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Abstract

It has been known that mixed automorphic forms arise naturally as holomorphic forms on elliptic varieties
and that they include classical automorphic forms as a special case. In this paper, we show how to construct
mixed automorphic forms of type (k, /) from elliptic modular forms to give nontrivial examples of mixed
automorphic forms.
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1. Introduction

The concept of mixed automorphic forms was introduced by Stiller (9] in 1984. It
turns out that mixed automorphic forms arise naturally as holomorphic forms on
elliptic varieties and that they include classical automorphic forms as a special case.
Given non-negative integers k£ and /, mixed cusp forms of type (k, /) for a dis-
crete subgroup I' C SL(2, #) are defined using automorphy factors of the form

d

holomorphic map of the Poincaré upper half plane satisfying w(M (1)) = x (M) (@ (1))
with respect to a homomorphism x : I' = SL(2, #). Mixed cusp forms of type (2, /)
can be interpreted as holomorphic forms of the highest degree on an elliptic variety
(cf. [1, 2]), and various aspects of such cusp forms were studied extensively by Lee
(see for example [3, 4, 6]). Mixed automorphic forms of several variables have also
been investigated (cf. [5, 7]).

However, unfortunately, non-trivial examples of mixed automorphic forms have
never been discussed in the literature. In this paper, we give non-trivial examples of

J(M, t)*J(x(M), w(t)), where J(M, t) = ct+d for M = (ccl b) elandwisa
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2] Construction of mixed automorphic forms 391

such forms. We show how to construct mixed automorphic forms of type (k, /) from
elliptic modular forms. We follow definitions and notation given in [6].

2. Mixed automorphic forms

LetI' ¢ SL(2, #) be a Fuchsian group of the firstkind, andlet x : ' — SL(2, %)
be a homomorphism of groups. Thus both I" and the image x (I') of I" under x operate
on the Poincaré upper half plane 5% = {r € ¥ | Im(tr) > 0} by linear fractional
transformations. Let w : # — % be a I'-equivariant holomorphic map, that is, a
holomorphic map that satisfies w(M (1)) = x(M)w(r) forall M € I'" and © € 2.
We assume that the image of a parabolic element of I" under y is a parabolic element
in x(I'"). Given a cusp s of " we set

A, ={o € SL2, %) |0o(x) =5},

and let A be the union (A, of A, for all cusps s of I'.  We assume that the
homomorphism y can be extended to a mapping x : T UA — %.

Given a pair of non-negative even integers k and I, we set J&! (M, 1) = (cT +
d)(c'w(t) + d') for

a b a b
M= (C d) eTUA, x(M)= (C, d,) € SL(2, R)).

Then J a’j’x : (T'UA) x s# — € is a factor of automorphy, that is, it satisfies the
condition

) JEL (MM, ©) = TEL (M), Mo(D)) - TE (M, T)

forall M, M, e T and 7 € J%.

Lets be acusp of I', and let o be an element of SL(2, &) such that o (c0) = 5. We
set (fleo)(T) = Ju’j:; (0, 7)7' f(o7) and we have the Fourier expansion of ( f;;0)
at oo of the form

(fleod@) =D a,e™m /",

n>ng

which is called the Fourier expansion of f ats.

DEFINITION 2.1. Let I', w, and x be as above. A mixed automorphic form of type
(k, 1) associated to T, w and x is a holomorphic function f : % — ¥ satisfying the
following conditions:

() fMr)y=J (M, 7)f(r)forall M eT.
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(ii) The Fourier coefficients a, of f at each cusp s satisfy the condition thatn > 0
whenever a,, # 0.

The holomorphic function f is a mixed cusp form if (ii) is replaced with the
following condition:

(iiy The Fourier coefficients a, of f at each cusp s satisfy the condition thatn > 0
whenever a,, # 0.

We shall denote by S, ,(I', w, x) the space of mixed cusp forms of type (k,!)
associated to I, w and .

REMARK 2.2. If §,,(I") denotes the space of cusp forms of weight m for I", then we
have
Skol, w, x) = §((T), Su(F,id, id) = S, (T).

On the other hand for £ = 0 the elements of Sy, (I, w, x) are generalized automorphic
forms of weight [ in the sense of Hoyt and Stiller (see for example, [9, p. 31]).

Despite the importance of the theory of mixed cusp forms, the only known examples
in the literature are those in the above Remark 2.2. The next section is concerned with
the construction of other examples.

3. Constructions

In this section we describe how to construct mixed cusp forms from elliptic modular
forms. This will generate non-trivial examples of mixed automorphic forms.

8
Then, for any M € T, note that x(M) = wMw™". Let fi,; be in S;(T'). Then

THEOREM 3.1. Let w(t) = (a1 + B)/(yT +8), where w = (;‘/‘ 5) € SLQ2, R).

(2) g(r) = (1 +98) fiu(r)
isin S (I, w, x)-

PROOF. Since w(Mt) = x (M)(w(t)), for any M € SL(2, &%), we get x(M) =

oM™, with w = (;’j g) € SLQ2, %).

