses an integral representation of each twisted series Z(Q; P,
..., Pr;p;s) as a finite sum of integrals Y (s) = Y(Q; Py, ..., Pr; f1,..., fn;s), defined in §2.1. An
important ingredient in the proof is therefore a precise description of the analytic continuation of
each such integral Y in s. The main result of this section is proved in §2.3. This shows that if each
P, is in the class HDF, then each function Y can be extended from some open set in which each oy
is sufficiently large to CT as an entire function.

2.1 Precise definition of the functions Y

DEFINITION 2.1. Let Q, P1,...,Pr € C[Xy,...,Xn] and Ny € {0,...,N}. We assume that for all
te€{l,...,T} and all x € [-1,1)™ x JN=NM P,(x) ¢ R_. Furthermore, we take f: [-1,1]"* — C
continuous and fx,41,...,fn: [1,+0o[ — C continuous and bounded. For s € C* we define

Y(Q;P17”-7PT;fN1+17"'7fN;f;S)

S . Q(X)(tlf[lB(X)_st>f(ﬂf1,..-,xN1)< I fa)ax

n=N1+1
LEMMA 2.2. Let Q, Py,...,Pr € C[Xy,...,Xn]| and Ny € {0,...,N}. We assume the following.

(a) For allte {1,...,T} we have:
o forallx € [-1,1]M x JN=M_ P(x) ¢ R_;
o |P(x)|>1 (x€[-1,1]M x JN=M),

T
) []IRx) +00.
=1

|x|—+00
x€[—1,1]N1 x JN=M

Furthermore, we take f: [~1,1]™ — C continuous and fx, y1,..., fn: [1,+0o[ — C continuous and
bounded. Then there exists oo > 0 such that s — Y (Q; Pi,..., Pr; fn,+1,--., fn; [;8) exists and is
holomorphic on {s € CT | vt € {1,..., T}, oy > 0¢}.

Proof. (1) Choice of an €. Thanks to the Tarski Saidenberg theorem there exists € > 0 such that

T N €
H|Pt(x)| > < H mn> (x € [-1,1)M x JN=N,
t=1 n=N1+1
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(2) Proof of the existence of og. Let o¢g € R, that will be fixed in the following. Let K be a
compact of CT included in {s € CT' |Vt € {1,...,T}, o1 > o9}

e Let t € {1,...,T}. Then |P(x)| > 1 (x € [-1,1]™ x JN=N1) 50 there exists ¢ > 0 such that
for all x € [~1,1]M x J¥N="M|P(x)| > ¢. For all, x € [-1,1]" x J¥N=M =1 P(x)| > 1 so
o1 > 09 = (¢ HP(x)))7 = (P x)])7.

Thus, we have |P;(x)|7t > |Py(x)|°° (x € [-1,1]M x JN"M_ s € K). Then, |P;(x)%| =
| P:(x)|7t exp[—T¢ arg Py(x)] so

[Pi(x)* | > [Bx)" (xe[-L1Y x J N s e K).
Thanks to what precedes, we deduce that |P;(x) ™% | < |P;(x)|~7°.

e So we have

T T —o0
[P < (H |Pt(x)|> (x € [-1, 1M x JN-M | s ¢ K).

t=1 t=1
From now on we assume that oo > 0. Then

T N —0p€
HPt(x)_st < < H mn> (x € [-1,1"M x JN"N s e K).
t=1 n=N1+1

We denote ¢ = max{degy, Q| N1 +1<n < N} (we can obviously assume that @ # 0). We obtain

T N
Q) (I[R60 ) fGarccvam) T fulon)
t=1 n=N1+1
N

<<<H

q—op¢€
mn> (x € [-1, 1M x JVN"NM s € K).
n=N1+1

We are led to make the following choice:

> 0.

gg =
€

The theorem that guarantees the holomorphy of a function defined as an integral allows us to
conclude. O

2.2 The B class
DEFINITION 2.3. For » € R we define
B(r) = {f: [r,+oo[ — C| 3(fu)nen, fn: [r,+o0[ — C,
C* bounded satisfying fo = f and Vn € N, f ;= fu}.

LEMMA 2.4. Let r € R and f € B(r). Then we have the following.

(1) There is one and only one sequence (f,)nen where fy,: [r,+00[ — C such that:
e f, is C*° bounded;
° fo=J;
o forallneN, f) = fn.

(2) ForallmneN, f, € B(r).

Proof. (1) Let (fn)nen and (gn)nen both satisfy the hypotheses of the lemma. Let us prove by

induction on n that for all n, f, = gy,. It is clear for n = 0. If we have f,, = gy, then f o = f; | =

/ 1/ iz iz 3
fn=9n = Gni1 = Inio AS [0 = Gnios SO fnyo — gnyo is of the form x — ax +b. However, we are
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on [r, +oo[ and f,+2 — gn+2 is bounded, so it is constant, so its derivative is null, so f,,+1 —gn+1 =0,
whence fri1 = gnt1-
(2) This is clear. O

The following lemma will not be used in the sequel, but it answers a natural question on the
B(r) class. The proof (given in [Dec03]) is left as an exercise.

LEMMA 2.5. Let r € R and f: [r,+oo] — C. Then
feB(r) < VYneN, Jg: [r,+00] — C,
C* bounded, such that g™ = f.

Let us give two examples of families of functions belonging to B(r): the first is the ‘typical’
example, the second will be used in the proof of Theorem A.

Example 2.6. Let r € R.

(1) Let f: [r,+o00[ — C, that is C* and periodic with a null mean value. Then f € B(r).
(2) Let o, 8 € R and a € C. We assume that 8 # 0, o/ ¢ Z and |a| # 1.

Then f: [r, +00[ — C defined by

exp (i)

J) = 1 —aexp(ifx)

belongs to B(r).

Proof. (1) The Fourier expansion of f gives the result.

(2a) If |a] < 1,
+oo +o0o
f(z) = exp(iax) Z a” exp(ikBz) = Z a¥ exp(i(a + kB)x).
k=0 k=0
So, for n € N, we define f,, by
+00 ak
n(x) = ——exp(i(a + kB)x
f() kZ:O o g)y P+ kB))
fn is C* and bounded, f; | = fn, fo= f;so f € B(r).
(2b) If |a| > 1,
fla) = a~'exp(—ifx) expliox) 4 exp(i(a— B)z)
R exp(—ifBx) —1 ] exp(i(—p)z)
This reduces this case to the preceding case, so f € B(r). O

2.3 Under suitable hypothesis the twisted integrals Y holomorphically extend to CT
The aim of this subsection is to prove the following theorem.
THEOREM 2.7. Let Q, Py,...,Pr € C[Xy,...,Xn] and Ny € {0,..., N}. We assume the following.

