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DERIVATIVES OF KERNELS ASSOCIATED TO COMPLEX
SUBELLIPTIC OPERATORS

A.F.M. TER ELST

We prove large time Gaussian bounds for the derivatives of the semigroup kernel asso-
ciated with complex, second-order, subelliptic operators on Lie groups of polynomial
growth.

1. INTRODUCTION

It is well established that the kernel K of the semigroup generated by a right invariant
sublaplacian on a connected Lie group with polynomial growth satisfies global Gaussian
upper bounds. (See [15, Theorem VIIL.2.9), or [12, Theorem 1V.4.16].) Moreover,
multiple subelliptic derivatives of the kernel satisfy small time Gaussian upper bounds
with each derivative contributing an extra t~'/2-singularity ([7]). Saloff-Coste [13] also
proved similar bounds for single subelliptic derivatives of K and large t. Alexopoulos [2],
however, gave an example of a solvable Lie group of polynomial growth for which certain
second-order subelliptic derivatives of the kernel have a t~'/2, and not a t~!, asymptotic
behaviour. Nevertheless the higher order derivatives of the kernel do have global Gaussian
bounds with an additional ¢~'/2-singularity for each derivative if the group is nilpotent
(|15, 10]). Moreover, for compact groups spectral arguments show that one has an
exponential decrease for large t. The situation was clarified by the proof ([11]) that
a t~l-asymptotic behaviour is valid for the second-order subelliptic derivatives of the
kernel if, and only if, the group is the (local) direct product of a compact group and a
nilpotent group, and then the higher-order derivatives have a similar canonical behaviour.
Despite this natural limitation Alexopoulos [1, Corollary of Theorem 7.7), showed that
a general first-order derivative and some second-order derivatives of the kernel do satisfy
the canonical large ¢ Gaussian bounds. The situation then developed with a recent paper
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of [3] which proved canonical large time Gaussian bounds for multiple derivatives in the
directions of the nilradical of G. Dungey’s results were derived by combination of the
Gaussian bounds on the kernel and Ls-bounds on its multiple derivatives. Since Gaussian
bounds are now known for the semigroup kernels associated with complex second-order
subelliptic operators ([9]) Dungey’s results extend to this case. Dungey also established
a t~'/2-decay for L,-bounds for any right invariant derivative of the semigroup ([4]) using
an elaborate transference argument. In this paper we give a simpler proof of Dungey’s
results for multiple derivatives in the directions of the nilradical, based on interpolation
arguments, almost as a corollary prove a t~!/2-decay for any right invariant derivative of
the kernel, extend Alexopoulos’ result on general derivatives to the complex setting and
in addition consider higher order derivatives.

Let G be a connected Lie group with polynomial growth and Lie algebra g. In order
to describe the main theorem we need some decomposition theory, which can be found
in [1, Sections 2 and 3]. Let q, n and m be the radical, nilradical and a Levi subalgebra
for g. For all a € g let S(a) and K(a) denote the semisimple and nilpotent part in the
Jordan decomposition of ada. Then there exists a subspace v of q such that q = v ® n,
[m,0] = {0} and S(v)b = {0}. Then the nilshadow of q is the nilpotent Lie algebra

av = (4, [+, -]n) where
[a,b]n = [a,b] — S(as)b+ S(by)a

with ay, b, the v-components of a,b € q. If {qn} denotes the lower central series of
qn, that is, qn;1 = qn and quk4+1 = [qn,qn)n for all & € N, then there exist vector
subspaces €,b;,...,bh, of g such that b =0 @&, n = E® qn;2 and qnx = ques1 © b
for all k¥ € {1,...,r}, where r is the rank of qy. Let by,...,bs be a basis for g passing
through v,8,b,,...,h,,m. For all i € {1,...,d} define the weight w; = 0if b; € m @ v,
wi=1if b; € tand w; = k if b; € by with k > 2.

