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Abstract

In earlier papers (Parts I and II) existence and uniqueness of the solutions to a coupled
pair of nonlinear elliptic partial differential equations with linear boundary conditions
was considered. These equations arise when material is undergoing an exothermic
chemical reaction which is sustained by the diffusion of a reactant. In this paper we
establish the existence of multiple solutions for many different values of the parameters
not considered in the earlier parts. It is shown that the case, also omitted in earlier parts,
with perfect thermal and mass transfer on the boundary (the double-Dirichlet case) does
have a unique solution for sufficiently large values of the exothermicity or an equivalent
parameter. The methods of solution provide specific bounds on the region of existence of

multiple solutions.

1. Introduction

In our two earlier papers (Burnell, Lacey and Wake [1, 2]) we investigated
properties of the steady-state solutions of the equations governing the diffusion of
a reactant which is undergoing an exothermic reaction. In Part I (Burnell, Lacey
and Wake [1]) we showed this involved discussing properties of the solutions of

the equations

v3u+A1+0v)e*=0 inQ,
vV —-A(l+v)e*=0 in,
du/dn +pu=20 on 9%,
dv/on+vo =0 on 9%,

with
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where @ C R” is an open bounded set and A, a, 1, v are positive constants, u is a
dimensionless temperature rise over the ambient and 1 + v is a dimensionless
concentration of the diffusing reactant.

In Parts I and II we established the following properties.

THEOREM 1. (1) The equations (1), (2) have at least one solution for all values of
the parameters, except when p < v = oo. For the case p < v = o0 and n < 3 there
exists A* (which depends on « and p) such that, for A < A*, (1), (2) have at least one
solution; and, for A > A*, (1), (2) have no solutions (this holds for any a and any
u < o0).

(2) For all cases, except when p < v = o0, the solution to (1), (2) is unique for
sufficiently small values of X. Further, excluding the case . = v = o0, the equations
(1), (2) have a unique solution for sufficiently large values of \.

(3) If p = v then, for a sufficiently small, there are values of A for which (1), (2)
have at least two solutions.

(4) Except for the case p < v = oo then, for any solution (u, v) of (1), (2),

(Vxe @) -1<v(x)<0,
(vxe@) O<u(x)<l/a, forvsap,
O<u(x)<v/ap, forp<v < oo.
(5) If there is an interval (a, b) such that, for X € (a, b), the solution to (1), (2) is

unique, then the solution branch (X, (u(X), v(Q))) is a continuous function of X on
(a, b).

The purpose of this paper is to provide results regarding the multiplicity and
uniqueness of solutions to (1) and (2) for those cases that were omitted in Parts I
and II. Specifically we show that (1), (2) has multiple solutions for all p, » < oo,
when a is sufficiently small, and that the solution of (1), (2) when p = » = o0 is
unique for sufficiently large A; and for a fixed A, the solution is unique for
sufficiently large a. In the second case the equations (1), (2) are equivalent to a
single nonlinear equation and, in fact, we prove in Section 3 a general uniqueness
result for such an equation. Using the proofs of these results, in Section 5, we can
obtain explicit bounds on the values of A for which multiple solutions exist.

2. Results on multiple solutions

In this section we shall discuss conditions under which the equations (1), (2)
have multiple solutions for some appropriate (fixed) values of the parameters.

Firstly we shall show that when « is small, there are values of A for which there
exist solutions of (1), (2) “near” the minimal solution for the case with a = 0.
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When a = 0, equations (1), (2) reduce to the single equation
Viu+ =0 inQQ, (3)
du/dn + pu=0 ondQ. (4

It is well known that the equations (3), (4) have solutions for values of A less than
or equal to some A ; (see for instance Keller and Cohen [3]).

THEOREM 1. Suppose that, for A < Ay, u, is the corresponding minimal solution to
(3), (4). Then there exists ag > 0 such that, for a« < agand A < Ay, (1), (2) has a
solution (u, v) with

(vx € Q) -1<uv(x)<0,0<u(x)<u(x).

ProoOF. To prove this result we shall ‘r_nake use of Schauder’s fixed point
theorem. First, define a map T: C(Q) X C(f2) = C(2) X C(2) by
T(u,v) = (AK,(F(u, v)), -AaK,(F(u,v))), (5)
where K, is the Green’s function operator for (-v?, 3/3n + 0) and F: C(Q) x
C() — C(R) is given by
F(u,v)(x)= (1 + v(x))e“™. (6)
In Part I of this paper (Burnell, Lacey and Wake [1]) we showed (see Section 2,
Proposition 5) that if (u, v) is a fixed point of T then (u, v) is a solution of (1),
.
Now suppose A < Ay, then let
D = {(u,v) € C() x C(2): (vx € ) 0 < u(x) < uy(x), -1 <v(x)<0}.
For (u, v) € D, let (w, z) = T(u, v). Then since u, = AK, (e*),
(w—u) = AK,(F(u,v) —e").
Also, since -1 € v < 0,
F(u,v)—e®=(14+v)e"—e“
< (1 +v)e —en
=pe"*. £ 0.
Thus, as K, is a positive operator,
w—u, <AK,(0) =0,
SO
W< u,.