(a) Forallte {1,...,T} we have:
o forallx € [-1,1]M x JN="NM_ P(x) ¢ R_;
o |P(x)|>1 (x€[-1,1]M x JN=M),

T
ORI too.
t=1

|| =00
x€[-1,1]M1 xJN N1
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(c) There exists ey > 0 such that for a € {0} x NV=M andn € {N; +1,..., N} we have

0*P,
an > 1=Vte{l,... T}, — Lx) < a0 (xe[-1,1]N x gV,
t
In addition, we consider f: [~1,1]N — C continuous and fy, 11, ..., fxy € B(1). Then the following
property is true for all 0 < Ny < N:
P(Ny, N) def Y(Q; Py,...,Pr; fn,41,---, fn; f;+) has an analytic extension to CT as an entire
function.

Remark 2.8. When N; = 0, the hypothesis (c) is nothing but HDF'.
Proof. (1) Proof of the assertion P(0,N). Let us agree on the following.

e We will say that a function Y is an entire combination of the functions Y7, ..., Y} if there exists
entire functions A\, A1,..., \p: CT' — C such that Y = X\ + Zle AiY;.

e The polynomials Py, ..., Pr are fixed for the whole proof, so we will write Y (Q; f1,..., fn;)
for Y(Q; Pr,...,Pr; f1,..., [ns ).

e Here B means B(1).

The proof is by induction on N.

Since P(0,0) is obvious, it suffices to show that the implication P(0, N — 1) = P(0, N) is true.
The proof of this assertion will then easily be seen to apply for any other value for N; (the details
are left to the reader). The argument is made up of ten steps.

Step 1. Let Q € C[Xy,...,Xn] and fi,...,fnv € B. Then Y(Q, fi1,..., fn,s) is an entire combi-
nation of Y (9Q/0x1, fi1,..., fn,s) and of functions of the type Y(Q(OFP;/0x1);91,-..,9N;S + €t)
where t € {1,...,T} and ¢g1,...,9n € B.

Proof of Step 1. We have fi1 € B so, thanks to Lemma 2.4, a sequence of functions belonging to B
is associated to f;. We denote the first term of this sequence by fi. Then

T N
Y(Q; f1,...5fn;s) = /JN Q(X)H.Pt(X)_st H fn(zy) dx
e T R
— /]Nl{ 1 Q(x) <£[1 Py (x) >f1(331)d:£1} gfn(xn)g dzx,,.

By means of an integration by parts with respect to x1, the expression between braces is the

difference between
xr1=-+00
e (fire )]

r1=1

and

+00 T T OP, )
/ (83:1 PG+ Q602 oz GaRG™ L6 >f1x1)d:r1

t=1 r#t
We deduce from this that
T N N
Y(Qvfl)va7S):_ N Q(17$277 <H 1$277xN)_St>f11(1)an(xn)Hdmn
- t= n=2 n=2
0Q d P,
< 7f17 ..7fN7 > Z < t,fl,fQ,...,fN;S+et>.
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The polynomials of N —1 variables P (1, Xo,..., Xn),..., Pr(1,Xs,..., Xy) satisfy the hypothesis
in P(0, N — 1). Thus, the induction hypothesis implies that the term defined by an integral over
JN=1 admits a holomorphic continuation to CT. This fact consequently implies the assertion of
Step 1.

Step 2. Let Q € C[Xy,...,Xn] and fi,..., fnv € B. Then the following property is true for all
d>1:
def

Py(d,N) = Y(Q, f1,...,fn,s) is an entire combination of Y(@dQ/aa:‘f;fl, ..., fn;s) and of
functions of the type

Y ((0'Q/0x) (0P /0x1); g1, - .., gN;S + €)
where i € Nt € {1,...,T}, and ¢1,...,9n8 € B.

Proof of Step 2. The proof is by induction on d. The assertion P»(1, N) is implied by Step 1. The
implication Py(d, N) = P»(d + 1,N) is proved by combining Step 1, applied to the polynomial
0%Q /0z{, with the result that is assumed to be true in the property P»(d, N).

Step 3. Let Q € C[Xy,...,Xn|and fi,..., fy € B. Thenfor alln € {1,...,N}, Y(Q; f1,..., fn;8)

is an entire combination of functions of the type Y ((0°Q/0z%)(0P;/0xy); g1, - ., 9N;S + €;) where
1eNte{l,...,T} and g1,...,gn € B.

Proof of Step 3. Of course, it is enough to deal with the case n = 1. In order to deduce the result
for n =1, it is sufficient to apply Step 2 with d = degy, @ + 1.

Step 4. Forn € {1,...,N},u = (u1,...,ur) € N and Q € C[Xy,..., Xn]|, we define £*(Q) to be
the subspace of C[X1,..., Xy]| generated by the polynomials of the form

where B € NV ay,...,a, € NV and ty,...,t, € {1,..., T} verify that for all t € {1,...,T}
up = card{k € {1,...,n} | tx, =t}.
It is clear that n # |u| = £}(Q) = {0}.
The following two observations are satisfied:

e &£1(Q) is stable under derivation;
o foranyne{l,....N—1}, te{l,...,T} and Q € C[X,...,Xn], we have
oP

En gntl :
axn—i—l u(Q) C u-+te; (Q)

Step 5. Let n € {1,...,N}, Q € C[Xy,...,Xn] and f1,..., fn € B. Define the property Ps(n,N):
Y(Q; f1,..., fn;s) is an entire combination of functions of the type Y (R;¢g1,...,9n;s + u), where
ue N Rec&MQ) and g1,...,9n € B.

Then Ps(n, N) is true for all n € {1,...,N}.

Proof of Step 5. The proof is by induction on n. Step 3 shows that the property Ps(1, N) is true.

Let us assume that Ps(n,N) is true for any n € {1,...,N — 1}. Thus, Y(Q; f1,..., fn;s) is an

entire combination of functions of the type: Y (R;g1,...,gn;s + u) where u € NT, R € £7(Q) and
g1,---,9N € B. By Step 3, Y(R, g1,...,9n,S+u) is an entire combination of functions of the type
< O'R 0P

8:133'”1 O0Tna1

;hl,...,hN;s—i-u—Fet)

where i € N;t € {1,...,T} and hy,...,hy € B.
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Thanks to the two observations made in Step 4,
OR OP,
8:13f1 41 0Tpt1

c 5n+1 (Q)

u+te;

This now shows that Ps(n 4+ 1, N) is also true.

