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Abstract

The paper establishes an effective bound for the solutions of the equation

NormK/QOCjaj + Xjotj + Xsaa) = a, aeZ,

under some conditions.

Subject classification (Amer. Math. Soc. (MOS) 1970): 10 B 15.

1.

Let K be a field of algebraic numbers of degree p>3, ax, ...,ocn—linearly inde-
pendent over Q integers from K, a e Z. It is known that ifm=p, then the equation

F(xv ...,xm) = NormK/Q(x1oc1+...+xmocJ = a

for some a (for example, a = 1) has infinitely many solutions in rational integers
xlt ...,xm. If m<p, then excepting the case when the modulus ^(<x1,...,am) is
degenerate, this equation for any aeZ may have only finitely many solutions.
For m = 2 it was proved in 1909 by Thue (1909) and for m^ 3 in 1971 by Schmidt
(1971). The theorems proved by Thue and Schmidt are noneffective—we cannot
obtain from them an upper bound depending on F and a of the absolute values of
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130 N. I. Feldman [2]

the numbers xx xm satisfying the equation. In 1968 Baker (1968) made Thue's
theorem effective. In this paper some effective results are obtained for m = 3.

Let the degree of K be 2n>4, the fields Kx = K, K2, . - . K ^ be conjugate and
complex, Kg and Kg+n be complex conjugate (Kg = Kg+n), s = l,...,n. Let
a = a(1), B = j3(1> and y = y(1) be linearly independent over Q integers from K,

ot(0) j3«)) y«>—their conjugates in the field K.(<). Let us investigate the solutions in
rational integers of the diophantine equations

2n
(1) F(x,y,z) = n (*<*«>+^«>+zy<'>) = a, aeZ.

Let

(2) 8a = j3<i> y

(3) Ai}1 = 8j2 Si3 - 8a 8ft, Aij2 = 8<3 3 î - Sfl 8js,

In what follows the letters c, c0,... denote effective positive constants, depending
only on a, B, y and K but not on a.

THEOREM 1. If for all the pairs i,j, i^j, 1 < i,j<n, the numbers Aiilt A^2, Aij3 are
linearly independent over Q, then for any a e Z all the integer numbers x,y,z satis-
fying the equation (1) also satisfy the inequality

(4) |4b | , | z |^ C l | a h

PROOF. Let X , J , Z be the solution of the equation (1). If a = Othenoor+jSy+yz = 0
and the linear independence of a, B and y yields that x = y = z = 0, that is, that
(4) is true. In what follows we consider a # 0 . Let

2n
(5) A«> = W>+>'i8<'>+zy<'>, nA( ( ) = a,

(=1

%, ...,r)r be the fundamental units of the field K, and the numbers ij^", ...,TJJ.°

their conjugates in K(<). In the paper Baker (1968) it is proved that there exist
such bv..., br e Z for which

(6) Cgi|

f = 1,2,...,2K,
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and if H = max 1̂ 1 then there exist such indices k and / that

(7) l A ' ^ H 1 / 2 " ^ * , |A«>|>c5|a|1/2»

It is evident that the linear forms Xlk) and A(i)-complex conjugate to A<ft) and A(i)

satisfy just the same inequalities. The system of equations

«<*> u+pk) v + y(k) W+\{k)t = 0,

p = 0,

has a nontrivial solution (x,y,z, — 1) then the determinant is equal to zero, that is,

(8) D1 \
(k) + Dx A

(fc) + D2 A(i) + D2 A(" = 0,

where

(9)

y(k)

,,d)

£<!) fid) yd)

and Dv D2 are their complex conjugates. From (7) and (8) we obtain

(10) \D2X
l) + D2X

l)\<c6\a\

If the equality

takes place then, taking into account (9), we would have

0 = (jCa<

a(fc) g(ft) yik)

0 SB -Sl2

= ^(S^S^-S^

(*) (k)

+z

,/(*)

«<*>

- S
kl

(11)

But by the conditions of the theorem this equality can take place only for
x = y = z = 0 but this triplet is not the solution of (1) as a^O. Thus from (6),
(10) and (11) we obtain

(12)
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This implies that £>2^0 and therefore, on multiplying the inequality (12) by
| £m/D2[i.ll)\, from (6), (7), (12) and taking into account that D2 belongs to a fixed
finite set of numbers we obtain the inequality

(13) 0< < c6 e - * = | a \1/2n | D^1 £«> 11 A<'> £«> I"1 c7 e ^ H ,

<c7e-°*H,

or

(14) 0

where

(15)

In the papers <I>ejn>flMaH (1971) and Oejn>flMaH (1972) the theorem is proved:

THEOREM")". Let a^,..., wm, to be algebraic from the field KQ and different from zero,
*i> ••••>bmeZ, H' = max|^fc|, S>0, |w|, I t o ^ ^ c . If

then

(16) H<c0(l+logH(w)),c0 = co(wv ...,wz,K, 8,c).

