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SOME DUAL ASPECTS OF THE POISSON KERNEL

by F. F. BONSALL
(Received 29th November 1988)

The Poisson kernel p(z,{)=(1—|z|*)}l — 2|~ 2 is defined for z in the open unit disc D and { in the unit circle

0D. As usually employed, it is integrated with respect to the second variable and a measure on éD to yield a
harmonic function on D. Here, we fix a o-finite positive Borel measure m on D and integrate the Poisson
kernel with respect to the first variable against a function ¢ in L'(m) to obtain a function T,,¢ on 6D. We ask
for what measures m the range of T,, is L'(dD), for what m the kernel of T,, is non-zero, and for what m every
positive continuous function on D is of the form T,¢ with ¢ non-negative. When m is the counting measure
of a countably infinite subset {a,:keN} of D, the function (T,$)({) is of the form Y2, Apla,.{) with
Z,f"=1|ik|<ao. The main results generalize results previously obtained for sums of this form. A related
mapping from LP(m) into LP(6D) with 1 <p< o is briefly considered.

1980 Mathematics subject classification (1985 Revision): 31A10.

1. Introduction

Let D be the open unit disc in C, D the unit circle, and
p(z,0)=p(0)=(1— 2|1 - | *(ze D,{ € D),

the Poisson kernel for D. The Poisson kernel is normally employed by integrating with
respect to the second variable against an integrable function f on dD, or with respect to
a Borel measure 4 on 0D, in order to construct harmonic functions on D with boundary
values related to f and u respectively. In the present article, we fix a measure m on D
and integrate the Poisson kernel with respect to the first variable against an integrable
function on D to construct a function on dD. The special case in which the integration is
with respect to the counting measure of a countably infinite subset of D gives rise to
representations of functions on 6D as sums of Poisson kernels with the sequence of
coefficients in [*, see [1,2,3,7]. The results in this special case have guided a large part
of this article.

Throughout this article, m is a o-finite positive Borel measure on D, the o-finiteness
being required, in particular, to allow the use of Fubini’s theorem.

In Section 2, we define T,,¢, for ¢ in L'(m), by

(T.)0)= lI) $(2)p(£) dm(z2). (1.1)

By Fubini’s theorem, T,, is a bounded linear mapping of L'(m) into L'(dD). The adjoint
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T¥ is therefore a bounded linear mapping of L*(6D) into L®(m), and is easily identified
as the mapping that sends g in L®(dD) to its harmonic extension g!, regarded as an
element of L*(m).

We ask what measures m give T,,L'(m)=L'(dD), and prove, Theorem 2.3, that this
holds if and only if m has a property of non-tangential density analogous to the
corresponding property of a sequence of points. The same theorem also gives other
equivalent properties, including the equality ||g||,=||g||., for functions g in L*(8D) and
their harmonic extensions g'.

In Section 3, we ask for what measures m the kernel of T, is non-zero. It follows
easily from Theorem 2.3 that non-tangential density of m implies that ker 7,,# {0}. The
remainder of Section 3 is mainly concerned with conditions under which the converse
implication holds. If ¢ eker T,,, we have

J #(2)(1—wz)~'dm(z)=0 (weD). (1.2)

In Theorem 3.3, we show that if m is not non-tangentially dense but a non-zero ¢
satisfies (1.2), then there exists a non-void open subset G of D such that m(G)=0 and

[d(2)(z—w) 'dm(z)=0  (weG).

In Theorem 3.4, we suppose that the support of m is the union of a sequence {E,} of
compact subsets of D with connected complements and void interiors, and that, for each
n, E, has void intersection with the closure of the union of the remaining sets E,. For
such m, ker T,, is non-zero if and only if m is non-tangentially dense for JD. The
particular case in which m is the counting measure of a countably infinite set without
limit points in D is known [3]. In Corollary 3.6, we show that, with m as in Theorem
3.4, T,, has closed range if and only if either T,,L'(m)=L'(6D) or T*L®(0D)=L*(m).

In Section 4, we consider the representation of continuous functions in the form T,,¢.
We are unable, even for counting measures, to determine those measures m such that
every continuous function on D is of the form T,¢ with ¢ in L!(m). The following
approximation problem is perhaps the most natural question in this context. For what
subsets 4 of D is the linear span of {p,;aeA} uniformly dense in the space of
continuous functions on D? It is easily proved (Theorem 4.1) that this question is
equivalent to the following question about the space h! of differences of positive
harmonic functions on D. For what subsets A of D is the zero function the only member
of h! that vanishes on 4? It would be very interesting to find a geometric character-
ization of these sets.

The remainder of Section 4 is concerned with the representation of positive
continuous functions on 4D (that is continuous functions f such that f({) >0 everywhere
on dD). We say that m is a positive Poisson representing measure (PPR measure) if every
positive continuous function f on dD is of the form
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S (C)=II) P(2)p:(0)dm(z)  ({eaD),

with ¢ a non-negative Borel measurable function on D. In [3], a subset 4 of D is called
a positive Poisson basic set (PPB set) if every positive continuous function f on D is of
the form

0 =§1 Hepal0).

with 4,20 and a, in A for all k. We prove in Theorem 4.4 that the following three
conditions are equivalent. (i) m is a PPR measure. (ii) For every member h of h',
sup,.ph(z) =esssup,.p h(z), with the essential supremum relative to m. (iii) The support
of m is a PPB set. This theorem reduces the problem of representation of positive
continuous functions to the problem of characterizing PPB sets, which has been
completely solved by Hayman and Lyons [7].