Step 6. For u € NT and Q € C[X1,..., Xy], we define £,(Q) to denote the subspace C[X1, ..., Xy]
generated by all polynomials of the form 92Q Hthl [Licr, o7 (k) P, where:

e BNV,
e the F} are finite and pairwise disjoint subsets of N, satisfying |F}| = wy;
forall t € {1,...,T}, f; is a function from F; to N"V;

e we can associate to the f; finite and pairwise disjoint subsets of N, Dy,..., Dy such that
- |Dhf=---=1Dnl,
= L=y Dn = L=t Fo
—te{l,..., T}, ne{l,...,N}yand k € D,NF; = f;(k) € N*71 x N* x NN-7,

We note that £,(Q) is stable under derivation.
Ezample 2.9 (The case T =4 and N = 3). Let us take u = (1,3,2,3) and Fy = {1}, F» = {2, 3,4}
F3={5,6} and Fy = {7,8,9}. Let us take f1, fo, f3 and f4 defined as follows:

o f1: Fi — N?is defined by f1(1) = (1,0,0);

o fo: Fy — N?is defined by f2(2) = (1,2,3), f2(3) = (0,2,1), fo(4) = (2,0,1);

o f3: F3 — N? is defined by f3(5) = (2,1,0), f3(6) = (0,3,0);

o fi: Fy — N3 is defined by: f4(7) = (0,1,2), fa(8) = (4,1,2), f4(9) = (1,0,2).

Then it is easy to check that Dy = {1,2,5}, Dy = {3,6,7}, D3 = {4,8,9} satisfy the conditions we
require.

) =
) =

Step 7. Let u,v € NT and R,S € C[Xy,...,Xyn]. Then R € &(Q) and S € & (R) implies
S € Euiv(Q).

Proof of Step 7. Let S be an entire combination of terms of the form 9°R szl Hk€Ft’ ofik p,,
where:
o BeNN |F/| =, fl: F/ - N and Dj,..., D), are as in Step 6;
e Rc&(Q),s0 PR € £4(Q), so PR is a linear combination of terms of the form
T
a’YQH H ofk p,
t=1keF,
where v € NV |Fy| = u, f;: Fy — NV and Dy, ..., Dy are as in Step 6.

We can assume that for all ¢, 5, Fy, NFy, = (). This implies that for all n,t D,,NF} = F;ND; = ()
and for all n,n’, D, N D!, = 0. So, as to conclude, it is enough for us to prove that

T T
e aQ <H H aft(k)pt> (H H afé(k)pt>

t=1keF} t=1kerF]
is in Eutv(Q).
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For t € {1,...,T}, we define ¢;: F; U F/ — NV by
fe(k) if k € F,
gi(k) = 4", . }
filk) if k e Fl.
Then
T
U= mQH H 09 (k) p,
t=1 ke FUF]
Thanks to this expression we now show that U € Eu4+(Q). The following points justify this assertion:
e the F}; Ll F] are pairwise disjoint and for all ¢t € {1,..., T}, |Fy U F/| = us + vy;
e the D, U D), are pairwise disjoint, | |/ (F; U F}) = | |N_, (D, U D,), and|D; U D}| = --- =
|Dy U Dy l;
e if ke (D,UD,)N(F,UF)=(D,nFE)U (D, NF/), then either,
— k € D, N F; and then g¢(k) = f;(k) € N*~1 x N* x NV="_ or
— k€ D! N F/ and then g;(k) = f/(k) € N*~1 x N* x NN=",
So, we actually obtain the conclusion that U € Eyiv(Q).
Step 8. We have Q € C[X1,...,Xy] and u € NT = £N(Q) C £,(Q).

Proof of Step 8. We set

where 8 € NV, ay,...,ay € N¥ and t1,...,ty € {1,...,T} satisfy: u; = card{k € {1,...,N} |
tr =t} for all t € {1,...,T}. So, as to conclude, it is enough to show that S € £4(Q).

For t € {1,...,T}, weset Fy = {k € {1,...,N} | tx = t}, so that |F;| = u;. We see that the F}
are pairwise disjoint, and that |_|;‘F:1 F, ={1,...,N}. We define f;: F; — NV by fi(k) = ay, + ey.
We set D,, = {n}. Then we see that:

o Di| = =|Dxl:

N
o | |Dn=A{1,....N}
=1

e if k € D, N F}, then k = n, which implies f;(k) = o, + e, € N*71 x N* x NVN—7,
Thus,
Hlakl+1 p T
€] v Tt 3 fi (k)
§=0 QH 1 Fxeigs, =1l 11 0
t=1keF; t=1 keF;
This implies S € &,(Q).

Step 9. Let Q € C[Xy,...,Xn] and fi,..., fny € B. Then the following property is true for all
m > 1:

Py(m,N) = Y (Q; fi1,..., fn;s) is an entire combination of functions of the type Y (R; g1, ..., gn;
s +u), where u € N7, [u| = mN, R € £4(Q) and g1,...,gx € B.

def

Proof of Step 9. The proof is by induction on m > 1.

e Py(1,N) is true. Thanks to Step 5, Y(Q; f1,..., fn;s) is an entire combination of functions
of the type Y(R,g1,...,9n,s +u), where u € N, R € EN(Q) and g1,...,gn € B. We can
assume |u| = N since |u| # N would imply £V (Q) = {0}. Thus, Step 8 gives the result.
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e Py(m,N)= Py(m+1,N) is true. Let us assume that Y (Q; f1,..., fn;s) is an entire combina-
tion of functions of the type Y (R;g1,...,gn;s + u) where u € N7 |u| = mN, R € &(Q) and
g1,---,9n € B. The application of the argument with m = 1 shows that Y(R; ¢1,...,g9n;s+u)
is an entire combination of functions of the type Y (S;hi,...,hn;s + u + v) where v €
N7 |v| = N,S € &(R) and hy,...,hy € B. Step 7 then implies that S € Euiv(Q). Since
|lu+v| = (m+ 1)N, this shows that Py(m + 1, N) is true.

Step 10 (Conclusion of the proof). We fix Q € C[Xy,...,Xn]|\ {0} and fi,..., fnv € B until the
end. Let m > 1. Thanks to Step 9, Y(Q; f1,..., fn;s) is an entire combination of functions of
the type Y(R; g1,...,g9n;s +u) where u € N7 |u| = mN, R € £,(Q) and g1,...,9n5 € B.

Since R € £4(Q), it follows that R is equal to a linear combination of polynomials of the type
PRI [yer, WP, with B € NV, |Fy| =w, fi: F; — NV and Dy,..., Dy as in Step 6.

We have \D | =m forallne{1,... N}. It then follows that

111 om0~ TTTT TT 070

t=1keFy t=1n=1keFiND,

T N
< H H —EOP |FtﬂDn‘ (X c JN)
t=1n=1
N T
< H Hx;EO‘thDn‘ H H P |FtﬂDn‘ (X c JN)
n=1t=1 t=1n=1

|,':]2

_€0|Dn| HP ‘Ft X E JN)

N

<<H:c_€°mHPt XEJN).

We set ¢ = max{degy @ |1 <n < N} We also set p=max{degy, P, |1<n<N, 1<t<T}
We introduce a parameter a > 0 whose value will be determined in the following.
Let K be a compact subset of C included in {s € CT |Vt € {1,...,T}, oy > —a}.

e Let t € {1,...,T}. As in the proof of the existence of oy in the proof of the Lemma 2.2,
P < BT (xe Y, seK).