Since (u, v) € D, (1 + v)e* > 0; hence by the maximum principle, w > 0. There-
fore (Vx € 2),0 < w(x) < uy(x).
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Also, it is clear that z < 0 and
lzllo = INeK,(F(u, v))]lo < AalK,[lollF (2, v)lo

where || K, || is the norm of the operator K, (with respect to the supremum norm
on C(R)). Now

IF(u, v)llo = Sl;li;zl(l +v(x))e*™)|

< sup [e“)] = [leo.
x€

Hence ||zl < Aa||K,|lolie“*lo- It is known (Keller and Cohen [3]) that if Uj is the

minimal solution of (3), (4) when A = A then, for A < A, we have u, < Uj,.
So, if a is chosen so that

A gl K flolle lly < 1
then, for a < &y, A < A,

fzflo < 1.
Therefore

(Vxe@)-1<z2(x) <

This then means that, for a < agand A < Ay, T(D) € D.

Now, it is clear that D is a closed convex subset of C(Q) X C(£). Also, using
the known properties of K, and K, it is easily shown (see Burnell, Lacey and
Wake [1]) that T is a compact map. Hence the Schauder fixed point theorem
ensures that there exists (4, v) € D such that

T(u,v) = (u,v),

when a < @ and A < A,. Consequently, for a < «, and A < A, there exists a
solution (u, v) of (1), (2) with

(vxe€8) 0<u(x)<u(x),-1<uv(x)<0. Q.E.D.

In order to prove that the equations (1), (2) have at least 2 solutions for certain
values of the parameters we make use of properties of the Leray-Schauder degree
and some results from Part I (Burnell, Lacey and Wake [1]). For easy reference we
shall summarise these results here.

THEOREM 2. (1) Suppose X is a normed vector space and D is an open bounded
subset of X containing 0. Further, suppose S: D — X is a compact map with
0 & (I — SXOD). Then the Leray-Schauder degree of I — S at 0 on D is an integer
which satisfies:

(@ if S=0thend(l, D,0)=1

(b) ifd(I — S, D,0) # O then there exists x € D such that x — Sx = 0;
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(©) ifH: D x [0,1] - Xsatisfies:
(i) (vs € [0,1)) H(-, s): D = X: x = H(x, s) is compact,
(i) (Ve > 0)(38 > 0) such that whenever |s, — s,| < 8,
(Vx € D)|H(x, s,) = H(x, s,)| < &

(i) (Vs € [0,1]) 0 & (I — H(-, 5))(3D),
then d(I — H(-, s), D,0) is independent of s € [0,1];
(d) If E C D is closed and 0 & (I — S)E) then

d(I-S,D,0)=d(I-S,D\E,0).

(2) If T is the map defined by (5), and p., v < oo then, forany a > 0and X\ > 0, T
is compact and
d(I-T,BQ2 + m(a)),0)=1,
where
1/a, forp = v,
v/(ap), forp<w.

m(a)={

and
B(r)= {(w, z) e C(R) x C(R): |wllo +|lzllo < r}.

(3) Suppose p, v < oo. Then, for sufficiently large values of A, (1), (2) has a
unique solution (u, v) and for some constant A, independent of \,

(Vx € ﬁ)(v/p. - A(Aa)_l/z)/a <u(x)<1l/a ifu>v,
(1 - A(Aa)™?)s/(ap) < u(x) < v/(ap) ifp <v.

In order to define the Leray-Schauder degree of / — T we need to find an open
set D € C(Q) X C(RQ) with 0 & (I — T)8D). Further we would like to show that
there is a solution to (1), (2) in D which is different from the solution that exists
as a consequence of Theorem 1. This is the purpose of the next result. For the rest
of this section let u, be the solution to (3), (4) defined in Theorem 1.

PROPOSITION 3. Fix A so that 0 < A\, < A, and fix p, v < oo. Then there exist
constants C, a,, and a function w such that, for \; < X and 0 < a < a,: whenever
(u, v) is a solution of (1), (2) with

(vxe@) Cw(x) < u(x),
we have

(vx€) Cw(x) <u(x)
and

lallo < Cllwllo.
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PrROOF. Here we will only present the proof for the case when p > », and will
discuss the case p < » at the end of this proof.

Choose a nonnegative function f € C%(Q) which has its nonempty support in
Q. Let w be the unique (positive) solution of

viw+f=0 inQ,

Iw (7)
n +puw =0 ondQ.
Choose C so that it satisfies the inequalities
(vx € @) Lecwon - L) 5y (8)
[ A
and, forA; < A <A,
Clwllo > lluxllo- &)

Since (VA € [}, Ay, < uy, on 2, and (Vx € Q)w(x) > 0, it is easily seen that
such a choice of C is possible. Also, choose a, so that, on &,
a,Cwe€” < 1. (10)
Then it follows that
Cw < 1/a,. (11)
Now, suppose A > A,, a € (0, ;] and (u, v) is a solution of (1), (2) with
(Vx € ) Cw(x) < u(x). Then k = au + v satisfies the equation

vih=0 in 2,
g—:: +ph=(p—v)v ondQ. (12)
Since (Vx € ©) — 1 < v(x) < 0, it follows from the maximum principle that
(vxe ) -1+»/p<h(x)<O. (13)
Using (1) we then see that ¢ = u is the unique solution of
Vip+A1+h—aple*=0 inQ,
g—:’ +pp=0 on 0%. (14)

We shall now show that Cw is a strict lower solution for the equation (14):
v (Cw) +A(1 + h— aCw)e“ = -Cf+ A(1 + h — aCw)e"
> A[-Cf/A +(v/p — a,Cw)eC€]
> M-Cf/A, +(v/p) e — a,CweC™]
>A[1-1]=0 inQ.
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Also,

8(Cw)+ p(Cw) =0 ondQ.