In Section 5, we fix p with 1 <p<oo and define a mapping T2 from LP(m) to LP(6D)
that is analogous to T,,. In general, T¢ is unbounded, but it is an easy consequence of
Carleson’s theorem that 7% is bounded if and only if m is a Carleson measure,
(Theorem 5.1). We have been unable to determine the Carleson measures m (if any) for
which T2 [?(m)=[P(0D). However, non-tangential density of m implies that the range of
T® is dense in (D), (Theorem 5.2).

In the final section, Section 6, we take 1 <p<oo, g=p(p—1)~"', and consider certain
sums of Poisson kernels. Let {a,:keN} be a countably infinite subset of D, and, for
each k, let

O =(1—l|a)p,,.

We define a, possibly unbounded, linear mapping S from [? into [P(dD), such that, for A
in the domain of §,

(SHO =3 4Qu0) ae.
k=1
Let m be the measure on D given by
m= Z (1 _|ak|) 6ak’
k=1

with J, the unit mass concentrated at a. Then S is a bounded linear mapping of [P into
I?(0D) if and only if m is a Carleson measure (Theorem 6.2). This theorem also gives
other properties of S when m is a Carleson measure. In particular, ker S={0}. In
Theorem 6.3, it is proved that S is bounded and has closed range if and only if {q,} is
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an interpolating sequence for H®. In this case, the range of § is a closed subspace,
whose elements correspond to unique elements of /7, and this unique coefficient
sequence is given in Corollary 6.4,

The author is indebted to J. G. Clunie for Lemma 3.7.

2. The representation of L(8D)

It is often convenient to use the same symbol to denote an element of L}(dD) and its
harmonic extension to D, but this convention would be confusing in the present context.
Given an element f of L'(0D), we therefore denote its harmonic extension to D by f*,
thus

'@)=5- | @piede  (zeD).
n -n

We use [,] to denote the natural bilinear forms on LYdD)x L*(0D) and on L'(m) x
L*(m), that is

U8l=5 | S8t (feL'(@D), geL7(oD))
[4.41={ HEUE dne)  (SeLim), e L2(m).

For ¢ in L'(m), we define T,¢ as in (1.1).

Lemma 2.1. T, is a bounded linear mapping of L}(m) into L*(9D), and its adjoint T* is
the harmonic extension mapping of L*(0D) into L*(m), that is

Tig=g' (geL™(dD)).

Remark. We are following the usual convention here, in using the same symbol g' to
denote the element of L*(m) containing the bounded function g'.

Proof (of Lemma 2.1). Given ¢ in L'(m), the function y on D x dD, given by

¥(z,0)=|é(2)|p-(0),

is Borel measurable, since it is the product of two functions each Borel measurable on
D x 6D. Thus, by Fubini’s theorem,

! i it i ¢ it
2n _j" {lf)|¢(z)|pz(e )dm(z)}df £{2n _j'n p-(e )dt}|¢(2)|dm(z)

£|¢(Z)Idm(2)=||¢||1-
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Therefore, T,,¢eL'(0D) and ||T,.¢||, <||¢||;- The mapping T, is a bounded linear
mapping of L(m) into L'(6D) with norm 1. With the dual space of L' identified with L™
as usual, the adjoint T¥ becomes a bounded linear mapping of L*(éD) into L*(m). To
show that this adjoint is the harmonic extension mapping of L®(dD) into L*(m), let
¢ ell(m), ge L*(dD). Then

(9, T361=Tud 81 =5 | {i PDp.(e") dm(z)}g(e"') dr

lf) ¢(z) {2% _},, g(e")p.(e") dt} dm(z)

=[] $(2)g'(2) dm(z) =[¢,"].

D
Since this holds for all ¢ in L'(m), we have T*g=g', with g' identified in L®(m).

Notation. We denote by A(m) the support of the measure m, that is the complement
in D of the largest open subset G with m(G)=0.
Given b>0, 0<a<m/2, let

D(b,a)={zeD:b>1—Rez>|Imz|cota}.
For { in dD and b, a as above, we denote by D({, b, «) the triangular open set {D(b, a).
The measure m, or a subset A of D, is said to be non-tangentially dense for oD if, for

almost all { in 8D, there exists a with 0<a<n/2 such that, for all b>0, we have
m(D({, b,a)) >0, A n D(, b, a) # &, respectively.

Lemma 2.2. Let f be a continuous real function on D, then

sup f(z)=esssup f(z),

ze A(m) zeD
where the essential supremum is relative to the measure m.
Proof. Let a=sup. . ., f(z) and p=esssup,.pf(z). By definition of A(m),
m(D\A(m))=0. Thus f(z)<a ae.(m), and so f=a Suppose that f<a and let

G={zeD:f(z)>B}. Then G A(m)#J, but G is an open set with m(G)=0, and so
Gn A(my=¢.

Theorem 2.3. The following statements are equivalent to each other.
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(i) T,L'(m)=L'(dD)
(i) T,L'(m)=L'(dD), and for each f in L'(6D),

I/l =inf{||®||,: ¢ L'(m) and T,p=1}.
(iiiy For all g in L*(8D),
llgllo=lg"]l o5

where the essential supremum ||g'||, is relative to the measure m.
(iv) The measure m is non-tangentially dense for oD.
(v) The support A(m) is non-tangentially dense for dD.

Proof. (i)=(iii). Let 7,,L'(m)=L'(D). By the open mapping theorem, there exists a

positive constant k such that the image of the open ball in L'(m) with centre 0 and
radius k contains the closed unit ball in L'(8D). Thus, for all f in L'(8D),

inf {]|¢]],: g€ L'(m), T, ¢ =1} <x]|f],- 2.1

Let ge L*(0D) and £>0. Then there exists f in L'(8D) with |f||;=1 and |[f,g]|>
llgll — & By (2.1), there exists ¢ in L'(m) with ||¢||; <x +¢ and T,,¢ = Therefore

=|[¢, Thgl| S (x+9)|| Thgllo-

By Lemma 2.1, this gives

8]0 < #lle"l|

and, by Lemma 2.2, we have

llells 5 sup |g'(z)].

ze A(m)

By [2, Theorem 2], it follows that

lgllo=sup Ig*(z)l 2.2)

ze A(m)

An application of Lemma 2.2 completes the proof of (iii).

