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Abstract Motivated by the construction of the free Banach lattice generated by a Banach space, we
introduce and study several vector and Banach lattices of positively homogeneous functions defined on the
dual of a Banach space E. The relations between these lattices allow us to give multiple characterizations
of when the underlying Banach space E is finite-dimensional and when it is reflexive. Furthermore, we
show that lattice homomorphisms between free Banach lattices are always composition operators, and
study how these operators behave on the scale of lattices of positively homogeneous functions.
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1. Introduction

From the point of view of Banach space theory, Banach lattices constitute an important
class which includes many of the classical function spaces arising in analysis. The order
structure of a Banach lattice is deeply tied to the geometry of its norm, and much research
has been carried out to elucidate this relationship.

A common approach in the literature is to use a Banach space E to construct, or
“induce”, a Banach lattice. We shall study a collection of Banach and vector lattices
obtained in this way, consisting of positively homogeneous functions defined on the dual
space of F, with the aim of understanding how key geometric properties of E are expressed
in the order structure of and relationship between the Banach lattices it induces.

Our motivation comes from the study of “free Banach lattices”. This notion arose in
the work of de Pagter and Wickstead [14], who defined the free Banach lattice over a set.
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2 N. J. Laustsen and P. Tradacete

Subsequently, Avilés, Rodriguez and Tradacete [6] defined the free Banach lattice FBL[E]
generated by a Banach space F and observed that this object generalizes that of de Pagter
and Wickstead in the sense that, for a set A, FBL[¢;(A)] is the free Banach lattice over A.

As shown in [3, 4, 14], free Banach lattices are closely related to the notion of projec-
tivity. They also played a key role in the recent construction of push-outs in the category
of Banach lattices [7], and they have been instrumental in resolving a number of open
problems about the structure of Banach lattices, including the following;:

e A Banach lattice may be lattice weakly compactly generated, but not embed into
any weakly compactly generated Banach space [6, Corollary 5.5]; this answered a
question of Diestel.

e A lattice homomorphism between Banach lattices need not attain its operator
norm [12].

e A closed, infinite-dimensional subspace of a Banach lattice need not contain any
bibasic sequences [29, Theorem 7.5].

Other recent results concern the relationship between a Banach space E and the free
Banach lattice FBL[E] it generates. Let us briefly mention a few of these:

o E is separable if and only if FBL[E] is separable [6, Theorem 3.2], if and only if
FBL[E] has a quasi-interior point [29, Proposition 9.4].

e FBLI[E]* is order continuous precisely when E does not contain any complemented
copies of ¢1 [29, Theorem 9.20].

e FBLI[E] satisfies an upper p-estimate if and only if the identity operator on E* is
(p*, 1)-summing, where p* is the conjugate exponent of p [29, Theorem 9.21].

e FBLI[E] always satisfies the countable chain condition [5].

Formally speaking, the free Banach lattice generated by a Banach space E is a Banach
lattice FBL[E] together with a linear isometry §¥: E — FBL[E] such that, for every
Banach lattice X and every bounded linear operator T: E — X, there exists a unique
lattice homomorphism 7' : FBL[E] — X such that the diagram

FBLIE|

aET X

E— X

is commutative, and ||T'|| = ||T||. This construction defines a covariant functor from the
category of Banach spaces and bounded linear operators into the category of Banach
lattices and lattice homomorphisms.

Standard arguments show that if the free Banach lattice generated by a Banach space F
exists, then it is unique up to isometric lattice isomorphism, so the significance of [6] is the
proof that FBL[E] exists. Constructing free vector lattices is quite straightforward (see
[8, 10]), but the method does not immediately carry over to Banach lattices (although it
is possible to adapt it, as shown in [33]). Instead, the authors of [6] took a different route,
constructing FBL[E] explicitly as a Banach lattice of functions. This additional feature

https://doi.org/10.1017/50013091525101181 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091525101181

Banach lattices of positively homogeneous functions 3

has turned out to be very useful and is a cornerstone of our work. Let us therefore begin
with a review of the construction.

Take a Banach space E, and denote by H[FE] the linear subspace of RE" consisting
of all positively homogeneous functions, where we recall that a function f: E* — R
is positively homogeneous if f(Az*) = Af(a*) for every z* € E* and A € [0,00). For
f € H[E], define

Il f llrBLIE)= SUP{ZV(@ tn €N, (z})j_; CE” SUPHI\|<1Z|$ <1} (1.1)
j=1 j=1

Then H'([E] = {f € H[E] : || fllppLir) < oo} is a Banach lattice with respect to the
norm || - [|pprig) and the pointwise vector lattice operations. Now, for x € E, the map
6z E* — R defined by 6,(z*) = x*(z) belongs to H'[E] with |6]|rerie) = |2/ e.
and [6, Theorem 2.5] shows that the free Banach lattice FBL[E] can be realized as the
closed sublattice of H![E] generated by {4, : © € E}, together with the linear isometry
0F: E — FBLIE] given by 6% (x) = 6, for » € E.

This construction was generalized in [25] to produce the free p-conver Banach lattice
generated by a Banach space E for 1 < p < oo. To state the definition, set

I lleper s, —sup{(z W) n e, (@, © B @ 1||pwcak<1} (1.2)
for f € H[E], where

() =1l wear = SUP (le )1 (1.3)

lzll<1

n

denotes the weak p-summing norm of the n-tuple (z7)7_; in E*. (As usual, expressions

1

of the form (23‘;1 It |p> " should be interpreted as maxi<;<n [tj| for p = 00.) Note that

for p=1, (1.3) can equivalently be written as

15 e = _sup stj il (1.4)

EJ—

Then HP[E] = {f € H[E] : | fllpBLrr) < oo} is a Banach lattice as before, and [25,
Theorem 6.1] shows that the closed sublattice of HP[E] generated by the set {0, : € E}
together with the linear isometry 6¥: F — FBLP[E] given by §(z) = §, for z € E is
the free p-convex Banach lattice generated by F.

We observe that FBL[E] = FBL'[E] because (1.2) reduces to (1.1) for p=1. A less
obvious result, shown in [29, Proposition 2.2], is that FBL™[E] can be identified with
the space of positively homogeneous weak*-continuous functions defined on the dual unit
ball.
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The role of positive homogeneity in these constructions is not coincidental, but a
consequence of the fact that the functions §, for x € E are our building blocks. They are
linear, and hence lattice combinations of them will always be positively homogeneous.
We remark that earlier work on Banach lattices of positively homogeneous functions can
be found in [19, 30, 31, 34].

The purpose of the present paper is to investigate HP[E] for 1 < p < oo in its own
right, together with a number of sublattices and ideals lying between FBLP[E] and H?[E].
This will in particular lead to characterizations of the cases where the underlying Banach
space E is finite-dimensional (theorem 3.5) and reflexive (theorem 5.5).

In section 4, we shall see that in the infinite-dimensional situation, one should be able
to provide examples of weak*-continuous functions in HP[E] that are not in FBLP[E].
Surprisingly, our proof requires the existence of a separable quotient of the underlying
Banach space E. Although this might be just an artefact of the proof, in any case it
provides a fairly general condition that allows us to distinguish FBLP[E] within the
weak™ continuous functions of HP[E].

Finally, in Section 6 we study lattice homomorphisms between free Banach lattices.
Our main result (theorem 6.4) states that every lattice homomorphism 7': FBLP[E] —
FBLP[F], where 1 < p < oo and FE and F are Banach spaces, can be expressed as a
composition operator

Tf=fodr (fcFBL[E])

for a unique map ®r: F* — E*, which is positively homogeneous and maps weakly
summable sequences in F* to weakly summable sequences in E*, and whose restriction
to the closed unit ball of F* is weak™-continuous. We explore the consequences and
applications of this result, including the impact of the map ®7 on the other Banach
lattices under investigation. We refer the reader to [1] and [2] for unexplained terms from
the classical theory of Banach spaces and Banach lattices.

2. Banach lattices of positively homogeneous functions defined on a dual
Banach space

Take p € [1, 0], and let E be a Banach space, always over the real field. (We refer to [13]
for the construction and study of free complex Banach lattices over a complex Banach
space.) The Banach lattice (H?[E],|| - ||reLr[g)) Plays a central role in the definition
of FBLP[E], being the ambient lattice that FBLP[E] is defined as a sublattice of.

We shall consider the following vector lattices and ideals, several of which were already
mentioned in the Introduction; for ease of reference, we include them here:

HE|={f¢€e RE™ . f is positively homogeneous}
lato[E] = the sublattice of H[E] generated by {d, : z € E}
I[E] = the ideal of H[E] generated by {J, : x € E}
HP[E] ={f € HIE] : || flrBrr(5) < 00}
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FBLP[E] = the closed sublattice of H?[E] generated by {0, : € E}
H,+[El={f € HIE]: flpg. is weak™-continuous}
Ip-|E] = I[E] N Hy-[E]

[E] =
[E] =
[E] =
HY.|E) = HP[E] N Hy-[E]
[E] =
[E] =

JP.[E] = the ideal of HP[E] generated by HE.|[E]
M. o[E] ={f € HP[E] : f|B. is weak*-continuous at 0},

where Bg+ denotes the closed unit ball of E*. Note the change of terminology here: what
we call H'[E] was originally denoted Hy[E] in [6]. As already stated in the Introduction,
HP[E] is a sublattice of H[E] and a Banach lattice with respect to the norm || - [|ppre(g)
defined by (1.2).

For f € H[E], we write

HfrBE*

o = sup{|f(m*)\ tat e BE*} € [0, o0 (2.1)

for the uniform norm of the restriction of f to Bg-. Then [29, Proposition 2.2] bhOWb
that (FBL™[E], || - [|ppLecr]) is isometrically lattice isomorphic to (Hy-[E], || - [|oo), a
previously mentioned. For that reason, we shall restrict our attention to the case p < oo
in the remainder of this paper.

We begin with some basic general observations.

Lemma 2.1. Let E be a Banach space, and take 1 < p < oco. Then:

(i) IIE)={f € HE]:|fl < Z?:l |0z;| for some n € N and x4,...,2, € E}
={f € H[E] : |f| < V,|0s,| for some n € N and a1,...,2, € E}.
(ii) Hy«|E] is a sublattice of H|E].
(iii) The norm (1.2) dominates the norm (2.1); that is, || fllrrrie) = [|fBo« oo for
every f € HP[E].
(iv) Hy«[E] is closed in the norm || - ||o defined by (2.1) in the following precise sense:
Suppose that (fr) is a sequence in Hy~[E] which converges uniformly on Bg~ to
a function f € H[E]. Then f € Hy«[E].
) H.[E] is a closed sublattice of the Banach lattice (HP[E],| - |lrBLr(g))-
) FBLP[E] C H,+[E].
(vii) I[E]) C JE.[E].
i)
)

I, |E) C HY,.[E], where the closure is taken in (HP[E], || - ||lrpLr(g])-
M} o[E] is a closed ideal of H?[E] containing J}.[E], where the closure is again
taken with respect to the norm || - |[ppre(g]-

Proof. (i) The first equality follows from the fact that the set on the right-hand side
is the smallest solid subspace of H[E] which contains §, for every € E. The second
equality is immediate from the inequalities
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"< IPAVA . :
V.l < Zl 00| SV _lonay] (€N 21, 00 € B)
j=

(ii) This is a consequence of the fact that the lattice operations in H[E] are defined
pointwise.