Hence Cw is a strict lower soluuon for (14). Now
v (1/a) + A(1 + h — a(1/a))e* =Ahe* <0 inQ,
and

3C/2) 4 p(1/a) = p/a>0 ondg,

so ¢(x) = 1/a is an upper solution for (14). It then follows from (11) and the
theory of upper and lower solutions that the unique solution @ = u of (14)
satisfies
(vx € Q) Cw(x) <u(x) <1/a.
For the case when p < v the proof is essentially the same. The differences are:

(a) (13) becomes (vx € ) 0<h(x)<wv/n—1; (13)
(b) (8) becomes <™ — Cf/A; > 1; (8)
(¢) @(x) = v/(ap) is used as an upper solution for (14). Q.E.D.

This then leads us to our main result concerning multiple solutions.

THEOREM 4. Suppose p, v < oo and | € (0, Ay). Then there exists a, > 0 such
that, for a € (0, a,] and N € [\, A, (1),(2) has at least two distinct solutions.

PRrROOF. We present the proof for the case when u > » only, as the proof for the
other case, p < », is similar and is left to the reader. Let C, w be as in Proposition
3 ((7), (8) and (9)), and choose a, so that it satisfies

a, < min{ ay, a, },
and (Vx € ) a,Cw(x) < i(»/n),
where ay and a, are given in Theorem 1 and Proposition 3 respectively.
Now, by Theorem 2(3), there exists A, > A, such that (1), (2) has a unique
solution (U, V) when A = A, and @ = a,, and
(vxe Q) U(x)= (V/I‘ - A(Azaz)-l/z)/az
also (Vx € 8) (v/p — 4(A,e,)7%)/a, > Cw(x).

(This last inequality follows from (15), by choosing A, large enough.) Fix
a € (0,a,]and A € [A, Ay], and set

B={(u,v) € C(Q) x C(Q):
(Vx € 2)Cw(x) <u(x) <1/a+1,and -2 < v(x) < 1}.

(15)

(16)
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Now, it is clear that B is an open subset of C(2) X C(Q) and
B = {(u,v) € C(Q) x C(8):
(Vx € Q)Cw(x) < u(x) < 1/a + 1and -2 < v(x) < 1}.
Let T be the map defined by (5) and suppose H: B X[0,1] = C(2) X C(2) is the
homotopy given by
H((u,v),t) = (t +(1 = t)A,/A)T(u, v).

We shall now show that H satisfies the conditions of Theorem 2(1)(c). First, it is
clear that, for each r € [0,1], H(-, t) is compact since T is a compact map (see

Theorem 1 of Section 1). Also as B is a bounded set, there exists a constant M
such that

(V(u’ U) € E) "T(u9 U)"O <M.
Hence
(V1,5 € [0,1]), (V(u, v) € B)|H((u,v), 1) = H((u, v), 5)llo
={t — sl{1 = A/AT(u, v)llo < M1 = Ay /AlJe — 5.
So, it is easily seen that conditions (i) and (ii) of Theorem 2(1)(c) are satisfied.

Now, as noted in Theorem 1, if (u, v) is a fixed point of T then (u, v) satisfy
(1), (2). Similarly, if H((u, v), t) = (u, v) for some ¢t € [0, 1] then (u, v) satisfy

V3w+(AM+(1 - 0A,)A +0v)e*=0 inQ, (a7)

v —(A+(1 —-1)A)a(l +v)e*=0 inQ,
du/on + pu=0 onodQ, (18)
dv/dn+ vv =0 ond%.

Suppose, for some ¢ € [0,1] and (u, v) € B, H((u, v), t) = (4, v). Then, since
At + (1~ t)A, €[N, A;]and

(vx € Q) Cw(x) < u(x),
it follows from Proposition 3 that

(vxe &) cw(x) < u(x).
Also, by Section 1, Theorem 1(4),

(Vxe€ Q) u(x)<1/a,-1<v(x)<0.
Hence (u, v) € B.
Consequently, we see that, for ¢ € [0, 1],

(0,0) & (1 — H(-,1))(3B).
So, the conditions of Theorem 2(1)(c) are satisfied. Therefore
d(I-T,B,0)=d(I- H(-,1), B,0)

_ (I - H(-,0), B,0). (19)
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Now, for (u, v) € B,
H((4,),0) = (A,K,((1 + v)e*), -AaK,((1 + v)e¥)).
So the fixed points of H(-,0) are the solutions of (1), (2) with A = A,. Then it
follows from (16) and Theorem 1(4) that (U, V') € B. Also, by Theorem 2(1)(d),
),
d(I - H(-,0), B,0Y=2d{I— H{. 0), B(Z + m(a)),0) =1,
€

and, so, by Theorem 3(1)(b), there exists (u,, v;)
).

Since a, < ag and A < Ay, it follows from Theorem 1 that there exists a
solution (u,, v,) of (1), (2) such that

(Vx € Q) u,(x) < uy(x).
Then, as (u,, v;) € B, it follows from (9) that

2
B which satisfy equation (1),

(Vx € Q) luallo <llually < Cliwllo < lluyllo-

Hence u;, # u, and (u,, v,) and (u,, v,) are distinct solutions of (1), (2). Q.E.D.

