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We discuss representations of product systems (of W*-correspondences) over the
semigroup Z'} and show that, under certain pureness and Szegd positivity conditions,
a completely contractive representation can be dilated to an isometric representation.
For n = 1,2 this is known to hold in general (without assuming the conditions), but
for n > 3, it does not hold in general (as is known for the special case of isometric
dilations of a tuple of commuting contractions). Restricting to the case of tuples of
commuting contractions, our result reduces to a result of Barik, Das, Haria, and
Sarkar (Isometric dilations and von Neumann inequality for a class of tuples in the
polydisc. Trans. Amer. Math. Soc. 372 (2019), 1429-1450). Our dilation is explicitly
constructed, and we present some applications.

2010 Mathematics Subject Classification: 46L08; 461.10; 47A13; 47A20; 47A56;
47L05; 47L30; 47L55

Keywords: W*—correspondence; completely contractive representation; isometric
dilation; product system; Szego positivity

1. Introduction

Consider a tuple of commuting contractions T = (71,...,T;,) on a Hilbert space
H. If K is another Hilbert space that contains H and S = (S1,...,5,) is a tuple
of operators on K, we say that S is a dilation of T if, for all non-negative integers
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ki,ko, ..., k, and every h € H,

TIT2 ... Thnp = PySiish2... ghnp, (1.1)
where Py is the orthogonal projection of K onto H.
Two special cases of dilation are as follows. When H is invariant for each .S;, and
then, we call S an extension of T and can write (1.1) simply as

T;h = S;h

for all ¢, or when H is co-invariant for each S; (that is. K © H is invariant) and
then we call S a co-extension of T. In the latter case, it is convenient to write ¢ for
the inclusion of H into K (an isometry) and write (1.1) by

* Qe
I =S

for all 7. In general, instead of just K O H, if there is an isometry II : H — K such
that

7} = S (1.2)

for all 7, then we say S is a co-extension of 7. We will mostly be interested in
the case where S; commute and are isometries and refer to (1.2) in this case as
isometric dilation.

It is known that if each T; is an isometry, then 7 has a unitary extension U =
(Uy,...,U,) (so that each U; is unitary and the U; pairwise commute). Thus, if T
has an isometric dilation, it also has a unitary dilation.

The existence of unitary or isometric dilation is important since it enables us,
in many situations, to reduce the study of a tuple T to that of a unitary or an
isometric tuple, which is better understood.

For n=1 or n=2, it is known (see [18] and [2]) that isometric dilation always
exists. But Parrot ([12]) showed that for n > 3, one can find commuting tuples that
do not have an isometric dilation.

This raises the problem of finding classes of commuting tuples for which isometric
dilation exists.

In 1961, Brehmer introduced a condition on a commutative tuple of contractions
that ensures that the tuple has an isometric dilation. In fact, this condition is
equivalent to the existence of an isometric dilation with an extra property, called
regular dilation (see [1], [5] , or [18] for details).

In [7], the authors introduced the class P}, (where 1 < p < g < n) of n-
commuting tuples of strict contractions that satisfy the two positivity conditions

Egg{lw_’n}\{p}(—1)‘G|TgTé >0 (1.3)

and
Secii,..apiag (DI TeTs > 0, (1.4)

where Tg = T;, -+ T;, for G = {iy,...,ir}. They proved that tuples in P, have
unitary dilations.
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Another result in this direction can be found in [3], where the class of tuples, con-
sidered by the authors for finding isometric dilation, enlarges the class considered

in [5] and [7].
But the result that is most relevant to us here was obtained in [4]. To state
it, we need the following notation. If T = (T1,...,T},) is a commuting tuple of

contractions, we say that it is pure if, for every h € H and 1 < ¢ < n, T;™h — 0

as m — oo. Also, we write j“; for the n — 1 tuple, which we get when we delete T},
from T. Finally, we say that the tuple T satisfies the Szego positivity condition if

EGQ{L...,n}(—l)lGlTGTE > 0. (1.5)

Note that condition (1.3) means that fp satisfies the Szegd condition (and a similar
comment applies to condition (1.4)).
This allows us to define the class 7;’},1 (for 1 <p < qg<n)tobe

Ty =11 = (T1,...,Ty) : fp and fq satisfy (3.1),12 is pure }. (1.6)

The main result of [4] is that every T' € 7., has an isometric dilation. In fact,
such a dilation is explicitly constructed.

In this article, we study dilations of representations of product systems of W*-
correspondences. As we shall explain, a commuting tuple of contractions can be
viewed as such a representation so that our study is a generalization of the study
of dilations of such tuples.

Throughout the article, M will be a von Neumann algebra. We will think of
M abstractly, that is, a C'*-algebra, which is a dual space, without a preferred
representation, unless otherwise specified. Thus, we will refer to it as a W*-algebra.

We now fix a W*-algebra M. A W*-correspondence over the W*-algebra M is a
Hilbert W*-module E over M endowed with the structure of a left M-module via
a normal *-homomorphism ¢g : M — L(E). An isomorphism between two corre-
spondences is a bimodule isomorphism that preserves the inner product. Given two
W*-correspondences FE and F over M, one can define the (balanced) tensor product
E® F, and it is a W*-correspondence with a natural left and right multiplication
and the interior inner product is given, on generators, by

(e1 ® f1,e2 @ fa) = (f1,pe({e1,e2)E) f2)

fore; € E and f; € F.

If M = C, then a W*-correspondence over M is a Hilbert space, and the tensor
product has the usual meaning. However, note that, for a general M, F ® F' is not
always isomorphic to F ® E.

A completely contractive representation (a c.c. representation) of E on a Hilbert
space H is a pair (0,T), where o is a representation of M on H and T : E — B(H)
is a completely contractive linear map that is also a bimodule map (i.e., T'(a-£-b) =
o(a)T(&)o(b) for a,b € M and £ € FE). The representation is said to be isometric
(or Toeplitz) if T(&)*T(n) = o((&,n)) for every &, n € E.

In [6], Fowler studied product systems over a left-cancellative, countable, semi-
group P with an identity e. A product system E is a family {X }scp with
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isomorphisms {f,; : Xs ® Xy = Xst}step such that X, = M, the maps 6., and
05, are given by the left and right multiplications, and it satisfies the associativity
condition

ast,r(es,t & IXr) = 98,”('[)(5 ® atir).

In this article, we study the case where P = Z7} . We write ¢; = (0,0,...,1,...,0)
(with 1 in the i-th position) and for a product system {XS}8621 , we write F; for
Xei, 1<1<n.

It will be convenient to write E for the n-fold tensor product EF™ and to
identify Xy, (for m = (my, mo,...,m,) € Z7) with EMQE"?®-- -@E;"™ (where
these tensor products are the balanced tensor products over M). That means,
in particular, that the isomorphisms Gei,ej, for ¢ < j, are identity maps. Setting
ti; = Hewej ‘B, QFE; > E;@FE; fori>j (and t; ; = tj_zl for ¢ <j), one can check
that the family {t; ; : 1 <4,j < n} satisfies

(i @ Ie))(Te; @ t1i)(t1; @ Le;) = (Le; @ t1,5)(t1i @ Lo ) (Le) @ 5,0) (1.7)

for every 1 <4, j,1 < n. One can also check (but we omit the tedious computation)
that, given n correspondences Fi,..., E, over the W*-algebra M and a family
{ti; :1<4,5 <n}suchthatt;;: E;®E; - E; ® E; is an isomorphism, ¢; ; = tJ_Zl
and t;; is the identity map, it determines, in a unique way, a product system X
(with Xy, = Efll Q@ ® E;nk) whose isomorphisms {0 m} satisfy 9%% = id if
1 < jand eepej =t;; if i>.

In this article, we study the representations of such product systems (and their
isometric dilations). In definition 2.7, we define a c.c. (and isometric) representa-
tion of product systems, and in example 3.5, we show that when E; = C for all ¢
and t; j(zQy) =y @z (for x € E; and y € Ej;), a c.c representation of the prod-
uct system is given by a tuple of commuting contractions. Similarly, an isometric
representation, in this case, is given by a tuple of commuting isometries.

In [17, theorem 3.3], it is shown that under a condition that extends Brehmer’s
condition to product systems, the c.c. representation has an isometric dilation.

The main result of the current article is theorem 3.20. We prove there that under
conditions of pureness and Szegd positivity (as in (3.4)), the c.c. representation of
the product system has an isometric dilation. In fact, this dilation is explicitly
constructed.

Note that, for n =1 or n =2, this result is known to hold in general (no conditions
are needed). For n =1, it was proved in [8], and for n =2, in [16, theorem 4.4]. But,
for n > 3, it does not hold in general as is known for the special case of isometric
dilations of a tuple of commuting contractions.

Our main result is a generalization of the dilation result of [4] . In the case where
E; = E; = C, our result here, theorem 3.20, reduces to the main result of [4].

In [6], Fowler showed that there is a universal C*- algebra, written 7g, which
is universal for isometric representations of the product system E. It follows from
our theorem that every c.c. representation of E on H that satisfies our conditions
defines a completely positive map from Tg into B(H).

We present several examples to show that our result yields also some other
interesting special cases.
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As we noted earlier, every isometric tuple has an extension to a unitary tuple.
This is not always the case for representations of a product system even for the
case n=1 (see [8, chapter 5] and [10]).

Throughout the article, we use several variations of the letter ‘D’ to denote some
particular types of operators and spaces. For the convenience of the readers, we are
listing the variations here, mentioning the places where they have been defined in
the article: D, DTI, DTn, and DTH” are operators where the first one is defined
in (3.2) and the others are defined in the statement of proposition 3.6. The spaces
DT1 and DT~n are defined in the paragraph just above proposition 3.7. Dy, Da,
D, D', and D, are some spaces that are defined in (3.10), (3.11), (3.13), (3.14),
and (3.25), respectively.

2. Preliminaries
We begin by recalling the notion of a W*-correspondence.

DEFINITION 2.1. A W*-correspondence over a W*-algebra M is a Hilbert W*-
module E over M, in the sense of Paschke [13], endowed with the structure of a left
M-module via a normal *-homomorphism g : M — L(E).