(iii) This is clear because ||z*|p,weak = ||x*|| for each z* € E*.

(iv) This follows from the general result that the uniform limit of a sequence of
continuous functions defined on a compact Hausdorff space is continuous.

(v) Clause (ii) implies that H%.[E] is a sublattice of HP[E]. To see that it is closed,
suppose that (f,,) is a sequence in HY.[E] which converges to f € HP[E] in the norm
|l - llrBLr(E)- Then (f,) converges uniformly on Bg- to f by (iii), so (iv) implies that
f € Hy~|E].

(vi) This is proved for p=1 in [6, Lemma 4.10], and the argument given therein carries
over verbatim to p>1. Indeed, (v) implies that S := FBLP[E] N H,~[E] is a closed
sublattice of (FBLP[E], | - |[rBrr(g)). Clearly 6, € S for every x € E, so S = FBLP[E];
that is, FBL?[E] C H,- [E).

(vii) We begin by showing that I[E] C HP[E]. Take f € I[E]. By (i), we can find n € N

and z1,...,x, € E such that |f| <Y }_, [0z, |- Suppose that m € Nand z3,... 2}, € E*
with ||(x )j 1llpwea < 1. Then 3770 [af(x) [P < [|log||P for each k € {1,...,n}, and
consequently

<g|f(x§)p);<<zm:(i|xj(xk))) i(ilx (z1) ) gﬂxkn,

j=1 k=1 k=1

where the second inequality is simply the statement that the norm of the sum of n
vectors in £} is dominated by the sum of their norms. We conclude that || f||rpLe(r) <
> re llzkll < oo, and therefore f € HP[E], as desired.

This implies that I[FE] is the ideal of HP[E] generated by 4, for 2 € E. These generators
belong to HY.[E] (as we already observed in (vi) above), and hence I[E] C JE.[E].

(viii) We have just seen that I[E] C HP[E], so I,+«[E] C HY.[E]. Now the conclusion
follows from the fact that HY.[FE] is closed by (v).

(ix) Suppose that f belongs to the closure of the ideal of H?[E] generated by M,,. o[E],
and take a weak*-null net (z7,) in Bg-. The set M. ,[E] is a sublattice of H[E] because
the vector lattice operations are defined pointwise. Therefore, for each ¢ > 0, we can find
g € HP[E] and h € M. ,[E] such that || f — gllpeLr(g) < € and |g| < |h]. Since h(0) =0
by positive homogeneity, we can choose «y such that |h(z})| < € for every a > ag. Then
we have

[f(25) = FO) = [fzo)] < [f(25) = g(za)] + lg9(3)]

<|f
< | f = glleBreg + [R(2))] < 2e (o > ),

which shows that f € MP. ([E], and therefore M. ([E] is a closed ideal of HP[E].
This implies that Jy.[E] € M,,. [E] because Hy,.[E] € M},. ([E]. O
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The following two chains of inclusions summarize the relationship among the sets
defined above:

laté[E] C FBLP[E] C I, |E] C HY.[E]

C J2.[E] C TE.[E] C M2 o[E] € HY[E, (2.2)
where S denotes the closure of a set S with respect to the norm || - ||ppp» (£), and
latd[E] C I,«[E] C I[E] C JE.[E]. (2.3)

In the next three sections we shall examine when two (or more) of these lattices are equal.

3. Characterizations of finite-dimensionality

In this section we study the chains of lattices (2.2) and (2.3) when the Banach space E
is finite-dimensional. It turns out that in this case the lattices will effectively reduce to
two options, either C(Sg+) or oo (SE+), where Sp« = {z* € E* : ||z*|| = 1} denotes the
dual unit sphere; see proposition 3.2 and corollary 3.6 for details.

We begin by showing that in dimensions 0 and 1, even more is true: all the lattices
defined at the beginning of section 2 are equal, and this happens only in these two
dimensions. Perhaps more surprisingly, this is equivalent to the second inclusion I, [E] C
I[E] in (2.3) being an equality.

Lemma 3.1. Let E be a Banach space, and take 1 < p < oo. Then the following
conditions are equivalent:

(a) dimFE < 1;

(b) laté[E] = HIE];
(c) HP[E] € Hy-[E];
(d) Hy-[E] = Jy-[E];
(e) Ln-[E] = I[E]

Proof. (a)=(b). We have lat§[E] = H[E] for E = {0} because H[E] = {0} in this
case.

Now suppose that F = R, in which case E* = R, and the duality is given by ¢, (y) =
(x,y) = xy for z,y € R. Take f € H[R], and suppose that f(1) > —f(—1). Then, for
each y € R, we have

Oy VO p(-1))(y) = 0r)(y) Vo p-1y(y) = F(My vV (= f(=1)y)

Dy fory>0 | _
{—f( Dy fory<0} 1)

by positive homogeneity. Hence f = dyn) V d_p1). A similar argument shows that
f =071y N0_p—1) when f(1) < —f(—1), and so f € latd[R] in both cases.
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We have (b)=(c) because the inclusions HP[E] C H[E] and laté[E] C H,«[E] are
always true.

(c)=>(d). Suppose that HP[E] C H,~[E]. Then we have HY.[E] = HP[E], from
which (d) follows.

(d)=-(e). Suppose that HY.[E] = JE.[E]. Then lemma 2.1(vii) implies that I[E] C
HP.[E] C Hy-[E].

Finally, we prove that (e)=-(a) by contraposition. Suppose that dim £ > 2, and choose
two linearly independent functionals z§,y; € E*, each having norm % Then (x§ +
%y(*))neN is a sequence in Bg~ which converges to xf; in norm and therefore also in the
weak* topology. Define f: E* — R by

. t if * = taf for some ¢t > 0,
f@*) = ’

0 otherwise.

It is easy to see that f is positively homogeneous. Choose o € E such that xf(xg) = 1.
Then |f| < [04,], so f € I[E]. On the other hand, f(z§ + Ly3) = 0 for each n € N by
definition, but f(z{) =1, so f[p,. is discontinuous at zf;, and therefore f ¢ H,[E]. O

Let £ be a non-zero Banach space. The restriction mapping R: f — f[g,. defines
a lattice isomorphism of H[E] onto the vector lattice of functions Sg« — R because
every function Sg« — R extends uniquely to a positively homogeneous function E* — R.
When FE is finite-dimensional, we can use this lattice isomorphism R to identify the
Banach lattices FBLP[E] and HP[E] explicitly.

Proposition 3.2. Let E be a non-zero, finite-dimensional Banach space. Then, for
every 1 < p < oo,

R(FBL?[E]) = R(H,-[E)) = C(Sp-) and R(J1.[E]) = R(HP[E]) = (oo (Sp-),
where Lo (Sg~) denotes the Banach lattice of bounded functions Sg+ — R.

Proof. Lemma 2.1(vi) implies that R(FBLP[E]) C R(H,~[E]), while the inclu-
sion R(H,~[E]) C C(Sg~) follows from the fact that the weak® and norm topologies
on E* coincide. Therefore, to prove the left-hand identity, it only remains to verify
that C(Sg-) C R(FBLP[E]), which can be done by arguing as in the proof of [14,
Proposition 5.3]; see also [6, Corollary 2.9(iii)] for the connection between de Pagter
and Wickstead’s notion of the free Banach lattice over a set studied in [14] and the free
Banach lattice over a Banach space.

To prove the right-hand identity, we begin by observing that R(JY.[E]) C R(H?[E])
because J2.[E] C HP[E] by definition, and R(H?[E]) C l«(Sg-) because |f(z*)| <
| fllBLr(g) for every z* € Bp- and f € HP[E]. Finally, to verify that (o (Sg-) C
R(JP.[E]), take fo € €oo(SE+). In view of the remarks we made before the statement
of the result, we can find f € H[E] such that Rf = fy. Let v € H[E] be the “norm
function” defined by v(z*) = ||z*|| for every 2* € E*. Then Rv is the constant function
1, which obviously belongs to C(Sg-), so v € FBLP[E] C H”.[E] by the first part of the
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proof and lemma 2.1(vi). Since f is positively homogeneous, we have |f| < ||f [sy+ |loo s
which shows that f € JP.[E], and the conclusion follows. O

Remark 3.3. The equality signs in proposition 3.2 mean “equal as vector lattices”,
with only equivalence of the norms. In fact, one can check that the constants in the
equivalence tend to oo as the dimension of the underlying Banach space E grows.

The following general observation will be useful for us.

Lemma 3.4. Let (x,) be a sequence in a Banach space E with ||z,| — 0. Then
n—oo

V, l0z.| € Hu- [E].

Proof. Set f = \/,cyldz, |, which is clearly a positively homogeneous function, and
consider the functions f,, = \/1"_,|05,| € Hy~[E] for m € N. They satisfy

m

10 = Fd B lloo = 80P [\ 2" (@) = \/

o . o
S SUPz+cB,. \/n:m+1|x (zn)| = \/n:erl”an m:;o 0,

*
"l G|

so f € Hy«[E] by lemma 2.1(iv). O

Theorem 3.5. Let E be a Banach space, and take 1 < p < oo. Then the following
conditions are equivalent:

(a) E is finite-dimensional;
(b) FBLY[E] = H,- E];
(c) Hy-E] C HPIE],

() 1E) = HP[E};

(e) 1[E) = J2.[E];

(f) I[E] is closed in HP|E];
(g) FBLY[E] C IE];

() Lye[E) = Hoe [E);

(i) I,«[E] is closed in HP[E];
(j) FBL?[E] C L,-[E].

Proof. The proof has three parts: first we show that conditions (a)—(c) are equivalent,
then we show that conditions (a) and (d)—(g) are equivalent, and finally we show that
conditions (h)—(j) are equivalent to the other conditions.

(a)=(b). This follows from the first identity in proposition 3.2.

(b)=(c). This is obvious because FBL?[E] C HP[E] by definition.