3. Uniqueness of solutions for large A

As stated in Section 1, Theorem 1, we investigated in Part II (Burnell, Lacey
and Wake [2]) situations for which the equations (1), (2) will have a unique
solution. Since completing that paper we have succeeded in extending the results
given there. It is the purpose of the next two sections to look at these extensions.
In particular we shall prove thatif p = » = oo then (1), (2) have a unique solution
for sufficiently large values of A; and if « is large enough then (1), (2) will have a
unique solution for all values of the other parameters except when p < v = o0.

Firstly we shall look at the case when p = v = oo. Here we see that the
harmonic function & = au + v is zero and (1), (2) reduce to the single equation

V2u+ A1 - au)e*=0 inﬂ,} (20)
u=0 onadQ.
In fact we shall consider the more general equation
V2u+}\f(u)=0 inﬂ,} (21)
u=0 onodQ,

where f: R —» R: ¢t — (1 — t)g(t) and g: R — R satisfies
(@) (Ve € [0,1]1 > g(t) > v, > 0,
(b) gis a C? function.
(Vi R)g(t)> 0.
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Now, it follows easily from the maximum principle that any solution of (21), u
say, satisfies

(vx€Q) O<u(x)<]1.

Further, u = 0 and u(x) = 1 are lower and upper solutions of (21) respectively;
hence, for any A > 0, (21) has at least one solution. The first step in showing that
(21) has a unique solution for sufficiently large values of A is to find bounds on
the solution of (21) when A is large. For this purpose, we require properties of the
solution of the following initial value problem,

z” +f(z)=0 on(0,00),
z(0) =0, 2’(0)=1/2f0 f(1) dt. (22)

PROPOSITION 1. Equation (22) has a unique solution z, and (Vs € [ 0, 00) )

1- exp(— yos) <z(s) < 1.

PROOF. Now, (22) has at most one solution. Suppose (22) has a solution z; then
2(s)* = 2(0)* - 2[""f(z) d. (23)
0

If there exists 5; € (0, 00) for which z(s;) = 1 then (from (23)) z’(s,) = 0. Hence,
on [0, s,], z satisfies
2+ 1(2) = 0,
z(s,) =1, z'(s,) = 0;
but the function z,(s) = 1 is the unique solution of this equation. It then follows
from (23) that 2’(s) > 0 on (0, o), and so we must have
(vse€[0,0)) 0<z(s)<1.
This then means that (22) is equivalent to the problem
2”4+ f,(z)=0 on(0, ),

2(0)=0, z(0)= 1/2[(: f(s) ds,

where f, is a suitable bounded function which agrees with f on [0,1]. And, from
the theory of ordinary differential equations, we know that this problem has a
solution defined on [0, o0).

Thus we have shown that (22) has a unique solution z which satisfies (Vs €
[ 0,0)) 0 < z(s) < 1. Therefore, (Vs € (0, 00)) z”(s) < 0; so z’ is decreasing on
(0, ). Clearly this means that z’(s) — 0 as s — oo. It then follows from (23) that
z(s) > lass — o0.
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Consider the boundary-value problem
9" +(1-9)g(z) =0 in(0, ),

e(0)=0, ¢@(s)—1 ass— oo;
clearly ¢ = z is the unique solution of this problem. If we take the function
¢.(s)=1 — exp(- \/y_os) then

o7 +(1 - 0,)g(2) = (v, + g(2)) exp[-fr;s) > 0

and

(0)=0, ¢@(s)—>1 ass— oo.
Hence ¢, is a lower solution for this problem. Similarly ¢,(s) = 1 is an upper
solution; therefore we must have

(vse[0,0)) 1- exp(— yos) <z(s) <1. Q.E.D.

Now 3% is of class C2*°, hence 0 satisfies a uniform interior sphere condition.
That is, there exists p > 0 such that, for each x € 9%, there is an open ball of
radius p, B,, such that B, ¢ @ and x € 9B,. Then we have:

THEOREM 2. Suppose u is a solution of (21); then there exist constants A, B such
that, for A sufficiently large,
1 — exp(-AN/?) < u(x) <1 whend(x,32) > p/2,
2(N7%y) — B/N? < u(x) <z2(N/%) + B/N/? wheny = d(x,98) < p/2,

where z is the unique solution of (22) and d(x, 9R) is the distance from x to the
boundary 99.

ProoF. The theorem is proved by constructing suitable upper and lower
solutions for the equation

Vip+A(1-9)g(u)=0 inQ, }
P = 0 on 89, (24)

where u is a solution of (21).
Choose k > 0 so that the solution w of

vViw+ k=0 in Q,
w=0 on 4§,
satisfies (Vx € Q) |vw(x)| < y,/2. Let us now show that u, = 1 — exp[-X/?w]
is a lower solution for (24) for A sufficiently large:

Vi + A1 —uy)g(u) = \/X(V2w)e“/i" - Mleze"/’r“’ + Ae‘ﬁ”g(u)
= \/xe"&”[—k — X |ww| + \/Xg(u)]

> VXe [k — yo/X /2 + vo/A |
>0
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if YA > 2k/v,. Also u; =0 on 39; hence u, is a lower solution for (24) if
A > dk?/yd

Now, u,(x) =1 is an upper solution for (24) and (Vx € ) u(x) < u,(x).
Therefore (24) has a solution ¢ which satisfies (Vx € Q) u(x)<e(x)< 1, if
A > 4k?/y3. Since ¢ = u is the unique solution of (24), we find that, for
A > 4k?/vg,

(Vx € Q) 1 - exp(-N"w(x)) < u(x)<1.