If F and F are W*-correspondences over M, then the balanced tensor product
E ®p; F is a W*-correspondence over M. It is defined as the self-dual Hausdorff
completion of the algebraic balanced tensor product with the internal inner product

given by
(& @m, & @n2) = (m, or((§1,&2)E)N2) F (2.1)
for all £&1,& € E and 11,12 € F. The left and right actions of a € M are defined
by
vear(a)( ®@n)b = pp(a) ®nd (2:2)

foralla,be M, € FE,and n € F.

DEFINITION 2.2. An isomorphism of W*-correspondences E and F is a surjec-
tive, bimodule map that preserves the inner products. We write E = F if such an
isomorphism exists.

If F is a W*-correspondence over M and o is a normal representation of M on a
Hilbert space H, then E®, H is the Hilbert space obtained as the Hausdorff comple-
tion of the algebraic tensor product with respect to (€®h, n®@k) = (h,o(({,n) g)k) 1.
Given an operator X € L(F) and an operator S € o(M)’, the map EQh — XERSh
defines a bounded operator X ® S on E ®, H. When S = Iy and X = ¢g(a) (for
a € M), we get a normal representation of M on this Hilbert space. We frequently
write a ® Iy for p(a) @ I.

DEFINITION 2.3. Let E be a W*-correspondence over a W*-algebra M. Then, a
completely contractive covariant representation of E (or, simply, a c.c. representa-
tion of E) on a Hilbert space H is a pair (o,T), where

(i) o is a normal x-representation of M in B(H).
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(i) T is a linear, completely contractive map from E to B(H).
(iii) T is a bimodule map in the sense that T'(a&b) = o(a)T(§)o(b), & € E, and
a,be M.

Such a representation is said to be isometric if, for every {,n € E, T()*T(n) =

a((&,m)-

As was shown in [8, lemmas 3.4-3.6], if a completely contractive covariant
representation, (o,7'), of £ in B(H) is given, then it determines a contraction
T:E®,H—H deﬁned by the formula T(n® k) := T(n)h, @ h € E ®, H. The

operator T satisfies
T(p()@I)=0c(-)T. (2.3)

In fact, we have the following lemma from [9, lemma 2.16]:

LEMMA 2.4. The map (0,T) — T is a bijection between all completely contractive
covariant representations (o,T) of E on the Hilbert space H and contractive oper-
ators T : E ®, H — H that satisfy equation (2.3). Given o and a contraction T
satisfying the covariance condition (2.3), we get a completely contractive covariant
representation (o, T) of E on H by setting T(€)h :=T(£ @ h).

Moreover, the representation (o,T) is an isometric representation if and only if
T is an 1sometry.

REMARK 2.5. In addition to 7', we also require the ‘generalized higher powers’ of
T. These are maps T : E®" @ H — H defined by the equation 7(") E®...®
Ea@h)=T(&) - TEDh, &1 ®...0& @h € E® @ H. One checks easﬂy that
T =To (IE®T)o~~o (Iggn—1®@T), n>1.

DEFINITION 2.6. A product system over M is a family of W*-correspondences
{E1, Es. ..., E,} over M together with unitary isomorphismst; ; : E;QE; — E;QE;
(for i>7).

In fact, this defines a product System over the semigroup Z% 2, and it is natural
to define also t;; = Ig, and ¢; ; = tii Lfor i< j. These unitaries allow us to identify
E; ® E; with Ej ® E;. Similarly, we can identify Ey,; ® E,, ® --- E,_ with every
permutation of the correspondences.

In this article, we shall suppress the unitaries ¢; ; and write &; ® E; = E; @ E;.
The case where the unitaries ¢; ;’s are involved in the commutation relations can
be computed in a similar way, and the same results hold.

DEFINITION 2.7. A c.c. (completely contractive) representation of a product system
(M, En,...,E,) is a tuple (0,11, Ts, ..., T,) where for each i, (0,T;) is a represen-
tation of E; on H (and, thus, T, is a contraction ) such that T; commutes with T,
or more precisely,

T(Ig, © Ty) = Tj(In; ® T,)(ti; © In) (2.4)
for every i,j. If each (0,T;) is an isometric representation of E; (equivalently, if

each T; is an isometry), we say that the representation (of the product system) is
an isometric representation.
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Suppressing t; j, we simply write
Ti(lp, ® Ty) = Tj(Ip; ® T)).

DEFINITION 2.8. We say that an isometric representation (o, Vi, Va, ..., V,,) of the
product system (M, Ey,...,E,) on the Hilbert space K is a dilation of the rep-
resentation (o,11,Ts,...,T,) (on H) if there is an isometry I : H — K such

that
(Ig;, @ I)(T)" = (Vi)'
for all 1.
We shall use the following notation. For a subset G = {ni,ns,...,ng} C

{1,2,...,n}, we write Eg or Epn n,..... ng, for By @ Bpy ® -+ ® By, . It will also be
convenient to write I, I, I, for IE1 AE,, IE1®E,L, respectively.

Also, given a representation (o,T1,7T5,...,T,) of the product system, and G C
{1,2,...,n} as above, we write

T = Toy (Iny®Tpy) - (Ig—(nyy ®Tny) : By @+ -®En, ®H = Eg@H — H. (2.5)

Also, we write, for 1 < k,
TS = Te(Ig, ®Ta) (IEgk—l ®Tc)

and
(TG) (k) _ (Ték)) *'
®ay

Given a product system (M, E,...,E,) and a € Z7, we write £ := E ' ®
E?OQ ® - ® E¥n (with E° := M) and form the associated Fock correspondence

F(E):= > E“ (2.6)

aEZi

In the following, we fix a W*-algebra M, a product system (M, F1, ..., E,) over
N™ and a representation (0,77, ...,T,) of the product system over H.

We write NRep(M) for the set of normal representations of M. For normal rep-

resentations p1, po of M, we write p; = po if py is equivalent to a subrepresentation

of py and p; =~ py if they are equivalent. It will be convenient to write G; 3 Go

~

if G is the representation space of some normal representation of M, say p; and
P13 p2-

In [15], Rieffel defined the notion of a generator for NRep(M) (based on a similar
notion in pure algebra). In [15, proposition 1.1], he showed that a normal represen-
tation p is a generator if and only if every representation m € N Rep(M) is a direct
sum of copies of subrepresentations of p. In [15, proposition 1.3], he proved that p
is a generator if and only if it is faithful.
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As in [11, definition 4.1], we say that a generator is an infinite generator if
it is an infinite multiple of a generator for NRep(M), that is, it is an infinite
multiple of a faithful normal representation of M. We can conclude that every
infinite generator p has the property that every normal representation of M is
equivalent to a subrepresentation of p. We also note that every infinite generator
is unique up to equivalence.

We shall now fix an infinite generator p,, and write H,, for its representation
space.

The following lemma will be useful. The proof is straightforward and will be
omitted.

LEMMA 2.9. Suppose E is a faithful W*-correspondence over M (that is, pg is a
faithful map) and p is a faithful representation of M on H. Then, the representation
0r() ® Iy is a faithful representation of M on E ®, H.

3. Representations of product systems

We will assume that F1, ..., E, are faithful W*-correspondences over a W*-algebra
M. Tt follows from lemma 2.9 that, for i = 1, ..., n, the representation ¢;(-)® o LHoo
is also an infinite generator.

Recall, for each i =1,...,n,

T,:FE;®, H— H

is defined by TZ(& ® h) = T;(&)h for & € E; and h € H. Recall that for any
G ={n1,...,n;} C{1,...,n}, the operator Ty is defined as in (2.5).

We say, the representation (o,77,...,T,) satisfies Szegd positivity if the tuple
T = (TI, . ,Tn) is Szegd positive, that is,

S,HT.(D)) == Y (-1)9Te(Ta)" > 0. (3.1)
GC{1,....,n}
If this holds, we write
D3 =8, (T, (T)"). (3.2)

PROPOSITION 3.1. For a c.c. representation (o,Ty,...,T,) satisfying Szego posi-
tiwity, the map 11 : H — F(E) ® H defined by

Th= P (Ipe @ Dr)(T)"@h

ani
satisfies
. =(k) () *(K)
A2 = a2+ im (>0 (<) () Phn),  (3.3)
0#£GCA{1,...,n}
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where k € Z .

Proof. Using the fact that for each 4,5 € {1,...,n}, TZ(IEZ @T)) = Tj(IEj ®T),

we have

> (T (Iga @ D2)(T)* ) h, h)

a:(al,...,an)EZ"_f_

=1lim Y (T(Ige @ D7)(T)"h,h)

kg}oomaxajglc—l

=lim Y (T (Iga @S, (T,(T))(T)**h,h)

k_ﬂxjmaxa-<k—l

]_

i Y (T (e Y (1)|GITG(TG)*)<T>*<a>h,h>
Oomaxajgkfl GC{1,...,n}

— lim. 3 <T(B)(T)*(ﬁ) 3 (_1)\B|—|a\h7h>_
maxﬂjgk aS,B,max(ﬂj—aj)gl,maxajgk—l

Note that, for a fixed 8 with max3; < k,

Z (=D)lFI=lel =

ozgﬁ,max(,ﬂj—aj)gl,maxajgk—l
unless 8 = (B1,...,0,) € {0,k}". If B8 = (B1,...,0n) € {0,k}", then it is equal to

(—1)lswpPBl where |suppf| means the number of non-zero ;’s in 8 = (B, .., Bn).
Therefore, for every h € H,

GC{l,...,n}
_ 2 . Gk (72, *(F) >
I+ im (ST ()T (o) P nn).
0£GC{L,....n}
O
A c.c. representation (o,T7,...,T,) is said to be pure if (0,T;) is pure for each
i =1,...,n, that is, Ti(k) (T;)**) — 0 in the weak operator topology (WOT) as
k — oo.
COROLLARY 3.2. Let (0,T1,...,Ty) be a pure c.c. representation that satisfies
Szego positivity. Then, the map defined in proposition 3.1 is an isometry.
Proof. Since (0,11, ...,T,) is pure,
i _nlalqk) i yx(k) > _
k;n;o< S ()T (Te) P hn
0£GC{1,...,n}
So it follows from (3.3) that IT is an isometry. O
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We denote T} = (0,Ts,...,T,) and T, = (0,T1,... Tn 1), and with the help
of them, we define a class of c.c. representations namely 77", (o, M, E1, ..., Ep, H)
in the following way:

T (0,M,E1,...,En,H) = {(c,T1,...,Tn) : T1, T}, satisfy Szegé positivity and T}, is pure}.
1I,n
(3.4)

EXAMPLE 3.3. Let M = C and E; = C? (i = 1,...,n). Let T; : C¢* — B(H) be
written as T; = (T;1,...,T;, ) where T r = Ti(er) ({ex} is the standard basis of

C%). Then, for each i = 1,. :C*® H — H is given by
A J
TA@h) =T;(MNh=(Tyn,....Tia) | | h=Y_ NTile;)h=> N\T;;h
A ‘ =

To make it into a product system, we need to fix an isomorphism ¢, ; : £; ® E; —
E; ® F;. For simplicity, we assume that

tijle@f)=f®e

for i#£j, e € E; =C% and f € E; = C? (but see the remark below).
For i#j, h € H, ey, € E;, and e; € E;, we apply equation (2.4) to get

Ti(ex)Tj(e)h = T;(Ip, ® Tj)(ex ® e, ® h) = (IE ®T)(ti; @ In)(ex ® e @ h) =

Tj(IEj ® T;)(er ® e ® h) = Tj(e)Ti(ex)h.
Thus, we require that
T 1150 =TT (3.5)

fori#jand 1 <k, I <d.
Also, T\? : €4 C% @ H — H is given by

d d
f“i@))\@)ﬂ@h) )\®Zﬁkaz Kh) = Z AjbwTi T k.
k=1 Jik=1

Identifying C? @ C* with C? and A ® p with the column (\;pug); x, we can write
TZ@) as a row (T; ;T ),k Similarly, for any m € N, Ti(m) can be written as the
row (T5j; -+ Tijm )1<4q.....jim<d- Therefore,

Ti(M)(Ti)*(m): Z Tigy - Tijm s - T

4,71 LIm T 4,0m 1,51

T 2 (ﬁ ’“’)(ﬁ Jp) (3.6)

https://doi.org/10.1017/prm.2024.90 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.90

Isometric dilations for representations of product systems 11

In a similar fashion, for each G = {i1,...,ix} C {1,...,n},

k

= Y (M5)(1T7.)

1<41 i <d =1

Note that, due to the commutation relation (3.5), the last expression is independent
of the order chosen on G. Therefore,

> (-1l T (Te)"

G={ieemsig FC{Lpeeeim}

~ Y 9 Y (M) () 69

G={i1,..,ig}C{1,...,;n} 1<j150dp<d  p=1 p=1

If the expression of the right-hand side of (3.6) tends to 0 in WOT as m — oo,
then T; is pure, and if it happens for each i = 1, ..., n, then the c.c. representation
(0,T1,...,Ty) is pure. On the other hand, if the expression on the right-hand side of
(3.7) is a positive operator, then the representation (o, T1,...,Ty) is Szegd positive.
If the above two hold together, then the representation (o,T1,...,T),) lies in the
class 7", (0, C, ce,...,C% H).

REMARK 3.4. In the example above, instead of choosing ¢; ; to be the flip, we can
choose any other isomorphism of C?® C? (for i > j). Such an isomorphism is given
by any unitary matrix of size d? x d?. This will give us another, more involved,
commutation relation (see, e.g., [14, equation (1)]). We will not go into details here
except to note that if d=1 and, for every ¢>j, we fix some number u;; with
|ui, ;| = 1, then the commutation relation is

TiTj = uiJTjTi (38)

for i > j. Note that if (Ty,...,T,) is a tuple of contractions that u-commute (in the
sense of equation (3.8)), then T'¢ may depend on the order on G but T¢T¢ does
not. In fact, in the expression of equation (3.1), u, ; will get cancelled .

EXAMPLE 3.5. If, in the setup of remark 3.4, we take d =1 and u; ; = 1 for all 4, 7,
then it reduces to the case of a commuting tuple of contractions studied by many
researchers (see the introduction). Note that, in this case, definition 2.8 reduces to
definition 1.2.

Let (o,T1,...,Ty) € T{",(0, M, Ey,...,E,, H). Merging the (n — 1)-tuples T

and T, we consider a new (n — 1)-tuple T, in the following way:

fln = <T1(Il ®Tn>7fg, .. .,Tnfl).

We have the following result.
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PROPOSITION 3.6. If the tuples Ty and T, satisfy Szego positivity, then so does
Tyy. Moreover, denoting

we have

D} =Dj + T ® D;l)(fl)* = D2 + T(L, ® D2 )(T,)".

Proof. We observe that

S;il (7:1171, (7:1171)*)
= X )l
Gc{l,...n—1
=Y ()T - Ta(h o T
Gc{2,....n—1}

(X (0OT(Te) ) (h e (T)) (T

GC{2,....n—1}

> (T -T( Y (0heTe(Te) ) @)
Gc{2,....n—1} Gc{2,....n—1}
+T1( 3 (_1)\G|[1®TG(TG)*)Tf

Gc{2,....n—1}

—T1(11®Tn)( Z (—1)‘G‘I1n®TG(TG)*)(—’1 ® (To)")(Th)*
Gc{2,....n—1}

=Y (VNI () + T
GcA{1,....n—1}

><(11® Z (—1)‘G‘(7:“1)G(T1);)(T1)*

Gc{2,...n}

=8, L (11, (1)) + T (L @ 8,1, (T, (1) ")) ()"

= D2 +Ti (L @D ) ()"

So,

s, (i (7)) 20
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and hence

2 _ 2 ‘2 2 1\ %
D2 =D +T, (In ® DTn> (To)*.

Similarly, we can also show that

D%ln = D;n + Tl (Il & D%1>(T1)*

From the above proposition, it follows that for every h € H,

1D, h @ (I @ D )(T1)*hl| = Dy h @ (In @ Dy, )(T0)* R

13

(3.9)

Note that {Dz, h & (I1 ® DTI)(Tl)*h :h € H} is a subspace of H @ (Ey ® H). On
H @ (E1 ® H), we have a representation 71 of M where, for h,k € H and a € M,

T1(a)(h & (& ® k) = o(a)h & (p1(a)r @ k)

and 79 is defined similarly on H ® (E, ® H).

Note that Dy commutes with o(M), and for a € M, (T})*o(a) = (pi(a) ®

Iy)(T;)*. It follows that

Tl(a)(DTnh D (.[1 [} DTI)(Tl)*h) = DTnO'((l)h D (.[1 X qul)(’f’l)*o'(a)h,

and therefore, the space {Dp h @ (I1 ® Dfl)(fl)*h : h € H} is invariant under

71(M). Writing D; for the closure

Dy ={Ds,h@® (L ® Dy )(T1)*h:h e H},

(3.10)

we see that restricting 71 to it, we get a subrepresentation of 71. Similarly, setting

Dy = {Dp h® (I, © Dy, )(T,)*h - h € H}™,

we get a subrepresentation of 7.

(3.11)

It follows from (3.9) that we can define a partial isometry (with initial space D)

V01D1—>D2

by

Vo(Dy,,h ® (I © Dy )(T1)*h) = Dy h @ (I, © Dy, )(Tn)*he

From the above definition, it is straightforward to see that Vg intertwines 71 and

To. That is,

V()T1 (a) = T2 (CL)VQ
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for all a € M, and we can write

Dl >~ DQ.

In the next proposition, we show that by extending the spaces D; and D5 suitably,
one can define a unitary that extends V and intertwines representations of M on
those extended spaces. For the next proposition, the closure of the range of DTz"
for i = 1,2, is denoted by DT}-' That will also be used throughout the article.

PRrOPOSITION 3.7. We can find representations p1, p2 of M on Hilbert spaces £y, E
and a unitary operator

U: DT1 o (E, ®DTn) DO Ey — DTn o (Er ®DT1) & &
that extends Uy := VO_1 and intertwines the representations of M. Moreover,

(i) there is a unitary operator uy : B4 @ E; — &1 (so that ui(E; ® &) = &1)
that intertwines the representations p; and p1(-) ®p, Ie, -
(ii) there is a unitary operator us : 2 — E, ® &1 (s0 that ue€s = E, ® E1) that
intertwines the representations pg and pa(-) ®p, Ie, -
(i1i) & (i =1,2) are infinite generators of NRep(M).

Proof. We observe
D1 C Dy, & (B4 ®DT1)
and

Dy C DTl D (En ®DTn)

Note that the spaces on the right are also invariant under 71 (or 72), so they are
(left) M-modules and so are

MQ = DTI EB (En ® DTn) @ DQ

and

My =Dz & (E1 ® Dy, ) © Dy

Now we write,

SZ' = Hoo

(for ¢ = 1,2) infinite generators. It follows that F,, ®£; and E; ® &, are also infinite
generators. The uniqueness of infinite generators implies the existence of wuq,us
satisfying (i) and (ii).

Since & I M; & E;, M; & E&; is also an infinite generator and it follows from the
uniqueness that there is a unitary operator u; from My @& & onto M7 & & that
intertwines the representations. Setting U = V;;” ® u1 completes the proof. O
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To simplify the notation, we write E;; for F; ® F; and identify it with E; ® E;.
Similarly, we write Ey, for F; @ E; @ Ey, etc.
We have from the proposition 3.6 that

Dy =D3 +Ti(li® D3 )(T1)" = D + Tulln ® D3 )(T)" 2 0.

We, thus, get an isometry V : DTM — Dy @ (E1 ® Di“l) @ &1 such that
V(D h)=Dg h& (I @ Dy )(Th)"h @ Og, -
We now need the following notations:
(i) P; is the projection
Py : Dy, @ (E1® Dz ) © & — E1 ® Dy, .
(ii) 44 is the inclusion
it (E1n ® Dy, ) @ (E1 ® &) = (E1 ® Dy, ) @ (E1n @ Dy, ) @ (E1 © &2).