Let us apply this theorem to the inequality (14) where m = r, <«,- = ijj"/1?"' and
W is defined by (15). We can obtain all the conjugates of oa by replacing the numbers
D2, D2, fi

u>, p.il) with some of their conjugates and according to (6) the numbers
| W | and | to"11 are bounded. Thus (16) holds. The heights of the numbers D2 and
D% are bounded and the heights of the integers /Z(!) and /x(l) are not greater than
c8|a| because of (6), therefore we obtain from (15) that /f(to)<c9|a|Cl0, and

(17) | |

We have noted above that Z>2^0. But D2 is the determinant of the system

t This is Theorem 2 from OenbflMaH (1971). The condition connected with the equation (46)
of this work is taken away in OejivnuaH (1972).
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and from (6) and (17) we obtain

I4|HIZNC12 max |/i

THEOREM 2. Suppose that there are distinct indices i,j such that the numbers (3)
are linearly independent over Q. Then all the solutions of (I) satisfy (4).

PROOF. Let a+ 0. If for any pair i,j the numbers (3) are linearly independent over
Q then the assertion of the theorem follows from Theorem 1. Let k,l, k^ I, be the
indices for which the numbers (3) are linearly independent. Consider the non-
trivial solutions in integers of the equation

(18) AmX-AmY+AmZ = 0.

Let x1,y1,z1 and x2,y2,z2 be two such solutions. Without loss of generality we
suppose that AW1 and A ^ are linearly independent over Q and z1z2^=0. We have

= 0,

and it implies

= (zjz2)y2,

Thus all the nontrivial integer solutions of the equation (18) are proportional to each
other. Let xo,yo,zo be the integer solution of the equation (18) with the minimal
positive sum xi+y2+zi; then all the other nontrivial integer solutions of the
equation (18) are of the form

x = tx0, y = ty0, z = tz0, teZ.

If the triplet x,y,z satisfies the equation (1) then we have the equality

t*nF(Xo,yo,zo) = a,
therefore t2n\a and

As there exist only C\ combinations of the indices k,l all the solutions of (1)
satisfying one of the equations (18) satisfy the inequality (4) with the corresponding
q and c2.

For the solutions of (1) which do not satisfy any of the C\ equations (18) the
inequality (12) takes place. Therefore they satisfy the inequality (4).

THEOREM 3. Suppose that for any pair of distinct indices ij, one of the numbers
(3) is distinct from zero. If after substituting a solution from the equation

(19) xAin
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(which has a nontrivial integer solution) in (1) the left-hand side of the obtained
equation is not proportional to a power of a linear form or a power of a quadratic form
with real coefficients then all the solutions of the equation (1) satisfy the inequality (4).

PROOF. Let x,y,z be the solution of the equation (1). If for these x,y,z for any
pair i,j the equality (19) does not take place, then as we have already seen above
(see the proof of Theorem 1) the inequality (4) takes place. Let for some pairs of
different indices k, I the equality

(20) xAm-yAm+z/im = 0

take place. If for each of these pairs among the numbers A^, s = 1,2,3, there are
two linearly independent over Q then the numbers x,y,z satisfy the inequality (4)
(see the proof of Theorem 2). Thus we must only consider the case when for some
pairs k, /among the numbers A^, s = 1,2,3, any two of them are linearly dependent
over Q. By the hypothesis one of them is not zero. Let A^^O. The triplet x,y,z
satisfies equations (1) and (20), therefore

z = Ax+By, A,BeQ,
and from (1) we get

(21) fi (i«fn+A)x+(^-B)y) = a.

It is evident that aU) + A and pU)+BeKU). Let C,A± = AC, Bx = BCeZ; then the
equation

2n

has rational integer coefficients. Let us expand the left-hand side to the irreducible
factors. If among them there is a form of the third degree f(x,y) then (4) holds
by the theorem of the work of OejibflMan (1971), as any x, y satisfying equa-
tion (21) satisfy one of the finite set of equations

f(x,y) = a2, OjseZ, 02!^.

If among the irreducible factors there are only the forms of first and second
degree then there are only four possible cases.

1. Among the irreducible factors there is a form

g(x,y)=px2+qxy+ry2=p(x + (p + io)y)(x+p-icr)y), p,aeR,

Then the rational integer

and thus |^|<Culal> anc^ |*| and |^| satisfy the inequality (4).
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2. Among the irreducible factors there are two non-proportional linear forms
kxx+lxy and k2x+l2y. Then for any solution of equtaion (21) we have

k1x+l1y = as,a4eZ,

and again |JC| and \y\ satisfy the inequality (4).
3. Among the irreducible factors there are two non-proportional quadratic

forms. Then

a5,aGeZ, a6\av

Eliminating x we obtain the equation

Pi

0

Pi

0

Pi Vi

q%y r2y*

Pi ?2

— "5 "

y rxf-ab

- a 6 0

<y r2f-a6

= 0.

The left-hand side of this equation is diffierent from zero, its coefficients are rational
integers, their moduli not greater than c13|a|Cla and thus |x\ and | j | satisfy (4).

4. Among the irreducible factors there are linear and quadratic forms. Then

Pix
2+q3xy+r3f = a7, k3

and the estimate (4) is true again.

a,,a8eZ, aa\av
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