If @ ={x€Q: d(x,92) > p/2} then @' is closed and bounded. Also, it
follows from the maximum principle that there exists a constant A such that

(Vxe ) w(x)=4>0.
Thus, when A > 4k?/y2,
1 - exp(-AN/?) < u(x) <1 ifd(x,99Q) > p/2. (25)

Now, let us find upper and lower solutions which allow us to show that the
second inequality holds. Let 7, = {x € Q: d(x, 982) < p/2}; then T, is open and
bounded. We define a function w on T, as follows:

w(x) = z(N/%d(x,9R)).
We then see thaton T,
viw(x) = Az"(N%p) + N2(v - )2’ (X)), (26)

where y = d(x, 8Q) and v is the unit normal vector to the surface { y: d(y, 0Q) =
d(x,9%2)}. Since 39 is of class C2*° there exists a constant M such that

(vxeT) |v-n(x)| <M.

We now show that the function w(x)— B/N/? is a lower solution for the
equation

V% +A(1-¢)g(u)=0 inT, } 27)

o=u ondT,

if A is sufficiently large.
Using properties of z from Proposition 1 we have, on 7,

v(w — B/N?) + A(1 —(w — B/N/?))g(u)
= Az"(Np) + N/2(9 - m)2’ (W) + N (1 = 2(X/%) + B/N/)g(u)
= (1 = 2(N%))[g(u) - (2 (¥2))]
+N72(w - )z (N%y) + N/2Bg(u)
> N2 [-N/%exp(~(¥,1)" y ) [8(u) - g(2(N/29))] = Mz'(0) + By,).
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Now, since g(u) — g(z(N/?)) is a bounded function of x and, when y =
d(x,9R) = 0, g(u) — g(z2(N/?)) = 0, it follows that there exists a constant M,
with NZexp(—(y,A)2y)|g(u) — g(z(N/?p))| < M, for sufficiently large A and
for x € T,. Thus if B = (M, + Mz'(0))/¥, then for A sufficiently large,

v*(w— B/N2)+X(1 —(w—-B/N"?))g(u)>0 onT,.

Also, when x & 97, we either have
(@) d(x,3R2) =0 in which case w(x) — B/N/?2 = z(0) — B/N/?> = _B/N/% <
u(x), since u > 0 on &; or
(b) d(x, 3Q) = p/2 in which case, if /%~ ¥ < Band A > 4k?/vy2,
w(x) — B/N/2 = z(N/%/2) — B/N/?
<1 - B/N/? by Proposition 1
<1-e
< u(x) by (25).

Therefore, when A is sufficiently large, w — B/N/? is a lower solution for (27).

A similar argument shows that the function w(x) + B/A/2 is an upper solution
for (27) when A is sufficiently large. Consequently, the unique solution ¢ = u of
(27) must satisfy

vxeT) z(N?)-B/N?<u(x)<z(N?)+B/N2  (28)
P

where y = d(x, aQ). Q.E.D.
We shall later require the following result. For the rest of this paper we shall let
z be the unique solution of (22).

LEMMA 3. Suppose y is the unique solution of

B =0, sem)
¢v(0) =0, ¢v'(0) = 1.

Then there exists X > 0 and I1, < 0 such that
y(X)>0

(29)

and (Vs = X)f'(z(s)) < II,.

Proor. Firstly, the unique solution of (29) is

¥(s)=20)(s) [

dt
2(1)°
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Also, using (22), (23) and Proposition 1
z@)—q ﬂow <2 f(1) dt

1—exp(- ﬁ's)
< 2exp(—\/y_0s).

Hence

fs dt2> 1 (exp( yos)—l)—>oo ass — oo.
o (1) 2w
Accordingly, using L’Hopital’s rule on the above gives that Y/(s) = o0 ass — 0.
The result then follows from the properties of z given in Proposition1. Q.E.D.
The approach that we now take is to assume that (21) does not have a unique
solution for some value of A, and to then show that this leads to a contradiction if
A is sufficiently large. If (21) does not have a unique solution then the minimal
and maximal solutions of (21), u,, and u,, respectively must satisfy (see Keller
and Cohen [3])

(Vxe Q) u,(x)<uy(x).
Since V2(uy — u,,) + A f(uy) — f(u,,)] =0, it follows from the mean value
theorem that there exists a function w; such that:
(a) (Vx € ) u,,(x) < wo(x) < up(x);
(b) the function f’(w;) is continuous;
(c) there is a positive function ¢ which satisfies

Vip+Af'(w)e=0 inQ, (30)
=0 ondQ,

Now, for A sufficiently large and s € (0, X], the open set , = {x € Q:
d(x,98) > s/X/?} hasa C2*° boundary S, = {x € Q: d(x,3R) = s/N/?}. Then
define a function I: [0, X] = R by

un=L¢a

where @ is a positive solution of (30) and X is as found in Lemma 3. The function
I then satisfies the differential equation given in the following Proposition.