(¢)=(a). To prove the contrapositive, suppose that E is infinite-dimensional. Then, by
the weak Dvoretzky—Rogers theorem [15, Theorem 2.18], E* contains a sequence (z}))
which is weakly p-summable, but not strongly p-summable. By scaling this sequence by
a suitable constant, we may suppose that
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oo
SuszBEZ|x IP<1 and Y|l |P = ce.

For each n € N, choose z,, € Bg such that z}(x,) > “12:’”, and choose a decreasing
sequence (S,) in (0,1) such that

(o)
lim s, =0 and Z sP |l ||P = oo.

n—oo

Lemma 3.4 shows that the function f = \/, .y|0s,2,| belongs to H,«[E]. However, f ¢
HP[E] because the fact that ||(z})}"||p,weak < 1 for every m € N implies that

FEES DITEATED o] (VAR EIENT)

k=1 k=1

m 1 m
> Y- leian)l > 55 kel =, oo
=1 =1

Consequently H,-[E] ¢ HP[E

(a)=(d). Suppose that E has dimension n € N, and let (b;)7_; be a basis for F
with coordinate functionals (b;);’zl, which form a basis for £*. We may suppose that
[05]] = 1 for each j € {1,...,n}. Given f € HP[E], the number ¢ = [|f[p,.[|oo s finite
by lemma 2.1(iii), and for each non-zero z* € E*, we have

el =1 |1 (1 me

]\m|m

[Eagl

This inequality is trivially true for * = 0, so | f| < Z?:l |0t |, and therefore f € I[E] by
lemma 2.1(i). This shows that HP[E] C I[E], while the opposite inclusion follows from
lemma 2.1(vii).

It is clear that (d)=(f)=-(g). We also have (d)=(e)=-(g) because lemma 2.1(vii)
and (vi) show that the following inclusions always hold:

I[E] C JP.|E] C HP[E] and FBLP[E] C HE.[E] C JP.|E).

We prove that (g)=(a) by contraposition. Suppose that E is infinite-dimensional, and
take a normalized basic sequence (b, )nen in E. Let b, € E* be a Hahn—Banach extension
of the n'" coordinate functional of this basic sequence for each n € N, and define f =
oo 1 10s,.1/2™, which belongs to FBLP[E] because the series converges absolutely in the
norm || . HFBLP[E]

We claim that f ¢ I[E]. By lemma 2.1(i), this amounts to showing that for every
m € Nand xy,...,2, € E, we can find z* € E* such that f(z*) > >>7", |2*(z;)|. Since
m + 1 > m, the system of m homogeneous linear equations
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m—+1

S bzt =0 (G=1,...,m)

k=1
in the m+1 real variables ¢1,...,t,4+1 has a non-trivial solution, which we denote
(t1, s tme1) € R™TN {(0,...,0)}. Then the functional z* = m+1 trby € E* satisfies
z*(zj) = 0 for each j = 1,...,m, and therefore

m—+1 t m
ZQ— 0=l (ay)]

We have thus shown that conditions (a)—(g) are equivalent. Combining conditions (c)
and (d), we see that they imply condition (h).

(h)=-(i). Suppose that I,,«[E] = Hy,+[E]. Then I,-[E] = HE.[E], which is closed by
lemma 2.1(v).

(1)=(j). This follows from the general fact that FBLP[E] C L, [E].

Finally, we can complete the proof by observing that the implication (j)=(g) is
trivial. 0

As a consequence, we obtain the following simplified version of the chains of inclusions
exhibited in (2.2) and (2.3) when the Banach space E is finite-dimensional.

Corollary 3.6. Let E be a Banach space of finite dimension at least 2, and take
1< p<oo. Then

FBLP[E] = I, [E] = H,+ [E] C I[E] = J2.[E] = M. ,[E] = H”[E).

Proof. The equalities follow from theorem 3.5 and lemma 2.1(ix), while proposition 3.2
implies that the inclusion in the middle is proper. O

4. HY. vs. FBL? for infinite-dimensional spaces

Theorem 3.5 shows that when the Banach space E is infinite-dimensional, we should
replace I[E] and I, [E] with their closures I[E] and I,,-[E] in the norm || - ||ppLr(g), for
1 < p < o0, before we compare them with the other Banach lattices we study. In this
section we shall focus on the inclusions

FBLP[E] C 1.+ [E] C HP.[E].

We note that all three sets are closed sublattices of HP[E], and theorem 3.5 shows that
FBLP[E] = HY.[E] when E is finite-dimensional. However, at this point we do not know
whether one or both of these inclusions could be an equality for some infinite-dimensional
Banach space E, raising the following two questions:

Question 4.1. For which Banach spaces F is it true that FBLP[E] = I,+[E] for
some/all 1 < p < c0?
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Question 4.2. For which Banach spaces E is it true that I,-[F] = HZE.[E] for
some/all 1 < p < co?

We begin by addressing the first of these questions. Our aim is to prove the following
result.

Theorem 4.3. Let E be a Banach space which admits an infinite-dimensional,
separable quotient space, and let 1 < p < co. Then I,,+[E] € FBLP[E], and hence

FBL?[E] C I,-[E].

We remark that no infinite-dimensional Banach space FE which fails to admit an infinite-
dimensional, separable quotient space is known. In view of this, we conjecture that the
condition that FBLP[E] = I« [E] for some (or all) 1 < p < oo is equivalent to the Banach
space F being finite-dimensional.

The following lemma will play a key role in the proof of theorem 4.3.

Lemma 4.4. Let E be a Banach space. The following conditions are equivalent:

(a) For every (\,) € {3, E* contains a weakly 1-summable sequence (x%,) such that

25|l = An for each n € N and the subspace \J,,cy (e, Keray, is dense in E.

(b) For every (\,) € cf, E* contains a weakly 2-summable sequence (x7) such that
25|l = An for each n € N and the subspace \J,,cy e, Kerz, is dense in E.

(¢) E* contains a sequence (xX) of linearly independent functionals such that the
subspace | J,,en Moy, Keras is dense in E.

(d) E* contains a sequence (xk) of mon-zero functionals such that the subspace
Unmen Moe,, kerzy, is dense in E.

(e) E admits an infinite-dimensional, separable quotient space.

Proof. We begin by showing that conditions (c), (d) and (e) are equivalent. It is clear
that (c) implies (d).

(d)=(e). Suppose that (z},) is a sequence in E*\ {0} such that (J,,,.y W is dense in E,
where W,,, = (,—,, kerz?. Clearly W, C W,, 11 for each m € N, and either W,,, = Wi, 11
or W,, has codimension one in W,,11. We cannot have W,,, = W,,,41 for all but finitely
many m € N because if we did, we would have J,,,cy Wi = Wiy, for some my € N,
so £ = Wy, because |J,,cy Wi is dense in E and W, is closed. This would imply
that x7, = 0 for each n > my, which contradicts our assumption. Hence, by passing to a
subsequence, we may suppose that W, C W, for each m € N. According to a theorem
of Mujica (see [24, page 199]), this implies that (e) is satisfied.

Alternatively, we can easily verify (e) directly, showing that the quotient space F/W;
is separable and infinite-dimensional. To this end, take w,, € Wy,41 \ W,, such that
Wint1 = Wi, + Rw,, for each m € N. Then the subspace

W1 + spanf{w,, : m € N}

is dense in E, and therefore the subspace span{Quw,, : m € N} is dense in F/W7, where
Q: E — E/W; denotes the quotient map. Hence E /W] is separable. Furthermore, E /W,
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is infinite-dimensional because the sequence (Qw,,)men is linearly independent. Indeed,
assuming the contrary, we can write Qw,,+1 = Z;nzl s;Qw; for some m € N and some
51y--.,58m € R. Consequently w41 — Z;"Zl sjw; € Wi, 80 Wyq1 € Wingq, which is a
contradiction.

(e)=(c). Suppose that W is a closed subspace of FE such that E/W is infinite-
dimensional and separable. Then E/W has a Markushevich basis (see for instance [18,
Theorem 4.59)), say (Q%.)men, where z,, € E and Q: E — E/W denotes the quotient
map. Set x}, = Q*(y;) € E* for each n € N, where y € (E/W)* is the n'" biorthogonal
functional of (Qz,)men, and observe that (x),en is linearly independent because Q* is
injective. We claim that (J,, oy (Nne,, kerz}, is dense in E. Indeed, given = € E and ¢ >0,

we can find m € N, s1,...,8, € R and w € W such that ||$—Z;»n:15jxj —w| <e
because span{Qz, : n € N} is dense in E/W. Now the conclusion follows
because

<Zsm- +w,x;z> =Y 55(Qu ) = 0
j=1

Jj=1

m o e *
for each n>m, so 3777, sjz; +w € (,Z,, 1 kerzy,.

Clearly (a) implies (d) and (b) implies (d). We shall now complete the proof by showing
that (c) implies (a) and (c) implies (b). This is the harder part of the proof, but it is
actually quite simple, as the former consists of making appropriate adjustments to the
proof of the Dvoretzky—Rogers theorem given in [15, Theorem 1.2], and the latter is
a minor variation, using ideas from [23, Theorem 2]. We include the details for the
convenience of the reader.

(c)=(a). Let (\,) € £3, and set ng = 0. As in the proof of [15, Theorem 1.2], we choose
integers 1 < ny; < ng < --- such that

i N2 (keN). (4.1)

Jj=nk+1

Suppose that (y%) is a linearly independent sequence in E* such that the subspace
Usmen Moey, keryy; is dense in E. For each k € N, we can apply [15, Lemma 1.3] to
the 2(ng — ng—1)-dimensional space span{y;‘ :2ng_1 < j < 2ng} to find functionals

* * ~ * -
2yt P 1420 2y, € bpan{yj D2np—1 < J < 2ngl,

each having norm between 1/2 and 1, such that

Nk Nk 1/2
Z a;jzi || < ( Z a]z) (Wnp_y 415 -+ > Qn,, € R). (4.2)
j=nk_1+1 Jj=ng_1+1
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Define z7 = A;z7/[|2}]| € E* for every j € {ng—1+ 1,...,nx}, so that [|z}| = A;, and
observe that

277,),;

ﬂ kery; C kerz; C kerz] (je{ng—1+1,...,nx}). (4.3)
i =2nk_1+1

The argument given in [15] shows that the sequence (z}) is weakly 1-summable.
Hence it only remains to show that (J,,cy N, kerz} is dense in E. Given z € E and

¢>0, choose m € N and y € (),_, kery’ such that ||z — y|| < e. Then, choosing ¢ € Ny
such that 2ny + 1 > m, we obtain

oo 2n n )
y € ﬂ kery! = ﬂ( ﬁl keryz> ﬂ( ﬁl kerzj) = ﬂ kerx},

1=2n,+1 k={ “i=2np+1 j=nr+1 Jj=ne+1

where the inclusion in the middle follows from (4.3).