(iii)=>(v). As we have seen, (iii) is equivalent to (2.2) holding for all g in L*(dD). By [2,
Theorem 2], this is equivalent to (v).

(v)<=(iv). Since D({,b,a) is an open subset of D,
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m(D({, b, a)) =0<=A(m) n D({,b,0)= .
(iv)=>(ii). Let (iv) hold, that is
ITxello=llell.  (geL™(2D)).

This implies that T# has closed range and zero kernel, and so, by Banach’s closed range
theorem [4, p. 488], T,,L'(m)=L'(éD).

Let X denote the quotient Banach space L'(m)/ker T,,, and define S on X by

Sx=T,¢ (pexeX).

Then § is an invertible bounded linear mapping of X onto L!(9D), and its adjoint S* is

an invertible bounded linear mapping of L*(dD) onto X*. If ¢ exe X and ge L*(dD), we
have

(8*2)(x)=[Sx,8]1=[Tn¢, g1 =0, T7g]. (23)

Let ge L®(D) and £>0. Then there exists ¢ in L'(m) with ||¢||,=1 and |[¢, T%g]|>
|| Txg|| —e. Let x denote the coset of ¢ in X. Then, by (2.3),

|(S*g)(x)|>”T:lg”oo_€a
and ||x||<||¢||, =1. Therefore, the norm of the functional S*g satisfies
[Is*¢l|> || Tx8llo—2=lgl|—e.

Since ¢ is arbitrary, we have proved that

Is*g)zllell.  (e€L=(@DY),
and so

IS~ lI=lles* =l =1.
Given f in L'(0D), take y=S~"'f. Then ||y|| <||/]|;, that is
inf {||¢]|,: d €y} <||f]s-
But ¢ ey if and only if T,,¢=f, and so
inf {[|¢||,: T.¢=r}<|/]]:-

Remark. [2, Theorem 2] contains other equivalent conditions which can be added
to the list in Theorem 2.3.

https://doi.org/10.1017/50013091500018149 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500018149

214 F. F. BONSALL

It is also natural to ask for what measures m the range of T,, is dense in L!(dD).

Theorem 2.4. The following statements are equivalent to each other.

(i) T,LYm) is norm dense in 1}(D).
(i) If ge L*(dD) and g'(z) =0 almost everywhere on D relative to m, then g=0.
(i) If ge L*(0D) and g'(z) =0 for all z in the support of m, then g=0.

Proof. (i)=(ii). Let 7,,L'(m) be norm dense in L'(éD). Then T* has zero kernel. If
geL?(éD) and g'(z)=0 almost everywhere (m), then T*g is the zero element of L*(m), g
belongs to the kernel of TF, g=0.

(ii)=>(i). Let (ii) hold, that is T} has zero kernel, and, by the Hahn—Banach theorem,
T,,L}(m) is norm dense in L!(8D).

(ii)<>(iii). Apply Lemma 2.2 to |gf|.

Remark. Non-tangential density is plainly a sufficient condition for the statements in
Theorem 2.4. It would be interesting to find a necessary and sufficient geometrical
condition.

3. Measures m for which T, has non-zero kernel

Corollary 3.1. If T,,L'(m)=L'(0D), then ker T,, +{0}.

Proof. Let T, L'(m)=1L'(8D). Then m(D)>0 and there exists a Borel subset E of D
with O<m(E)<oo. Since D is o-compact, there exists a compact subset K of D with
O0<m(KnE)<ow. Let F=KnE, F'=D\F, and define a measure y on D by u(X)=
m(X N F), for Borel subsets X of D. Let n=inf{l—|z|:ze F}. For b with 0<b<n,
{edD, 0<a<n/2, we have D({,b,a) = F¢, and so

#(D(, b, a)) =m(D((, b, &)
By Theorem 2.3, it follows that u is non-tangentially dense for D, and so
T,L'() = L\(D). (3.1)
Since m(F)<w, the characteristic function xr of F belongs to L'(m), and so
T,xr€ L'(dD). By (3.1), it follows that there exists ¢ in L'(u) with T,¢=T,xr. Since

u(F)=0, we may assume that ¢(z)=0 for all z in F. Thus.

lf) |6(2)| dm(z) = ’j |6(2)] dm(z) = ;-J |6(2)| dp(2) = ’5) |¢(2)| du(2),

and so ¢el'(m). Likewise (T,9)()=(T,9)({). Thus, T,¢=T,p=T,xr and so
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¢ — yreker T,,. Finally, since ¢ is identically zero on F, |¢_XF|=’¢I+IXFL and therefore
|6 —xells =m(F)>0.

Notation. We denote by H*® the closed subspace of L*(dD) consisting of those f
with their Fourier coefficients f(n) zero for all negative n. As is well known, the set of
bounded analytic functions on D coincides with the set {f':fe H*}.

Lemma 3.2. If ¢ekerT,, then
jqb(z)(l—wz)"‘dm(z):O (we D).

Proof. Let u (\)=(1—w{) " Y(weD,{edD), and let ¢peL}(m) with T,¢=0. For w in
D, we have u,e H®, and so

0=[T,¢,u,)=[0, Tru,]=[¢,ul]
= lj; o(2)(1 —wz) "L dm(z).

Definition. As in [3], we define the firm boundary of an open subset G of D to be the
set of { in dD such that, for every a with 0 <a <m/2, there exists b>0 with D({,b,4) =G.