Since a > 0, it follows that
N

pisr= ([l e

n=1

e From the previous inequalities we deduce that

N pa
x) % K <H$n> (xeJVN, se K).
n=1
We set

S — @ﬁQﬁ H ofe(k)

t=1kck;
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By combining the preceding estimates, we obtain

HPt —(st+ut) < aﬁQ H x om H P,(x

< <n];[1xn> (g xn> - <ﬁxn>Tpa (xeJV, seK)
< <£[1xn

From now on we choose m so that m > (¢+2)/ey. We then choose a so that a = (egm — (¢+2))/Tp
(clearly a > 0). The above estimates then show that Y (S;¢1,...,9n;s + u) is holomorphic on

{seC’|vte{l,....T}, oy > —a}.

“tuw) (x e JV, s € K)

IIEH

q+Tpa—eom
> (xeJV, se K).

Since R is a linear combination of S as above, it then follows that Y (Q, f1,. .., fn,-) can be extended
analytically to
{se(CTWte {1,...,T}, or > m}
Tp

Since this is true for all m > (¢ + 2)/€o, one concludes that Y (Q; f1,..., fn;-) can be extended
to CT as an analytic function.

This completes the proof that P(0, N — 1) = P(0, N) is true. Thus, P(0, N) is true for all N.
The details needed to verify the sunllar argument when N > 1 are left to the reader. ]

2.4 Proof that Y (1, Poy,x — €*®,y — e~%,.) has a pole

As the following example shows, the HyS hypothesis is not enough to guarantee the holomorphy of
the continuation of the twisted Y.

Ezample 2.10. We define fi: J — C by fi(z) = € and fo: J — C by fa(y) = e %¥; f1 and fo
belong to B(1). Then Y (1; P; f1, f2;-) has a meromorphic extension to C with a single pole at s = 1
which is simple. The residue at s = 1 is equal to 7/e.

Proof. By definition,

Y (1; P; f1, fo3 s) 2/ P(x,y) %" @Y) da dy.
JZ
We set
Yi(s) :/ P(z,y) 'Y da dy.
{(z,y) | 1<z<y}

Let g1: ]1,400[ x R% — {(x,y) | 1 <2 <y} be defined by g (u,v) = (u,u +v); g is a diffeomor-
phism with Jacobian equal to 1. Thanks to g;, we see that

Yi(s) = / [(w— (u+v))%u + u] =5 @D gy do.
J1,400[ x R%

So

+o0 +00 1 too
Yl(S) = / u—s du/ (7) + 1) S —ZU dv = 1 / (7) + 1) s —w dv.
1 0 0

S —
We now set

Ya(s) :/ P(z,y) %" ®Y) da dy.
{(zy)i<y<z}
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Let ga: ]1,400[ x RYL — {(z,y) | 1 <y < x} be defined by ga(u,v) = (u+ v,u); g2 is also a
diffeomorphism with Jacobian equal to —1. Thanks to g9, we see that

Ya(s) = / [(u+v—u)?(u+v) + (u+ )] 2@ dy do.
11,400 x RY

Ya(s) = / (02 + 1) (u+v) "™ dudv = / (v? + 1)_86“’{/ (u4wv)~° du} dv
J1,4-00] x R% 0 1

—+o00 (1 —s+1 1 +oo )
= / (v? + 1)_86“17( +v) dv = / (V2 + 1) (v + 1) e do.
0 s—1 s—1 0

Let us now set
o0 ) +o00 )
Y(s) = / (0?4 1) %e " dv + / (02 4+1)"%(v + 1) TLe® do.
0 0

Thanks to Theorem 2.7, Y has a holomorphic continuation to C. Since Y(1; P, f1, fo;8) =
(s —1)71Y (s), we now evaluate Y (1) as follows:

Y(1) = / (W + 1) e dv + / (v + 1) e dv = / (v? 4+ 1) e du.
0 0 o

Showing that this integral is equal to 7/e is a classical application of the residue theorem, and
so we are through. O

3. Analytic properties of the series Z

The main result of this section is Theorem A, proved in § 3.3. The proof is based on a simple integral
representation for the sum of values of any holomorphic function at integral points, proved in § 3.2,
and on the main result of § 2.

3.1 Holomorphy of Z on this set of convergence

In this subsection we establish some easy properties of the set of convergence of the series defining Z.
The proofs are easy and can be found in [Dec03].

DEFINITION 3.1. Let Q, Py, ..., Pr € R[Xy,..., Xn] satisfy P,(x) >0 for all t € {1,...,7} and all
x € JN. We set

C(Q,Py,....,Pr)={(o1,...,017) e RT | Z(Q,Py,...,Pr,1,01,...,07) converges}.
The set of convergence of Z does not depend on p.
Remark 3.2. If, moreover, p belongs to TV, then we have
Z(Q,Py,...,Ppr,p,$1,...,s7) converges <= (o1,...,07) € C(Q, Py,...,Pp).

PROPOSITION 3.3. Let Q,Py,...,Pr € R[Xy,...,Xy]| such that P(x) > 1 (x € JV) for all
te{l,...,T}. Let 1 < Ty < T. We assume that

|%|—=+o00

To
[[P(x) —— +oo.
=1 xeJN

Let o1,41,...,0r € R. Then there exists oy € R such that: o1,...,01, = 00 = (00,...,07), 0Ty+1,
. ,O'T) € int(C(Q, P, ,PT)).
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PROPOSITION 3.4. Let Q,Pi,...,Pr € R[Xy,...,Xy] satisfy Pi(x) > 1 (x € JV) for all t €
{1,...,T}. Let p € TV. Then Z(Q, Py,..., Pr,u,-) is holomorphic on int(C(Q, P\, ..., Pr)) +iR”.

Remark 3.5. Since int(C(Q, Py,...,Pr)) + iRT is convex and, therefore, connex, we can speak
without ambiguity of the meromorphic continuation of Z(Q, Py, ..., Pr,p,-) (if it exists).

3.2 An integral representation for a sum
NOTATION /DEFINITION 3.6. For € > 0, we define

Aet [3,+00[ = C by Ae(z) =z +ie and A [3,400[ = C by A =z —ie.
Let k denote an integer belonging to [2, +o00[ and set
Aek = Adjz/zhti/z and Aok = Xej3/2,6+1/2)-
We define 7. ;: [-1,1] — C by vex(z) = k + 5 + iex (even for k = 1).
The following is a straightforward application of residue calculus and induction.