(c)=(b). As already stated, this proof is a minor variation of the argument we have
just given to show that (c) implies (a), so we shall focus on explaining the differences. It
suffices to consider (\,) € cg with norm at most 1. We can no longer ensure that (4.1)
is satisfied; instead, we choose integers 0 = ng < n; < ne < --- such that

sup;o,, A <27 (keN). (4.4)

Our assumption that ||(An)]|eo < 1 implies that this estimate is also valid for & =0. Now,
for (y;,) chosen as before, we can find the sequence (2}) and define (27}) as above. Then
the proof that J,,cn e, kerz}; is dense in E carries over verbatim, so we only need
to verify that (z7) is weakly 2-summable. For every (a;) € By, and m € N, we can
apply (4.2), (4.4) and the fact that [|2}[| > 1 to obtain

Nm m ng m Nk s\
* 17 *
Zaj:c] Z Z Z Z B Zj
j=1 k= —1+1 =1"j=nk_1+1 "7
m ng 2)\2 % m Tk 3
z( > *2) (3 o) <
= — o IZ Pt
This shows that (z7) is weakly 2-summable because n,, — 0o as m — oc. U

Proof of theorem 4.3. This proof is a more subtle variant of the proof of the
implication (¢)=-(a) in theorem 3.5.

Recall that we seek a function f € I,«[E]\ FBLP[E]. It turns out to be convenient
to decompose E as E = F @ Rz; and then carry out the main technical part of the
construction of f within the subspace F. Consequently we choose x; € E and z] € E*
such that ||z1]| = [|z7|| = 1 = 27 (x1), and we then define F' = kerz].

Since FE admits an infinite-dimensional, separable quotient space, so does F; that is, F'
satisfies one, and hence all, of the equivalent conditions in lemma 4.4. Using this, we shall
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prove that, for a suitably chosen real number ¢ > p, F* contains a weakly p-summable
sequence (y) such that

lysl =n"s  (neN) and | [ kery; = F. (4.5)

meNnz=2m

We split the proof of this claim in two cases:

o If p<2, we choose ¢ € (p,2) and observe that (n_%)neN € (5. Therefore
lemma 4.4(a) implies that F"* contains a weakly 1-summable sequence (y;) which
satisfies (4.5). Since p > 1, it follows that (y) is weakly p-summable.

e Otherwise p > 2, in which case we choose ¢ € (p,0). Since (nié)neN € cf,
lemma 4.4(b) shows that F* contains a weakly 2-summable sequence (y;) which
satisfies (4.5). The fact that p > 2 ensures that (y;) is weakly p-summable.

Let P be the projection of F onto F given by Px = x—z3(x)x; for x € E. For eachn € N,
set xy, ; = P*y) € E*, and take a unit vector x,41 € F such that v’ (zn41) > ||lysll/2.
Then we have:

o z; 1(r1) =0and z y (xny1) = ||y; /2 for every n € N;
o the subspace W = {J,,cy Win is dense in E, where W, = (|, kerz};

e the sequence (z}) is weakly p-summable, so

1

K= s, (S ) <o (46)

n=1

Set s, = ni v € (0,1] for each n € N. Then s,, — 0 as n — oo, so lemma 3.4 shows
that the function ¢ = \/;"|0s,2,,,| belongs to H,[E], and therefore f = [0;,| A g
belongs to I,«[E] by lemma 2.1(ii). We shall now complete the proof by showing that
f ¢ FBLP[E], using («) to produce a suitable “witness sequence”.

The sublattice L of H[E] generated by {d,, : w € W} is dense in FBLP[E] because W
is dense in E. (This follows easily from the construction of FBL?[E] in [25, Theorem 6.1].)
Therefore it will suffice to show that

inf {|1f — llpprope sh e L} > 0. (4.7)

Since W is a subspace of E, every function h € L can be expressed in the form h =
\/leévi — \/leéwi for some k € N and some vy, ...,v, wi,...,wr € W. As W is the
union of the increasing sequence (W,,) of subspaces, we can find m € N such that
Vlyeooy U, W1, ..., W € Wy,. Then, for each j € {1,...,m}, we see that the functional

1
* —= % * * .
zi =m-ra] +x,,; € E” satisfies
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* k -1 & * k -1 & *
)=\ (m b o (v;) + xmﬂ(w)) -V (m Pt (wi) + xmﬂ(wg)
k -1« k -1« -1 *
= \/i:1m rat(v;) — M rxt(w;) = m”»h(z]) (4.8)
because vy, ..., V%, w1,. .., wx € W, C kerz} for every n > m.

It follows from (4.6) that I(x )J A
easy observation that

pweak < K. Combining this estimate with the

lom= 725, ..om ™72, e = il = 1 (4.9)

and the subadditivity of || - ||, weak, we see that [|(25)72;[|pweak < K + 1, s0

(K +D|f = hllrBLeg = (Z | f(25) = h(z}) |p) . (4.10)
j=1
Another application of (4.9) shows that
17 = Mooy > (30 1m~ 316 i) ) (4.11)
j=1

Now we combine (4.10) and (4.11) with the subadditivity of the norm on £;* to obtain

P

(K + D) = Hlenwoie > ( 01 7:5) i) = m ™ ad) ~ i) P )

P

_ (i ) -mhran ) (@.12)

where the final equality follows from (4.8).
To find a lower bound on the right-hand side of (4.12), we recall that f = |d,,| A g,
where g(x7) = 0 because x,,11 € F = kera] for every n € N, so f(x}) = 0, while

_1 0 1
F(z) =l mT v i) + afy (@) | A s | mTai (@) + 2h (@) |

=m /\\/ Sn | merj (Tng1) [=m™ v N Sm4j—1 |xm+g(xm+j) |

S _ .
> m,% A m+j 1||3/m+]—1|| _ m,; (m+j B 1),% >

5 (2m) "

1
2

N)\H

for each j € {1,...,m}. Substituting these estimates into (4.12), we conclude that

p+1

(K +2)|If = hllrBLeg) =27 7,

from which (4.7) follows because the constant K is independent of A.
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This completes the proof that f € I,«[E]\ FBLP[E]. The final clause follows because
FBLP[E] C I, E]. 0

Moving on to Question 4.2, we shall only give one result which shows that this inclusion
need not be proper, and finding a general answer may not be easy. We first need to
introduce some machinery.

Let F be a Banach space, and equip Bg«~ with the relative weak* topology. Then, for
1 < p < oo and a positive Radon measure x4 on Bg«- (so in other words p € C(Bg++)?%),
we can define a function f: E* — R by

e = ([ brerae)’ e er) (4.13)

This construction is useful for our purposes because [25, Propositions 7.6 and 7.7] show
that, on the one hand, ff € HP[E] with || f2||reLr(z) < [|p|| and on the other, for every
[ € HP[E], we can find a probability measure ;1 € C(Bg-~)% such that

|f @) < I fllepre fi(2") (2" € E7). (4.14)
Proposition 4.5. For 1 <p < oo and any set A,
Lo [01(A)] = Hy. [0 (A)],
where the closure is taken with respect to the norm || - ||[pBLre, (4))-

Proof. Set E = ¢1(A), and let R: E* — C(Bg»+) be the bounded linear operator
defined by (Rz*)(z**) = z**(z*) for z* € E* and z** € Bp«; that is, Rx* is the
restriction of the evaluation map d,+ to Bp«~.

For f € H..[E], we can choose a probability measure 1 € C'(Bg-+-)% such that (4.14)
is satisfied. Let Jo: C(Bp++) — Loo(Bg+=, ) and Jp: Log(Bp++, ) — Lp(Bp+=, 1) be
the formal inclusion maps. Then, by [11, Theorem 1.8] or [15, page 97], the composite
operator T' = J,JoR: E* — L,(Bg»~, i) is strictly p-integral, and we can restate the
inequality (4.14) as

[f @) < [fllepLee T2 (27 € E7). (4.15)

Let Jo: co(A) = ¢o(A) = E* be the inclusion map. Its domain is an Asplund space,
so [11, Theorem II.3] shows that the operator TJg is p-nuclear; therefore, using [11,
Definition I.1] or [15, Proposition 5.23], we can find sequences (y;);en in E = co(A)* and
(Zj)jEN in Lp(BE** s ,u) such that

(i) TJoz* = Z;’;1<yj,x*>zj for every z* € ¢o(A);
(ii) (yj)jen is strongly p-summable; that is, Zjoil lly; ||P < oo;
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(iii) (2z;)jen is weakly p*-summable, where p* € (1, 00| is the conjugate exponent of p;
that is, sup,cy|l2;]| < oo if p=1, and otherwise

sup{ D =z 2 € Ly (Bees, ), 127l < 1} < 0
j=1

where % + p% = 1. By rescaling, we may suppose that these suprema equal 1.

Condition (ii) implies that we can define a bounded linear operator U: E* — ¢, by
Uz* = ({yj,2*))jen. Applying (i) and (iii), as well as Hélder’s inequality if p >1, we

obtain
||TJ0£U*H: sup ‘<Z*,TJ()$ = Sup yg, Z Zj>
llz*]I<1 lz-l<1 155
1
(Zi vy ) = Uz (" € o). (4.16)
We now claim that the map g € HI[E] defined by g(z*) = ||Uz*| for z* € E*

belongs to FBLF[E]. For £>0, take m € N such that 3272 . [ly;[|? < €?, and set

1 1

gm = (71 16,,[7)" € FBLY[E]. We observe that g (a*) = (72 (g5, 2%)P) " =
| PnUz*| for * € E*, where P,,: £, — £, denotes the m'" basis projection. Hence, for
n € Nand (z})7_; C E* with ||(2})7_1|lp,weax < 1, we have

> 19 = gm) @)l = Z Uzl = [PaUi]| [P< ZII(I@, = Pp)Uai|”
k=1 k=1 =

n o0 oo
=337 i)l Z Zlyg,xk < D P <e?
k=1j=m+1 j=m+1k=1 j=m+1

This proves that ||g — gim|lrBLr(E) < €, and the claim follows.

Combining the inequalities (4.15)—(4.16) with the definition of g, we see that |f(z*)| <
| flleBLr(g) 9(x*) for 2* € co(A). Goldstine’s theorem allows us to extend this inequality
to o* € E* because the restrictions of f and g to Bg~ are weak*-continuous. This shows
that f € I,«[F], and therefore H..[E] C I,,+|E].

The opposite inclusion follows from lemma 2.1(viii). O

The above proof follows an approach due to T. Oikhberg [28], and fixes a gap in an
earlier version.