Theorem 3.3. Let m be not non-tangentially dense for 0D, but let ‘¢ belong to L(m),
such that ||d)||1>0 and

[ d(2)(1—wz)"Ldm(z)=0  (weD). (3.2)

Then there exists an open subset G of D such that

(1) m(G)=0,
(ii) the firm boundary of G has positive Lebesgue measure,
(iii) [pd(2)z—w) " tdm(z)=0  (weG).

Proof. By Theorem 2.3, the support A(m) is not non-tangentially dense for éD, and
therefore, by [2, Theorem 2], there exists g in H* such that

sup [¢'(2)] < 1 <sup|g'(2)] =|lg]-
eD

ze A(m) z

Let G={zeD:|g'(z)|>1}. Then G is an open subset of D with m(G)=0. Let E=
{{€dD:|g(0)|>1}. Since ||g||>1, E has positive Lebesgue measure, and for almost all {
in E, g'(z)—>g({) as z—{ non-tangentially. For such { and « with 0 <a<n/2, there exists
b>0 such that |g'(z)|> 1 for all z in D({,b,a), that is D({,b,d) = G. This proves (ii).
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Define h on G by
hw)=| ¢(z)(z—w) " "dm(z)  (weG).
D

For w in G, we have dist(w, G°) >0, where G°=D\G. Thus y,, defined by  (z)=
d(z)(z—w) ™!, belongs to L'(m), and h is well-defined on G and analytic there.
Suppose that (iii)) does not hold, and let a be a point of G with h(a) #0. By geometric

series expansion of (1 —wz) ™!, (3.2) gives

[ d(2)*dm(z)=0  (k=0).

Thus, for j,k=0,1,2,...,
I d(2)2'(1 —wz) *dm(z)=0 (we D). (3.3)

Let |w| < 1/4. Then, for all z in D, we have

(|la|+|z)|w|[t —wz| " <2/3,

and so, for z in D,

(l—aw) '=(1—zw—(a—2w) " '= i 2)fwk(1 —zw) kD),

with the series converging uniformly absolutely on D. Multiplication by ,(z) and

integration gives
aa

(1—aw)™'h(@)=[ Y (2)(1 —w2) " dm(z)— ¥
D

k=1

wh [ d(z)(a—z)* (1 —2zw)"** Vidm(z)

=[ Y21 —w2)" ! dm(z),

by (3.3). This holds whenever |w|<1/4, and hence, by analyticity, for all w in D.
Take y{(z) = ,(2)/h(a). Then i € L'(m), and

(1—aw) " '={yY(z)(1—-wz)""dm(z)  (weD).
D

It follows that
I Y(2)z"dm(z2)

D
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for non-negative integers n, and hence that

pla)= lj; Y(2)p(z) dm(2)

for all polynomials p. Given f in H®, there exists a sequence {p,} of polynomials such
that p,(0)—f({) ae. on 8D as n—oo, and ||p,||o<M (neN), with M<oo. Then
pi(z)-fY(z) for all z in D and |p}(z))SM(neN,zeD). By Lebesgue’s dominated
convergence theorem, it follows that

@)= II) W) (2 dm(z), | f1@)| £|l¥]l sup |/1(2)]-

ze A(m)

Since |g'(a)|>1>sup, . 4o |8'(2)
sufficiently large.

, we arrive at a contradiction by taking f=g" with n

Remarks. If there exists an open subset G of D satisfying (i) and (ii) in the last
theorem, it is easy to see that m is not non-tangentially dense for dD.

In the special case when m is the counting measure for a countable subset A of D,
Theorem 3.3 is known [3, Theorem 7]. It is noted there that this leads to various
conditions on the set A sufficient to imply that A is non-tangentially dense for dD
whenever the kernel of T, is non-zero. In particular, this is the case if 4 has no limit
point in D. The following theorem shows that this conclusion still holds when the
support of m is a countable union of suitable compact sets.

Theorem 3.4. Suppose that the support of m is the union of a sequence {E,} of compact
subsets of D such that, for each n, the complement of E, is connected, the interior of E, is
void, and E, has void intersection with the closure of the union of the remaining E,.

Then ker T, is non-zero if and only if m is non-tangentially dense for dD.

Proof. Let ¢ eker T,\{0}. By Lemma 3.2,
fo(2)(1—w2z)"'dm(z)=0  (weD).
D
Suppose that m is not non-tangentially dense for D. Then, by Theorem 3.3, there exists
a non-void open subset G, of D such that m(G,)=0 and
[ $(2)(z—w)" ' dm(z)=0 (weGy). (3.4)
D
Let E denote the support of m. Since E is of the form stated in the theorem, it is

intuitive, and probably known, that D\E is connected. A proof can be based on the
following statement of Alexander’s lemma. -

C
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Lemma 3.5. [8, p. 101]. Let X, X, be subsets of D with X, compact, X, relatively
closed in D and X, n X, connected. If two points of D\(X, u X ;) are connected in D\X,
and in D\X ,, then they are connected in D\(X, v X 5).

Let w,,w,eD\E, take p with max(|w,|,|w,[)<p<l, let A={z|z|<p}, and let
P,=U{E;:1<k<n}, Q,=U{E, k>n}. Since E is the support of m, it is relatively closed
in D. Therefore Q, is relatively closed in D and Q,n A is compact. Therefore, there
exists N with Qyn A void. Since D\E, is connected for each k, repeated application of
Lemma 3.5 shows that D\P, is connected. Since w,,w,eintAcD\Qy, they are
connected in D\Qy. Therefore, by Lemma 3.5, w,, w, are connected in D\(Py U Qy), that
is in D\E.