LeEMMA 3.7. Let U be an open set of C containing [3,k + 1] + i[—¢,€].
e Let f: U — C be holomorphic. Then

k
_ &) 4, &, O OIS
Srm-=| e [t

e Let f: UN — C be holomorphic. For 7 € Sy, we define f.: UYN — C by f(z1,...,2n8) =

[y, 2rvy). Then 3o coo  an f(m) is a sum of a finite numbers of terms, each of the
form
|
:l:/ fT(zlv"'va) dz
(e DN X e ) V2 X (R ) N3 X (7 1)V nl;Il e(zn) — 1

where N1, No, N3, Ny € N satisfy Ny + No + N3+ Ny = N, and 7 € Sy.

3.3 Proof of Theorem A
Before applying Lemma 3.7 to the proof of the theorem, two preliminaries are needed.
The next result follows from [Ess95]. The complete proof is given in [Dec03].

LEMMA 3.8. Let P € R[X},..., Xn] satisfying:

(i) for all x € JN, P(x) > 0;

(ii) there exists ey > 0 such that for all « € NV oy, > 1 = 0*P(x) < 2;°P(x) (x € JV).
Then there exists € > 0 such that:

(') x € JV and y € [-2¢,2¢]N = R(P(x + iy)) > $P(x);
(ii') for all @ € NV a, > 1 = 0%P(x +iy) < 2,;°P(x) (x € JV, y € [~2¢,2¢V).

The second preliminary result is evident.

LEMMA 3.9. We can partition N*V in the following way:

C N
NV = |_| A, where for all ¢, A, is of the form H B, with B,, = {1} or B,, = [2,+oco[ N N.
c=1 n=1

Proof of Theorem A. The proof is divided into two steps.
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Step 1. We have that

T
s 2°(5) €Y @ Q(m) ] Pi(m)
t=1

m>2

can be holomorphically extended to CT.

Proof of Step 1. Since each P; belongs to HDF' it follows that we can choose ¢y > 0 such that:
o [T Pi(x) > Tty o (x € JY):
e acNV a,>1= (0°P/P)(x) <z, (x € JN).

There exists og > 0 such that if o1,...,00 > 0¢, then Z*(s) converges. Starting with any s whose
real part belongs to this set, one then proceeds as follows.

Applying Lemma 3.8, we obtain for each ¢t € {1,...,T} an ¢ > 0, and then set ¢ = mins{e;}.
For s € CV, we define fs: (|1, 4+o00[+i] — 2¢,2¢[)N — C by fs(z) = Q(z) Hthl Py(z) Hfj:l eifnzn,
where we have chosen 6, € R\ 277 so that p, = e for each n. Thus, for each integer k > 2,

N T
> Qe[ [y = 3 f(m).
n=1 t=1

me{2,... .k} me{2,... kN
By applying Lemma 3.7 to fs we conclude that Zm€{2,...,k}N fs(m) can be written as a sum/differ-
ence of finitely many integrals, each of which is indexed by a permutation 7 on {1,..., N} and
a choice of Ny, Ny, N3, Ny € N whose sum equals N. We will assume that 7 is the identity since
the argument is the same for any other permutation. Each integral is therefore an expression of

the form
T

N .
Lem][r@ ] exp(ifzn) 4,

/we,l)le(Ae,k)Nzx(mwsx(%,k) e oy elzn) =1
We now conclude by dominated convergence that there exists » > 0 such that any integral with
Ny > 1 tends to zero (as k — o00) on {s € CT : ¢y,...,00 > r}. Thus, in this open set, Z* is a
linear combination of integrals of the form Y N:N2:N3(s) where

y N1:N2, N3 (s) def /

(e )N X (A)N2 x (A 1)

exp(i0nzn)

e(zn) — 1

N
dz.
=1

T
e ]r@]]
3 t=1 n

To finish the proof of Theorem A, it suffices to show that any Y V1:V2:N3(s) satisfies the hypotheses
of Theorem 2.7.
e For 1 <n < Ny, define f,,: [-1,1] — C by
fulz) = exp(ifnve,1(2)) _ exp(i@n(3/2—.kiex)) — exp §i9n exp(—eb,x) .
e(Yen(z)) =1  exp(2im(3/2 +iex)) — 1 2 exp(—2mez) + 1
The function f: [-1,1]NM — C defined by f(z1,...,2n,) = [[02, fu(z,) is evidently continu-
ous.
e For N; +1 < n < Ny + Ny, define f,,: [%,—I—oo[ — C by
o) = exp(ifpAe(x)) _ exp?z@n(aj —I.—’LG)) — exp(—efy)
e(Ae(z)) — 1 exp(2im(z + i€)) — 1

e For Ni + No +1 < n <N, define f,: [%,—I—oo[—Nbe

exp(i0, )

1 — exp(—2me) exp(i27x)

_exp(ifpe(z))  exp(ibn(z —ie)) e exp(i6,x)
Julz) = e(Ae(z)) — 1 N exp(2im(z —i€)) — 1 o p(€fn)

Since 0, /27 ¢ Z, it follows that f,, € B(2) for any n > Ny + 1.

1 — exp(2me) exp(i27z)
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For any P € C[Xy,...,Xy] and Ny, N3, N3 of sum N, we define PNt-V2:Ns ¢ C[Xy,..., Xy] by
PNl,N2,N3(x)

=P(Ye1(x1), .-y Ye1 (N ) Ae(@nNy41), - - - ,)\E(ZL‘N1+N2),)\_€(33‘N1+N2+1), o ,)\_E(:L‘N))
= P( + texq, ..., % + TN, TNy 41 T 1€, .. TN 4Ny + L6, TN+ Not1 — L6, ..., TN — ie).

Applying this to each P, and using the defining property of € from Lemma 3.8, it follows that

3

N1,Na,N: .
Pt S(X):B((%,...,§,$N1+1,...,$N)—l—’L(Eﬂj‘l,...,613]\/1,6,...,6,—6,...,—6))

satisfies
RPN (g an) 2 ARG, S e ay) Yxe <1, x SN

Thus, for all x € [-1 1]N1 x (3, 400[N "M, we have:

o (BN (x)) >

° |PN1’N2’N3( )| > Pt( .. % TNy+1y---,ZN); and

o ITE, IR ™™ 001> Ty, 250 (x € [FL 1Y x 3, +o0)N M),

Finally, if a € {O}N1 x NN=NM and Ny +1 < n < N is such that «,, > 1, then it also follows
from Lemma 3.8 that

N1,N2,N: - -
0P (x) < 2O P(3, . 3 ey, an) (x € [=1L 1V x B, ooV

< o PPV (ke (21,1 x [3, ooV M),

Since
T N
YNl’NQ’N3(S) _ (ie)Nl / QNl,Nz,Ng(x) HPtNLNz,Ns(X)—St H fn(a:n) dx
[—1,1]V1 x[3/2,4c0[ N —N1 t=1 n=1

the hypotheses of Theorem 2.7 guarantee the existence of an holomorphic continuation for each
Y N1:N2. N3 (g) to CT'. This completes the proof of Step 1.