For all @ € g let dLg(a) denote the generator of the one parameter group ¢
— Lg(expg(—ta)), where Lg is the left regular representation in G and expg is the
exponential map. We set B; = dLg(h). We also need multi-index notation. Set

Jd) = U{L,....,d}" and if @ = (in,...,in) € J(d) set |a| = 1, [|o]| = wi, + ...+,

n=0
and B®*=B;, ... B;,.
Let ai,...,ar be an algebraic basis for g and let C = (cy) be a d' x d’-matrix of

d

complex coefficients. Assume 27(C+C*) > ul for some > 0. Set H = — Y c Ay Al
1,j=1

where A; = dLg(a;). Then it follows from (7] that the closure of the subelliptic operator

H generates a holomorphic semigroup S which has a smooth kernel K. If | - |' is the

modulus on G associated to the algebraic basis a;,...,as and V'(p) denotes the Haar

measure of the ball {g € G : |g|' < p} then it follows from [9] that K satisfies good
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Gaussian bounds, that is, there exist b, ¢ > 0 such that
(1) |Ki| < cGhy

for all t > 0, where Gy (g) = V'(t)~/2e~le)*"
The main result of this paper is that the derivatives of K satisfy the following
Gaussian upper bounds.

THEOREM 1.1. Ifa€ J(d) andi€ {1,...,d} then there exist b,c > 0 such that
|BeK,| < ct71el2G,,  and |B°BiK,| < ct~UlHD/2g,

forallt > 1.

Dungey [3] proved the Gaussian bounds |B°K,| < ct~I*l/2G,, and |B®AiK,|
< ct~Uell+D/2 Gy | for multi-indices o in the nilradical directions and in the directions of
a subalgebra s of m for which there exists a subalgebra g, of g such that g = s @ gg as
Lie algebras. In addition Dungey proved exponential decay e™** for any (higher-order)
derivative which contains at least one derivative in the directions of s.

As in [3] we first prove first Lo-bounds for B®S; with derivatives in the nilpotent
directions. Since our proof is shorter, we include it here.

The outline of the proof is as follows. First, we may assume that G is simply
connected, since the general case follows from the simply connected case by a transference
as in [11, p. 201]. So from now on G is simply connected. Secondly, we prove L,-bounds
on the derivatives of the semigroup in the nilpotent directions. These easily transform
into L-bounds on nilpotent derivatives of the kernel. Thirdly, by interpolation as in [8,
Lemmas 4.2 and 4.3}, one obtains Gaussian bounds on the derivatives of the kernel in the
nilpotent directions. Fourthly, by the convolution property Ks; = K, * K; one can move
an additional derivative in any direction to the kernel on the right. Then, by induction,
the first bounds of Theorem 1.1 follow. The second bounds follow similarly once one has
the correct Gaussian bounds on the derivatives A; K, in the algebraic directions.

In Section 2 we introduce some more structure theory for Lie groups with polynomial
growth and prove Theorem 1.1 for derivatives in the direction of n. Then in Section 3 we
prove Theorem 1.1 in full.

2. NILPOTENT DERIVATIVES

The main difficulty in the proof of Theorem 1.1 is to prove Gaussian bounds for
one derivative B;K; with b; € n. We shall prove these bounds in this section. First we
introduce more structure theory on Lie groups with polynomial growth and in addition
we introduce a scale of Lie groups and subelliptic operators.

Let M and @ be the connected simply connected subgroups of G which have Lie
algebras m and g, respectively. Then MNQ = {e} and M is compact since G has polyno-
mial growth. The bounds of Theorem 1.1 are independent of the choice of 9, ..., H,. By
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[1, Proposition 2.3], one can, however choose bs,..., b, such that by is invariant under
S(v) and adm. By [1, Proposition 2.4], there exists an inner product (-, -) on g such
that the subspaces 8,8, b2, ..., b, m are mutually orthogonal and the operators S(v) are
skew-symmetric for all v € v. Define the inner product (-, -) on g by

(a,b) = /1;1 dm (Ad(m)a, Ad(m)b)

where dm is the normalised Haar measure on M. Then the subspaces v, b,,...,H,, m
are mutually orthogonal and the operators ada and S(v) are skew-symmetric for alla € m
and v € b. We may assume that &, ..., by is an orthonormal basis with respect to (-, ).
For all © > 0 let 7,: g — g be the linear map such that +,(b;) = u¥ib; for all 1
€ {1,...,d}, where w; = 0 if b; € m and w; = k if b; € bh;. Next define [-,-],:gx g
— g by
la, 8l = 7% ([1a(@), %) )-

Then g, = (g, (- ]u) is a Lie algebra and v,: g, — g a Lie algebra isomorphism. Define
similarly the nilpotent Lie algebra qn, = (q,[-, - ]nu) With

[0, bl = 72 (@), 1) ).