It now follows by analyticity from (3.4) that

[ d(z)(z—w)"tdm(z)=0  (weD\E). (3.9)
D

We prove next that

[ p(z)(z—w)"tdm(z)=0  (weC\E,,neN). (3.6)

Fix nin N, let J,=U{E;:j#n}, and define f, and g, by

Ja(w)= EI $(2)(z—w) 'dm(z)  (weC\E,),

ga(w)= JI H2)(z—w)"'dm(z)  (weD\J,),

the integrals being well-defined since C\E, and D\J, are open sets.
Since E is the support of m, (3.5) gives
Suw)+8,(w)=0  (weD\E).
Since f, and g, are analytic in C\E, and D\J, respectively and (C\E,) n(D\J,)=D\E,

we can define an entire function f by taking f(w)=f,(w) on C\E, and f(w)= —g,(w) on
E,. When |w|> 1, we have |z—w|>|w|—1 for all z in E,, and so

lfw)| =) =(w] =18,

Thus f(w)—0 as |w|—>oo, and so f is identically zero, and (3.6) is proved.
Expanding (z—w) ™! in powers of z/w for |w|> 1> |z|, we now have

i wo*tD [ @(z)kdm(z)=0  (|w|>1),
K=0 En
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and therefore,

[ ¢(z)*dm(z)=0  (k=0,1,2,...).
En

Since E, has connected complement and void interior, Mergelyan’s theorem (see [9, p.
386]) gives ’

] #(2¥(z) dm(z)=0

for all continuous complex functions  on E,.
It follows that the complex Borel measure u on E,, given by du(z) = ¢(z) dm(z), is the
zero measure. Therefore

Ef |p(2)]dm(z)=0  (neN),

and so ||¢]|; =0.

Corollary 3.6. Let m be as in Theorem 3.4. Then the range of T, is closed in L*(dD) if
and only if either the range of T,, is L(0D) or the range of T* is L°(m).

Proof. This is an immediate consequence of Theorem 2.3, Theorem 3.4, and
Banach’s closed range theorem.

Remark. Let BH(D) denote the space of bounded harmonic functions on D. Then
T:L*(0D)=L*(m) if and only if, for every element g of L*(m), there exists h in BH(D)
with

h(z) =g(2) (a.e. m). (3.7)

If the support of m is a countable set A={a,:neN}, L*(m) can be identified with the
space [ of bounded sequences, and (3.7) holds if and only if A is a harmonic
interpolation set, that is every bounded sequence is of the form {h(a,)} with h in BH(D).
By a theorem of Garnett [§], harmonic interpolation is equivalent to H® interpolation.
In these circumstances, it is of interest to know whether there exist any measures m of
the kind considered in Theorem 3.4 that satisfy (3.7) but do not have countable support.
Theorem 3.8 will show that no such measures m exist, at least if we suppose that
m(E,) < oo for each k.

I am indebted to J. G. Clunie for a suggestion on which the proof of the following
lemma is based.

Lemma 3.7. Let K be a compact subset of C, p a finite positive Borel measure on K,
and suppose that, for every ¢ in L®(u), there exists a continuous function f on K with
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f(2)=9¢(2) ae. (u). (3.8)

Then u is supported by a finite subset of K.

Proof. Let aeK, and, for n in N, let K,,={zeK:|z—a|_§n“}, Y(n)=1(K,). Either
Y(n)=p({a}) for all sufficiently large n, or there exists a subsequence n, such that
Y(n, + ) <y(m)(keN). In the second case, define ¢ on K by

¢(Z)=(_1)k (ZEK"“\K",HI,I(GN),

¢(z) =0 (all other z in K).

Plainly, ¢ is bounded, and so there exists a continuous function f on K satisfying (3.8).
Since (K, \K,, . ,)=¥(n)—y¥(n,,)>0, there exists z, in K, \K,,,, with f(z,,) (=D
But, since lim, _, ., z; =aq, this contradicts the continuity of f.

We have proved that y(n) =p({a}) for all sufficiently large n. Thus, for each a in K,
there exists p,>0, such that the relatively open set G(a), defined by G(a)={zeK:
|z—a|<p,}, satisfies u(G(a))=pu({a}). By compactness of K, there exists a finite subset
A={ay,a,,...,a,} of K with K=|Ji_,G(a). Since K\A<{J;-,(G(a)\{a.}), we have
W(K\A)=0. Thus the support of u is a subset of the finite set A.

Theorem 3.8. Let m be as in Theorem 3.4, and let m(E,) < oo for each k. If the range
of T% is L*(m), then the support of m is a countable set without limit points in D.

Proof. Fix nin N, and let u be the restriction of m to the compact set E,. Given ¢,
in L*(E,, p), take ¢(z)=¢q(z) on E, and ¢(z) =0 on D\E,. Then ¢ € L*(m), and so there
exists g in BH(D) with g(z)=¢(z) a.e.(m). On E,, we have g(z)=¢o(z) a.e. (1), and g is
continuous. Since E, is the support of u, Lemma 3.7 shows that E, is a finite set.

4. Representation of continuous functions

Question 1. For what measures m on D is every continuous function on dD of the
form T,,¢ with ¢ in L'(m)?

We are a long way from a solution to this question, and most of this section is
concerned with a second question.

Question 2. For what measures m on D is every positive continuous function on éD
of the form 7,,¢ with ¢ non-negative?

Plainly, a measure m with the property in Question 2 also has the property in

Question 1.

Notation. Let C(dD), Cg(dD), C,(0D) denote respectively the sets of complex, real,
and non-negative continuous functions on ¢D. A continuous function f on 0D is said to
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be positive if f({)>0 for every { in dD. We denote by h' the space of all differences of
positive harmonic functions on D. Given a real Borel measure u on dD, let

i(z)= lf) pA0) du(0)-

It is well known that the mapping pu—j is a bijection of the space of real Borel
measures onto h'.