Step 2 (Conclusion). A simple induction argument (on N) completes the proof of Theorem A.

e For N =1, we only need to write

T T
Z(Q:Pr,...,Pryws) = pQ) [T P(1) ™ + D 1w Q(m H
t=1 t=1

m>=2
and then we apply Step 1.

e If the result is true for each any number of variables between 1 and N — 1, then, thanks to
Lemma 3.9 and Step 1, we see that it is true for N variables. O

3.4 Proof that Z(1, Pez,—1,—1,-) has a pole
Proof. For this proof we set Z(s) = Z(1; P;—1,—1;s). Thus,

Z(s)= Y (=1)"(=1)"[(m —n)*m +m]~*

m,n>1

= > (D)™ "m 0 (m—n)? +1]°
m,n>1

= 3 )T e S (D)™ m ) 1)
1<m<n 1<n<m
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By setting n = m 4+ w in the first sum and m = n + u in the second sum, we obtain

Z(s)= > (1" m W+ 1)+ Y (~D)*(ntu) w4+ 1)

m>=1 n,u>1
u=0
= ()Y D"+ )T+ (D WP+ 1) (ntu)®
u=>0 u>1 n>1
=C(s) D ()" + 1) 4+ > (=) + 1) [g()— Zk—s]
u=0 u>=1 1<k<u
=)D (D@1 = Y (D) WP+ )R
UEZ 1<k<u
=)D (D @+ )7 =Y ()R + 07+ 1R
UEZ k>1
20

The following facts suffice to show that Z has a simple pole at s = 1:

e a classical application of the residue theorem is >, (—1)"(u* + 1)~! = 7 /sinh(r);

e Theorem A implies that

SHZ (u* +1)"% and SHZ DRk + 0% 4+ 1]k
u€Z k=1
>0
can be holomorphically extended to C. O

4. Values at T-tuples of negative integers

4.1 Proof of the Exchange Lemma

The proof is a simple consequence of the following (in which the notation Z(Q; P,..., Pr;p;-) is
understood to denote the analytically continued series to CT).

PROPOSITION 4.1. Let Q, P1,...,Pr € R[Xy,...,Xy] and Ty € {1,...,T — 1} for a given T > 2
We assume that Py, ..., Pr satisfy HDF and that

[[P(x) —— +oc.

|%| =00
xeJN
Let € (T\ {1})" and ky,...,kr € N. Then
T
Z(Q; Py, .., Pripi—hy, ... —kr) =Z<Q 11 Pt’“;Pl,...,PTO;u;—kl,...,—kTo>-
t=To+1

Proof. We define the holomorphic function f: C’ — C by

f(sl, e ,STO) == Z(Q;Pl,. .. ,PT;[I,;Sl, < STy _kTo—i-lv ceey —k‘T).
Thanks to Proposition 3.3, there exists 0p € R (depending on (k7,41,...,kr)) such that for any
(S1y...,81,) with 01,...,07, = 0p we have

T To
flst,ysm) = Y w™Qm) ] P(m)* [ Pi(m)~
t=1

meN+N t=Tp+1
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Next, define the function g: CT0 — C by

T
g(s1,...,s1) :Z<Q H Ptkt;Pl,...,PTO;u;sl,...,sTo>.

t=To+1
That is, ¢ is the analytic continuation of the twisted series in (s, ..., s7,), with the role of ) now
played by @ HthTO 41 Pt Theorem A also applies to this series. Thus, g is an entire function on CT0.
Proposition 3.3 therefore applies to g. As a result, there exists o(, € R such that for any (s1,...,sn)
with o1, ...,07, = o, we have
T To
9(817 s >8TO) = Z qu(m) H Ptkt Hpt(m B
meN*N t=Tp+1 t=1
Thus, f(s1,...,51,) = g(s1,...,s7,) in the open set consisting of all (s1,...,sz,) such that each
oy > max(og, 0f). The uniqueness of the analytic continuation then ensures that f = g on CT0.
In particular, f(—k1,...,—kr,) = g(—k1,...,—kz,), as claimed. O

Proof of the Exchange Lemma. Proposition 4.1 tells us that both quantities are equal to
Z(Q;Pla"'7PT7Ql7’”7QT’;I'L;_]€17”’7_kT7_€la"'7_€T’)- O

4.2 An application of the Exchange Lemma: the proof of Theorem B

Theorem B illustrates how one can use the Exchange Lemma. Its proof is a simple consequence of
the following.

LEMMA 4.2. Let Q =, c5aaX* € R[Xy,...,Xy] and p € (T \ {1})". Then

N
Z(Q; X1, Xni50,...,0) = > ag [ ] Gun(—an)-

acsS n=1

Proof. Set T = N and P, = X; for each t =1,...,T. These polynomials evidently belong to HDF'.

Thus, if 01, ...,0nN are large enough, we have
2(Q; X1,..., XNi p,8) = <Z aa X Xla-'-aXN§H§S> = aaZ(X* X1,..., Xn; pss)
acsS acs
N
=2 aa ) wtm®[[m =3 a3 T
acsS meN*N =1 acsS mi,...my=>1n=1
_ZGJQHZ/L Oén Sn—zaangn TL'
acsS n=1mn>1 acesS n=1

The uniqueness of analytic continuation then implies

N
Z(Q; X1,..., XN;p,8) = ZaaHC“n(sn—an) Vs e CV.

acsS n=1

Setting s = 0 in this equality completes the proof. O
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Proof of Theorem B. The argument is now very simple and goes as follows:

Z(Q; Py Prsps =k, ... —kp) = ( HXmPh---,PT;H;—kh---,—kT)

t=

EV
= Z O H G (— )
aES n=1

The Exchange Lemma implies the second equality, and Lemma 4.2 implies the third equality. U

4.3 Values at T-tuples of integers for Y

We gave the values at T-tuples of negative integers for general Y in terms of values at negative
integers of the simplest Y. The proof of the following theorem follows exactly the same process as
that of Theorem B.

THEOREM 4.3. Let Q, Py,...,Pr € R[Xy,...,Xy] and f1,..., fn € B(1). We assume that Py, ...,
Pr satisfy HDF and that

T

[[Pie) o oo

t=1 x| =40
xeJN

Let ki,...,kr € N. We denote Q[]/_, PF* =3 c5 @aX®. Then

N
Y(Q P, Prifis fni =k —kr) = > aa [[ Y (15X fo; —am).
acesS n=1

Remark 4.4. For example, if f is given by f(z) = €%, where § € R*, then the values at negative
integers of Y (1; X; f;+) are very easy to calculate by induction thanks to an integration by parts.

5. p-adic interpolation

The main result of this section is Theorem C. The proof is based on Theorem B and a precise
description of each (,(—k), proved in §5.1.