Then qyy is the nilshadow of g,,.. If a*y,b denotes the Campbell-Baker—-Hausdorff formula
in a and b with respect to [-, ‘|ny On qny then Qny = (q, *ny) is the connected simply
connected nilpotent Lie group with Lie algebra qu,. Set Gy, = M x Qny. We denote by
#nu the multiplication on Gy, and by g{~!¥ the inverse of g. Define 7,: gny — L(gnu)
by 7u(a)b = (za.dam +S ('yu(ao)))bq, where ay, and a, are the components of a in m and
v and bq is the component of b in q. If T.: gnu — Aut(gny,) is the homomorphism such
that T,(expg,, @) = €™ and T,: Gyu - Aut(Gny) is the Lie group homomorphism
such that
T(expg,, a) expg,, b = expg,, (Tu(expg,, a)b)

for all a,b € gyy then (g,h) — g n* h = (Tu(h(-D¥e)g) xy, h defines a Lie group
multiplication on the set Gy, of which the Lie algebra is isomorphic to g, (compare [14,
p- 229]). Here expg,,, denotes the usual exponential map on Gyy. Weset Gy = (Gny, 1, *)
and T = Ty. Then with u = 1 the Lie group G is isomorphic to (Gny, r*) and from now
on we identify G with (Gy1,7%). We also delete the u in a symbol if u = 1. As a
consequence

(2) (dLe.(@)#)(9) = (dLoy, (Tels")a)¢) (9)

foralla € g, g € G, and ¢ € C=(G,,). But it follows from the skew-symmetry of adm
and S(v) that T, is a unitary representation of Gy, on g equipped with the inner product

(.’ )
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We choose and fix a Lebesgue measure on the vector space q. Then we fix the Haar
measure on @y, such that fQN.. p= fq @ oexpg,, for all p € C.(Qny). Then the Haar
measure on Gy, is the product measure of the normalised Haar measure on the compact
group M and the Haar measure on Qy,. Finally since |det 7_‘.,(g)| =1 for all g it follows
that we can choose the Haar measure on G,, such that fG“ = fGNu @ for all p € C(Gy).
Note that this fixes the Haar measure on G = G;.

If a1,...,aq is the algebraic basis of g then uy;(a1),...,wy; (ax) is an algebraic
basis for g,. Now set Al = dL¢, (uvg'(ax)) for all k € {1,...,d'}. Then (2) implies
that
d d

(3 (A0)0) = 3_(Tu(@)ts i7" (@)) (B?9)(9) = 3 u'™ r7)(6) (B{V¢)(0)
=1 =1

where

B} = dLg,, (%),
r,(c‘;) = rgj o Ty, 1j(g) = (T(9)bj,ar) and I'y: G, — G is the lifting of the isomorphism

Yu-
Next, define the subelliptic operator Hp,) on Gy by

dl
H[u] = — Z Ckl Ag‘] AEH] .
k=1

If S is the semigroup generated by H| [« then by subellipticity there exists a ¢; > 0 such

that
(4) |+ Hyg)™Y,,, < A7
(5) I + H) 7 A, < e A2

uniformly for all \,u >0 and k € {1,...,d'}.
Let dy = dimv and d; = dimq. Then n = {bg41,...,b4,}. Moreover, set J(n)

o
= U {do+1,...,d;}". First we prove L, bounds on nilpotent derivatives.
n=0

PROPOSITION 2.1. Foralla€ J(n) there exists a ¢ > 0 such that
(6) 1B2Sill2z < ct7Mol/2

forallt > 1.