(iil) jp = i50 (IE1”®DTn &L ub)) : (B, ® DTn) & (E1p ® &) = (Bip ®
Dy,) @ (B1 ® &) ® (B ® Dy, ).
(iv) iz is the inclusion

9 : DTn D E — DTn (5] (E1 ®DT1) @ &,
so that 45 is the projection
iy : Dy, @ (E1 @ Dy ) @ &1 = Dy @ &1

Note that, since U intertwines the representations of M, the operator I; ® U is
well defined and bounded. So the following operators are well defined:

(Il ®U)P1 :DTn @(El ®DT1)€B(‘:1 — (E1®DTR)EB(E1®E1®DT1)@(El(g)gl)

and

(LoU)j,: (E1n®DTn)€B(E1n®51) — (B ®Dfn)@(E1 ®RFE; ®DT1)@(E1 ®&1).

We can now form the operator

(LeoU)Pr (I1oU)j Dy ® (B, D4 ) @&
U, = i : n 1 (3.12)
i3 0 (Bin ® Dy, ) ® (B1n ® &1)

. (F4 ®DTn)€B(E1 ®E1®DT1)@(E1®51)
Dy @&

A straightforward computation shows that as U is unitary, then so is U;.
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To shorten some computations, we shall write
and

D= DTn &) 51, (314)

so that

1= . : — .
5 0 E, @D D’

Note that M acts on D by the restriction, to D, of o ® (1 ® IDT ) @ p1 we write
1

pp for this representation. Similarly, pps will denote the representation of M on D’
(the restriction of o @ p;1). There is a natural left action on Fy,, = Fy ® E,, which
comes through an adjointable map ¢, : M — L(E; ® E,,), which is defined by

vin(a)(er ®en) = p1(a)eg ®e, (forallae M, e, € Ey, e, € E,). (3.15)
Viewing F1, as E, ® E7, the action ¢1,, can also be represented by
oin(a)(e, ®e1) = pp(a)e, ®e; (foralla € M, ey € Ey, e, € Ey). (3.16)
We have the following lemma:
LEMMA 3.8. The operator U; intertwines the representations of M, that is,
Ur(pp(a) ® (p1n(a) @ Ipr)) = ((¢1(a) @ Ip) @ ppr(a))Us
for every a € M.

Proof. We need to prove the following for every a € M:

(i) (It ®@U)Pipp(a) = ((p1(a) @ Ip)(I1 @ U)Pr.
(i) (I @ U)js)(p1n(a) @ Ipr) = (p1(a) @ Ip)((I1 ® U)js).
(ili) i3pp(a) = ppr(a)is.

Part (iii) is obvious. We proceed to prove part (i). From the definitions of P;
and of pp, it follows that

Pipp(a) = (p1(a) ® In;, )Pr.
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It follows from proposition 3.7 that UJ|DT2 = pDU|DfQ. Using this, we have
(h®@U)Pppla) = (h @ U)(e1(a) @ Ip;, )P1 = (p1(a) @ Ip)(h @ U) Py,
proving (i). For (ii), we write

(L ® U)ja)(pinla) @ Ip) = (L @ U)is(Ipy,0p, © (I @ u3))(p1a(a) @ Ipr)

= (L 9 V)i((pinle) ® To, ) & (p1(0) @ Iey)) Ty em,, @ (1 9 u3))

= (L@U)(prn(a)@1py JB(p1(a)®1e,)(01(a)@Ips )ia(IEy,enp B(110U3)).

Using the intertwining property of U again, we see that this is equal to
(pr(a) ® Ip)(h @ U)is(Ipy,0p; © (1 @ u3)) = (p1(a) @ I) (1 © U)ja),

proving (ii). O

LEMMA 3.9. For he H,

Ur(VDg, h, (Iin ® Dz, (I ® (T,))(T1)*h @ 05y, ey )
= ((h @ VDg )(T1)"h, Dy, h & Og, ).

Proof. We start by proving that, for f € F4 ® H,

(L1 @ U)[(11 @ Dy ) f + (Iin @ Dy, )11 @ (Tn)") f]
=(h ®Dfn)f+(111®DT1)(I1®(T1)*)f. (3.17)

Clearly, it suffices to prove it for f = £ ® g, where £ € E; and g € H. So, we
compute

(L @ U)[(L ® Dy, )(§® 9) @ (Iin ® Dy, ) (L @ (T)") (€ © 9) @ 0, o)
= (L@ U)E® Dz, 9@ (Iin @ Dy, )(§ @ (T0)"9) ® O gy

=(LoU)EeDsg®te (I, ® D )(Th)*g ® Op, o]

=(® U(Dflg e, ® DTn)(Tn)*g S 052).

Since U extends Uy (= V'), we have U(anlg & (I, ® DTn)(Tn)*g ® 0g,) =
(DTng © (L ® Dfl)(Tl)*g &5, 051) and, thus,
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(L @ U)[(L ® Dz )(E®9) ® (Iin @ Dy (I @ (Tn)") (€ ® 9) © 05, e,
=(®@Dg 90 (L ® DTI)(Tl)*g @ 0g,)

= (L ® Dz )(E®9) & (11 ® Dy ) (I ® (T1)*) (€@ g) ® 0, 0,

proving (3.17).
Now we compute

Ui(V Dy, by (Iin @ Dz (11 @ (T,)*)(T1) h @ 0py, 6, )
=Ui1(Dp, h® (I ® Dfl)(fl)*h @ Ogy, (I1n ® Dy,))
X (I @ (T)))(T0)*h ® 0y, ¢, )
= (L@ U)[(l @ Dy )(T1)"h @ (11, ® Dy,))
x (It @ (T,)*)(T1)*h ® 0, ge,), Dz, h © Og, )
= (1 ® Dy )(T1)"h @ (In @ Dy ) (I @ (T1))(T1)*h © 0y ey, Dy, e ® Og,y),

where we used equation (3.17) with f = (T1)*h. It is left to show that

(I1® Dj )(T1)*h @ (In & Dy (I ® (T1)")(T1)*h & Op, ee,
= (L@ VDg )T1)*h.

Now, replace (Tl)*h by £ ® g and use the definition of V, that completes the proof.
O

For faithful W*-correspondences FE, ..., E, over a W*-algebra M, we consider
a new family of n —1 faithful correspondences Ey,, Fs, ..., E,_1. Now the Fock
correspondence for this product system (constructed as in (2.6)) is

FE) = P E- (3.18)

aEZifl

where E° = M, and for each 0 # a = (a1, ..., an_1) € Z} !, E* = E2M@EX?g

e ® Effffl. For each i € {2,...,n — 1}, we consider the left creation operator

Li . B; — B(F(E) ® H) defined by
Li(&) = L, for §, € B, andv=2,...,n—1

and Ly : By, — B(F(E)® H) by Li(§1n) = Lg,,, The operators L¢, : F(E)® H —
F(FE)® H are defined by
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Le,(h)=&®h  and Le(n™ @h)=&@n® eh (n'*) € E* he H).

The operator L¢,, : F(E)® H — F(E ) ® H is defined by L¢, (7™ @ h) =
E1,@0( Y @h. Following this, for each i = 2,...,n—1, we define L; : B;@F(E)®H —
F(E)® H by

Li(6;@k):=Li()k=&®k and
Li(6in ®k):= L&)k =6n®k (ke F(E)®H). (3.19)

For the above-defined (n — 1)-tuple ﬁn = (Tl (I, @ Ty), Ts, . ... 7Tn—1)7 we consider
a dilation map Iy, : H — F(E) ® H that is defined by

“(a) .
Mah:= @@ (Upe@Dy ) (Tin)  h=Dg he(Ip, ®Ds )(Tin)ho

an?fl
quad x (Ip, ® DTln)(T2)*h ®- -, (3.20)
where for a = (ai,...,an_1) € Z77', E* = E},, PR ® ES?{“l and Tl(f;) =
Tyl T2 Tyt

REMARK 3.10. Note that this is the same map as in proposition 3.1 and in
corollary 3.2 but for the product system (M, FEi,,FEs,...,E,_1) and the tuple

Tin = (T1 (L @ Tp), oy ..., Trn).
Now, we are ready to prove a dilation result for the (n — 1)-tuple 1:11”.

PROPOSITION 3.11. Let T}, be a pure (n — 1)-tuple. Then, the above-defined map
111, is an isometry and

Hln

(i) (I ®101,) ()" = (L
(L)Hlnforal11—2 n—1.

(T
(i) (I; @ I )(T7)*

w

Proof. The fact that II;,, is an isometry follows from corollary 3.2 (see the remark
above). Let &, € Ein,n® € EP and h € H. Then, we
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{(L1) inh, €10 @ 0P @ h)

~( P UpacDy) (fln)*(a) b @™ o h)

aGZi_l

x \ *(Bteqp)
) ha gln

= ((Igs ® hw® Dy, ) (Tha
quadtimesn(ﬁ) ® h>
= \*(B)7 -
— ([ Ups©Dys, ) (Tia) | (i) hoin @0 @ 1)
= ((I1n ® 1) (T10)", 10 @ 0P @ B).

On the other hand, for each i = 2,...,n — 1, take & € E;,n®) € Ef and h € H.
Then, we have

(L) Typh, & @0 @ h>
= (1 h, Li(& @ P @ h))

(g0 © Dy, ) (1) h& e n® @ )

( &
= < o(E+e) ®DT1 ) (f1n>*(6+ei)h,fi ®77(ﬁ) ®h>
- <[ Ips ® Dy, ) (Tln)*(ﬁ) } (T)*h, & @n'® ® h>
= ((I; ®H1n)( D& @0 @ h).
O

Recall that V : DTM — Dy @ (F1 ® DT1) @ & = D is an isometry such that

V(Dg, h)=Ds h® (I ® Dy )(T1)*h @ Og,
We now define the map

Hln,V cH — ]:(E) ® [D (&) (Eln (9 D)]

o\ *(@)
Minvh = Iz @ VITnh = @ (Iee ©VDz ) (Ti)

aEZSL__l

Since both II;,, and V are isometries, so is II;,, yy. Therefore, we have the following
dilation result, which basically replaces dilation space with some other Fock space
where the coefficient space is D instead of DT1

n
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PROPOSITION 3.12. Let T}, be a pure (n — 1)-tuple and the map Iy, v as above.