If m is non-tangentially dense for dD, then every f in C(6D) is of the form T,,¢ as an
element of L!(4D), that is

(T.9)(D=f()ae.

Even in the case when m is the counting measure of a countable set, we do not know
when this holds in the sense of pointwise convergence everywhere or of uniform
convergence. It is, however, easy to prove the following theorem on uniform approxi-
mation to continuous functions by linear combinations of Poisson kernels.

Theorem 4.1. Let A be a subset of D and let V be the linear span of {p,:ac A}. Then
V is uniformly dense in C(D) if and only if the zero function is the only member of h' that
vanishes on A.

Proof. V is uniformly dense in C(dD) if and only if the real linear span V; of
{p,:ae A} is uniformly dense in Cg(dD). By the Hahn—Banach theorem, this holds if and
only if the zero measure is the only real Borel measure u on D with

[ PO)du(()=0  (acA),
oD

that is with f(a)=0(ae ). The result now follows through the correspondence of
members of h! with real Borel measures on dD.

Remark. It would be interesting to find a geometric characterization of the subsets
A of D with the property in Theorem 4.1.

The remainder of this section is concerned with the representation of positive
continuous functions on dD. Let W(m) denote the set of all continuous functions f on
oD that satisfy

fQ= ’! M2p(0)dm(z)  ({edD), (4.1

with 1 a non-negative Borel measurable function on D. By Fubini’s theorem, (4.1)
implies
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||f||l=2l { f(e")dt={ Az) dm(z)=||2],. 42)
T —p D

Thus 1eL%(m), the set of non-negative functions in L!(m), when fe W(m). Note also
that, for all { in éD, (4.1) gives

f(C)ZlI)i(Z)(l — |21 +]2) 7 dm(2),

and so every function in W(m) is either positive or identically zero.
We say that m is a positive Poisson representing measure (PPR measure) if W(m)
contains all positive continuous functions on oD.

Lemma 4.2. The measure m is a PPR measure if and only if W(m) is uniformly dense
in C .(0D).

Proof. Let W(m) be uniformly dense in C,(JD), and let f; be a positive continuous
function on 0D. Since inf;,p f1({) >0, there exists v, in W(m) with

0<fi(Q)—vi))<1  ({edD).

Take f,=f, —v,. Then there exists v, in W(m) with

0<fa(Q)—v2()<1/2  ({edD).

Continuing in this way, we obtain a sequence {v,} of elements of W(m) and a sequence
{f,} of continuous functions such that, forall nin N, f,, , =f, —v,=f1 —(v; +v,+ - +v,)
and

0<fori(D<l/m  ({edD).

This shows that Y =, v,({) converges uniformly to f,({) on oD, and so

”f1”1=21:°=1”vk”1- (4.3)

For each k, there exists 4, in L% (m) with

nl) = II) 4(2)p:(()dm(z)  ({edD),

and, by (4.2) and (4.3),

Z ||lk||1=||f1”1-
k=1
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Take A=Y, 4. Then AeL}(m) and

Hi©)= II) A2)p.()dm(z)  ({edD),

that is f; € W(m). This proves that m is a PPR measure, and the converse is clear.

Lemma 4.3. Let E be a Borel subset of a compact subset of D with m(E) < co, and let

pe(0) = £ p(Odm(z)  ((edD).

Then ppe W(m).

Proof. Let K be a compact subset of D containing E, let R=supzex|z| and
2.(0)=(1+2)(1-2)"". Then 0= R <1 and p,({)=Req.({). For {,,{, in oD,

4.0~ q:(0) =22, - () (1 - 20,) " 11 - 2(5) 7,
and so, for all z in K,
|p(L1) — AL S2(1=R) 72| = L.
Thus
|ps(C1)—Pa(Cz)I§2(1—R)_ZM(E)|C1—C2|,

and pg is continuous on éD. Since pg is also of the form (4.1) with A the characteristic
function of E, the lemma is proved.

We recall from [3], that a subset A of D is a positive Poisson basic set (PPB set) if
every positive continuous function f on 4D is of the form

f)= ; Anpa () ({edD),

with all 4, non-negative and a, in A.

Theorem 4.4 The following statements are equivalent to each other.

(i) mis a PPR measure.
(i) For every harmonic function h in the space h*,

sup h(z) =ess sup h(z),

zeD zeD
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the essential supremum being relative to the measure m.
(iit) The support of m is a PPB set.

Proof. (i)=(ii). Let m be a PPR measure and let heh'. We may assume that
esssup,.ph(z)=M < o0, since otherwise there is nothing to prove. Also, since h can be
replaced by h— M, we may assume that M =0, and thus that

hz)<0a.e. (m). (4.9)

Let p be the real Borel measure on 0D with jfi=h, and let weD. Since m is a PPR
measure, there exists A4 in LY (m) with

Pul0)= [ H2)p.() dm(2).

D
By Fubini’s theorem and (4.4), we therefore have

h(w)= | pu(0)du(0)= | h(2)Az) dm(2) <0.
eD D

(ii)<>(ii). By Lemma 2.2, (ii) is equivalent to

sup h(z)= sup h(z),

zeD ze A(m)
for all h in h*. But, by [3, Theorem 10], this is equivalent to (iii).
(ii)=>(i). Assume that (ii) holds, but that m is not a PPR measure. Then, by Lemma

4.2, W(m) is not uniformly dense in C,(dD), and so there exists g, in C,(éD) and a real
Borel measure g on 0D such that

aID fQdu) =0  (feW(m), (4.5)

but
§ go(Q)du(0)>0. (4.6)
aD

Let h=f, and let G={zeD:h(z)>0}. Let K be a compact subset of G and E a Borel
subset of K with m(E) < c0. Then, by (4.5) and Lemma 4.3,

§ pe(0)du(0) 0.
éD
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By Fubini’s theorem, it follows that

[ W(z)dm(z)= | ﬂ p-(9) dm(Z)}du(C)=aID pe(0) du(f) 0.
E

ab

Thus
m(E) inf h(z) < | h(z) dm(z) <0,
E

zeK

and so m(E)=0.