The proof requires some preparation. For all « > 0 consider the unitary represen-
tation U™ of the Lie group N in Ly(Gyy) defined by U™ (n) = Lg,, (n). For m € N
define the space

xX¥= (] DB
a€Jm(n)

https://doi.org/10.1017/50004972700037205 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700037205

398 A.F.M. ter Elst 6]

with norm

®) = Be
el = max [B*20]l2,

where ||- 2 is the Ly-norm on Ly(G,,) and Ju(n) = {a € J(n) : [af < m}. So X4 is the
Banach space of m-times differentiable elements with respect to the representation U
and the vector space basis by, 41, - - ., bg, for n, with the usual norm. Define the seminorm
NS 2% — R by

N (p) = max [[B®ey, .

a€J(n)
la|l=m

Next we need bounds on N3 ((AI + Hy)™ly).
LEMMA 2.2. Forallm € N there exist c, A\g > 0 such that

NS (M + Hp)) ') < eATIN ()

forall A 2 Ao, u 2 1 and ¢ € La.oo (G nu).

PROOF: Since 51(“)7”1(;;) = 0 if b; € n and n is an ideal it follows from (3) that there

exists a ¢ > 0 such that
|(B®e=, AMy||, < e N (p)

forall k € {1,...,d'}, u 2 1, ¢ € Lyo(Gny) and a € J(n) with |} = m. Let u > 1,
A >0, ¢ € Ly;oo(Gny) and write ¢ = (M + Hpy)) ™. For all a € J(n) with |a} = m one
has :

IB*pllz < [|(M + Hyup) ™ B2|l, + [|(A + Hy) (B, Hygl,
dl
SATINE(@) + D lewl ||(M + H) M [B™e, Al 4Py,
kl=1
d -
+ 3 lewl ||(M + Hy) AP [Be, Ay,
k=1
d' d

SATNB(p) +er Z x| NS (AP19) + oy A712 Z lew| NS ()
k=1 k=1

. d
where we used (4) and (5). So with ¢; = ¢ }_ |ck| one deduces that
kl=1

(1) NP@) AT NP0 + oA max NO(ALY) + e 2 NDY).

Next, if k € {1,...,d'} and o € J(n) with || = m then it follows from subellipticity
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that

”E(u)aALu]w“g < 2“A[“)B(“)°‘l/}“2 + 2“[B(u)a AM]"/’”
< 207" Re(B™*y, Hyy BM2y) + 2 N (y)?
<2ut Re(g(“)a'tb, E(")aH[u]¢)

+ 257" Re(B™*4, [Hy, B™*]y) + 22N ()2 .

Re(B®eyp, B Hip) = Re(B™y, BM™ap) — ARe(B®™=yp, Bay)
S NP ) NS () < 27 (NS(®)? + NP ()

and

[Re (B, (Hy, By)|

€ 3l (B, 14, B+ )|+ 3 ot | (B, Aa, Bey)|
ij=1 i
< ;: N,(#)(,(/)) ]e?},a‘),(df} N(")(A["]zj;) te . {nl,;,( 1 N(u)(A["]w)N(u) (,(/}) + cczN(")(z/))Z
by anti-symmetry of AE | and an estimate on the commutator [AE"], B(“)a]. Hence
(12, VO < wm NP () + 40 w7 NP () | max, NEO(AFy)
+2(p7 + S+ plee)) N ()2

Therefore

(NS (AL) < i/ NS () + s N3 ()
€

where c; = 4de ™' + (2(p  + 2+ ple 02))1/2. Together with (7) it follows that
NP W) < X1+ e u NP (@) + cales A7 + e ATV N (9)

So the lemma follows with A\g = 1 + 4c2(c; + ¢3)%. 0

Now we are able to prove Proposition 2.1.