Then,
(i) (I1n @ ip,v E ) f )y v
(ii) (I; @ Uy v )(T3)" = (Li)* waor alli=2,...,n—1.
Proof. To prove
(Itn ® Ire) @ V)(L1)* = (L1)* (I @ V), (3.21)

note that (L;)* (on the left-hand side) is the inclusion of Ei, ® F(E) ® Dy, ~in
F(E) @Dy, , while (L1)* (on the right-hand side) is the inclusion of E}, @ F(E)®D
in F(F) ® D. Thus, for all h € DTM, &1n € Eqp, and n®) € EF,

(Itn ® Irpy @ V)(L1) (€1 @ 0P @ h) = €1, @ 0P @ Vh = (&, @0P) @ VR

= (L) Uz @ V)& @0 @ h),
proving (3.21). Using this,

(Iip @ Mip ) (Tin) " = (Itn @ (L) @ V)i ) (T1n) "
= Ity ® Irpy) @ V) (I1n @ 1) (Thn)”
= (lin®@IrE) ® V(L) My, (by (a) of proposition 3.11)
= (L1)* ([]-'(E‘) @ V)L,  (by 34)
= (L) Ty

This proves (i). Proof of item (ii) is similar. O

Below, we develop an identity (namely the identity (3.22)) related to the
block entries of the above-defined unitary U;, which turns out to be a
key identity to establish a dilation for the c.c. representations in our class
T (o, M, Ey, ..., By, H).

A B

R ) where A = (I, @ U)Py, B = (I, ® U)j}, and C = i}. So,

by lemma 3.9,

A B VDTlnh
¢ 0 )\ (n®Dg )L @ (T.)) D) h @ O, ce,

_( (he VDg )(Th)h
Dy h & 0g, '

This implies,

AVD; b+ B[(ILin @ Dy, ) (I @ (T,)")(Th)*h ® 0y 0e, | = (i @ VDy )(Th)*h
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and
CVDTmh = Dj, h® 0Og,.
The above two together imply
AVDTInh+B[(I1n®D I1®(T ) )( ) hEBOEln@,gl]
—AVD; h+ B[(lin ® (Dg,, @ 0,)) (11 ® (T,)")(T1)"h]
=AVD; h+ B[(Iln ® CVD;, (L @ (T,)")(T1)"h]
=(Li @ VDz ) (T1)h.

Thus, we have the identity,

AVDg h+ B[(Iin ® Dg )(I @ (To)")(T1) ' h @ 0py 06, | = (10 ® V Dz )(T1)*h.
(3.22)
Define an operator Uz which has a transfer function-type representation corre-

sponding to the unitary U}, by
More explicitly,

This map will play an important role.
Note that

s 1 F(E) @ By ©D — F(E)® [D& (E1, © D)] € F(E) ® D, (3.24)

and we view here F(E) ® Ey,, ® D as a subspace of F(E) ® D.

ProposiTiON 3.13. For the unitary Uy, Tux is a well-defined isometry.

Proof. To show that Tyr s well defined, we need to show that B(I1, ® C) is well
defined. For this, recall that C' = 4§ and, thus, I;, ® C = I1,, ® i} : (E1, ® DTn) &)
(Eln ® F ® DTl) ) (Eln ® &) — (E1n ® DTn) ) (E1n ® &1). For B, we have
B = (I, ® U)j3, which is defined on (E1, ® Dy, ) & (E1, ® &1). Thus, B(L, ® C)
is well defined. The following computation shows that U is indeed an isometry:

metuy = [Irey ® (A+ Bl © C) | [Ir() © (A" + [l1n ® C*]B)]

= (Irm) ® A) (Irm) ® A7) + (Ir(m) ©® A) (Ir () © [[1n © C"] BY)
+ (I]:(E) ® B[, ® C])(I}'(E) ® A*) + (I}‘(E) ® Bl[l1, ® C])
X (Ir(py ® [I1n ® C*]|B*).
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The first term and the last term of the above sum are equal to Irg) ® AA*™ and
Ir(py ® B[, ® CC*]|B*, respectively. Recall now that

B*:E,®D— Ei, @D
c*:D =D
A:D— E;®D.
It follows that the range of Ir(g) ® [[1, ® C*]B* is contained in F(E) ® E1, ® D(C

F(E) ® D). On this range, Irgy ® A equals Irgy ® I1, ® A and, thus, the third
term is Ir(py ® [[1, ® AC*]B* and the fourth term is its adjoint.

Hence,
(Izp) ® A) (Irp) @ [I1n ® C*]B*) = Iz(p) @ [I1, ® AC*]B*.
Similarly,
(Irg) @ Bllin @ C]) (Irm) @ A*) = Ir(p) @ Bll1, ® CA*].
Therefore,

T;}TTUT =Ilrp® (AA* + [I1n ® AC*|B* 4+ BlI1, ® CA*]| 4+ B[I1, ® CC*]B*).
The fact that U; is a unitary implies
AC*=0=CA", CC*"=1Ip and AA"+ BB" =Ig ¢p,

and hence,

ES
TorTuy = IF(B)2 B 9D

Now, using the identity (3.22), we prove the following dilation result.

THEOREM 3.14 (I} ® Iy, v )(Th)* = 7741 v
1
Proof. For h € H, ') € Ef and k € E; ® (DTn o (B ® DT~1) @51), using the

definition of U dilation map IIy,, v, and the decomposition F(E) = @an”* Ee,
+

we have
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(e Manvh, D @ k)

= (v, [Tr(e) © A* + (Ir(e) © 1 © C*)) (Urcey ® BY)] (1) © 8))

=( P (mevDs) (ﬁn)*(‘*) h( D Upeea))n®en)

an’j_’l aezﬁfl
+{ @ (movDy) (ﬁn)*m) h( @ (Upeohnoc)
an’_,’_’l aezﬁfl
(D (e B)) 0D @ k)
aezifl

_ <(1Eﬂ ®VDy, ) (ﬁn)*w) h, (Iys @ A*) () ® k‘)>

+( D (Iea @ VDy, ) (T:1n>*(a) h

a:(07a2,...,an,1)€Zi_l

+ hwe @ (poVDy ) (sz)*(wel) h,
an’jr_l

< (me @ (Upeec))( B (IaoB))n? ek)
aezi_l aEZi_l

=\ *(B)
—((Igs ® 4VDg, ) (Tn) b @ k)

b

+{lne @ (peeCVDs ) (ﬁn)*(a+el) h

aEZ:L__l

X ( @ (Ipa ®B*)>(n(5) ®k)>

aEZi_l

= (s ® 4vDy, ) (ifm)*(ﬁ) hn® @ k)

= \ *(Btep)
+(Iin ® (Iyp @ CVDy, ) (TM)

(Ips © B0 k)
= (I3 © 4V Dy, ) (1:“1”)*(6) h® @ k)

{12 (1 © VD3, ) Fo)] (Fin) s 0 50 1)
= ((Igs ® AVDy, ) (T:ln)*(ﬁ) b+ [Ips @ Bl @ CVDy, ) (TM)]

X (1:“1”) o h, n(ﬁ) ® k>
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Now, using the identity (3.22), we conclude

~ x \ *(8)
(e Manvh 1 @ k) :< [Igs © (@ VDg ) (Th)*] (Tm) hop® @ k>

{10120 03 () e o)
=((I; ® Ty v )(T1)*h,n® @ k).
O

Now, we will establish an isometric dilation of T, using the dilation map II;,, v .
As in the case of T, we will suitably define a unitary such that a multiplica-
tion operator that has transfer function-type representation corresponding to that
unitary gives us the required isometric dilation.

We already know that the unitary

U : DTl @ (E, ®DTn) DO Ey — DTn & (Er ®DT1) & &
satisfies
U(Dj h® (In® Dy, )(To)"h @ 0g,) = (Dg h & (I © Dz )(Th)"h @ O, ).
So the adjoint operator
U* - Dy @ (F1 ® DTl) ®E — DT1 @ (E, ®DTH) ® &
satisfies
U (D, h @ (I @ Dy )(T1)*h ® Ogy) = (D h @ (In ® Dy, )(T)*h @ Ogy).
We now need to consider the following operators:
(i) P2 is the projection
Py DT1 [S2) (En ®DTn) O Ey — (E.,L ®DTn) ® &y
(ii) 4} is the inclusion
i1 (En® By ®Dyp ) = (Bn ®Dy) @ (B @ E1 @ Dy ) & (En ® £1).
(iii) 47 is another inclusion
11 : 'DT1 — DTl D (En ® DTn> P® Es
so that ¢} is the projection

’L)lk :DT1 © (En ®DTn) D E — DTl.
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Recall the map V' : Dy~ — Dy, @ (E1® Dfl) @ & such that

V(Dg, h) =D, h& (I ® Dz )(T1)"h & ¢,
Let
Din =Dy, @ (E1 ® Dy, ). (3.25)
With this notation, let

v, [ Uenopy, Qu2)RUT i ) ([ Pr, & (B1® Dy ) @ &
U™ 0 (En®E1®DT1)

N ( (Bn®Dy,) ® (En ® E1 @ Dy, ) @ (Bn ® &1) )
- :

Ty
So that

U — [ Uenepy, @uw) U i) D [ En®D
n — T T : .
U 0 Ein @ Dy, Dy,

A straightforward computation shows that U, is unitary.

LEMMA 3.15. The operator U, intertwines the representations of M, that is,

Un(pp(a) & (¢1n(a) ® Iy, )) = ((¢2(a) © Ip) @ o(a)lp;, JUn

for every a € M.

Proof. We need to prove the following, for every a € M,

(i) (Ie,ep,, ®u2)PaU*pp(a) = (pa2(a) ® Ip)(Ip,ep,, ® uz)PaU*.
(i) 41 (p1n(a) @ IDTI) = (p2(a) ® Ip)iy

(iii) #1U* pp(a) = o(a)ifU".