By o-finiteness of m, K is a countable union of Borel sets E, with m(E,) < co, and so
m(K)=0. Finally, since G is a countable union of compact sets, m(G)=0, and therefore
h(z)<0a.e.(m). By (ii), we therefore have h(z)<O for all z in D, —p is a positive
measure, contradicting (4.6).

5. Mapping into L?(¢D)

Let 1<p<co. We define a linear mapping TY from [f(m) into L(0D) with domain
9D =P(TP) as follows. 9P is the set of all ¢ in L’(m) such that f, given by

1 =l§) |¢(2)|p-0) dm(z),

belongs to [P(dD). For ¢ in 9, T ¢ is the element of L°(0D) defined for almost all { in
oD by

(TX9)O) =lf) B(2)p.(0) dm(2).

Theorem 5.1. T'? is a bounded linear mapping of L*(m) into L*(dD) if and only if m is
a Carleson measure.

Proof. Let g=p(p—1)~'. For ¢ in 2 and g in [4(0D), Fubini’s theorem gives
| . .
ro.g1=3 § {{ dmienants sten a
-n {D

=lI) d(2)g'(z) dm(2), (5.1)

with g' the harmonic extension of g. If T'? is a bounded linear mapping of L(m) into
LP(aD), (5.1) gives
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‘15) o' @) dm(d| < Mol lell, (@€ Lrm), ge LoD,

with M < o0. Therefore,

le'll.=Mllgll,  (geL%aD)),

and so m is a Carleson measure (see Carleson’s theorem, Garnett [6, p. 33], and
Sarason [10, p. 5]).

Conversely, let m be a Carleson measure. Then, again by Carleson’s theorem, there
exists a constant C with

le'l.=Cllglly (g€ Li(@D)).

Let ge [*(0D) with g=0. For ¢ in LP(m), we have

§19)lg") dmiz) <[]l lg"ll = Cllll ]l

that is

[160)] {5 ] stenien aelamsclol el
D T —n

By Fubini’s theorem, we have

3 1 86 {{ e an ) ars ol el (52

Since this holds for all non-negative g in I}(0D), it follows that the function f, given by

f)= ‘I) |$(2)|p-(0) dm(2),

belongs to IP(dD). Thus ¢ € (TP and, also from (5.2),
@l = Cligll,-

The following example shows that the range of T%, with m a Carleson measure and
non-tangentially dense for 3D, can fail to be the whole of LP(0D).
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Example. Let p=2 and let m be normalized area measure for D. With n in N, let
g.(0)={" ({€dD). By (5.1), we have

(T*g)(2)=2",

and
1
||gI,||§=1 22| dxdy=2fr*"*tdr=(n+1)"".
Tp 0

Thus ||T2*g,||,=(n+1)""2 while ||g,||,=1. This is incompatible with T'2L*(m)=
L*(@D). For this, by Banach’s closed range theorem [4, p. 488], would imply that T*
has closed range and zero kernel, and hence would have a bounded inverse on its range.

Remark. It should be noted that if m is the counting measure of a countably infinite
subset of D, then m(D)= oo and so m is not a Carleson measure, T% is not bounded.
We do not know any example in which TY [P(m)= L?(0D).

Theorem 5.2. Let m be a Carleson measure and non-tangentially dense for 0D. Then
the range of T is dense in L7(6D).

Proof. Suppose that TP[P(m) is not dense in LP(0D). Then, by the Hahn—Banach
theorem, there exists g in [%@D) with ||g||,#0 and [T®L?(m),g]1={0}. By (5.1), it
follows that

g'(z)=0a..(m), (5.3

and, by taking real and imaginary parts, we may assume that g is real valued. Let
G={zeD:g'(z) #0}. Then G is an open set with m(G)=0.

Since ||g||,#0, we may assume that g takes positive values on a set of positive
measure. Then there exist ¢,d with O0<c<d<oo such that g~ '((c,d)) has positive
Lebesgue measure. By Fatou’s theorem, there exists a subset X of g~ '((c,d)) with
positive Lebesgue measure such that, for all { in X, g'(z)—g({) as z—{ non-tangentially.
Since m is non-tangentially dense for 8D, there exists { in X such that there exists a with
O<a<n/2 and m(D({,b,a))>0 for all b>0. When b is sufficiently small, g(z) e(c,d) for
all z in D({,b,a), and so D({,b,a) = G. This contradicts m(G)=0.

6. I’-sums of normalized Poisson kernels

Let 1<p<oo and g=p(p~1)"'. Let {a,:ke N} be a countable subset of D, and, for
each k, let

Ou=(1—la.)**p,,.
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We shall be concerned with sums of the form
Y 4Ok
k=1

with A={4,}in P".
Elementary calculations give the existence of positive constants c,, C, such that, for
all ain D,

cp(1=la) ™ < |lpa|l, < Cp(1—|a])~ " (6.1)

Thus the functions Q, are essentially the Poisson kernels p,, normalized as elements of
I17(D).

Let 2(S) denote the set of sequences A={4,} in I’ such that Y 2 , |4,|Q,({) converges
for almost all { in éD to an element of I(6D), and, for A in 2(S) define S/ by

(SHO =k§1 4040 ae.