5. Characterizations of reflexivity

To understand the case where the underlying Banach space E is reflexive, we begin
with the observation that E** C H[E|] because every functional z** € E** is positively
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homogeneous. Under this inclusion, the canonical image of F inside E** is identified with
{6y : © € E}. The following lemma clarifies where the elements of E** sit in the hierarchy
of sublattices (2.2)—(2.3) of H[E] that we study.

Lemma 5.1. Let E be a Banach space, and take 1 < p < oo. Then:

(i) £ C HP[E] with [|[z**||pBLe(E) = |27 for every x** € E**.
(i) B NI[E] = E** N Hy«[E] = E** N MJ. [E] = {0, : © € E}.

Proof. (i) Since

1

i ,
P
(Z |x**<x;f>|p) <™ - 1@ powent
j=1

for z** € E**, m e Nand x7,..., 2}, € E*, we have ||[2**||pprr(g) < ||#**||. The opposite
inequality follows from the fact that ||x*||p weax = ||z*|| for every z* € E*.

(ii) Tt is clear that ¢, € E** N I[E] N Hy~[E] for every z € E, and lemma 2.1(vii)
and (ix) show that I[E] C M7. ,[E]. Hence we can complete the proof by showing that if
x** € E** belongs to Hy-[E] or M. [E], then 2** = §, for some x € E. In both cases
r**p,. is weak*-continuous at 0, so z** [EEl* ({0}) = kerz** N Bp-~ is weak*-closed. This
implies that ** = J, for some x € E by an application of the Krein—Smulian theorem
(see, e.g., [18, Corollary 3.94]). O

Corollary 5.2. Let E be a non-reflerive Banach space and 1 < p < co. Then
HPE] ¢ MSJ*,O[E] U Hy+ [E].
Proof. Lemma 5.1 shows that E**\ {d, : © € E} C HP[E]\ (M}. o[E]U H,-[E]). O

Before stating our next result, we recall the following classical characterization of weak
sequential convergence in C'(K)-spaces (see [16, Theorem 1.1] or [17, Corollary I1V.6.4]),
which will be required in the proof.

Theorem 5.3. Let K be a compact Hausdorff space. A sequence (fn)nen in C(K)
converges weakly to a function f € C(K) if and only if sup, x| fnlloo < 00 and fr(z) —
f(z) asn — oo for every x € K.

Lemma 5.4. Let 1 < p < oo, let E be a reflexive Banach space, and equip its unit
ball B with the weak topology. Then the map ¢,: B~ — C(Bg) defined by

Yp(a®)(x) = [a* ()" (2" € Bg+, v € Bp)
is continuous with respect to the weak topologies on Bg~ and C(Bg), respectively.

Proof. We begin by showing that 1, is weakly sequentially continuous. Take
a sequence (z})pen in Bpg- which converges weakly to some z* € Bpgs. Then

SupnGN”wp(x;kL)”oo < 1 and
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Up(zn) (@) = |an (@)F — |27 (@)[" = ¢p(a”) (2 € Bg),

so theorem 5.3 shows that (¢ (x}))nen converges weakly to 1, (z*).

Now, in order to complete the proof, take a weakly closed subset C of C(Bg), and
let us prove that ¢, '(C) is weakly closed in Bg-. By the reflexivity of E and the
Eberlein-Smulian theorem, this is equivalent to showing that ;! (C) is weakly sequen-
tially compact. To verify this, take a sequence (z})nen in ¢, '(C). Due to the weak
sequential compactness of Bg~, (z})nen has a subsequence (z} )jeny which converges
weakly to some z* € Bg-. The first part of the proof implies that (v, (z}; )) jEN converges
weakly to ¥, (2*). Since ¢, (7, ) belongs to the weakly closed set C for each j € N, we
see that ¥, (z*) € C. In conclusmn we have shown that (z7)nen has a subsequence which
converges weakly to 2* € ¢, 1(C), and the result follows. O

Recall that for a Banach space E, 1 < p < oo and pu € C(Bg«+)} (where Bg.- is
equipped with the relative weak™ topology) we have defined a function f§ € H? [E]
by (4.13).

Theorem 5.5. Let 1 < p < oo, and let E be a Banach space. The following conditions
are equivalent:

(a) E is reflexive.

(b) fB € Hy~[E] for every p € C(Bg«)%

(c) HP[E]=JE.[E].

(d) JE.[E] is dense in HP[E] in the || - || ppLr(m)-norm.
(e) fhe M. [E] for every p € C(Bg-)%

Proof. (a)=(b). Suppose that E is reflexive, so that E** = E with the weak™® and
weak topologies coinciding, and take u € C(Bg)’.. For x* € Bg-, we have

fﬁ(ﬂc*)p=/3 2% (@) [P dp(x) = (Pp(2"), 1) = (o Pyp)(x7),

so that (fl[pg.)? = p o1y, where ¢, is the map defined in lemma 5.4. Take a net
(z}) in Bg+ which weak*-converges to z*. Then, by reflexivity, () converges weakly
to x*, so lemma 5.4 implies that (¢, (z})) converges weakly to v,(z*), which means
that ((¢p(xy), 1) = (ff(z})P) converges to (p(x*), ) = fh(z*)P. This shows that
fh € Hy[E).

(b)=(c). Suppose that f2 € H,-~[E] for every p € C(Bg-~);. Then fF € Hp.[E]
because f7 always belongs to HP[E]. As mentioned above, for every f € HP[E], we can
find a probability measure u € C(Bg-+)% such that (4.14) is satisfied. This implies that
f € JE.[E], and consequently HP[E] = JE.[E].

(¢)=(d) is trivial.

(d)=(e). This follows from lemma 2.1(ix) because f}, € H?[E] for every u € C(Bg=+).

Finally, we prove the implication (e)=-(a) by contraposition. Suppose that E is non-

reflexive. Then Bpg« contains a net (z}) which weak*-converges to 0, but does not
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converge weakly to 0. Take z{* € E** such that (z§*(z%)) does not converge to 0,

and consider the Dirac measure y = d,x+ € C(Bp+ )% ; it satisfies

v
= ([l ar ) =l 140 120
o
This shows that f?[p,. fails to be weak*-continuous at 0, so f2 ¢ M}. ;[E]. O

6. Lattice homomorphisms

It is well known that for compact Hausdorff spaces K and L, every lattice homomorphism
T: C(K) — C(L) arises by combining a composition operator with pointwise multiplica-
tion by a positive continuous function. (A precise statement of this result can for instance
be found in [27, Theorem 3.2.10].) The aim of this section is to obtain an analogous rep-
resentation for lattice homomorphisms between free Banach lattices and related lattices
of positively homogeneous functions, and then study the properties and consequences of
this representation.

The natural setting in which to develop this theory is a vector-valued version of the
Banach space HP[E] defined as follows. For 1 < p < oo and Banach spaces F and F, let
PHP[E, F] denote the set of positively homogeneous maps F — F that map weakly p-
summable sequences in F to weakly p-summable sequences in F. This is a linear subspace
of the vector space of functions £ — F, and a Banach space with respect to the norm

|®lee(5. 1 = sup{[|(2(25)) _ lpwenc :m € N,
()71 € By @)jslpmear <1} (@ € PH[E, F)),

We shall often use the elementary observation that a positively homogeneous map
®: E — F belongs to PH?[E, F] if and only if the quantity ||®||pgs(g,rm just defined
is finite. Furthermore, we see that HP[E] = PHP[E* R] with equality of norms, which
justifies our claim that the Banach space PHP[E, F| (or more precisely PHP[E*, F]) is
a vector-valued generalization of H?[E]. However, PHP[E, F] generally does not have a
natural lattice structure.

We shall only consider positively homogeneous maps between dual Banach spaces;
therefore, the Banach space PH?[F*, E*] will suffice for our purposes. We begin with an
easy result which establishes its connection, via composition operators, to the vector and
Banach lattices that we are investigating.

Lemma 6.1. Let ®: F* — E* be a positively homogeneous map for some Banach
spaces E and F.

(i) The composition operator
Co: fr>fod

defines a lattice homomorphism Cg: H[E] — H[F].
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(ii) Suppose that ® € PHP[F*, E*] for some 1 < p < oco. Then
CI)(BF*) - ||®||PHP[F*,E*]BE* and C@(HP[ED - HP[F]’

and Cg is bounded with norm ||Ce|| = ||®|pur(p- g+) when viewed as a linear
operator (H?[E], || - lrpLr(e) — (HP[F], || - [|pBLPF))-

Suppose in addition that ®|p,. is weak*-to-weak™ continuous. Then
Co(J4-[E]) C T3 [F], Co(J5-[E]) C J5- [F],
Co (M- o[E]) € My. o[F].

)

(iii) The map p — ||| prr[p~ g+ is decreasing; that is,

|®|lprair, 22 < |®llpHr(F+ B4 (1<p<qg<o).

Proof. (i) The composite map f o ® is clearly positively homogeneous when f and ®
are, so Co(H[E]) C H[F], and Cg is a lattice homomorphism because the vector lattice
operations are defined coordinatewise.

(ii) Suppose that ® € PHP[F™, E*]. Then ||®(y*)|| < ||®|pur(r+ g for every y* € Bp-
because ||z*||pweak = ||2*]| for every functional z* (in either E* or F*), and therefore
®(Bp-) C [|®||pur(r+, g+ Be-. Furthermore, working straight from the definitions of the
norms, we obtain

m 1
1O (HlirmLrir = sup{(z @) +m e N, (), © F
1(y5 )71 llp,weak < 1} < ||@llpwr - g 1 flrBLesy  (f € HP[E]).

This shows that Ce maps HP[E] into H?[F| and ||Cs|| < ||®|pur(p,-]-
On the other hand, given z € Bg and (y;)jL; C F'* for some m € N, we have

(S @ep)’ = (S sa@r) = (iu(z@az)(y;)w)’l’

g HC<I>63:HFBLP H(y])] 1

[pweak < [|Call [[(47)7%1 [lp, weak

which shows that ||®[|ppr(p+ p+] < [[Csl|, and therefore ||Co| = || ®||pup(r+, £-

Now suppose that the restriction of ® to Bp« is weak*-to-weak™ continuous (as well
as ® € PHP[F*, E*]). Since ®(Bp~) C ||®|purp- g+)Be- and the functions in H,-[E]
are positively homogeneous, we see that Cp maps H,-[E] into Hy~[F] and M. ,[E]
into M. o[F]. The inclusion Co(H,.[E]) C H}.[F] follows by combining the two
inclusions Cg (Hy- [E]) C Hy+[F] and Ce(HP[E]) C HP[F].

