Glasgow Math. J. 41 (1999) 431-439. © Glasgow Mathematical Journal Trust 1999. Printed in the United Kingdom

THE RELATIONSHIP BETWEEN POLAR AND AC
OPERATORS

JULIE WILSON

Department of Mathematics, Glasgow Caledonian University, Cowcaddens Road, Glasgow G4 0BA,
Scotland

(Received 7 January, 1998)

Abstract. This paper gives examples to show that a polar operator is not
necessarily AC and an AC operator is not necessarily polar.

1. Introduction. Well-bounded operators are the building blocks of polar and
AC operators. First introduced by Smart in 1960, well-bounded operators were ori-
ginally studied by Smart and Ringrose [6], [7], [8]. These operators admit a spectral
decomposition which is, in some sense, analogous to that for self-adjoint operators
on Hilbert space. The spectral decomposition is simplified when we consider well-
bounded operators of type (B).

By their definition, well-bounded operators have real spectra. In order to extend
the concept of well-boundedness to operators with complex spectra, we consider
trigonometrically well-bounded, polar and AC operators. The relevant facts about
well-bounded, polar and AC operators are outlined in the next section. For a
detailed account of the theory well-bounded operators see [4].

2. Background and notation. Throughout the following X will denote a complex
Banach space with dual space X* and B(X) will denote the algebra of all bounded
linear operators mapping X into itself. Given a compact interval J = [a, b] of the real
line, let BV(J) denote the Banach algebra of complex-valued functions of bounded
variation on J with norm

”f”BV(J): |f(b)| + Vﬁlrf

where v;1rf represents the total variation of f on J. Similarly, using T to represent

the unit circle, let BV(T) denote the Banach algebra of complex-valued functions of
bounded variation on T with norm

| £1 syery= 1 AD)] +var £,

where var f is the total variation of f on T. Furthermore, the notation AC(J)
(respectively 4C(T)) will denote the closed subalgebra of BV/(J) (respectively BV(T))
consisting of the absolutely continuous functions on J (respectively T).

DEFINITION 2.1. An operator T € B(X) is said to be well-bounded if there exists a
constant K and a compact interval J C R such that

lp(D)|| < K”pHBV(J)’
for all polynomials p.
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Note that, in this case, the spectrum of 7" must be a subset of J.

DEeFINITION 2.2. Let J be a compact interval of the real line. An AC(J)-func-
tional calculus (respectively an AC(T)-functional calculus) for an operator T € B(X)
is a norm-continuous algebra-homomorphism y of AC(J) into B(X) (resp. AC(T)
into B(X)) which sends the identity map v(f) = ¢ to T and the function identically 1
to 7, the identity operator of B(X). In addition, y is said to be weakly compact if, for
each x € X, y(-)x is a weakly compact linear mapping of the domain of y into X.

Since the polynomials are dense in the set of absolutely continuous functions [7,
Lemma 10], we can say that an operator 7 is well-bounded if there exists a compact
interval J for which T has an AC(J)-functional calculus.

DEFINITION 2.3. An operator 7 is said to be well-bounded of type (B) if, for
some compact interval J, T has a weakly compact A4 C(J)-functional calculus. (Note
that if X is a reflexive space then every well-bounded operator on X is automatically
of type (B). See [5, p. 68].)

DEFINITION 2.4. A spectral family in X is a projection-valued function
E() : R = B(X) satisfying the following conditions:

(i) sup{|EQ)| : » € R} < o0;
(i) EQ)E(p) = E(w)E() = E(min{i, u})(%, 1, € R);
(iii) E(-) is strongly right continuous;
(iv) E(-) has a strong left-hand limit at each point of R;
(v) E(}) — 0 (respectively E(A) — I) in the strong operator topology of B(X)
as A — —oo (respectively A — +00).

Norte. If E(L) = 0 for all A < a, and E(X) = [ for all A > b, then E(-) is said to be
concentrated on [a, b].

If E(-) is a spectral family in X concentrated on J = [q, b] and f € BV(J), then
@ b
J SVAE(L) = fla)E(a) + J JS)AEO)
J a
exists as the strong limit of the Riemann-Stieltjes sums
S(f,u) = fla)E@) + Y _ fOP{ER) — EOj-1)}.
j=1

where u = (A9, A1, ..., Ay) Is a partition of J. Rearranging the above in the style of
integration by parts gives

n

S(f,u) = fAB)ED) = Y _{fx)) = fh 1) E(y1).

Jj=1

The following results concerning well-bounded operators maybe found in [4,
Part V].
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PROPOSITION 2.5. The mapping
®
f— J fdE
J
is an identity-preserving algebra homomorphism of BV(J) into B(X) satisfying

”J;edeH < /1 svpsup{|E®)] : 2 € R}

for every f € BV(J).