PROOF OF PROPOSITION 2.1: Let m € N, m 2 2. It follows from the first five
steps in the proof of [9, Lemma 2.2} that there exists a v € (0,1) such that L), (G,)
C (L2(Gwu), L;;m,(GNu))%m;K and the embedding is continuous uniformly for all u > 1
where Lj;(G,) is the Sobolev space defined with respect to the group G, and the algebraic
basis uy;(a1), . .., wy; ' (ae) and L), (Gny) is the Sobolev space defined with respect to
the group Gy, and the algebraic basis by, ..., bq,, bay+1, - - -, bs, where d; = dimb,. Here
we used the real interpolation spaces with respect to the K-method of Peetre. Obviously
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o (GNu) C L9 (Gnu), the Sobolev space with respect to the set by,...,bs. But

2 mr
'2(‘3,),(GN1) C L (Gm), the Sobolev space with respect to the set by,...,bq, and the
embedding is contmuous Therefore, by scaling, the space L;,(g,),(G ~u) Is embedded in the
space L(Q) “'(Gny) and the embedding is continuous uniformly for all u > 1. Obviously,
(Q) “(Gnu) C X X% and the norm of the embedding is bounded by 1. Combining these

embeddmgs there exists a ¢ > 0 such that

dl
gt e < el + 2 1457
k=1

uniformly for all w > 1 and ¢ € L;,(G,). Hence by (4) and (5) there exists a co > 0 such
that

) AT + H[“I)—l‘p“(xo“",x,s:‘)),‘z'x <A el

forallu>1,A> 1and p € XM,
By Lemma 2.2 there exist ¢; 2> 1 and Ay > 0 such that such that

AT + Hiw) "' olllm < es A7l lm

forall A > Ao, u 2> 1and ¢ € Lgoo(Gnu). But Ly,oo(Gy) is dense in Xy, (u) by an argument
similar to the proof of [5, Lemma 2.4]. Hence if A =1V )g then the map (Al + Hy))™
is continuous from X into X with norm bounded by 1 and from X% into X with
norm bounded by ¢;. Therefore, by interpolation, for all v € (0,1) the map (M + Hp,))™*
is continuous from (X} () X(")),,, 2k into (Xo(") Xmu))—72]( with norm bounded by ¢,. But
by (8) the map (M + Hj,))™! is also continuous from A (") into (X(“) (")),,,g,K with
norm bounded by c¢y. Hence, by interpolation, for all v € (0, 1) the map (M + Hpy))™!
is continuous from (X, A, ("))7,2,;( into (™, Al ))7+(1—7)u,2,K with norm bounded by
co + ¢;. Using interpolation once more, it follows that there exists an N € N such that
the map (A + Hpy))~" is continuous from Xo(") into (xé"’,x,&:‘ ))1_(2,,,)_1,2,}( with norm
bounded by (1+co+¢,)™. By (11) in [6] one has (X, ,(,:‘))1_(2,,,)-1,2,]( C X™ and the
embedding is continuous, uniformly for all u > 0. Hence there exists a ¢, > 0 such that

1B®pll2 < IHelllmls < e llell e e

)1—(2 )>-l2K

uniformly for all u > 1, ¢ € Ly.o(Gny) and @ € J(n) with || =m — 1. Then
IB™2gll2 < ea(1 +co+ )V || (M + hﬁu])”«pll2

for all ¢ € Lg,o(Gy). In particular,
N

u N — n
1B®esM 00 < c2(1+ o + CI)NZ (n))\N " "H[u]SP‘]”Z-ﬂ

n=0

N
N u] 1n
<att+a+a)’ (W + 3 (V) hHasthies)

n=1

https://doi.org/10.1017/50004972700037205 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700037205

[9] Derivatives of kernels 401

But there exists a c3 > 1 such that ||HS,||ao2 € c3t™! for all ¢ > 0. Then ||H[u]S{';]nl|2_,2
= w?||HS,-142]|252 € can uniformly for all » > 0. Then

1B*28M I,z < c4
for all w > 1, where ¢4 = ¢3¢3(2(1 + ¢9 + ¢1)A)V N. Finally, it follows from (2) that

d - _
BM = S (pj 0 I‘u)BJ(.“) for all i € {1,...,d} and u > 0, where py;(g) = (T(g)b;,b:).
=1

But if b; € n then for a non-vanishing term in the sum one must have b; € n. In
addition, B,(cu)pij = 0 if b € n and p;; is bounded. So for all @ € J(n) there exist

bounded continuous functions pg such that B®e = 3~ (psoT,)B®™E_ Then for
BeJ(n); |Bl=lal

all @ € J(n) there exists a cs > 0 such that |[B(“)°S{"]||2_,2 £ cs, uniformly for all u > 1.