PROPOSITION 4. If \ is sufficiently large then I is a C? function and

%(ﬂJra;T(/sz)-) (f(())+ ‘l(/sz)) -0, se(0,X),

where a, is a C* function. Further, there exist constants A, A, (independent of \)
such that

(Vs €(0, X]) la,(s)| < 4, |ay(s)| < A4
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ProoF. Now, for s € [0, X]and x € §,, let n(x) denote the unit normal vector
to the surface S, at the point x. Since S, is of class C?*°, the function n is of class
C?*°. Then n can be extended to the whole of @ so that it remains a C2*°
function. Consequently, making use of the various forms of the divergence
theorem, we have:

I(s) = [ (on-n)dS
Js-'

=f v -(on) dx
nJ

= -/;z [(ve) -n+ ¢(v - n)] dx.

Then, using the fact that, on S,, s = A/2d(x, 92),

dl

Z =%f9[w-n+«p(\7~n)]dx

= -xl/zfs [ve-n+ (v -n)]ds

- 09
=\"12f X — X172 .
A fs 2 dS = X L’Q(V n) ds. (31)
Also, using (30), and the divergence theorem again
9 6 2oae = [ —xf
[S’ andS—j{;’thdx—j;J Af'(we) @ dx, (32)
and so by considering [; (3¢/dn)dS — [5 (dp/dn) dS we obtain
i a_(p = 1\1/2 '
dng, FodS = N j;sf(wo)tpdS.
Therefore using (31) we obtain

dlar . ,
& A szs’(p(v-n)dS] = -f&f(wo)wds.

ds

Since (Vx € 2) 0 < u,,(x) < wy(x) < up(x) < 1, f'(w,) is bounded on Q. In
particular, for s € (0, X}, there exist x;, x,, € S, such that

(Vx€S8,) f(w(x1)) < (w(x)) < f(w(x,)).

Thus, since ¢ is positive on 2, we have, for s > 0,

F(m(x)) < ( ] f’(wO)wdS)/( . 0S| < /(nx2).
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If A is sufficiently large then Theorem 2 holds and for x € S,, d(x, 9Q) = s/N/?
< p/2. Since u,,(x) and u,,(x) satisfy (28),
z(s) — B/N/? < wy(x) < z(s) + B/N/2,
Consequently, as f” is bounded on [0, 1], there exists a constant 4, such that, for
i=1,2,
|£'(2(s)) = f'(wo(x))] < 41/N72.

Let a,(s) = N72([s, f(wo)9 dS/([s, @ dS) — ['(2(5))); then |a;(s)| < 4; and
a, is a C! function. Then [g f'(wo)@ dS = [f'(2(s)) + a,(s)/N/*]I(s). Similar
arguments show that

fs ¢(V - n)dS=a,(s)I(s),

where a, is a C! function and, for s € (0, X]
la,(s)| < 4,

(A, is independent of A). Therefore

(G + eI () +als) AP =0, s, X).

ds
Q.E.D.

Now, if @ is a solution of (30) which is positive on £ then the above result
shows that I'(0) > 0. Hence, it is-possible to choose such a ¢ so that 7 satisfies the
differential equation of Proposition 4 with

1(0) = 0, roy=1,
and further, (Vs > 0) I(s) > 0.

LEMMA 5. Suppose X is sufficiently large and I is the unique solution of the
differential equation in Proposition 4 with the initial conditions

I{0) = 0, ) =1.
Then, there exist constants T, T, (independent of \) such that
(vse[0,X]) I(s)<T
I'(s) < T,.

ProoOF. Now, [ satisfies the integro-differential equation
dl s,
7 @@/ = - [[(F(0) + a0 R) I dr+ 1 (33)

with 7(0) = 0. Since 0 < z < 1 on R, there exists a constant M, > 1 such that
(vseR) |f'(z(s))| < M,.
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We now show that, for A sufficiently large,

(vse€0, X]) 0<I(s)<em™

where m) = (1 + /5 + 4M,)/2.

Let I,(s) = e™*, since m? — m; — (1 + M,) = 0 we have

E—L=(+M)[ 1()d+m 1
0

also
Lo)=1
and
I(0) = m, > 2.

Consequently I;(s) > I(s) for s in some neighbourhood of 0. Suppose there exists
a point § € (0, X] such that

(vs€[0,)) I(s) <I(s) and I(S)=1I/(S);

then, since I(s) > 0 for s € (0, X1, I'(S) = I}(S). However, from (33), if A is
sufficiently large,

1(8) = ~(ax()/R)1(8) = [*[1/(z(0) + an(t) /R 1(1) dt + 1
< (A VR)I(S) + fOS(Ml + AN I(1) dt +my — 1
< I,(S) +(M, + 1)[0511(;) di+m, ~ 1
= 1(5).
This contradiction means that

(vse[0,X]) I(s)<I(s)=em™"

The first inequality in the lemma follows by taking I' = exp(m, X). The second
inequality can then be easily derived from (33). Q.E.D.

Using these last three results we can show that the function I tends to the
solution of (29) as A — oo. In particular we have:

PROPOSITION 6. There exists a constant L > 0 such that, for X sufficiently large,

%(x);L.
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PROOF. From (29) and (33) we see that, for A sufficiently large,
SO =D+ [T - 1) &
= (a(e)/VR)1(s) = [ (a0 WR) 1(2)

with ¢ (0) — I(0) = 0.

