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1. Introduction

In this paper we discuss a new class of integral transforms and their
inversion formula. The kernel in the transform is a G-function (for a treatment
of this function, see ((1), 5.3) and integration is performed with respect to the
argument of that function. In the inversion formula, the kernel is likewise
a G-function, but there integration is performed with respect to a parameter.
Known special cases of our results are the Kontorovitch-Lebedev transform
pair ((2), v. 2; (3))

g(x) = -. x sinh (nx) f" rlKix(t)f(t)dt, (1.1)
* Jo

/ (*)= [" Ku(x)g{t)dt, (1.2)
Jo

and the generalised Mehler transform pair (7)

g(x) = - sinh(jtx)r(i-*+ix)r(i-*-ix) fP?x^{t)f(t)dt, ...(1.3)

J
- * - i x ) f" P ? x ^

Ji

/(*)= P Pi-^x)g{t)dt (1.4)
Jo

These transforms are used in solving certain boundary value problems of the
wave or heat conduction equation involving wedge or conically-shaped
boundaries, and are extensively tabulated in (6).

Section 2 contains preliminary results and definitions, and Section 3 con-
tains the derivation of our main result. Several examples are presented in
Section 4.

2. Preliminary definitions and results
The Mellin transform (2)

9\s) — I x J\X)UX — jfl S\J\X)), (•£••1)

t This paper covers research supported by the Aeronautical Research Laboratories, Office of
Aerospace Research, U.S.A.F. The author is indebted to Yudell Luke and Professor
Arthur Erdelyi for their comments.
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34 J. WIMP

and its inversion formula

f(x)=Jt;l{g(s)}=-^-\ x-*g(s)ds, (2.2)
2nl Jc-foo

will be used constantly.
The G-function we define by the Mellin-Barnes contour integral

m R

u a2, ..., ap\ = J_ f / = i
r(fcj—y)

J = i
r ( 1 ~ ^ + 5 )

 x,ds>

x,b2,...,bJ 2nx)L ^ r(l_bj + s) ft r ( }
j = m+l j = n+l

(2.3)

where O^m^q, O^n^p and the path L runs from — ioo to +JOO so that the
poles of T(bj—s),j = 1,2,..., m, are to the right and all the poles of F(l —aj—s),
j = 1, 2, ..., n are to the left of L. Convergence is assured if p+q<2(m+n)

and | argx\< (m + n — - —-\n. All these assumptions will be retained

throughout.
We will frequently use the shorthand notation for (2.3)

G?-q
n(x "j] (2.4)
V V

when no ambiguity can arise.
In what follows, let a2 = min Re (bj),j = 1, 2, ..., m, at = max Re (a, —1,

— v),j = 1, 2, ..., n. We have

Theorem 1. Let 1. o1<Re(-s)<o2,

2. O^m^q, O^n^p, p+q<2(m + n+l).
Then

(2.5)

fi m-^.-j) n n
j = m + l . y = n + l

(2.5) is known ((1), (5.5.2)) and results by using the condition after (2.3) in
(2.2).

Theorem 2. Let I. a1<0<a2,

2. A real number d exist, ax <8<a2, such that s satisfies

- R e (v) -8 <Re (s) < Re (v) + 5,

3. O^m^q, O^n^p,p+q^2(m+n+l),

4. larga l< [m + n + l- ? - - )7t.1 ' \ 2 2/
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Then

'-Til
1—v+s, 1— v— s, a .(2.6)

Proof. We use the representation (2.3), with appropriate change of variable,
in (2.1). Condition (1) assures the separation of poles while condition (2)
assures the absolute convergence of the double integral. Thus the order of
integration may be interchanged and the result is (2.6).

3. The main result
We wish to solve the integral equation

g(x) = J (3-D

where the conditions on the parameters are those of Theorem 2. Replace
x by — iu. Multiply both sides of (3.1) by x~"du and integrate from c—ioo
to c+ico. If we invoke (2.6) and let

4x = _ x=(2-x)-2j—x} ( 3 2 )

on the right-hand side of the equation, we have

.-v,i-v,2>3c-^(x)= P
Jo

(3-3)

L
where

g(x) = ~ I x-ug(-iu)du (3.4)
27t»Jc-ioo

Using the notation of ((10), p. 315), we have

or

(5(1 -i

_ s v ro

41-s-v /•<. + ,«, po
1= —Fry- g( — iu)du (x — i)x

V71 ' Jc-ioo Je"'

.-«r
Jc-i

2v-2s-l-/ (3.5)

r(2-u-j-

,-ni(s+v)
- i ) e-*'"iifl(-i«

Jc-ioo

(3.6)
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Also, from (2.5)

J. WIMP

n r{-bj+s) ft
j = m+1 j = n+1

,...(3.7)

and so, by ((10), p. 316),

2tiJc_I-oe S<(l-s)

1 fe + ioo

2(iti)
2Je-,.