Then

- / —
| BESe||2yz = t~N0l2|| BE gl ™), ) < ogp=lall2
for all t > 1 and Proposition 2.1 follows. 0
COROLLARY 2.3. For all o € J(n) there exists a ¢ > 0 such that

|B2K,||oo < cV'(t)~ /2 loll/2

forallt > 1.

PRrOOF: For all ¢ > 1 and a € J(n) one has

|B*Kstlloo = || B*Sat|l1-00 < || B*Satll2sc0l|Sell1os2
= [1B*Stllo=2lISell2-00IS; 1200 = |B*Sellzm2ll Kell2lL Kl
where K1 is the kernel of S*. Then the corollary follows from the bounds (6), the Gaussian
bounds on K and K and the doubling property. 0

The next lemma is the key in the induction step to turn L,-bound on derivatives
and Gaussian bounds on K into Gaussian bounds on derivatives of K.

LEMMA 2.4. Supposea € g,t 2 1, b,¢y,¢2,¢,6 > 0, @ € C*(G) and suppose
that

|®(9)] < coGrl9)

for all g € G,
ldL(a)?®]|| , < 2 V' ()72

and |expual’ < ¢(1V |u|'/®) for all w € R. Then
|(d2(@)2) (9)] < (2677 c0 + 272 7) Ga-10,(g)

for all 7 € (0,t"/%] and g € G.
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Proor: If u € R then
(|g|')2 < 2(|exp(—ua)g|’):2 +2(| expual)® € 2(|exp(—ua)g[')2 +2¢ (1V [u|*/%)
and hence
~(Jexp(~ua)s])" < =26l + & (1V juf*?)
for all g € G. Therefore

(¢~ o)) 0] <22

for all g € G and u € (0, t¥/?].
Using the identity

£(0) = (f () — £(0)) +u" / "o (u - 0) ()

with f(u) = (L(exp ua)®)(g) one deduces that

I(dL(a)d)) (g)| < u‘ll ((I — L(exp ua))<I>) (g)‘ + u“/o dv (u - v) ||dL(a)*®||
< 2ebc7 ! co V'(t)_1/2 e—2“b(|g|’)2t" + 2"1u02 Vl(t)-—l/2

for all g € G and u € (0,1%/2]. Then the lemma follows by setting u = 7 e~ '8sl)*e™" []

Next we prove the Gaussian bounds for the nilpotent derivatives of the kernel. If
|- |and |-|g, are moduli on G and Gy with respect to the basis by, ..., by, respectively,
then it follows from (2) and the orthogonality of the T(g) that |g| = |g]¢,, for all g € G .
Then by [15, Proposition I11.42], for any neighbourhood 2 of the identity element there
exists a ¢ > 0 such that

(9) clgley <lgl' < clgley

or all g € G\
PROPOSITION 2.5. For alla € J(n) there are b,c > 0 such that

(10) |B®K,| < ct7leli2 gy,

forallt > 1.

ProoF: If |o| = 0 then the bounds (10) equal the bounds (1). The proof is by
induction. Let k € {dp + 1,...,d;}, @ € J(n) and suppose that the bounds (10) are
valid for B®K;. Then by (9) and the inclusion “¢(R(t)) C B(ct)” in the proof of (15,
Proposition 1V.5.6], applied to the simply connected nilpotent group Qy it follows that
there exists a ¢ > 0 such that | exp ubg| < c|u|'/#* for all [u| > 1. Then the bounds (10)
follow for By B°K, from Lemma 2.4 by taking ® = B®K,, a = by, § = wy and 7 = t¥+/2,
using the induction hypothesis and the Ly-bounds of Corollary 2.3 on B?B®K,. Hence
by induction the bounds (10) are valid for all & € J(n). The proof is complete. 1]
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3. DERIVATIVE BOUNDS

The derivative bounds on the kernel in a general direction follow from the derivative
bounds in a nilpotent direction and an estimate on (b;, Ad(g)b;). We need two lemmas
before we prove the required bounds on Ad(g).