Now, first of all, the function g(7) is a well-defined holomorphic map from ¢ to
%. By simple computation, it is easy to check the functional equation of g: for any
MeTl,

g(M(1)) = J (M, 1)g(r), for x(M)=wMw™.

X
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Next, we need to check the holomorphic condition of g at each cusp of I'; let s
be any cusp in I'. Take 0 € SL(2, #) such that o(0c0) = s. Then, 07 'I';o =
((é ]11> | some h € 9’) with';, = {M € I' | M(s) = s}. Hence, it can be
checked that (g|,,0)(t + h) = (gl 0 )(r). This implies that there exists a function

H(z) on ¢ \ {0} such that
(glio) () = H(E™™), T €,

where £ is the unit disk (see, for instance, [8, p. 39]). On the other hand, since f;
is a holomorphic elliptic modular form on I', at each cusp s on I it has a Fourier
expansion of the form

(coT +dp) ™ fin(a (D) = Z:ioa(n)emmh’ 7= <* *) '

¢y dy
Thus, we have
(8lei0) (@) = (YT + 8) (coT +do) ™ firi(o (7))
=yt + 8)’Zi0a(n)e2”f"’/".

Since v'e™™" — 0 asn — 00, with any v = Im(), the above expansion guarantees
the holomorphic condition of g at the cusp s. Hence, we see that g € S (', w, x)-
This proves the theorem.

We now give a more general theorem on the construction of mixed automorphic
forms.

THEOREM 3.2. Let w : ¥ — H be any I -equivariant holomorphic map, that is,
oM (1)) = x(MY(w(T)) forevery M € T'. Furthermore, we impose the condition on
X Such that the image of a translation of the form T — t© + h under x is a translation

® — o+ h, for some h, € #. Let us take an element N = (z ?) € SL22, ).

Then, for any elliptic cusp form f; € 5;(N x(T)N™") and elliptic modular form g, of
weightk in T,

3) hy(t) = (yo () + 87 ilN o (1)) g (1)

is an element of S, (T, w, x).

PROOF. Let x (M) = (i, Z,) forany M = (Z Z) € I'. Then we have

hy(Mt) = (Yo (M1) +8)” it Nw(M 1)) g (MT)
=(ct+d)! (@) +d)V(yo @) +8) filtNw(1)g(7)
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since w(M1) = x (M) (w(7)), fi € S(N x(T)N~") and g; is an elliptic modular form
on I'. Now we need to check the holomorphic condition of Ay at each cusp s of I':

Let s be a cusp of I'. Take 0 = (‘Cl" Z") € SLQ2, #) satisfying o (00) = s.

Note that
-1 1 h -1
o~ 'T,o =<(0 l) l some i € Q"} Co 'To,
with[; ={M el | Ms =s}.

Since we can see that (hy|.,0)(t + h) = (hyle;0)(T), there exists a function H(z)
on J¢ \ {0} such that (hy|,0)(t) = H(e¥™ "), T € 5, where ¥ is the unit disk.
To see the holomorphic condition at each cusp s in I, we need to consider the Fourier
expansions of f; and g, at cusps:

Firstly, at each cusp s in I', let the Fourier expansion of g, be (g:[:0)(r) =
(coT+dy)*g(0(1)) =3, ., b(n)e™ /" for o as above. Next, because the image
of a parabolic element in I" under x is also parabolic, if s is a cusp in I', then w(s)
isacuspin x(I") and Nw(s) is a cusp in N x (') N~'. Furthermore, since the image
of a translation of the form r — 7 + & under x is a translation @ — w + h, for
some h, € #, we have w(c0) = 00. Thus, Nw(c(00)) = Nw(s) implies that
N x(0)(00) = Nw(s). This implies that

x(©@) "N o Nx () € x(0)"' x(TMx (o),
with Ty,) = {A € Nx(IN™' | A(Nw(s)) = Nw(s)}. Hence, we have that, for
@ =(% "
X - C; d; ’
(@, + B (T) + By +d,8)” filNx(@)w(r) =D aln)e?™ /",
from the cusp condition of f;. This shows that

(hn o) (T)
= ((a,y +c,)w(t) + B,y +d.8)” il Nx(0)w(T))(ceT +d,) gi(0 (7))

—_ (Z">Oa(n)ezniw(r)n/hx) (anob(n)ezmm/h) ,

This shows that A (t) is holomorphic at each cusp s of T'.

REMARK 3.3. (1) If we take o to be any linear fractional transformation, that

1S, @ = (CCZ Z) € SL(2, %), in the theorem, then w(t) should be of the form
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(1) = 1 + b, for the image of a translation of the form T — 7 + h, h € 2 under x
is a translation w — @ + h, for some h, € #Z. Thus,

hn(t) = (vt +8) filNT)gi (1)

is the mixed cusp form given in Remark 2.1

(2) Let i € S(Nx(T)N™Y), gv € S:(I'). If we take N = id in Theorem 3.2,
hn(t) = filw(z))g (1) is a mixed automorphic form of type (k, /) associated with
I'w, x.

(3) Let f; € S(I), g« € S(I). If we take N = (? _01), then

-1
hy(t) = w(®)™ f; (—) 8«(1)

w(T)

is a mixed automorphic form of type (k, /) associated with I', w, x.
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