5.1 A formula for the values of ¢, (—k)
The first ingredient is a classical lemma [Zag77].

LEMMA 5.1. Let (an,)men+ be a sequence of complex numbers and define

+o0
Z(S)ZZ%
m=1

Let us assume that there exists s € C such that the series converges, from which it follows that the
series f(x) = Y% a,,e™™ converges if x > 0.
We assume that there is a sequence (ci)ren of complex numbers such that, for all K € N*, we

have in a neighborhood of zero
K-

;_-

e+ 0.
k=0
Then Z can be holomorphically extended to C and Z(—k) = (—1)*kle;, for all k € N.
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We will also need the Stirling numbers of the second kind, as well as some of their elementary
properties. Let us recall the following definition.

DEFINITION 5.2. Let k,¢ € N. The Stirling number of the second kind (associated to (k,¢)) is the
number of partitions in ¢ parts of a set with k elements. This integer is denoted by S(k,¢).

Ezample 5.3. We have S(0,0) = 1; for k € N, S(k,k) =1; if 0 < k < ¢, then S(k,¢) = 0.
The proofs of the next two results can be found in [Com70].

LEMMA 5.4. For all k € N and all ¢ € N*, S(k +1,0) = £S(k,0) + S(k, £ — 1).

1 )4
a0 ()
Finally, we need a general expression for each derivative of the composition of a smooth function
with the exponential function.

LEMMA 5.5. For all k,¢ € N, we have

LEMMA 5.6. Let g: R, — C be smooth, and define f = g o exp. Then, for all k € N, we have:
W (x) = Zlgzo S(k,0)e g (e*) for all z € R.

Proof. The proof is by induction on k£ € N.
e For k = 0, the formula is true because S(0,0) =

e Assuming that the formula holds for a given k, and differentiating one more time, it follows
that for all x € R,

k+1 ZS k € geéx (Z)( ) Zmemg(f—i-l) (em))
k+1
= ZS (k, 0)0e® g0 (&) + ZS 1)ef g (e®).
(=0
Since S(k,k + 1) = 0, one concludes that
k+1
FE @) =3[08k, 0) + S(k, £ — 1)]e g1 (e")
(=1
k+1 k+1
= ZS (k+1,0e"gO(e") =3 " S(k+1,0)e" g (e").
=0
This proves the formula for k + 1. O

We can now express each (,(—k) in terms of the S(k,¢) as follows.

LEMMA 5.7. Let p € T\ {1}. Then, for all k € N, we have

1) N S (k0
o - A 5t

H =0

Proof. For all

“+oo
_ _ 1 7
x>0, Zum T =N (e )™ = pe e g
m=1
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We define f: R — C by f(z) = p/(e” — p) and g: R — C by g(y) = p/(y — p). Then g is
smooth and f = g o exp, so (5.6) gives: f*)(z) = Z?:o S(k,0)et* g (e*) for all x € R. Writing
g(y) = —p(1/(n —y)), it is clear that for each £, g9 (y) = —u(£!/ (1 — y)**1). Thus,

k

Vil

ZS k K < 1)€+1>

=0
we then apply (5.1) to finish the proof. O

5.2 Proof of Theorem C

To prove Theorem C, we need to have a formula adapted to p-adic interpolation: we want to obtain
a formula similar to that appearing in the proof of Theorem 20 in [Cas82]. In the present work,
such a formula is obtained during the proof of Lemma 5.9: this is the formula (7) for Z,(—k).

However, for the p-adic control of Zg(—k) we do not use the formula (7) but the formula (1)
(cf. the proof of the Lemma 5.9), which come from Theorem B and that contain the Stirling numbers.
This explains why we obtain the bound p~'/?(=1 which is better than the bound 1 obtained in
the work of Cassou-Nogues.

We first rewrite Z as follows:

T
Z(Q; P, ..., Prip;s) = > p™Q(m) [ [ Pi(m)~
t=1

meN*N
vte{l,...,T}, ptPi(m)

T
= Z Z p™Q(m) H Py(m)™*
t=1

vte{l,...,T}, ptP;(m)

Vn, mp=un, mod (p)

T
_ Z Z Nu+me (u+ pm) H (u+ pm) =%

T
= Z Z prrPmO( u+pmH (u+ pm)~%

vte{1,.., T}, ptPi(u)

= > 1 Z(Qui Piu, -+ Prus i),
ue{l,...pV
vte{l,... T}, ptPy(u)

where Qu = Q(u+ pX) and P, = Pi(u + pX). Note that each P, satisfies the property that
p 1 P;w(m) for all integral vectors m, and that the twist is now determined by the vector p? rather
than .

Two lemmas are now needed to complete the proof of Theorem C.
LEMMA 5.8. Let # € Cp,. Then |z — 1|, > p~V/®~Y = a7 — 1|, = (|z — 1[,)".

Proof. Set z =2 — 1. We have

P 1= (et :iﬁ <§(g>zk—l+zp—l>.
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Let k€ {1,...,p— 1}. We want to show that

(-

< [2P71,,.
p

Since p is prime,

In addition,

El
p

(B

1|Z|];_1

-16)

< |z|g_1. To show this, we are going to study two cases.

so it is enough to show that p—

o Case |zl > L ptzbt < |2E 0 < 2572 < |25

e Case 0 < |z], < I p_l\zuﬁ_l < p~ L Since |z|, > p Y@= 1257 > p1and so we see that
Pl < LB

From

<|2P7Y, forallke{1,...,p—1},

we deduce that

The conclusion follows. O

LEMMA 5.9. We make the same hypothesis as that in Theorem C, except that part (ii) is replaced
by part (ii’): |1 — pn|, > p~ /=Y. However, impose the additional property that p t P,(m) for
all m € NV, Then for each r € {0,...,p — 2}" there exists Z (Q Py,....,Pr,p,-): ZpT — C,
continuous such that for all k € N”' satisfying k; = r; mod (p — 1) for allt € {1,...,T}, we have

Zpr)(Q7P177PT7I1'7_k) :Z(Q7P177PTalJ"_k)

Proof. Let k € NT and write Q[[_, P} = 3, aaX®. Set Sk = {a : aq # 0}. Thanks to
Theorem B and Lemma 5.7, we know the following:

s Sl £ )

aESy n=1 1- Hn =0
_ |a| Al - ln 'S anaen)
= 3 [anttf e [ (5 Sl
aESK n=1 “,=0 n

-t Z[ LN | DI £ (an, n)}

n= l€n<a 'un_l

acSy
o (S (00, b
lz[ el 3 [T 5 )]
acSy L<an=1
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B (I, )

acSk L<a n=1

where, for each £ € NV,

N
Zo(—k) & 3 <(_1)aa°‘(uf7!1)e 11 S(an,én))

acSk
L<a

The family (Zg(—k))penn is nearly null, more precisely its support is included in {£ € NV | Ja €
Sk, a > £}, which is clearly a finite subset of N'V. Moreover, since £ > k = S(k,{) = 0, we see that

N
Ze(~k) = e Z( 1>“aa115<am€n>)- (1)

acSk
Finally, we note that

|41
|ZZ p < H — 2P

‘/‘n - 1|P
This will be needed in the following.