LEMMA 3.1. Ifv € v then K(v)qnyk C quu4r forallk € {1,...,r}.

PRrROOF: It is straightforward to prove that adv and K(v) are derivations on gy. If
v' € v then (adv)v’ = [v,v']n and since K'(v) is a polynomial in adv without a constant
term and adv is a derivation of qu it follows that K (v)o C qne. Clearly K (v)n = [v,n]y
C qn;2- So K(v)q C qn.2. Since K (v) is a derivation of qx the corollary follows. 0

For all £ € R% define ||¢]| = Z |€:11/%. Then it follows from the Campbell-Baker—

Hausdorff formula and the first dlsplayed formula on page 55 of {15] that there exists a
¢ > 0 such that

(11) lEll < c|expg,, &1b1 *Gy - - *Gy €XPgy Edyba,lGy
for all £ € R% with ||¢|| > 1
LEMMA 3.2. Foralli,je{l1,...,d} and my,...,mq, € Ny there exists a ¢ > 0

such that
’(bj, (ad€a b4, )™ . . . (ad€ag+1bag+1) "%+ K (Edobag )™ - . -K(flbl)m‘bi>‘
cliéll“i= if wy > wi
<
(12) { 0 otherwise

for all ¢ € R% with ||¢|| > 1
PRrROOF: By composition it suffices to prove the statement for m; +... + mg, = 1.
Let l € {1,...,d,} be such that m; = 1. Suppose the left hand side of (12) is not zero.
If | < dy then v = &b, € v and one has K(v)m = {0} and K (v)qn C qn41 for
allk € {1,...,7} by Lemma 3.1. Hence i < d; and w; = w; > w; > w;. Therefore with
¢ = |(bs, K (8)b:)| one has

(b3, K (Eabo)| < cleal < cllel < el

since ||¢|| = 1

If | > dp then with n = &b; € n one has (adn)b; = —[b;,n] € by, N0 if b; € m.
Hence b; € n and w; — w; = w; = w;. Then I<bj,(ad5[b[)bi>| < ’(bj,[b,,b,-]>l [[€]|i—ws
since |&] < ||€]|¥r. Alternatively, if b; € v then (adn)b; = —(adb;)n € qnu, Nn. So
b; € nand wj —w; = w; 2 w;. Then |(bj, ad&h, b)| I(bj,[b,,b-])l [l€||“5 = since
&l < |I€I* < |I€))™ . Finally, if b; € n then (adn)b; € qnw;+w,- S0 w; 2> w; + w; and one
can argue as before. 0
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LEMMA 3.3. Foralli,je{l1,...,d} there exists a ¢ > 0 such that

c (1 + (|y|')uj_wi) if wj 2w
0 otherwise

I(bj: Ad(g_l)bi)' < {

for allg € G.

PROOF: Since G = MQ and M is compact it follows that Ad(M)b; is a bounded
subset of m@ b or b, "nif b, € Mm@ b or b; € n, respectively. So it suffices to
consider the case g € Q. By [14, Theorem 3.18.11), there exists a £ € R% such that
g =exp&iby...exp&y by, Then

Ad(g_l) = g~ Magba,  o—adlagtibag+1o=Kldgbay) o= K(£181) o=S(agbey) | o—Sabr)

But S(v) is an orthogonal transformation, leaving méwv, &, hs,..., b, invariant. Moreover,
expg, £101 *Gy - - *Gy €XPgy Ed,0a, = expiby .. .exp &y by, = g. Therefore by (11) and
(9) it suffices to show that there exists a ¢ > 0 such that

c il if w; > ws

|<b_, e—2agbay  g—ad€agr1bagt1o—K(Eagbay) e—K(exbl)bl)l <
’ 0 otherwise

uniformly for all £ € R% with ||£|| > 1. But this follows from Lemma 3.2 by expanding
the (terminating) power series of the exponentials of the nilpotent endomorphisms. [

Next we derive a global a priori Gaussian bound which will be improved by subse-
quent additional arguments.