Finally, for each f € JE.[E], we can find g € HY.[E] such that |f| < g. Then we have
|Ca(f)] < Co(g) € HY.[F] by the previous inclusion, and consequently Co(f) € JU.[F].
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This implies that Cq(JE.[E]) C JE.[F] because Cg is continuous with respect to the
FBLP-norms, as we have shown above.

(iii) This proof is similar to the proof of [25, Proposition 7.3]. We may suppose that
|®[|prr(r= v < 00, as otherwise there is nothing to prove. Take z € B and (y;)7L; C
F* with [[(y7)21]lgweax < 1 for some m € N, and set \; = [(z, ®(y] )9/ > 0 for
jeA{l,...,m}, where r = pq/(q—p) € (p,0). Then (1 +r/q) =, which together with
the positive homogeneity of ® implies that

ZAT -3 (Ml @) =3 1w @) P

j=1

(Aj97) 711l weak- (6.1)

||( Ayl wear < I®pgo (e -

The choice of r means that the conjugate exponent of r/p € (1,00) is ¢/p. Hence, for
y € Br, Holder’s inequality gives

>y Ay IP—Z/\ (v, )| (ZAT)
j=1 j=1 =

P
T

Qs

<(3)

=1

(ﬁ;lyy] )

p/r
This shows that [|(A\jy;)7 [P jearx < (Z;”:l )\;) , so by (6.1), we have

m P
SN < 10y (320

j=1 j=1

Rearranging this inequality and using once more that 1 — p/r = p/q, we obtain

0 > (325)F = (X e epr)
Jj=1 j=1

Now the conclusion follows by taking the pth roots and the supremum over z and
(y;);n=1 O

We can rephrase lemma 6.1(iii) as saying that for 1 < p < ¢ < oo, we have a formal
inclusion map PHP[F*, E*] — PHY[F*, E*] of norm 1.

y
q

Example 6.2. Identify ¢, with ¢, as usual. By [29, Remark 10.6], there is a map
® € PH' (o, £oo] for which & B, is weak™-to-weak™ continuous (so that ® satisfies both
hypotheses of lemma 6.1(ii) for p=1), but the corresponding composition operator Cg
does not map FBL'[¢,] into itself.

We can now provide a much more general version of this result. Take 1 < p < oo, and
let F and F' be Banach spaces, where F is non-zero and F' admits an infinite-dimensional,
separable quotient space. By theorem 4.3, we can find a function f € HY.[F]\ FBL?[F].
(In fact, we can take f € I,«[F|\FBLP[F], but this will not help the following argument.)
Choose z§ € E* \ {0}, and define a map ®: F* — E* by ®(y*) = f(y*)zj for y* €
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F*. Since f € HY.[F], it is straightforward to check that ® is positively homogeneous,
®[p,. is weak*-to-weak® continuous, and ||®|pur(r- g+) = [[fllrBLrF) [|25] < 00, sO
® € PHP[F*, E*]. However, if we pick z¢ € E such that z§(xo) = 1, then

Ca(020)(y") = (02, 0 @) (y") = @(y")(w0) = f(y")  (y" € F7),
50 Cg(0y,) = f ¢ FBLP[F]. Hence Cg does not map FBLP[E] into FBL?[F.

The following question arises naturally by comparing the list of inclusions established
in lemma 6.1(ii) with example 6.2. We have been unable to answer it, partly due to the
lack of progress on question 4.2.

Question 6.3. Let ® € PHP[F*, E*] for some 1 < p < oo and infinite-dimensional
Banach spaces E and F, and suppose that ®[p,. is weak*-to-weak™® continuous. Is

Co(Tp-[E]) C To- [F]?

We shall now present our main representation theorem for lattice homomorphisms
between free Banach lattices.

Theorem 6.4. Let T: FBLP[E] — FBLP[F] be a lattice homomorphism for some
1 < p < 00 and some Banach spaces E and F. Then there is a unique map ®7: F* — E*
such that

Tf=fod®p (f € FBLP[E]). (6.2)
This map P is positively homogeneous and satisfies

(i) ®p € PHPIF", E*| with || @7 |parir- 5 = [ T1);
(i) Prlp,. is weak* to-weak™ continuous.

Proof. We begin with the uniqueness. Suppose that ®: F* — E* is a map which
satisfies (6.2). Substituting f = d, for some x € E into this identity and evaluating it at
some y* € F*, we obtain

(T02)(y") = (0z 0 @7)(y") = D1 (y*)(2). (6.3)

Reading this equation from the right to the left, we conclude that there is only one possible
way to define . Taking this as our definition, we must check that &7 (y*) € E*, which
is easy: Linearity follows from the fact that dxyt+r = Ady + 0, for A € R and w,x € F,
and continuity from the estimate |(70,)(y*)| < || 7| ||| |ly*||- This estimate also shows
that &7 maps Bp- into || T||Bg~.

It is equally easy to see that ®r is positively homogeneous because

D7 (Ay*)(z) = (T0,)(Ay") = MT6:)(y") = A7 (y*)(z) (A=0,y" € F", z € E).

Next, we shall prove (i)—(ii), beginning with the latter. Suppose that (y}) is a net in B~
which weak*-converges to some y* € Bp-, and take x € E. Lemma 2.1(vi) implies that
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the net ((T0,)(yk)) converges to (T0,)(y*), which in view of the definition (6.3) means
that the net (®7(y)(x)) converges to ®r(y*)(x).

To verify (i), we observe that the uniqueness part of the universal property of FBL?[E]
implies that T is the lattice homomorphism induced by the bounded linear operator

T o6¥: E — FBLP[F]; that is, T = m, and therefore

m 1
171 = 17065 = supf I8 oo - € B} =sunf (Y- (T8 05)P)

Jj=1

[ 1}

r € Bg, m €N, (yj)jL; C F7,

= 5up {1 (1)) e 1€ N ()0 € B 106 e < 1}

= || ®r|lpur (e, £

It remains to verify that the map ®r defined by (6.3) satisfies (6.2). We have already
shown that &7 € PHP[F™*, E*], so lemma 6.1(ii) implies that it induces a lattice homo-
morphism Cg,. : HP[E] — HP[F| by composition; that is, Cg,. (f) = fo®r for f € HP[E].
The fact that

Car(02)(y") = 62(P0(y")) = Pr(y*)(2) = (To:)(y*) (v € E,y" € F7)

shows that the restriction of Cg,. to FBLP[E] satisfies Co,lppLr(g] 06F = 10T 0%, where
¢: FBLP[F| — HP[F] denotes the inclusion map. This in turn implies that Cg [rpLr[E)] =
toT by [25, Corollary 3.5(ii)], bearing in mind that the map 6 is denoted ¢ in [25].
Now the conclusion follows because

Tf=Cor(f)=fo®r  (f€FBL[E]).
O

Definition 6.5. Given a lattice homomorphism T: FBLP[E] — FBLP[F], we call the
unique map ®r: F* — E* satisfying (6.2) the map induced by T

Remark 6.6. Suppose that T': FBLP[E] — FBLP[F] is a lattice homomorphism for
some 1 < p < oo and some Banach spaces E and F, and let ®7: F* — E* be the
induced map. Theorem 6.4 shows that &, € PHP[F™*, E*] and ®r[p,. is weak™*-to-weak™®
continuous, so lemma 6.1 implies that the composition operator Cs,: H[E] — H[F]
induces a lattice homomorphism between each of the following four pairs of Banach
lattices, for every ¢ € [p, c0):
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HIE] — HI[F), H!.[E] — HI.[F], )
JIE] = JL.[F], M. o[E] = M. o[F]. (6.4)

In fact, we already used the first of these identities for ¢ = p in the proof of theorem 6.4.
As we saw towards the end of that proof, we can interpret (6.2) as the statement that
the lattice homomorphism Cg,. is an extension of T because

Co,(f)=fodr=Tf (f€FBLY[E]). (6.5)

We shall now complement (6.4) by showing that the answer to Question 6.3 is positive in
the case where ® = ® is induced by a lattice homomorphism T': FBL?[E] — FBL?[F].
Furthermore, using lemma 6.1(iii), we can show that FBL? is Cy,.-invariant for every

q>D.

Lemma 6.7. Let T: FBLP[E] — FBLP[F] be a lattice homomorphism for some 1 <
p < oo and some Banach spaces E and F. Then:

(i) Cor(Lw+[E]) S Ly [F];
(i) Ce,(FBLI[E]) C FBLI[F] for every q € (p,00).

Proof. (i) It suffices to show that Cg.,.(f) € L.~ [F] for every f € I,,«[E]; because Cy,

is a lattice homomorphism (in particular continuous). Take m € N and z1,...,2, € F
such that f < Z;’;l |02, |. Using that Cg,. is a lattice homomorphism together with (6.5),
we obtain

m

0< Ca(/ c%(zwx]) 3 (o (0, = 3 T8, | € FBLYIF) € Lo- FT

Since I,,«[F] is an ideal of HY.[F] and Cs,(f) € HY.[F] by (6.4), we conclude that
Cor(f) € Ly [F), as desired.

(ii) Suppose that 1 < p < ¢ < oo. Then || f||pgLer] < ||fllpBLr(r) for every f € H[F]
by [25, Proposition 7.3] (or lemma 6.1(iii) in the special case ® = f: F* — R). This
implies that FBLP[F] C FBLY[F] and therefore, using (6.5), we obtain

Co,(6,) = T6, € FBL?[F] CFBLY[F] (v € E).

Now the conclusion follows by viewing Cg, as a lattice homomorphism from HY[E)]
to HY[F], as shown in (6.4). O

Corollary 6.8. Let E and F be Banach spaces for which FBLP[E] and FBLP[F] are

lattice isomorphic for some 1 < p < co. Then so are each of the following six pairs for
every q € [p,00) (where the closures are taken with respect to the FBLY-norms):
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FBLY[E] = FBLY[F]; I, [E] 2 I, [F]; H!.[E] = H!.[F]
JOAE] = JLIF, M. [Bl= M. [F;  HE]= HI[F).