By using Lemma 5.5, we manipulate the sums as follows:

Y| (RT3 ] I

acSyk In=0

cogfomef[Er @) o
N I | ()

T

_ W& . .

—a-wt X {eni(Secn Ak} )
JETTR=1 {0, tn} =1

For a unit « € Z,, we denote its Teichmiiller representative by w(x) and set (z) = x/w(zx). Since

each P;(—j) is a unit in Z,, it follows that if 7 € {0,...,p — 2} satisfies k; = 7 mod (p — 1), then

Pi(=j)* = w(P (=) (P,(=j))*. Setting r = (r1,...,rr) € {0,...,p — 2}T, we now define the

function Z ér): Zg — C, by

T re
206 =-w S C0(ecn]Te(ren) men
JETIN_ ,{0,....n} t=1
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Thus, Z ér)(—k) = Zg(—k). By our previous observation, we then have the bound
Al
127 (), <
H |/Ln - 1|
Since Zlgr) is continuous, and the set H;le{—rt + (p — 1)N} is dense in ZT we deduce that

(1" [ |p T
|Z p\HLu _1| VSEZP.
n p

To finish the argument, we define Z (Q Py,...,Pp,p,-) as an a priori formal series:
Z}Sr)(Qaplw’ PTall'a 1 Z Z

LeNN

One now shows that the series converges p-adically on Zg. Using the upper bound for Z,(—k) noted
above, it therefore suffices to show the following for any n:

|21
|Hn — 1‘; t—o0

Given £ € N, we denote by S,(¢) the sum of the digits for ¢ written in base p. It is well known
that for £ € N we have

vup(£) = (€ = Sp(6))/(p = 1)

If ¢ denotes the number of digits of ¢ in base p, then S,(¢) < ¢(p — 1) and £ > p°~1; from this
we deduce Sp,(¢) < log . Since

0 0 S,(0) < 1 > S, (0)

v = —lop(pn — 1) = | —— —vp(pn — 1) )€ —
p((ﬂn_1)£> p—1 plm =1 = =g ~ ol =)

the two bounds 1/(p — 1) — vp(pn, — 1) > 0 and S,(¢) < log ¢ now imply

(1) (pin — 1)°) T oo

Thus, ), Zér)( ) converges p-adically on ZT This shows that the function Z (Q Py, ...,Pr,pu,s),
p-adically interpolates the function —k +— Z(Q Py,...,Ppr,pu,—k) when k = r mod (p — 1), and
completes the proof of Lemma 5.9 and, therefore, the proof of Theorem C. O

6. The case of characters

Let Q, Py,...,Pr € R[Xy,...,Xn] and x1, ..., xn be functions from N* into C. To these data we
can associate the following multivariable zeta series:

Z (Hrjzle Xﬂ(mn))Q(mlﬂ"'ﬂmN)

T
m1>=1,...my=1 Ht:l Pt(mh s 7mN)5t

Z(Q;Plv"'7PT;X17"'7XN;317"'78T):

where (s1,...,s7) € CT.

Thanks to the following easy lemma (proven in [Kow04, ch. I]), under a suitable hypothesis,
such functions are linear combinations of functions of the type Z(Q; Pi,..., Pripi, ..., iN;-).
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LEMMA 6.1. Let x: N* — (C that is D-periodic and whose mean value is null (that is, Eﬁzl x(m)
=0). For all d € {1,. — 1}, we set tpa = exp(2im(d/D)). Then there exists ay,...,ap—1 such
that for all m € N* we have x(m) = Zd L agpr.

Combining the preceding lemma and Theorem A, we obtain the following.

THEOREM 6.2. Let Q, Py,...,Pr € R[Xy,...,Xn] and x1,...,xn: N* — C periodic of null mean
value. We assume that P, ..., Pr satisfy HDF and that

[[P(x) ——— +o0.
x| —=-+o0
xeJN

Then Z(Q; P, ..., Pr;xi,...,xn;-) extends to CT as an entire function.

It is now very easy to copy the Exchange Lemma for the series Z(Q; Pi,..., Pr;X1,---,XN;*)-
Let us recall the following usual notation.

DEFINITION 6.3. For x: N* — C, we set L(s, x) = >+ (x(m)/m*).

Then, exactly as was done in §4, using the Exchange Lemma, we obtain the following.

THEOREM 6.4. Let Q,Py,...,Pr € R[Xy,...,Xn]. We assume that Py,..., Pr satisfy HDF and
that

[[Px) —— +o0.
x| —=-+o0
xeJN

Let k = (ky,...,kr) € NI and write

QHP’“ = Z aeX®.

acsS
Let x1,...,xn: N* — C periodic of nu]] mean value. Then

N
Z(Q’Pl77PT7Xl7JXN’_k): ZaaHL(_aTHXn)'
acsS n=1

To make the p-adic interpolation, we need the following lemma (this is an exercise in [Kob77,
ch. 3]).

LEMMA 6.5. We assume that . € C,, is a primitive root of unity of order .
(a) If¢ is not a power of p, then |y — 1|, = 1.
(b) If ¢ = p", then |p— 1|, = p ),

Now, using the expression of the function Z(Q; Py, ..., Ppr;x1,...,Xn;) in terms of functions
Z(Q; Py,...,p;-), Theorem C, and Lemma 6.5(a), we obtain the following.

THEOREM 6.6. Let p be a prime number. We fix a field morphism from C into C, (left implicit
in the discussion and by means of which we calculate |z|, for any v € C). Let Q,Py,...,Pr €
Z|X1,...,Xn] and x1,...,xn: N* — C be periodic of null mean value. We assume that the periods
are not divisible by p. We assume that Py, ..., Pr satisfy HDF', and that

[[P(x) —— +oo.
x| —=-+o0
xeJN
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We set

N T
Z(Q; Pr,..., Prixi, ..., XN;8) = > I xn(mn)Q(m) T T £r (o)~
meN+N n=1 t=1
Vie(1,..,T}, ptP:(m)
Let r € {0,...,p — 2}, Then there exists Z;(Q,Pl; ce s Prixa, oo XN ) ZpT — C,, continuous
such that for all k € N’ satisfying ky = r, mod (p — 1) for allt € {1,..., T}, we have

Z;(Qapl77PTaX177XNa_k):Z(Q7P177PT7X177XNa_k)

Remark 6.7. If some of the periods of the x, are divisible by p, one needs to look at the g whose
coefficient ay in Lemma 6.1 is non-zero. Depending on their p-adic absolute value (calculated in
Lemma 6.5), we then may or may not be able to make the p-adic interpolation.
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