We start with (i) and compute, using the intertwining property of U* (see
proposition 3.7),

(Uen@Dy, ®u2)P2U"pp(a) = (IpneD,, ®u2)P2(0(a) ® (p2(a) @ Ip . ) @ p2(a))U™
Using the definition of Ps, this is equal to

Iz, om1, ®u2)((p2(a) ® In;, ) ® p2(a)) P2U" = ((p2(a) ® I, ) @ (p2(a) @ I, Juz) PU”

= ((p2(a)@Ip, )®(p2(a)®1e,)) (.o, Du2) P2U" = (p2(a) @ Ip) (I, 0D, Duz) PU”,

proving (i).
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Using an analogous argument as in the proof of lemma 3.8 and the intertwining

properties of U*, we can prove (ii) and (iii). O

Now, we compute the action of the unitary U, on some special type of elements,
as in the case of U; in lemma 3.9, which will be used in establishing the dilation
of T,

Un(VDg, by (Iin @ Dg ) (In © (T1)*)(T)*h)
= Un(Dj,h @ (11 @ Dy )(T1)"h ® Ogy, (T1n © Dy ) (I @ (T1)*)(T0)"h)
_ | Upnopy, ®u2) RU* i} Dz h& (L @ DT‘l)(TI)*h © Ogy
itU” 0 (Iin ® Dgy )(In @ (T1)*)(Tn) "R
(Ienop,, ©u2)P2U*(Dg, h @ (I{@ DTL)(Tl)*h @ Og, )
— +11 ((I1n @ D )(In @ (T1)*)(T5)"h)
iU (D, h @ (I ® Dy )(Th)"h & O, )
(Iznepy, @ u2) Po(Diy h & (In @ Dy, )(T)"h @ O, )
= +(I1n ® Dy ) (In © (T ))( )h@OEn@)D . ®E1)

i{(DT ho (I, )( n)* hEBOgl)

Opy D4 ® (In © Dy, )(T,)*h & O, e,
= | +in®Dg )In (T) )(To)*h @ ®0ngp;, @ OEnge;

Dy h
| Fn® Dy )N(To)*h @ (Iin @ Dy )(In @ (T1)*)(T0)*h © Oppee,
Dy h

_ [ Un@VDg )(To)h

Dy h ’

A B
That is, we can write U,, = o ol where A’ = (IEn®Dln@u2)P2U*, B' =i,

and C" = i$U*, which has the following property similar to that of Uj:
A'VDg h+ B'[(Lin @ Dy )(In ® (T1)*)(T,)*h] = (I, ® VDp ) (T,)h (3.26)
and

C'VDg, h= Dy h. (3.27)

Recall that

Tug = Irm) ® (A" + [, ® C™|B"), (3.28)
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where A = UP; (Ip,ep,, ®us), B = (i})*, and C"* = Uiy, so that we can write

T = Lr(m) ® (UP; (Ignep,, ®ub) + [I1n ® Uz'l](i’l)*)-

The map I, ® Ui, is defined on F, ® Dfl' Since this is the range of (i})*, T
is well defined. In fact,

Ty F(E)® E, @D — F(E)®[D & (B, ® D) C F(E)® D, (3.29)

where we view F(E) ® E1, @ D as a subspace of F(E) @ D.
So, as in proposition 3.13 and theorem 3.14, we have the following result,

THEOREM 3.16 7y is an isometry and (In @ i, v ) (Tn)* = e llin,v.

Proof. The fact that 7y is an isometry follows from the proof of proposition 3.13.
For he€ H,n®) € Ef and k € E, ® (Di“n @ (B ® DT1 &) 51)), as in the proof of
proposition 3.14,

(75 in vy @ k)

, = \*(B) , , -k
= (s @ AVDy, ) (Tin) Rt gy @ B/ (L © C'VDy, ) (Tin)']
= \ *(8)
x (Tm) hyn® k>

Using the properties of U,, listed in (3.26) and (3.27), this again equals to

()]

<[IE5 ® (I, ® VDy, )(T,)7] (Tln) D hn® k>

_ <[In & (I3 ® VDs, ) (Tln)*(ﬁ) } (F)hin® & k>

= <(In ® Hm,v)(fn)*h’n(ﬁ) ® k> '

O
We now turn to show that 7+ gives rise to a representation of F; on K :=
7
F(E)® D, where F(FE) is as in (3.18). It will be convenient to note that
n—1
K=DaE,oke(@EaK). (3.30)
i=2

In fact, there is a natural representation p on B(K),
n—1

p: M~ B(K)=B(Do B, e Ko (EeK)),
=2
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which is defined by

pla) = PF(E) (a) @ Ip = pp ® (p1n(a) ® Ik) (@% ® IK)

and we shall show that there are representations (p, M;) of E; (i = 1,n) such that
Tur = M, and Tuy = M,, (in the notation of (2.3)).

PROPOSITION 3.17. Let K be as above. There are representations M (of E;) and
M, (of E,) on F(E)® D such that Tur = M, and Tux = M,. Also, M; and M,
commute with L; for all i =2,...,n — 1.

Proof. Let a € M. First, we shall verify

Li(pin(a)®Ik) = pla)Ly  Li(pi(a)®Ik) = pla)L; (Vi=2,...,n—1) (3.31)

Then, we shall show

oz (p1(a) ® Ix) = pla) s (3.32)

and

TUx (nla) @ Ix) = pla)Tyx. (3.33)

Once we verify these, the proposition will follow. To verify (3.31), we write, for
fGEln,giGEi andeK,

pla)Li(E@ k) = p(a)(E @ k) = p1n(a) @ k = Li(p1n(a) ® Ix) (€ @ k)
and
P(a)f/i(&‘ R K)=pla)(§@k)=pi(a)§; @k = f/i(%(a) @ Ik) (& @ k).

Hence (3.31) follows. To prove (3.32), we will use (i) and (ii) that were proved in
the proof of lemma 3.8. In fact, we shall use the adjoints, namely,

(i*) P (L @ U")(¢1(a) ® Ip) = pp(a) Py ([, © U*) and
(i) (j2)" (I @ U)(p1(a) @ Ip) = (p1n(a) @ Ipr) ()" (11 @ UY).

We now turn to prove (3.32). Note that the right-hand side is defined on F(E) ®
E;®D, but this is equal to F1 @ F(E) ® D, so the left-hand side is also well defined.
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In fact, we can write

EBieFE)eD=FeDo( @ (e D)

ezn~1

+ ,a>0

and proceed to prove the equality on F; ® D and on F; ® E“ ® D. We start with
EFiDand fix{®de E1®D.
Uz (p1(0) @ Irmyep) (€ © d) = Tyx (pr1(a)§ @ d) = (PI(L @ UY)
+ (Iin @ i2)(52) (I @ U™)) (1 (a)§ @ d).
Using (i*) and (ii*), this is equal to
(pp(a )P*(h ®U") + (It ® i2)(p1n(a) @ Ip)(53)" (L ® U*))(§ @ d)
=(pp P1 (I @ U*) + (p1nla) @ In)(j2)" (I @ U*)) (€ @ d)

(( ® (¢1n(a) ® Ip)) (P1 (I @ U") + (TIn ®i2) (43)" (1 ® U)) (§ ® d)
=p(a )TU*(£®d)

proving the statement (3.32) applied to E; ® D. Now, we apply the left-hand side
of (3.32) to ¢ ®d € E1® E*®D (for a € Z' ', > 0). But ¢’ can also be written
as £’ € E* ® E1, so we apply it to & =n® &, where n € E* and £ € Ey, to get

Tz (1(a) ® Ipagp) (§' ® d) = 174 (01(a) ® Ipaep) (N ® € @ d)

=103 (e ()1 ® € ® d) = ppo(a)n @ Tz (€ @ d)

= p(a)(n @ T3 (@ d)) = p(a)Tys (n @ £ @ d) = p(a)Tys (&' @ d).

This proves (3.32).
To prove (3.33), we will use (i) and (ii) that were proved in the proof of
lemma 3.15. In fact, we shall use the adjoints, namely,

—
[
*
N
s

p(a)UPs (Ig,0D,, ®us) =UPs(Ip,ep,, ®us)(p2(a)® Ip) and
(ii*) ()" (w2(a) @ Ip) = (p1n(a) ® fbfl)(ii)*-

As in the proof of (3.32), we shall first prove it for ¢ ® d € F,, ® D.
So, we compute

T (p2(a)§ @ d) = UPy (Ip,0p;,, ®us)(p2(a)f @ d) @ (I, @ Uir)(i7)" (p2(a)é @ d).

For the first summand, we use (i*) to find that it is equal to

pp(a)U Py (Ig,op,,, ®us3)(§ ®d) = pla)UP;(Ig,ep,, © us)(§ @ d).
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For the second summand, we use (ii*) to write it as

(p1n(a) ® Uiy)(i1)" (€ @ d),

and this is equal to

pla)(I1n @ Uir)(#)" (€ ® d).

Putting it together, we get (3.33) for Es @ D).

Now, we apply the left-hand side of (3.32) to ¢’ ® d € E, ® E* ® D (for a €
fol,a > 0). But E,, ® E* = E* ® E,, so it suffices to apply it to ¢ = n ® &,
where n € E* (a>0) and £ € E,,, to get

T (2(0) © Iy aep) (€ © d) = 13 (ppe (@0 ® € © d) = pla)ryy (€ © d),
proving (3.33).

For the remaining part of the proposition, we only prove that M; commutes with
L; for all i = 2,...,n—1 as commutativity with M,, can be shown in a similar way.
Forall§ € By, & € E;and f =n®d e F(E)® D, we verify the following:

Mi(I @ Li) (& ® & @n@d) :Tuf(& ®&E RN d)

=[Irm) ® (A" + [[1, ® C*]B*)](& @ n® & @ d)
=¢0n® (A" + [, ® C*]B*) (& ®d)
=6 ® [Irp) ® (A" + [I1n, ® C*|B*) [ (n ® & © d)
=6 @Tr(n©&H @ d)
=Li(& @y (61 @ n @ d))
=Lili @ ;) (& © & @ ®d)
=Li(1; ® My) (&1 © & @1 ® d).
This proves the commutativity of My with L;, foralli =2, ..., n— 1. O
Now we consider the map TUx (1 ® TU;FL), which is a product of the maps 7% :

F(E)®RE,®D — F(E)®D and I; QTyx F(EYRE1QFE, D — F(E)QE, D,
respectively. Therefore, their product is well-defined, and it is

TUT(Il ®1yx) : F(E)® B, ®D — F(E) ® D,

where F(F) ® E1, ® D can be viewed as a subspace of F(E) ® D.