±

1 Cc+ic

l"'Jc-i.
4 P

n r(-fry+j) n
= m+1 j = n+1 du,

ft
j = 1

n
J" = 1

n-aj+s)r(s+v-u)

»«•

- a p , u + v, -alt -a2, .... - a . , v - u ^ u ( 3 g )

— bq, -bu —b2, ..., — b

With c = 0, we have the transform pair

Jo
a(x) = Q(< | 1 - v + ix, 1 - v - ix)f(t)dt,

)o
.(3.9)

= 1 /e-v"I"{e'"A(xc1li | v + it, v-/7)-c~"'A(xe"' | v-i7, v+iO}a(O^'.
"Jo

where
(3.10)

— ap, a , — a ^ — a2, ..., —an, fi\ ,^ ^

- f e , , - & ! , - 6 2 , .. . , -bm • J

S2(2 | a, p ) = Gp+2,
a, P, a. .(3.12)

4. Applications
Example 1. n = p = 0, w = q = 1.
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We need the formulae

\ P,yJ
Ma_Lt2±l(fcl7l

37

.(4.1)

G\\(a>(a
\

Let bt = ^ — v—K. Since

'p,q

we have

A(xeni | v± it, v+ it)= G%1 ( xe"'

l-b

to(ffl). ...(4.2)
' 2

(4.3)

( »• v±i7, vqri'A -lofe'"' %—K — V \
[xe T I = G}2 2 I,
\ K + V— \ J \ x 1 — vq:t7, 1— v+ it)

~" x . .(4.4)

Using first the fact that

and then

«, » ( * ) = -

e(m-»*'M-Kt _m(x) = MK> _m(

Jt f - M K , m ( x ) .

(4.5)

sin r(i+m-K)r(l-2m)J'

(4.6)

(see [(8), (1.7)]), we arrive at the transform pair

g(x) = r(i-ic-«)r(i-K+ix) f00 , (4.7)

/W = £ ll2Xf * {X tsmh(2nt)WKiit(-\g(t)dt (4.8)
i Jo \x/

In (4.7) replace t by \\t; in (4.8), x by 1/x, and then replace cf/2tv~*/(t"1) by
/(/). The transform pair is

r°°
ix)r(i - K + ix) WK ix(t)f(i)dt, (4.9)

Jo
tsmh(2nt)WKjt(x)g{t)dt (4.10)

Since

putting K = 0 in (4.9) and (4.10) we obtain the Kontorovich-Lebedev transforms
(1.1), (1.2). For a theoretical study of how such transforms arise from second
order differential equations, see (5), (9).
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Another transform pair involving Whittaker functions has been given by
Erdelyi (4).

Example 2. n = p = 0, m = 1, q = 2.
Here we use

f a a\ A Til + h-a^
ln I aU a2\ _ 7 = 1
22 \ U hi 2

( _ ) f l + 1 c) (4- 1 2 )

Let Z>! = ^ —v and 62 = <x — v. A straightforward application of (3.9)-(3.12)
gives

g(x)

/(*) =

i+£-<r) Jo

t sinh (2TI
-a+it, I—a —it

r ( l + £ - a) J 0 T(<r - Jl)r(<7 + i7)(cosh2 7:/ - cos2 Jiff)

If we let a = \ and use the relationships

. .-(4.13)

g(t)dt....(4.14)

( 4 1 5 )

(4.16)

in (4.13) and (4.14) respectively we obtain the generalised Mehler transform
pair (1.3), (1.4).

Example 3. m — n = p — q = 1, at = bt = K.
Here, the kernels of the transform pairs are Lommel's functions ((1),

(7.5.5.)). We have

Q(t | 1—v+ix, 1-v-ix)

ix)s1_2lc_2,.2ta(2r*), ...(4.17)

(4.18)

by ((1), (5.3(5))) and ((1), (7.2.2(12))). If we use the well-known properties
of Lommel's and Bessel functions, the analysis is straightforward and we omit
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details. After appropriate changes of variables, we get

g(x)= I"" S.JMfWt, (4-19)

/(*) =

Jo
/ 1-̂ +iA /l-/j-tA

2 -2M-l Too \ 2 \ 2 I

= Z-^~ t sinh nt -j •{ " L

V 2 ; * v 2
...(4.20)

Example 4. m = « = 0, /> = gr = 1.
Here at = 1 —v, 6t = i - v ,

no I l-v+ix, l-v-ix) = ./ry." . [Jijr*)-^!-*)], ...(4.2i)
21 sinh (TIX)

and

u v_r V~M)=p-c*-
(z-*), ...(4.22)

where 8 = zrf/rfz [see [(1), (5.3(13)), (5.4(25), (26))]]. If c = 0 in (3.8) and we
make the necessary changes of variable, the transform pair is

sinh (nx) Jo
(4.23)

fix) = ̂  T te""* ~ W « x ) W ( i i (4.24)
2 J ^

Example 5. m = 0, ̂  = q = n = 1, at = 1 - v , bx = | — v.
Since

| l - v + i x , l-v-ix)= — rv/Cfx(r*), (4.25)
j

2 | " + V> vli ""I - -V^Mv-DK- 1 ^^) , 8 = ̂ , ...(4.26)

and

G » (

elementary manipulations with Bessel functions give

ff(x)=4= f"-K£(O/(O*, (4.27)
Jn Jo

= 4 = r ° < j - {/f.WMOdt (4.28)
JnJ-oo <*x
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In closing, we note that the development in Sections 3 and 4 has been
formal only, and conditions for the validity of each transform pair must be
decided individually. We defer these considerations to a future paper.
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