ON A NEW CLASS OF POLYNOMIALSYt
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1. Introduction. The present paper incorporates a preliminary study of a new generaliza-
tion of several known polynomial systems belonging to (or providing extensions of) the
families of the classical Jacobi, Hermite and Laguerre polynomials. It is shown how suitable
specializations will yield a number of known or new results in the theory of the special functions

considered.
In the usual notation, put
T(A+n) 1, if n=0,
l = —— = 1
(®)n Q) {A(/l+1)...(.1+n—1), if n=1,23,..., W
and let A(m; 4) denote the set of m parameters
Alm, A+1D)/m,...,(A+m—1)/m (mz=1),
it being understood that the set A(0; 1) is empty.
Also let
G[Z] = Zo'y"zn (YO # 0), (2)

and in terms of this power series, define a class of polynomials {gi(x,r,s)|n=0,1,2,...}
generated by

(L=)7°G[xr/(1—1)] = Zog.‘.(x, r, S, €))
where ¢ is an arbitrary parameter, r is any integer, positive or negative, and s=1,2,3,....
From (2) and (3), we observe that

/3) (¢ 4 rk), - spx”
=0 (n—sk)!

which would lead fairly readily to the following generating function for g5~ "(x, , 5):

giC, r,s) = n=0,1,2,..), @]

G5 ) = (1+ 0P G 7). ®

s

n

Evidently, this last generating function (5) is not contained in the defining relation (3).

The definitions (2) and (3) are motivated by the earlier work of E. D. Rainville [6, p. 137,
Theorem 48], who considers a special case of (3) when » = 2 and s = 1, and also by the recent
papers by R. C. Singh Chandel ([2], [3]), who discusses the special cases of (2) and (3) when

+ This work was carried out at the University of Victoria while the author was on study leave from
Ravenshaw College, Cuttack-3, India.
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Ye={(—r)k! (k=0,1,2,..) and s =1. Thus it would seem worthwhile to carry out a
systematic study of the polynomials gS(x, r, s), which indeed unify several hitherto con-
sidered polynomial systems belonging to (or providing extensions of) the families of the
classical Jacobi, Hermite and Laguerre polynomials.

2. Hypergeometric forms. For convenience, we shall abbreviate the set of p parameter
pairs
(ay, 21), ..., (ap )

by ((a,, «,)), with similar interpretations for ((b,, B,)), etc. We shall also let (a,) denote the
set of p parameters a,, ..., a, and so on. Thus, if we put

Ve = {jljl (aj)ka/}{k! ,-ljl (bJ)kﬁJ}— (k=0,1,2,..), ©

the polynomials g&(x, r, s) will assume a hypergeometric form given by

ki oo [(@,, 2)); (B B); X]

© (=n,s),(c+n,r=s),(a, ,);
=22 (=1yx|, ™
" (RN (Y MF

where r>s21; o;>0 (j=1,...,p); B;>0(=1,...,9), and ¥, denotes Wright’s
generalized hypergeometric function.
If s > r, where r is a negative integer, then (7) may be rewritten in the form

he 5l ((a,, 2)); ((By, Bo)); x]

(C) (—na S), (1 -, _r)a ((ap, ap));
= ’np+2‘Pq+l X1 ®
" (1—c—n,s—r), (b, B))s
s being a positive integer.
In particular, if a; =1 (j=1,...,p)and B; =1(j =1, ..., ), (7) yields
woral(a9); (bg); x]
A(s; —n), A(r—s; c+n), (a,);
_ (c—)—'"p+rFq+r (—_s)_(rT-r-f)__x , (9
" A(r; ), (by);
where r > s 2 1, the case r = s being given by
o al(@p); (bg); x]
(C) A(S’ - n)’ (ap);
= ——'"'p+qu+s ('— 1)sx s (10)
! A(s: ), (b);

and similarly for other possible choices of r and s.
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These last polynomials in (10) are essentially the same as the Brafman polynomials
defined in [1, p. 186] by

A(s; —n), (a,);
} , (1

B:[(ap), (bq)’ X] = p+qu{ X
(by);
it being understood, as before, that the a; and b; parameters are independent of n. Indeed,
in the notations of (9) and (10), we have

n!
(©)n

Next we recall the Gould-Hopper generalization of the classical Hermite polynomials
{H(x)|n=0,1,2,...} defined in [4, p. 58] by

Bi[(a,); (by); x] = 7 fu 5, ol (@), AGs; €); (b)); (— 1)'x]. (12)

[afs] n!

g, )=

2 omlk‘x"—s" = x"sFO[A(S; —n); —; /1(—s/x)‘], (13)

which evidently are contained in the Brafman polynomials in (11) with p=¢=0. As a
matter of fact, it is readily seen that

gal(x, A) = x"By[ —; —; A(—s/x)"]. (14)

REMARK 1. Certain obvious special cases or trivial variations of the Gould-Hopper
polynomials (and hence also of the Brafman polynomials) have appeared and are still appearing
in papers by several subsequent writers too numerous to mention here.

Finally, we turn to a generalization of the Jacobi, Laguerre, Rice, Bessel, and several
other polynomials considered recently by R. N. Jain [5], who defines the hypergeometric

polynomials
S PUap); (by); x]
©) —n, A(k—1;c+n), (a,);
=—'np+qu+k|: (k—l)k—lx (I‘I gO), (]5)
i A(k; ¢), (by);

where k is a positive integer.
A comparison (9) and (15) yields the relationship

1P[(a,); (b,);x] =fok(a,); (by); —k*x], (16)

which exhibits the fact that results involving any of the known polynomial systems, occurring
in Jain’s paper [5, p. 177-8], can be deduced as special cases of those involving the polynomials
gi(x, r, s) defined by (3).

3. Recurrence relations. If we put

@ = (1—1)"*G[xt’/(1 = 1)], (17
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then it is easily verified that

o0 oD
—)t]— —-t(l—t)— = —c1®. 18
s+ (r—9)) 5 1= 7= = (18)
Making use of (18) in conjunction with the fact that

0= Zogf.(x, r, S, (19)

we are led to the following differential recurrence relations for g;(x, r, 5):
sxD{gi(x, r, )} —ngi(x, 1, 5)
= —(c+n—1)gq-1(x, 7, 5)—=(r—s)xD,{g5-((x, 7, 9)}, (20)

n—-1 n—1
sxDx{g:(x, r, S)} _ng;(x’ r, S) = _ckzogli(x, ¥, S)"rx kZODx{gl‘:(x) r, S)} (21)

and
SXD{gCx, 1, )} —ngs(r, 1) = — 3 (cHkrls)(L—rfsy ™ Tgix, rs),  (22)
k=0

where D, =d/dx,and n=1,2,3,....

REMARK 2. The recurrence relations (20) through (22), when r=2 and s=1, are
substantially the same as those given by Theorem 48 of [6, p. 137]. Several other special cases
of these results are scattered throughout the literature.
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