LEMMA 3.4. For all o € J(d) there exist b,c > 0 such that
(13) |BEKy} < ¢Goy

for allt > 1.

PROOF: Let a € J(d). It follows from the semigroup property and the bounds (1)
that there exists a ¢ > 0 such that

1BSillo = |B*Stlli-s00 < 11B*S1/2llo-s00 [1Se-1/2l1000 < V't~ 1/2)71/?

for all t > 1. Hence there exists a ¢ > 0 such that ||B*S;|leo < cV'(¢)""/2 for all £ > 1.
Now we prove the lemma by induction to |c|. The bounds (13) are valid if |a| = 0.

Let k € {1,...,d}, @ € J(d) and suppose the bounds (13) are valid for B*K;. Then the

bounds (13) for By B*K, follow from Lemma 2.4 by taking ® = B°K;, a = b, 7 = 1

and 6 = 1, using the induction hypothesis and the above proved Lo,-bounds on BZB°K,.

Hence the lemma follows by induction. 1]
The proof of Theorem 1.1 is an easy consequence of the next lemma.
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LEMMA 3.5. Let R be a right invariant differential operator, b,¢ > 0, § > 0 and
i € {1,...,d}. Suppose that |RK;| < ct® Gy, for all t > 1. Then there exist b',c’ > 0
such that |B;RK;| < ¢ t~0t—wi/? Gy, forallt 2 1.

Proor: For all j € {1,...,d} define 4;;: G = R by
¥ii(g (bJ,Ad “1 b)

d
Then B; L¢(g) = Y- Le(g) ¥ii(g) B; for all g € G. Hence
=1

d
Bi($xp) = ) (i) » Bjp
j=1
foralli€ {1,...,d} and ¢, 9 € L;.o(G). In particular,
d
(14) B;RK» = Bi((RK\)+ K\) = ) (% RK:) » B;K,
j=1

for all t > 0. By Proposition 2.5 and Lemma 3.4 there exist b;,c; > 0 such that | B;K;|
< e tvil %Gy, s forallt > 1and j € {1,...,d}. Moreover, by Lemma 3.3, one can restrict
the sum in (14) to j € {1,...,d} with w; 2 wi. So suppose w; > w;. Then there exists a
¢z > 0 such that |¢4;(g)| < c2 (1 +(lgl)* _w') forallg € G. Therefore by the assumption
on RK,; one has

[413(9) (RK)(9)} < cea(1+ (Igl't™1/2) ™ tles=0/2) 475 Gy g)
< cep(l +c3) t70 9742 Gy (g)
for all g € G and t > 1, where ¢3 = sup,o 2 ~“e~2" %", Then

|(i; RK,) * B Ky

for some ¥,¢ > 0, uniformly for all t > 1, since the convolution of two Gaussians is
bounded by a Gaussian. 0

PrOOF OF THEOREM 1.1: The first estimate for |a| = 0 is given by (1) and it
follows by induction to || from Lemma 3.5. The second estimate follows similarly once
one can prove that B;K, has bounds |B;K,| < ct™'/2Gy, for all t > 1. Since ay, .. .,az
is an algebraic basis it suffices to prove that for all @ € J(d') with |a] > 1 there exist
b,¢ > 0 such that

(15) |A®K,| < ct™Y2 Gy,

for all t > 1. The proof is again by induction.
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If |a} = 1 then (15) has been proved in [13, Proposition 1], for a sublaplacian and
the proof for a complex subelliptic operator is the same, once one has the Gaussian
bounds (1). Let a € J(d') with |a| > 1, k € {1,...,d'} and suppose the bounds (15) for
A% K, are valid. Then the bounds (15) follow for A; A°K, from Lemma 3.5 by writing A,

as a linear combination of By, ..., B;. Hence by induction the bounds (15) are valid for
all & € J(d') with |a| > 1 and the proof of the theorem is complete. 1]
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