For the following theorem, we recall the definition of L; from (3.19) with the
replacement of the coefficient space H by D and so the map Ly: E,.@F(E)®D —
F(E) ® D is defined by

Li(61n ® k) i= Ly (€n)k = &1n © k (&1 € Bip,k € F(E)®D).  (3.34)

It is clear from the definition itself that L; is the inclusion of Ei, ® F(F)®7D into
F(E)®D. Now, we are ready to state the factorization results for the left-creation
operator L.
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THEOREM 3.18
TUi"(Il ®TU;‘;) = [Nzl.

Proof. To calculate the map Uy (11 ® Tyx), we recall that

P :D’fn EB(El ®DT1)@€1 — E1n®DTn D (El ®DT1)@E1 ® &

is the projection onto the space F; ® DT1 and

Py (B, ® Dy, ) O Dy & — (En ® Dy, ) & By ®@Dp @&

is the projection onto the space (Ej, ® Dy, ) @ 2. Now, observe that
. = %
Il®11 :Iln®117

where 11 (E1® Dy ) — (F4 ®DT1) D DTn @ & is an inclusion. Using this, we have

[If( )@ PH(LeU” )H 7)) ® L ® (Iin ® Ui )iy ]

| P e Pl @ I ® (heUn)i]

aezi 1 an” 1

B Iyare) @ P @ U (L@ Ui)iy

aGZ:L__l

P Ipe® Lo Py (L®i)iy

aGZi_l

-/

(
(11 ® 2/1)

=IrE ® (Iln ® P (LI ® l1)>
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Similarly, since U is unitary, we also have

{IF(E) ® (I1n ® iQ)j;*(Il ® U*)} [I]-‘(E‘) @5 ® (I, ® Ui1)i/1*}

/ -/
_ { D Ipo ® (L @iz)jy (L ® U*)] [ D sy (Lo Uil)il*]
aezi_l aezi_l

li -/
@ I (atey) ® (Iin ®1i2)jy" (1 @ U™) (I @ Uiy )iy"

aEZ:L__l

!/ -/
@ I(atey) @ (Iin ®ig)ja" (I @iy )iy"
aEZ:L__l

=Irmp® (Im ® (I1n, ® iz)j;*(fl ® Zl)) (Iln ®5/1*)

/ li
= Ir(py @ (I @ (I @ 82)j5" (h @) ) (L @17

By using the above identities, we compute the product of transfer functions
corresponding to the unitaries U; and U,.

Tuy (L © 1)
- [If( 2 ® P @ U") } [If ® 1 @UP (Ippepy, © uz)]
+ 17y @ PH(L @ U] [ Trmy © [ @ (I @ Ui )i |
+1rm) ® [(Iln ®i2)jy (L & U )(11 DUP; (Ipupy, © U3 )}
n [I;(E (I @ io) g (I, @ U* )} [IF(E) &1 ® (Iin @ Uiy )i }
=Ir) @ Pf (11 ® Py (Ig,ep,, ® Uz)) +Irp®
(Iln ® P (L ® Z1)> (11 ® il*)
+1rE) @ (I1n ® iz)jg* <I1 ® Py (Ig,ep,, ® U;))
+1rp) ® (Iln @ (I @ i2)jy" (I ® il)) (11 ® i’l*)
— Iy @ | P (10 @ P5 (Ipyeoy, ©u3) ) + (I @ PH(L @ ) (0 1))
+ (I1in ® iz)j;* (11 ® Py (Ig,ep,, ® US))

I !
+ (I @ (I @ i2)jy" (0 @ 1)) (L @ 17")|.

For the first term, note that

range( 11 ® (Iopy, ® u5) ) = (Bin @ Ds, ) © (Br @ Biy @ Dyy) & (B © &)
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and

(11 ® P3)((Ein ®Dy,) @ (B1 @ 1 ® Dy, ) & (B1 @ &5))
= (Eln ® D'fn) D (E1 ®52)
C (E1®Dy) & (E1n @Dy ) & (E1 ® &)

and P, is a projection on Ey ®DT1' So (Ehrn ®DTn) @ (E1®&;) C ker Py and hence

P (1@ P; (Ip,am,, ©13) ) = 0.
For the second term, we already have observed that
!/ -/
(Iin @ P{(Iy ®i1)) (11 @ 4)") = I1, @ (Pl*(Il ® il)il*).

Now,

/

(B @Dy, )©Dp S& a, (E1@Dy, ) LN (E1®DT1)€B(E1n®DTn)€B(E1®52)-

This tells us that (I3 ® il)gll* is an inclusion map with the range E; ® DTl' Since

P, is a projection with range F; ® DT1’ SO (Pl* (I ® 21)2/1*) is a projection with
range K1 ® DT1 and hence

—/
I, ® (Pf(fl ® il)ifk) = PE1n®E1®D;ﬁl‘

Now, we will calculate the third term. Observe that

/
(Iln X iZ)j2* (Il & PQ* (IEn®Dln D ’LL;))

/
= (I ® in) (JEM@DTH ® (L ® uz))iz*(ll ® P}) (IEM@,DM o ® u;)).

The range of I, ,¢p,, ® ([1 ®u3) is (E1, @ Dy, ) (E1 @ By, ®DT1) ®(E1®&).
Also,

1P
(Ein ® Dy, ) @ (B1 @ Bin ® D) ® (B1 ® £2) —— (E1® Dy, ) ® (Ein ® Dy, ) @ (E1 ® £2)
2 (E1n ® Dy, ) ® (E1 ® &2).

From the above inclusion, it follows that

J *
iy (L @ Py) = P(E1n®DTn)@(E1®52)'
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Hence, keeping in mind that iy : Dj & &1 — D is an inclusion map, we conclude

(Iin @ i)s" (11 ® P5 (Ig,op,, ® US))
= (Iin ® i2) (Ilz“m@l?fn ®(L® Uz))P<E1n®DTn)@<E1®52) (IEM@DM @ (L ® U§))

= P(E171®Drjwn)®(Eln®£1)'
For the last term, observe that ran(l; ® i) = F1 ® DT1 which lies in the kernel of
j;*. So, j;*(]l ®141) = 0 and hence
/ /
(Iln ® ([171 ® i2)j2*(Il ® 7’1))([1 ® il*)'

Therefore,

Uy (h @ 7y) =Irm) @ {0 + PE1n®E1®DT1 + P(E1n®Dj~n)€B(E1n®gl) +0

=L,.
O

_ Below, we state another kind of factorization result for the left creation operator
L.

THEOREM 3.19
TU;;(In ®TUik) = [~/1.
Proof. Observe that
!/ !/
I,®j" =1, ® [(fEm@DTn (L1 ® uz)) ° iz*]
/
-/
= [enne Ip, )& (I1n ® w)| (@ 75)
—/

= Iln X (IEn@DTn D 'LL2>7:2*’

where 5/2 (En®Dj ) ®E& = (B, @Dy ) ® Dy, @ & is an inclusion. So

I ® (Itn ®i2) o (1 @ U™) = (Iin ® I @ i) (In @ j2") (T1n @ U™)
= (Iin ® In ®i2) (I1n ® (IEn®DTn D Uz)%lz*> (hn®U")

=lI,® (In ® iz) (IET,,®DT~,R &) u2)72*U*-
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Using the above identities, we have

[IHE) ®@UP; (Ip,epy, ® u;)} [IHE) ® I @ (Iin ® i) " (11 ® U*)]

:[ @ IEa(X)UPQ*(IEn@DM@U;)}

ani_l

X [ @ I (ater) ® (In ®i2) (IEn®DTn &> u2)€/2*U*}-

aEZi_l

Following the calculations at the beginning of the proof of theorem 3.18, the above
quantity is equal to

Irg) ® (Im 2 UP; (Igpepy, ® u;)) (Im ® (In ®12) (Igyep,, © ug)g’;U*>
= Lr(p) @ (Iin @ UP; (Igemy, @ 3) ) (In ® (In @ 22) " (L @ U™))

= Ir(p) @ (L @ U) (1o @ P3 (g, @ 63) ) (1 (i @ 12)3") (L @ U*).

Similarly, we also have

[I]-'(E) ® (lin ® Ui1)i/1*} [I}'(E) @I, ® (Iin ® z’2)j;*(11 ® U*)]
X (I]:(E) ® I, ® U*)
= (Irp) ® L1, ®U) [ @ Iga @ (I1, ® 21)211*}

aEZiil
X { @ IE(a+el) ® (I" ® i2) (IETL@DTn ® U’2)72*} (I]:(E) ® Iin ® U*)
aEZiil
= (Irpy) @ 1n®U) [ P It @ne i1)iy (I ® i)
aEZ171

’-/* *
X (IEn®’DTn B u2)is } (Irmy ®@ L@ U”)

= (I]:(E) ® Iln & U) [ @ IE‘J‘ ® Il'n, & (Iln & 7/1)1/1*(-[71 & i2)
aGZi_l
7/* *
X (IEn®DTn @ ug )iy } (Irpy ® Lin @ U™)

=Irp) ® (Iln ® Iip, ® U) (Iln ® (I1n ® 21)1I1*> (In @ (Iin ® i2)j;*) (lin ®U™).
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Combining all the above identities, we compute the following:

102 (In ® T3

= (Ixwy @ UP; (In, o1, ©153) ) (Ir(my © In ® P (L @ U™))
+ (Irtm) @ UP; (I, © 43) ) (Irm) @ In @ (I @2)j" (h @ U™))
+ (IHE) ® [I1n ® Uil]ill*) (IF(E) ® I, ® Pf (I, ® U*))
+ (IF(E) ® [11n ® Uil]ill*) (IHE) ® In ® (Iin ® i2)js" (L ® U*))

=Irp) QUPs (Ig,ep,, ®us)(In @ Py)(Iin @ U™)
+ Irm) ® (Iln ® U) (Iln ® P (I, ap,, © u;)) (In ® (Iin ® is) j;*) (Iln ® U*)
+ Irmy ® (Iin @ U) (Itn ® i1 )iy™ (In @ P (I1n © U™)
+Ir(p) @ (It @ 1 @ U) (11 @ (10 @ i2)17" ) (1 @ (in @ 82) 32" ) (11 @ U*).