Letting J = ¢ — I and Ji(s) = (M/ AM;) exp({M,s), where M =
(A, + XA)T and M, is an upper bound for | f’(z)| as given in Lemma 6, similar
arguments to those of Lemma 5 show that, for A sufficiently large

(vse [0, X]) J(s) < Jy(s).
Therefore J(s) = 0 uniformly on {0, X] as A — oo; and so I(s) — ¢(s) uni-
formly on [0, X]as A — oo0.
Using this and the boundedness of a,, a, and 1, it follows from (34) that

(34)

(vs € [0, X1]) -‘;l(s) S %(s) asA = oo
From Lemma 3 we have (dy/ds)}(X) > 0; so for A sufficiently large
dl dy
ds(X)> ds(X)/2. Q.E.D.

We shall use the equation that ¢ satisfies and the inequalities of Theorem 2 to
show that (dI/ds)(X) » lasA » oo and / < 0.

Now, suppose x € €, and d(x, 3Q) = s/N/2 < p/2; then, by Theorem 2 and
the definition of wy, |z(s) — wy(x)] < B/N/2 Since z([ X, 0)) € (0,1) and f’ is
continuous, it follows that there exists § > 0 such that

(Vi€ [X,00)) |z(t) —rl <& =|f"(2(2)) - f(r)| < I, 2.

In particular (V¢ € [X, 0)) |2(¢) —r| <8 = f'(r) < 0. So, if A is sufficiently
large then |z(s) — wy(x)| < 8 and f'(wy(x)) < 0. That is, for A sufficiently large,
if x € @, with d(x, 9Q) < p/2 then f'(wy(x)) < 0.

It follows from Theorem 2 that, for x € @, with d(x, 9Q) > p/2, we have

1 — exp(~AN/?) < wy(x) < 1.
Since f'(1) < 0, it follows that for A sufficiently large we have, for any x € Q,
with d(x,dQ) > p/2,
[ (wo(x)) < 0.
Consequently we see that for A sufficiently large,
(vx € Qy) f'(wo(x)) <0.
Therefore, by (32),
39 o _ , .

fs 2 dS = —Afaxf(wo)wx > 0;

X
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and by (31)

a_(p = 1/251 — .
/sxands“" % (X) /qua(v n) dS

= 22| L () + X0y (x)100)|

Consequently, we either have

(a) for sufficientiy iarge A, (di/ds}(X) < 0; or

(b) (dI/ds)(X)— 0 as A — oo.
In either case we have a contradiction of the result in Proposition 6.

Hence the assumption that (21) has at least two solutions for arbitrarily large
values of A was false. That is (21) has a unique solution for sufficiently large A.

4. Uniqueness of solutions for large «

In this section we shall show that the equations (1), (2) have a unique solution
for all values of A if a is large enough. Of course we have to exclude the case
i < v = o0, since we showed in Part II (Burnell, Lacey and Wake [2]) that (1), (2)
always has multiple solutions for any value of @, if g < » = co and n = 1.

Firstly we note that (1), (2) have a solution if and only if the equations

V= Aa(l + v)eV/Or-9 =0 inQ,

35
a_u +r=0 on 0%, (35)
on
V=0 in Q,
3k (36)

™ +ph=(p—»)v onaQ,

have a solution. This follows since (u, v) satisfy (1), (2) if and only if (v, au + v)
satisfy (35), (36). Thus we need only show that (35), (36) has a unique solution for
«a sufficiently large.
Define a map S: C(&) x C(2) - C(Q) x C(2) as follows: S(v, h) = (v', k)
where v’, b’ are the unique solutions of the equations
VW = Aav’ = Aa(l + 0)eV/D=) _rqp  inQ,
av’

— +vw =0 on 982,
oan
and
vin =0 in Q,
£+ B =(up-—») n Q2
ag T ER =(p—v)r ondq,
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respectively. Clearly (v, h) is a fixed point of S if and only if (v, &) is a solution
of (35), (36). Further, it follows from Section 1, Theorem 1 and the maximum
principle that if (v, h) is a fixed point of S then

(vx e @) -1<u(x)<0,
O<h(x)<sv/p—1 ifp<v,
“1+v/p<h(x)<0 ifp>v.

We prove that (1), (2) have a unique solution for large a by showing that two

fixed points of S must satisfy a certain inequality. We derive this inequality from
the following result.

PROPOSITION 1. There exists a constant A (independent of A, a) such that if:
(a) a > max{1,»/p};
(b) vy, vy, hy, by € C(R) and, fori = 1,2,
(vxe @) -1<u(x)<0,
Osh(x)<sv/u—1 ifp<vw,

-1+v/u<h(x)<0 ifp>v.
and

(©) (v}, b)) = S(vy, hy), (v3, h3) = S(v,, hy);
then

log — vallo + 1y = hillo < (1/“)14[""1 ~ vyflo + Ik, - hz"o]-
PrROOF. Now, from the definition of S we have
v{(v; - v;) — Aa(v) - v5)
= Aae@/@h=o) _ 0/a)ha=02) 4 4 (A/NM=0) _ oO/a)h2=02))
+(v; = 0)eV/a7eD — () — )]
= Aa[(1 + v,)(e®/D=v0) _ g0/aXhs=v2))
+(v; = vy)(e@/Nhamen) 1)
= }\a[(l/a)(l + vy)eé(hy — hy + v, — v))
+(v; = 0)(e/ ko) — 7)]
where £ is a function with §(x) lying between (1/a)(h,(x)— v(x)) and