PROPOSITION 2.6. Let T € B(X). Then T is well-bounded of type (B) if and only if
there exists a spectral family E(-) in X such that

(1) E(-) is concentrated on a compact interval [a, b], and
.. )
(i) T= f[a,b] AE(M).

In this case E(-) is uniquely determined and is called the spectral family of T.

ProrosITION 2.7. Let T € B(X) be well-bounded of type (B) and let E(-) be its
spectral family. Then an operator S commutes with T if and only if S commutes with
EQ), for all » € R.

ProrosiTION 2.8. Let T € B(X) be well-bounded of type (B) and let E(-) be its
spectral family. Then for each ) € R, {E(A) — E()F)} is a projection operator and

{EQ) — EQ7)} X = {x € X : Tx = Ax},
where E(L7) denotes the strong limit of E(s) as s — A~.

Trigonometrically well-bounded, polar and AC operators all arise from well-
bounded operators. Their definitions are given below.

DEFINITION 2.9. An operator T € B(X) is said to be trigonometrically well-
bounded if there exists a well-bounded operator A of type (B) on X such that T = ¢™.

ProposITION 2.10. If T is a trigonometrically well-bounded operator on the
Banach space X, then there is a unique well-bounded operator A of type (B) on X such
that T = ¢, 0(A) C [0, 2], and such that o,(A), the point spectrum of A, does not
contain 2.

DEFINITION 2.11. The unique operator A4 in Proposition 2.10 is called the argu-
ment of T and is denoted by arg7. For more on trigonometrically well-bounded
operators see [3].

DEFINITION 2.12. An operator T € B(X) is said to be a polar operator if there

exist commuting type (B) well-bounded operators R and 4 on X such that T = Re'.
The following results about polar operators will be required in Section 3.

https://doi.org/10.1017/50017089599000026 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089599000026

434 JULIE WILSON

THEOREM 2.13. See [1, Theorem 1]. Let T € B(X) be polar. Then T has a decom-
position T = Re™ such that

(1) R and A are commuting well-bounded operators of type (B);
(i) o(R) = 0;
(iii) F(0)e = F(0), where F(-) is the spectral family of R;
(iv) o(A) € [0,27], 27 & op(A).

This decomposition is unique and is called the canonical decomposition of T.

THEOREM 2.14. See [1, Theorem 3.18(i)]. Let T be a polar operator with canonical
decomposition T = Re'!. Then the commutants of T, R and A satisfy the equality

{TY={RYN{4}.

Polar operators are discussed further in [1] and [9]. The final definition required
is that of an AC operator.

DEFINITION 2.15. An operator T € B(X) is said to be an AC operator if there
exist commuting well-bounded operators C and D such that T=C+iD. AC
operators are studied in [2], from which the following result is taken.

THEOREM 2.16. See [2, Lemma 4]. Let C and D be commuting well-bounded
operators of type (B) on X and let S € B(X) commute with C + iD. Then S commutes
with C and D.

It has been shown [3, Theorem 3.4] that an operator T is trigonometrically well-
bounded if and only if there exist commuting well-bounded operators 4 and B of
type (B) such that

T=A+iB (1)
and
A*+ B =1 )

With this in mind, it seems natural to pose the following questions.

(1) If T'is polar, do there exist commuting well-bounded operators 4 and B (of

type (B)) such that (1) holds?

(2) If T= A+ iB with 4 and B commuting well-bounded operators of type

(B), does it follow that T is polar?

We shall now give examples to show that the answer to both these questions is
negative. We shall use the following definitions and results from [4].

3. Examples. Leta e/’ and, forn e N, let P, : > — P be defined by

Pya = {(a, yu)xy,

where
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[ee]
Xop—1 = €—1 + E Ojpn+1€2i,

i=n

Xon = €2,

Yon—1 = €1,

n

Yo = Z(_anfiJrl)eZifl + ey (neN),
p]

o =00, = ,(n=2,3,..)),

1
nlogn

and g, is the element of /2 with 1 in its nth position and 0 elsewhere. Then each P, is
a projection, P,P, =0 whenever n # m, and I =)_,_ P,, the series converging in
the strong operator topology of B(/%).

PRrROPOSITION 3.1. See ([4, 18.5]). Let {A,} be a monotonic bounded sequence in R
and, for each n € N, let P, be as above. Then the series Y .- | A, P, converges strongly
in B(?) and its sum is a well-bounded operator.

Note that in the proof of 18.4 in [4] it is shown that

Jj=1

— 00 asn — oo. 3)

We shall use this result in the example below.
ExaMPLE. Let X = />, P, be defined as above, and define sequences {%,} and
{n) by

_n+1
T oo

n

and

an? — 1/2)

-1
1 = = COS —_—
M2n—1 M2n (41’!2 T+ on

for all n € N. In addition, define

o0 o0
C=) tuPrand D= 1P,
n=1

n=1

By Proposition 3.1, each series converges strongly in B(/) and C and D are well-
bounded operators (of type (B)). Furthermore, since C and D commute, it follows
that Ce'® is polar.
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Now suppose that C cos D is well-bounded with spectral family £(-). Then
(C cos D)P, = (A, cOS iy Py,

2—1/2
(%) P, when 7 is even,

<n2+2n+ 1/2

1 )P,, when #» is odd.