Proof. Suppose that 7: FBLP[E] — FBLP[F] is a lattice isomorphism with inverse
T—!: FBL?[F] — FBLP[E]. Then, for z € E and z* € E*, we have

*(z) = (T71(T6:))(a") = (65 0 D1 0 Bp-1)(2¥) = (P10 Pp-1)(27)(2),

with a similar calculation showing that ®p-1 o &7 = Ip«; that is, the induced maps
Or: F* — E* and ®7-1: E* — F* are inverses of each other, and therefore the compo-
sition operators Cg, and Cg__, are also inverses of each other. As we saw in (6.4) and
lemma 6.7, they restrict to lattice homomorphisms between each of specified pairs, from
which the conclusions follow. (In the case of the FBL?-closure of the ideal I, for ¢ > p,
a little extra care is required; before invoking lemma 6.7(i), we use the second part of the
same result to deduce that Cg,. is a lattice isomorphism between FBLY[E] and FBL[F]
with inverse Cgp_,_, ) O

Example 6.9. In general, one cannot reverse the implication
FBLP[E] 2 FBLP[F] = HP[E] % HP[F)]

proved in corollary 6.8. To see this, take Banach spaces F and F' whose dual spaces E*
and F* are linearly isomorphic. Then it is clear that HP[E]| and HP[F| are lattice iso-
morphic. In particular, H'[¢] is lattice isomorphic to H'[L[0,1]], but FBL'[¢;] and
FBL'[L;[0,1]] are not lattice isomorphic by [6, Theorems 4.11 and 4.13].

Proposition 3.2 provides another example, valid for any 1 < p < oo; it shows that HP[E]
and HP[F)| are lattice isomorphic for every pair F and F of finite-dimensional Banach
spaces of dimension at least 2, but FBLP[E] and FBLP[F] are only lattice isomorphic if
dim F = dim F.

Our next result uses lemma 6.1 to obtain an infinite-dimensional generalization of the
above observation that HP[E] and H?[F] are lattice isomorphic when E and F have finite
dimension at least 2.

Proposition 6.10. Let F' be a closed subspace of finite codimension in a Banach
space E, and suppose that F' has dimension at least 2. Then the Banach lattices HP[E)
and HP[F| are lattice isomorphic for every 1 < p < co.

Proof. Since H?[G1] and HP[G3] are lattice isomorphic whenever G; and Go are
linearly isomorphic Banach spaces, it suffices to show that HP[E] and HP[F] are lattice
isomorphic for E = (7"®G and F' = (7 &G, where G is a Banach space and m,n € N\ {1}.
Take a bijection §: Sgn — Spm, where Syx denotes the unit sphere of £5 = (£})*, as
usual. (Such a leectlon exists because both sets have cardinality c.) Let ©: £2, — £72 be
the positively homogeneous extension of 6, that is, ©(0) = 0 and

https://doi.org/10.1017/50013091525101181 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091525101181

28 N. J. Laustsen and P. Tradacete
O (l vt . Y « _om
O) =yl (=) = Vi B s0(i—) 7 e\ (o),

where (e;)_; denotes the unit vector basis for ¢7.
To verify that © € PHP[Z, £2], take (y3)h_; C €2 with [|(y5)5_;[lpweak < 1 for some

[o eRiige )

E— (Z (V" e )l)”

k € N. We may suppose that y; # 0 for each j € {1,...,k}, and find
p,weak i

[(eun)., 3 (o))
(Z(\/ 19, (4 ||) ) H\/ |5€i|HFBLP[l§L]7

where the first inequality follows from the fact that [|0(y}/[y}]lcc)llcc = 1. Hence
”@”PHP[Z&,KQ] < H\/?:l\éei FBLP (7] < 00, SO CHS PHp[fn gm]

We can obviously extend O to a positively homogeneous map ®: F* — E* by defining
O(y*, z*) = (O(y*), z*) for y* € €7 and z* € G*. This extension belongs to PH?[F™*, E*]

with [|®||pur(p+, £+ < [|O]lprr[en ¢m] + 1 because

k
@005, 25 ek = 1(O55), 5 ) _ e
k
<(O5)) _ lpens + 1zt < [©1prrt, ez +1

for every k € N and (y;,z]*)f:l C F* with ||(y;,z;f)§?:1||p)weak < 1

On the other hand, by repeating the above arguments for the inverse map 6~ : Sem —
S¢n instead of 6, we obtain a map ®~!' € PHP[E*, F*] which is an inverse of ® (as
our choice of notation indicates). Therefore, lemma 6.1(ii) implies that we may regard
the restrictions of Cp and Cg-1 as lattice homomorphisms Cy: HP[E]| — HP[F] and
Co-1: HP[F| — HP[E], respectively. They are clearly inverses of each other, from which
the conclusion follows. O

Example 6.11. Gowers [20] and Gowers and Maurey [21] have shown that there
are infinite-dimensional Banach spaces E which are not isomorphic to their hyperplanes.
However, proposition 6.10 shows that HP[E] and HP[F] are lattice isomorphic whenever F'
is a closed subspace of finite codimension in £ and 1 < p < oo.

More generally, for every k € {0,2,3,...}, Gowers and Maurey [22] have constructed a
Banach space Ej such that Ej is isomorphic to a closed subspace F' C Ej, if and only if F
has finite codimension in Fj, and this codimension is a multiple of k. As above, HP[E}]
and HP[F|] are lattice isomorphic for every 1 < p < co and every closed subspace F' of
finite codimension in Ej, irrespective of the value of this codimension.

Remark 6.12. Examples 6.9 and 6.11 demonstrate that there are non-isomorphic
Banach spaces E and F for which HP[E] and HP[F| are lattice isomorphic for every 1 <
p < 00. As the proof of proposition 6.10 shows, the lattice isomorphisms in example 6.11
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are induced by composition with a bijection & € PHP[F*, E*] that lacks any weak™
continuity properties.

In general, exhibiting weak* homeomorphisms between the unit balls of dual Banach
spaces is not difficult. For instance, Keller’s theorem (see, e.g., [18, section 12.3]) implies
that the dual unit ball Bg- is weak*-homeomorphic to the Hilbert cube [—1, 1] for every
separable, infinite-dimensional Banach space E. Under some technical assumptions, this
weak* homeomorphism can be chosen to be positively homogeneous, as shown in [29,
Theorem 10.24].

Unfortunately, none of the above arguments provide any information about the corre-
sponding free Banach lattices. It remains a major open problem whether there exist
non-isomorphic Banach spaces F and F such that FBLP[E] is lattice isomorphic to
FBLP[F] for some 1 < p < 0.

Our next lemma relates the properties of a lattice homomorphism between free Banach
lattices to the map it induces.

Lemma 6.13. Let T: FBLP[E] — FBLP[F] be a lattice homomorphism for some 1 <
p < 0o and some Banach spaces E and F. Then:

(i) T has dense range if and only if the sublattice generated by the range of the
operator T o 6F is dense in FBLP[F].

(ii) Suppose that one, and hence both, conditions in (i) are satisfied. Then the induced
map ®r: F* — E* is injective.

Proof. (i) follows from the fact that FBLP[E] is the closed sublattice of HP[E]
generated by the image of 6%.

(ii) Suppose that the sublattice generated by (To6¥)(E) is dense in FBLP[F]. Since ®1
is positively homogeneous, it suffices to verify that its restriction to Bp« is injective. Take
y*,z* € Bp« such that ®p(y*) = &r(z*). By (6.2), we have

(T02)(y") = 02(P7(y")) = 02(P7(27)) = (Tha)(z7)  (z € E).

This implies that f(y*) = f(z*) for every f belonging to the sublattice generated by
(To6¥)(E). By hypothesis, this sublattice is dense in FBLP[F] with respect to the FBL"-
norm, which according to lemma 2.1(iii) dominates the uniform norm on Bp-, so we
conclude that f(y*) = f(z*) for every f € FBLP[F]. In particular, taking f = ¢, for
y € F, we see that y*(y) = z*(y), which proves that y* = z*. O

Example 6.14. Given a bounded linear operator S: F — F between Banach spaces F
and F, there is a standard way to associate a lattice homomorphism between the corre-
sponding free Banach lattices with it. Indeed, for 1 < p < oo, 0¥ 0 S: E — FBL?[F]
is a bounded linear operator of norm |S|| into a p-convex Banach lattice, so the
universal property of FBLP[E] implies that there is a unique lattice homomorphism

S =¢F o S: FBLP[E] — FBLP[F] such that

SosP =508, (6.6)
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and [|S]| = ||S]|. The map ®5: F* — E* induced by S is simply the adjoint S* of S, as
the following calculation, valid for every y* € F* and x € E, shows:

P5(y") (@) = (0z 0 P5)(y") = (S6:)(y") = 0sa(y") = y"(Sz) = S (y") ().
Consequently, we have
Sf=foS8"=Cs(f) (f € FBLP[E]), (6.7)

and lemma 6.7(i) implies that

CS* (Iw* [E]) C Iy~ [F] (6'8)

We can use this inclusion to obtain stability results for the properties that questions 4.1
and 4.2 are concerned with.

Proposition 6.15. Let 1 < p < oo, and suppose that F' is a complemented subspace
of a Banach space E for which FBLP[E] = I,«[E]. Then FBLP[F]| = L,~[F].

Proof. The hypothesis that F' is complemented in E means that the inclusion map
J: F — FE has a bounded linear left inverse L: E — F; that is, LJ = Ir. This implies
that (Cp- o Cy«)f = foJ* o L* = f for every f € H[F], and consequently

T [F] = CLe(Cye (T [F])) € Cpe (T [E]) = C1- (FBLP[E))
= L(FBL”[E]) C FBL?[F],

where we have used (6.8), the hypothesis and (6.7). This completes the proof because

the opposite inclusion FBLP[F| C I,,+«[F] is always true. O

Remark 6.16. In view of theorem 4.3, it is possible that proposition 6.15 has no
genuine content in the sense that the hypothesis that FBLP[E] = I,,+[E] for some 1 <
p < oo may only be satisfied when F is finite-dimensional.

Proposition 6.17. Let E be a reflexive Banach space for which L,«[E| = HE.[E] for

some 1 < p < oco. Then L,«|F| = HE.[F] for every quotient space F of E.

Proof. Let QQ: E — F denote the quotient map, and write q: Bg — Bp for its
restriction to the unit balls. Then ¢ is continuous with respect to the relative weak
topologies and surjective (because E and F' are reflexive), so we can define an isometric
lattice homomorphism C,: C(Bp) — C(Bg) by composition: C, f = foq. Hence, by [27,
Theorem 1.4.19], its adjoint C;: C(Bg)* — C(Br)* is a surjective, interval-preserving
operator.

https://doi.org/10.1017/50013091525101181 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091525101181

Banach lattices of positively homogeneous functions 31

As previously mentioned, for every f € HE.[F], we can find a probability measure
p € C(Bp)% such that (4.14) is satisfied; that is,

|f @) <[ fllepLeim fL(2") (2" € F7), (6.9)

where we recall that the function f € HP[F] is defined by (4.13). In view of the previous
paragraph, we can take v € C(Bg)%} such that C;(v) = . Since E is reflexive, f €

HP.[E] = I,~|E] by theorem 5.5 and the hypothesis.
For y* € Bp-«, the function ¢, (y*) € C(Br) defined in lemma 5.4 satisfies

Coq(Wp(y"))(@) = ¥p(y")(q(x)) = [y (q¢(@)|” = [(Q7y") ()" = ¢, (Q7y")(x)

for each x € Bg, so

(£25)" = Wl ) = (Cal(y).¥)
= Qv )0 = (12Qy) = (Co- D)

This proves that ff = Cq-(fF), which belongs to I,,«[F] by (6.8), and therefore f €
I,+[F] by (6.9) because I« [F] is an ideal of HE.[F]. O

We shall next address two very natural questions concerning a lattice homomorphism 7'
between free Banach lattices: When is the induced map ®7 linear? And how can we tell
whether T arises from a bounded linear operator between the underlying Banach spaces
via the construction described in example 6.147

Proposition 6.18. Let T': FBLP[E] — FBLP[F] be a lattice homomorphism for some
1 < p < oo and some Banach spaces E and F. The following conditions are equivalent:

(a) The induced map ®r: F* — E* is linear.