For the first term, note that
range(l, ® P7) = E1, @ Dy, C (En ® Dg,) © (B ® Dy ) @ (B ® £1),
and it follows that range (IEn(g)’Dln ®ul)(lp @ P) =E1p, ® DT17 which lies in the

kernel of Py and hence P (Ig,gp,, ® u3)(l, @ Pf) =0.
For the second term, we already have observed that

/
(Itn ® Py (Ip,epy, ®us)(In ®i2)) (I ® jy*)
!
=11, ® (P2* (IETL@Dln (S5) uS)(In ® iz)(IETL@DTn D Uz)i;).

Now,

(Ignep,, ®us) (I ® iz)(IEn®DT ® usg)
= (IEln®DT1 & IEn®DT»n ®u3)(In ® iZ)(IEnQ@’DTn @ uz)
= (0E1n®9f1 ® Ipnop, © uz) (In @ i2)(IeneDy ©us)
= i(En®DTn)G§52’
where i(E”®DTn)@52 D (Bp ® DTn) D E — (En ® DTn) &) (Eln ® DT1) P Ey is an

inclusion and the last line follows since I, ® 45 is an inclusion map with range
E,® (DTn ® &1). So,

T,*

. < 4 %/ .
P (Ig,ep,, ®us) (I ® 7’2)(IEn®DTn © uz)iy = P (Z(En@)DTn)@gQ)ZQ .
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Observe that

_/ i(En®DTn)@52

(Bn ® Dy,) © g, @ & 2, (E.®Dy,) ® &

Py
X (En ® Dy,) ® (Ein ® Dg, ) @ &2 — (B @ Dg,) ® Ea.
So,

* ([ % _
P, (Z(En®DTn)®£2)Z2 = P(En®DTn)®52'

Hence,

. —./* _
L, ® (Pz (In® Z2)(IEn®DTn ® ug)iy ) = PE1n®((En®’DTn)@52)-

Now, for the third term, we consider the following diagram:
In®@Py
Ein®Dp — B, ® (Dg, ® (1 ® Dy ) & &)

./* .
Ly (Bin® Dy, ) 2% By, @ (Dgy @ (Ea ® D) @ E2)

with the help of range(I,, ® PJ) = F1, ® Dy, it is easy to observe that
. ./* *
(Iln ® Zl)Zl (In X Pl ) = PEln®DT1 .

For the last term, first note that ranj;* = B, ® (Dg, @ &1), so ran(l1, @ ig)j;* =
B, ® (DTn @ &) and hence ran([n ® (I, ® ig)j;*) =F,QFE,® (DTn ®&p). On
the other hand, F,, ® (DTn ®&1) C ker z'/l*, which implies Fy, ® F, ® (DTn D&) C
ker(I1, ® le*) Therefore,

(Iin ® I, @ U) (IM ® (In ® il)ill*) (In ® (I ® i) j;*) (I, @ U)
= (lin ® L1 @ U) (I1n ® I1n ®i1)(I1n ® z"l*)(ln ® (I1n ® ig)j;*) (I, @ U*) = 0.
Therefore,
Tux (In ® TUI*)

:I}'(E)®(Iln®U)[0+P

E1n®((En®DTn)®€2) + PE1n®DT1 + O:| (Iln QU )

— Ir(p) @ (L @ U) |1

E1n®((En®DTn)€B’DT1 @52)] (Iln QU )

=1 I
F(B) ® Eln@((E1®DT1)®DTn€B£1)

= L.
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Combining the above results, we have the following dilation theorem:

THEOREM 3.20 Let (0,T1,...,T,) € T, (0, M, Er,...,En, H) and let E, D,
y,v:H—F(E)®D and L; (i =2,...,n) as above. Then, Ily,, v is an isometry
and

(I @ Ty v )(Th)* = Tﬁi«sﬂm,v
(I; ® Hln,v)(Ti)* = (L‘)*Hln,v for 2<i<n-—1

(In ® Hln,V)(Tn)* = [y};Hln,Vu

where Uy and Tyx are the multiplication operators that are isometries and have

transfer function-type representations with respect to some unitaries U; and Uy,
respectively. Moreover, Tus and Tyx satisfy the following relation:

TUi“(Il ® Tyx) = L= Tux (In ®7Uf)a

and there is an isometric representation (p, My, Lo, ..., Ly,_1, M,) of the product

system that dilates the representation (o,Th,...,T,) and such that 7+ = M; for
K3

1=1,n.

4. Applications

THEOREM 4.1 Let M be a won Neumann algebra and oq,a9,...,qp be *-
automorphisms of M that pairwise commute. Also, let o be a normal representation
of M on a Hilbert space H and let t := (t1,ta,...,t,) be a commuting tuple of
operators in B(H) such that

(i) t satisfies the conditions from [4] : t1 and t, satisfy Szego positivity and t,
18 pure.
(ii) for everya € M and 1 <i<mn,

tio(ai(a)) = o(a)t;. (4.1)

Then, there is a Hilbert space K, an isometry V : H — K, a representation p of
M on K and commuting isometries vy, ....v, in B(K) that satisfy

vip(aa(a)) = pla)o; (1.2)

and dilate (o,t1,...,t,), that is,

(i) o(a) =V*p(a)V for alla € M and
(i5) Vit =V for all i

Setting a; = idp; above, we get

COROLLARY 4.2. Let M be a von Neumann algebra, o be a normal representation
of M on a Hilbert space H, and t := (t1,ta,...,t,) be a commuting tuple of operators
in B(H) such that
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(i) t satisfies the conditions from [4] : t1 and t, satisfy Szego positivity and t,
18 pure.
(ii) for every1<i<m,t; €o(M).

Then, there is a Hilbert space K , an isometry V : H — K, a representation p of
M on K, and commuting isometries v, ....v, in p(M)" that dilate (o,t1,...,ts),
that is,

(i) o(a) =V*p(a)V for alla € M and
(ii) Vir =V for all i.

To prove the theorem, we explain how theorem 4.1 is related to theorem 3.20.

For this, we first note that, given an *-automorphism « of a von Neumann algebra
M, one can associate a W*-correspondence, written , M, with it. As a vector space,
oM is M. The M-valued inner product is (a,b) = a*b, the left multiplication is
m - a = ma, and the right multiplication is ¢(m)a = a(m)a (where m and a are in
M but a here is viewed as an element of the correspondence).

If « and B are two automorphisms of M, then

on®[3M gﬁa M,

where the isomorphism is given by a ® b — B(a)b. Thus, we will identify M @ M
with go M, and when a and S commute, we identify M ®g M with s M ®q M.

Now, let (T,0) be a representation of ,M. We have, for a,b € M, T(a(a)b) =
T(p(a)b) = o(a)T(b). Setting b=1I, we get T(a(a)) = o(a)T(I). But T(a(a)) =
T - a(a)) = T(I)o(a(a)), and writing ¢t := T(I), we get to(a(a)) = o(a)t for
every a € M. So, a representation of this correspondence is given by a normal
representation o on H and a contraction ¢t € B(H) satisfying the intertwining
relation

to(a(a)) = o(a)t (4.3)

foralla € M (see [10] for details). Note also that  M®, H = H via the isomorphism
a ® h +— o(a)h. Identifying M ®, H with H, we find that T can be viewed as an
operator in B(H). With these identifications, we write

T=t.

In fact, t = T(I ® h) and to(a)h = T(I ®, o(a)h) = T(a @ h).

Now, suppose that (o, T) is a representation of , M and (o, S) is a representation
of gM. Recall that, when we identify M ®g M with go M, IﬁaM is identified with
I,

[0

M® IﬁM and, thus,

S(IBM QT)(I

5 M @th) = sth. (4.4)

JMOh)=S(I

s @T) (I @I @h) = S(1

B

Thus, S (I sM ® T ) is associated with st. A straightforward computation using the
identifications above shows that (T)*k = t*k and

S(T)* = st*. (4.5)
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For every representation (o,T),

(T)*T(a ® h) = (T)*(to(a)h) = tto(a)h,

and we conclude that (o, T) is isometric if and only if ¢ is an isometry.
We now turn to prove theorem 4.1.

Proof. We now fix the setting of theorem 4.1. That is, we fix a von Neumann
algebra M and pairwise commuting automorphisms a1, as, ..., a, on M. Also, we
fix a normal representation o of M on a Hilbert space H, and let t := (t1,t2,...,t,)
be a commuting tuple of operators in B(H) such that

(i) t satisfies the conditions from [4] : #; and %, satisfy Szegd positivity and %,
is pure.
(ii) for every a € M and 1 <i < n,

tio(ai(a)) = o(a)t;. (4.6)

Since {a;} pairwise commute, we can identify o, M ®a; M with ajM ®a; M (as
above), and (M,o; M, ... ,q, M) defines a product system. Equation (4.6) implies
that each t; gives rise to a representation (o, T;) of o, M and the associated T; satis-
fies t; = T;(I ® h) and t;0(a)h = T;(I ®4 o(a)h) = Ti(a ® h). Equation (4.4) shows
that these representations pairwise commute and, thus, define a representation of
the product system.

Since the Szegd condition and the pureness conditions involve expressions of the
form ¢;t} (for operators) or TZTJ* (for representations), it follows from (4.5) that (i)
in theorem 4.1 implies that (o, 71,...,T,) € T{", (0, M, Ex, ..., E,, H) and, thus,
theorem 3.20 applies.

We conclude that there is an isometric representation (p, My, Lo, ..., Ly_1, My,)
of the product system that dilates the representation (o, 71, ...,T,) and such that
Tyx = M fori=1,2.

Writing  the  isometric  representation  (p, My, La,...,L,—1,M,) as
(0, Vi, Vo, ..., Vi1, Vi) (and let v; = V;(I) as above), this completes the
proof of the theorem. O

REMARK 4.3.

(i) The isometries v; can be written explicitly as shown in theorem 3.20.
(ii) For M = C (and writing v; explicitly as noted in (i)), we get the main result

of [4].
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