Fix x € / and suppose that 7 is even. Observe that

2_-1/2
P,x e {x e ?:(Ccos D)x = (%)x} 4)
Furthermore, if
2—1/2
(Ccos D)x = %x,
n
then
2
Pux = (C cos D)P,,x

n?—1/2
and it follows that P,,x = 0 if m # n. Thus

2
2 n-—1/2
{x el: (C CoS D)x = (T>X} - PHX (5)
Combining statements (4) and (5), we see that
212
P, X = {x € P :(Ccos D)x = (%)x} (6)

Also, by Proposition 2.8,
2 _ 2 _ -
e (o) () )
n n

n?—1/2
PrAE

Since

1

for all n € N, it follows that E(1)P, = P, whenever n is even.
When 7 is odd, an argument similar to that above shows that

242 1/2
PX=lxel:Coos Dx= (2 E1/2) 7)
n? +2n
A
° 4+ 2n+1/2
—_— > 1,
n? 4+ 2n

for all n € N, it follows that E(1)P, = 0 for n odd.
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Combining even and odd cases, we see that
o0 o0
E(1) =) EWP, =Y Py,
n=1 n=1

with the series converging in the strong operator topology of B(/?). Since E(1) is
bounded, the partial sums of the series ) - P2, must be bounded in norm, giving a
contradiction to (3). Hence C cos D is not well-bounded.

Now suppose that 7= Ce’® = A4+ iB, where A and B are commuting well-
bounded operators. Since C and D commute with 7 it follows that C cos D com-
mutes with 7" and, by Theorem 2.16, C cos D commutes with 4 and B.

Next fix n € N and suppose that y € P, X ={x € X: C cos Dx = A, cos u,Xx}.

Then
Ay = (1, cos wn) L A(C cos D)y = (», cos wn) 1 (C cos D)Ay

and hence Ay € P,X. A similar argument shows that P,X is invariant under B. It
readily follows that 4 and B commute with P,.

Now, since each P,X is one-dimensional (the P, X are the eigenspaces of C cos D
corresponding to the distinct eigenvalues A, cos u,), there exist o, and B, € R such
that

A|P,X = a, and B|P,X = B,.
Thus, on P, X, we have
T = Ce'® = x,, cos p, + ik, sin w,

and also
T=A+iB=aqa,+iB,.

Equating real and imaginary parts gives o, = A, cos u, and B, = A,sinu,. Thus
A = C cos D on each P, X and it follows that A = C cos D. This contradicts the fact
that A is well-bounded. Hence T cannot be AC.

An example of an AC operator which is not polar now follows.

ExAMPLE. Let X = /% and, for n € N, let P, be as in the example above. Now
define

00 00
C= Z)WP,, and D = le«npn,
n=1

n=1

where, for n € N,

and

Mon—1 = H2n

\/(271 —1)—@n-2)"
2n ’
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By Proposition 3.1, C and D are well-bounded operators (of type (B)). Moreover, as
C and D commute, 7= C+iD is AC.

Now suppose that T is polar with canonical form Re™. By Theorems 2.14 and
2.16, R and 4 commute with C and D. It is readily checked that, for each
neN,P,X={xe X:Cx=A,x}, P,X is invariant under both R and A4, and P,
commutes with R and 4.

Now, given n € N, there exist r, and 6, € R such that

R|P,X =r,and A|P,X = 6,.

Furthermore, on P, X,
T = Re"t = r,e
and

T=C+iD =+ ity

Hence r,e™ = A, + i, and r, = (A2 4 p2)'/?, for all n € N. Observe that

1 1/2
(2 — m) for n even,

r, =
! (2n2+2n+1/2

172
for n odd,
n+n

so that r, < +/2 if nis even and r, > +/2 if n is odd. Notice also that

P, X={x€e X:Rx=r,x}.

If E(-) is the spectral family of R then E(+/2) is a bounded projection on X and, by
Proposition 2.8 and 2.4(ii),

E(W2)P,X = EN2{E(r,) — E(r;)} X
_ { {E(r)) — E(ry)} X for n even,
0 for n odd.
It follows that

__ [P, forneven,
ECNDP, = {0 for n odd.

This gives

E(?2) = iE(ﬁ)Pn = i Py,
n=1 n=I1

where the series converges in the strong operator topology of B(7). As E(+v/2) is
bounded, the partial sums of the series Y -, P»,, must be bounded in norm. Again
we have a contradiction to (3) so that R cannot be well-bounded and T is not polar.
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