(b) The induced map ®r: F* — E* is an adjoint operator; that is, &7 = S* for some
bounded linear operator S: E — F.

(c) There is a bounded linear operator S: E — F for which T o §€ =¥ o S.

(d) T =S for some bounded linear operator S: E — F.

Proof. We begin by showing that conditions (a) and (b) are equivalent. It is clear
that (b) implies (a). Conversely, suppose that ®p is linear. By theorem 6.4, its restric-
tion ®rlp,. is weak*to-weak* continuous. This implies that & = S* for some
bounded linear operator S: £ — F, as one can prove by adding an application of the
Krein—-Smulian theorem to the standard proof that a weak*-to-weak™ continuous linear
operator between dual Banach spaces is the adjoint of a bounded linear operator.
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To see that conditions (b) and (c) are also equivalent, we observe that for x € E,
y* € F* and a bounded linear operator S: E — F, we have

(67 0 8)(@)(y") = bsa(y") = y* (Sz) = (S™y")(2),

while (6.2) implies that

(T 0 6")(2)(y") = (T3:)(y") = (62 0 @7)(y") = Pr(y*)(2).

Comparing these two equations, we conclude that T od¥ = §¥ o S if and only if &7 = S*.

Finally, we verify that (c¢) and (d) are equivalent. Equation (6.6) shows that (d)
implies (c), while the converse implication follows from the fact that S is the unique
lattice homomorphism satisfying (6.6). O

The following example shows that not all lattice homomorphisms between free Banach
lattices arise from bounded linear operators, or equivalently that the maps they induce
need not be linear.

Example 6.19. Take 1 < p < 00, let (e, )nen denote the unit vector basis for ¢1, and
identify ¢7 with ¢, as usual. Since

116, [leBLr(e] = [10e, lFBLP ()] = llenlle, =1 (R €N),

we can define a bounded linear operator R: ¢; — FBLP[¢1] of norm 1 by Re,, = |d, |
for every n € N. The universal property of FBL?[¢1] implies that R induces a lattice
homomorphism R: FBL?[¢;] — FBLP[/;] such that R o 6" = R, which in turn induces
amap ®p: loo — Lo such that Rf=fo o &5 for every f € FBLP[{;] by theorem 6.4.
Comblmng these identities with the deﬁnltlon of R, we obtain

B(2")(en) = (8, 0 Bp)(a7) = (RS, )(x") = (Ren)(z")
= [de,, [(2") = I*(en)l—lx [(en)  (nEN, 2" € l).

This shows that ®5(z*) = |2*| for every 2* € £, so @5 is non-linear.

Although the map induced by a lattice homomorphism between free Banach lattices
need not be linear, it is sometimes possible to find a bounded linear operator which agrees
with it on certain vectors.

Proposition 6.20. Let ® € PH'[F*, E*] for some Banach spaces E and F, and
suppose that F* has an unconditional basis (f})nen. Then the map R: f) — ®(f%) for
n € N extends to a bounded linear operator R: F* — E*.

Proof. We extend R by linearity to the dense subspace of F* spanned by (f),ecn and
claim that this map is bounded by K ||®||pg1(p- g+, where K denotes the unconditional
basis constant of (f;;). Take (a;)7.; C R for some m € N, and choose o; = £1 such that
ojaj > 0 for each j € {1,... 7m}. Then, by (1.4), we have
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||(Jjajf )] 1111 weak <

which implies that

> [[(@(o;a;f7))j%

@l prt =, g K

j=1
= sup Zej U]ajf ’ = sup Zajajaj ’
ej==% ej=%1
1= Ir(wn)]
j=1
This proves the claim, and the result follows. O

A possible strategy for showing that the Banach spaces F and F are linearly isomorphic
whenever a lattice isomorphism 7': FBLP[E] — FBL?[F] exists for some 1 < p < oo would
be to find a suitable linearization of the induced map ®r: F* — E* that one could then
use to construct an isomorphism between E and F.

Remark 6.21. Let ® € PHP[F*, E*] for some 1 < p < co and Banach spaces £ and F.
Then, for every m € N and (y})7., C F*, we have

m

< H@(Zy;) \+in<b<y§>|
Zya 3 3

+ ) l®lpaeir- g v < 2@l purr- 2 > Iv; -
j=1 j=1 j=1

(5) S

< ||®flpure (e, B

This implies that ® is quasi-linear if it is homogeneous (not just positively homogeneous).
Since there is more than one definition of “quasi-linear” in circulation, let us explicitly
state the definition we use, following [9, Chapter 16] and [32, Definition 3.2.1] (not [26,
Definition 2.a.9]): a map ®: E — F between Banach spaces F and F' is quasi-linear if it
is homogeneous and there is a constant K > 0 such that

[@(z +y) = @(x) = (Yl < K(llzll +llyl)  (2,y € E).

As we saw in example 6.19, the issue that the map ® may not be homogeneous is
genuine, even when it is induced by a lattice homomorphism between free Banach lattices.
However, our next result shows that there are instances where homogeneity is automatic,
so the induced map is quasi-linear.

Lemma 6.22. Let E and F' be Banach spaces, and let ®: F* — E* be a positively
homogeneous bijection for which || @[ pp(p+ ge) =1 = \|<I>*1||PH1[E*7F*]. Suppose that the
norm on E* is strictly convex. Then ® is homogeneous.
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Proof. It suffices to show that ®(y*) = —®(—y*) for every unit vector y* € F*
because & is positively homogeneous. Combining the triangle inequality with the fact
that ||®|lpyi[p+ g+ = 1 and (1.4), we obtain

2 > max [|®(y") £ D(—y")l| = [(2(y"), =y )ll1.wear = (U7, =y") 1 weax

because ||~ ||py1 g~ ] = 1. Another application of (1.4) shows that
1" =y )l wear = max [[y* £ (=y7)|| = 2,

so either [[©(y*) + ®(—y*)|| = 2 or [|®(y") — D(—y")|| = 2. Since || £ & (+y")|| < [ly*[| =1,
the strict convexity of the norm on E* implies that ®(y*) = ®(—y*) in the first case
and ®(y*) = —P®(—y*) in the second. However, ®(y*) = &(—y*) is impossible because P
is injective and y* # 0, so we must be in the second case, which gives the desired
conclusion. 0

Corollary 6.23. Let T: FBL'[E] — FBL'[F] be an isometric lattice isomorphism for
some Banach spaces E and F', and suppose that the norm on E* is strictly convexr. Then
the induced map ®r: F* — E* is homogeneous.

Proof. This follows immediately from lemma 6.22 because the hypothesis that T
is an isometric lattice isomorphism means that the induced map ®p: F* — E* is a
positively homogeneous bijection with inverse ®p-1, and theorem 6.4(i) ensures that
||‘I>T||PH1[F*,E*] =|IT| =1 and ”(I)]_“l”PHl[E*,F*] = ||T_1H =1 O

We refer to [29, section 10.3] for a detailed analysis of lattice isometries between free
Banach lattices.

We conclude with an extension of another result from [29]. By an isomorphic embedding
of a Banach space F into a Banach space F, we understand a bounded linear operator
J: E — F which is injective and has closed range, or in other words J is bounded below
by some constant 7> 0 in the sense that ||Jz| = nl||z|| for every x € E. In this case
J*: F* — E* is surjective, so (6.7) implies that the associated lattice homomorphism
J: FBLP[E] — FBLP[F] is injective for every 1 < p < oco. The question of whether J
is an isomorphic embedding (that is, has closed range) was analyzed in depth in [29,
section 3.3]. We shall next provide an extension of the main result therein. In the proof,
we require the following standard identity between the operator norm of a bounded linear
operator S from a Banach space E into £} for some 1 < p < oo and n € N and the weak
p-norm:

IS1 = 157 €7)j=1llp,wea; (6.10)
where (e})7_; denotes the unit vector basis of (£})*.

Proposition 6.24. Let J: E — F be an isomorphic embedding of a Banach space E
into a Banach space F, and take 1 < p < oco. The following conditions are equivalent:
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(a) There is a constant C' > 1 such that, for every n € N, every bounded linear operator
S: E — {; admits a bounded linear extension S:F— ¢y (in the sense that S = SJ)
with |15 < CIIS|l. -

(b) The lattice homomorphism J is an isomorphic embedding of FBLP[E] into FBL[F].

(¢c) The lattice homomorphism C - is an isomorphic embedding of HP|E] into HP[F).

Proof. The equivalence of conditions (a) and (b) is essentially a restatement of [29,
Theorem 3.7, (1)< (3)]. (“Essentially” refers to the fact that [29, Theorem 3.7] is stated
only for isometric embeddings. However, it is explained in the text above it how to reduce
the isomorphic case to the isometric.) Furthermore, the implication (c)=(b) is immediate
from (6.7), so it only remains to verify that (a) implies (c).

Suppose that (a) is satisfied for some constant C' > 1, and take € (0,1). Then, for
every f € HP[E], we can find n € N and (z})7_; C E* with ||(2})}_;[lp,weax = 1 such
that

<
N———
3=

nllflleBLeiz) < (Z |f(x?)|P
j=1

Define an operator S: E — £ by Sz = ((z,2}))j_ Clearly S is bounded and linear,

and [|S|| = 1 by (6.10) because S*e; = 7 for each j = 1,...,n, so the hypothesis implies
that S admits a bounded linear extension S: F — E;‘ whose norm is at most C. Another

application of (6.10) shows that ||(§*e;f);7‘:1

pweak < C, and consequently we have

n

C;DHCJ*JIHFBLP[F] ZKCJ* S* * Z S* *

Jj=1

H(sTer = Z|f ST~

mmz

This proves that Cj« is bounded below by n/C > 0, and it is therefore an isomorphic
embedding. O
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