(1/a) h,(x) — vy(x)), for all x € Q. Since, for i = 1,2, (/a)(h, - v)) <v/apif
p<vwv,and (1/a)h; — v;) < 1/aif p > v, we have

|7\°‘[(1/"‘)(1 +v)ed(hy — hy + 0, — v;) + (v, — v,)(eM/Nr2mv) ~ 1)”
< }\a{(l/a)|l + vllee(lhl — hyl +v, - U1|) +|o; = v,||e/Dh2m0D) — ll)

< Aaf(1/a)eflh, = hylly +((1/a)ef +[e = 1|)o, = vyllo},
where 8 = max{1/a, v/ap}.
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Noting that |ef — 1| < B + (8%/2)e”, and applying the maximum principle we
see that

oy = o3llo < (1/Aa)(Aa{(1/a)ePllhy — hollo
+((1/0)e? + B +(B82/2)e?)(v, — v3)llo))
= (1/a)ePllhy = hyllg +((1/a)e? + B +(B2/2) e )llo, = vallo.
Also,
v3(h- k) =0 inQ,

a(h, —
(;anhz_) +p(h— b)) = (p— »)(vf — v3) ondQ,

where we note that if v < p = oo this boundary condition becomes
hi — by = v} — v, ondQ.
Hence it follows from the maximum principle that
“hi - h,zno < (g, l’)”0'1 - Ué”o
where I(p, v) = |p — »v|/pif p < 00, and I(p, ) = 1if p = co0. Consequently
I3 = kol
< (U + 1(p, v){ (/) ePllhy — o
+((1/a)e? + B +(B2/2) e )b, — Uz”o}
< (1 + (g, v))((1/a)ef + B +(Bz/2)ep)["h1 = hyllo +llvy — Uzllo]-
Since a > max{1, »/p}, we haveif p > »,
(1/a)e? + B +(B*/2)e
= (1/a)e'* +(1/a) +(1/2a%)e'/* < (1/a)[e + 1 + Le];
andifp < »,
(1/a)e? + B +(B?/2)e? = (1/a)e™™ +(v/ap) + 3(v?/a’s?)e”/ =
<(1/a)le + »/p + 3(v/n)e].
Therefore the result follows by taking
A=Q0+1(p,»))1+3e) ifp>vr,
=1+, v))(v/p+(Q+ tv/p)e) ifp<vw. Q.E.D.

llog = wllo +

THEOREM 2. If a is sufficiently large then (1), (2) have a unique solution for all
values of .

PrOOF. Let 4 be as given in Proposition 1; and suppose a > max{1, v/, A}.
If (u,, v,), (u,, vy) are solutions of (1), (2) for this value of a and any value of A
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then (v, h,), (v,, h;) are fixed points of S, where hy, = au;, + v, h, = au, + v,.
Therefore, by Proposition 1,

"hl - hz"o + "‘)1 - Uz“o < (l/a)A["‘)l - ‘)2"0 + "hl - hz"o]
<lloy = vallg + 1Ay = Asllg.

Clearly this inequality can only be satisfied if v, = v, and h, = h,, and hence
u, = u,. Consequently (1), (2) has a unique solution for any value of A if
a > max{l,v/p, A}. Q.E.D.

5. Bounds on the region of multiplicity

Implicit in all the proofs of these results on the uniqueness and nonuniqueness
of solutions of (1), (2), given here and in Part II (Burnell, Lacey and Wake [2]),
are estimates of the range of values of A and & for which (1), (2) has multiple
solutions. Here we shall state the results that follow from these proofs. Unfor-
tunately, these estimates are rather crude as we made no effort in the proofs to
find the best values of the parameters above (or below) which there is a unique (or
multiple) solution. However we felt that it would be useful to record all these
estimates. Once again we exclude the case p < » = oo0.

For any value of a let A, be the infimum of the set of values of A for which (1),
(2) has at least two solutions; and let A? denote the supremum of this set. Also, let
K,, K, be the maps defined in Section 2, Theorem 1, and || K, ||o, [|K,llo be their
operator norms.

THEOREM 1. (a) A, > e/ /(||K llo + allK,llo)-
() Ifp = vithenX, > e V2/(a|K,Ilo)-
(c) If a is sufficiently small then

v/p+ v/ uE — dav/p .
Ap < o~ ‘/V_Z/m exp{—(v/p + m)/h} ;”0’

where - & — R is a C! function with support in @ and w is the unique solution of
Viw+ f=0inQ,9w/3n + pw = 0 on 09.
(d) If A is the supremum of the set of values of \ for which the equation

Viu+Ae*=0 inﬂ,}

g—:-*-#u:o Onﬂ,

has a solution and a is sufficiently small, then \> > .
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(e) If a is sufficiently small then

42 — v/p) Ae—*/w)/a 1
Ab < max ( /“")3 , !
o ka1 = (19wyllo)?)
where w, satisfies
._.Zwl_‘._ i/k=0 ind,
w, =0 ondQ,

with k > 1 and ||Vw)ll, <1, 4 =v/min_ o{-(dw,/3n)(x)}.
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