In this way, we obtain a linear mapping from /? into [P(dD) with domain 2(S), which is
plainly dense in /°.

We note that 4 in I” belongs to 2(S) if and only if the series Y =, |ik|Q,‘ converges in
the norm of LP(6D), and that, in this case, Y o, 4,0, converges to SA with respect to
that norm.

For z in D, let 4, denote the unit mass concentrated at z. Let m denote the o-finite
positive Borel measure on D given by

3
1
M8

(1—|a)) 8,

k=1

For ¢ in LP(m), let V¢ be defined by

Vo= {(1 - |ak|)”p¢(ak)}-
Lemma 6.1. (i) V is a linear isometry of LP(m) onto I°.
(i) V(T?)=2(S).
(ii) SV=TY.
Proof. (i) For ¢ in L*(m),

P
P

IVelp= X (1-lapl¢a@ll=]¢

and so V is a linear isometry of L*(m) into I°. Given A={1,} in /7, define ¢ on D by
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taking ¢(a,)=(1—|a|) "2, (ke N) and ¢(z)=0 for all other z in D. Then ¢ L*(m) and
Vo=
(i1) and (iii). With A= V¢, we have

e =5 (- ladl#@lpao

= lj) |#(2)|p(0) dm(2),

so that 9(S)=VP(T®). With A=V ¢ and ¢ in Z(T¥), similar equations hold with the
moduli removed, and (iii) is proved.

Theorem 6.2. S is a bounded linear mapping of 7 into L[P(dD) if and only if m is a
Carleson measure. In this case

(1) ZI?;I (1 —Iakl)< 0,

(i) S*g={(1—|a))'g' (@)}  (geLX(aD)),

(i) ker S={0},

(iv) SI?#L7(0D).

Proof. By Lemma 6.1, S is a bounded linear mapping of [? into LP(dD) if and only if

T is a bounded linear mapping of L(m) into LP(éD), that is if and only if m is a
Carleson measure.

Suppose that m is a Carleson measure. Then m(D) < oo, that is (i) holds. With 4 in /P
and g in [*(0D), we have

[ S*E)=[5%8]= 3 (1= |os) “puce)

s

: A(1— lakl)l/qgf(ak)
=[4, {(1 ‘|ak|)llqgt(ak)}],

from which (ii) follows.

(iii) Let Aeker S and let ne N. By (i), there exists a Blaschke product B, with its zeros
at the points a, with k in N\{n}. We have g, in L*(dD) with gl =B,, and so

0=[Shg) =T[4 5%)= 3. A1 —las) “Byla)

=}‘n(1 - lan‘)”an(an)'
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Since B,(a,)#0, we have 1,=0. Note that a,#a; when j#k since {a,:keN} was
defined as a set.

(iv) If SI?P=17(dD), then ker S*={0}. But, by (i), there exists a Blaschke product B

with its zeros at the points g, with k in N. Take g in L*°(dD) with g'=B. Then g is a
non-zero element of L#(dD) but, by (ii), S*g=0.

Theorem 6.3. S is bounded and has closed range if and only if {a,} is an interpolating
sequence for H*.

Proof. Suppose that S is a bounded linear mapping of /* into L°(éD) and that SI” is
closed in LP(0D). By Theorem 6.2(iii), ker S={0}, and so, by Banach’s closed range
theorem [4, p. 4881,

S*L(oD)=1. 6.2)
Let d(a,b)=|a—b|/|1 —ab| for a,b in D. We prove that
inf {d(a;,a;):j,keN, j#k}>0. (6.3)

By (6.2) and the open mapping theorem, there exists a positive constant M such that,
given 1 in I with ||4||,< 1, there exists g in [*(3D) with

{(1=|a) g (@)} =14,

and ||g[,SM. Let j#k. Then there exists g as above with g'(a)=0 and
(1—|a))g'(a,)=1. Thus

(1- Iakl)_ 1/q=gf(ak)_gf(aj)

1 1! it iy __ it
=5 _j'ng(e ){Pa(€")—pa,(e")} dt

Let =d(a;, a,). By Harnack’s inequality, we have

|Pa(0) = Pa (D] £26(1-8) " 'pa () (L€D).

Thus, by (6.1),
(1- |a‘<|)_ l/qé ”g”qZ(S(l -5)_1”1’“!‘”!’

SMC,28(1—8)"'(1—|a,)~ .

With C=2MC,, we have §(1—-9)"'2C~'. Thus 6=(1+C) ™%, and (6.3) is proved.
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Since m is a Carleson measure and (6.3) holds, it follows that {a,} is an interpolating
sequence for H®, see Garnett [5, Lemma 2].

Suppose on the other hand that {a,} is an interpolating sequence for H®. Then m is a
Carleson measure, and so S is bounded. Also, see Shapiro and Shields [11, Theorem 2],
every l9 sequence is of the form

{(1—|a )" (@)}

with f in H? Therefore S*I4(dD)=104, and, by Banach’s closed range theorem, S has
closed range.

Corollary 6.4. Let {a,} be an interpolating sequence for H® and let X be the closed
linear span of {p,,:ke N} in LP(0D). Then each f in X is of the form

=3 (Bia)'Lf:B1pa 64

where B, is the Blaschke product with its zeros at the points a, with k+#n, and the series
converges in the norm of LP(éD).

Proof. By Theorem 6.3, S is bounded and has closed range. Thus SI=X, and, by
Theorem 6.2 (iii) each f in X has a unique expression in the form

f= z ik(l—lale/ank,
k=1
with A={4,} in /” and the series convergent in the norm of (D). Then

[f’ Bn] =k21 }'k(l - |ak|)1/q[pak’ Bn]
= L A=l "B () =1,(1 ~|a,)"B.(a,).
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