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Abstract

The results obtained by A. J. Roberts and N. Ujevi¢ in a recent paper are generalised.
A number of inequalities for functions whose derivatives are either functions of bounded
variation or Lipschitzian functions or R-integrable functions are derived. Also, some error
estimates for the derived formulae are obtained.
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1. Introduction

In [7], N. Ujevi¢ and A. J. Roberts derived a three-point quadrature formula of closed
type that improves on Simpson’s rule. Their results are encapsulated in the following
theorem.

THEOREM 1.1. For f € C®[a, b)], we have

/ fx)dx = ———[7f(a)+16f( ;b) +7f(b)]

b__ 2
¢ “) 2221y - f @]+ R, (1.1)

where the error term is, to a leading order estimate,

(b

) 5)
302400 f (b) — [P (@) (1.2)

R(f) =
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368 J. Pecari¢ and I. Franjié [2]

In [3], the following two identities, named the extended Euler formulae, have been
proved. Forn > 1,

1
fx) =/ f@)dr + T,(x) + R!(x) (1.3)
0
and
i
f0) =/ f@ de + T,_y(x) + R3(x), (1.4)
0
where
— Bi(x) &=1) *-1)
Tux) =3 — = [/ = 740, (1.5)

k=1

forl <m <n, To(x) =0and

1 |
Rl(x) = —_/ By(x —)df" ")
n! Jo
and

1 1
Ri(x) = —n—'/ [Bi(x —1) — B,(x)]df" ().
*JO

Here, as in the rest of the paper, we write fol g(t)de(t) to denote the Riemann-
Stieltjes integral with respect to a function ¢ : [0, 1] — R of bounded variation, and
fol g () dt for the Riemann integral. The identities (1.3) and (1.4) extend the well-
known formula for the expansion of an arbitrary function in Bernoulli polynomials
(5, page 17]. They hold for every function f : [0, 1] — R such that f®~V is a
continuous function of bounded variation on [0, 1], for some n > 1 and for every
x € [0, 1]. The functions B,(t) are the Bernoulli polynomials, B, = B,(0) are the
Bernoulli numbers, and B; (¢), k > 0, are periodic functions of period 1, related to the

Bernoulli polynomials by
B (t) = Bi(t), 0<t<1, and B;(r+1)=B;(t), teR

The Bernoulli polynomials B,(¢), k = 0, are uniquely determined by the following
identities:

Bi(t) = kBi_y(t), k=1; Byt)=1 (1.6)
and
B.(t +1)— By (t) =kt*', k>0. (1.7)

For some further details on the Bernoulli polynomials and the Bernoulli numbers see,
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for example, {1} or [2]. We have

2 1 4 32 1
Bo(t) =1, B,(t) =t —t+-6, By(t) =1 = 2t° +¢ —%,
1-’3(t)=t—l B(t)=t3—§t2+lt B(t)=t5—§t4+—t3——-t o
! 2 2 2 2 3 6’

so that B§(tr) = 1 and Bj(t) is a discontinuous function with a jump of —1 at each
integer. From (1.7) it follows that B,(1) = B,(0) = B, for k > 2, so that B}(¢) are
continuous functions for k£ > 2. Moreover, using (1.6) we get

B}'(t) = kB;_, (1), (19)

foreveryt € R when k > 3, and foreveryt € R\ Z whenk =1, 2.

The aim of this paper is to establish generalisations of formula (1.1) and other
results from (7] together with various error estimates for the quadrature rules based
on such generalisations.

We will use the extended Euler formulae (1.3) and (1.4) to obtain two new integral
identities, and then prove a number of inequalities related to those formulae for
functions whose derivatives are either functions of bounded variation, Lipschitzian
functions or R-integrable functions.

2. Main results

For k > 1, we define functions G,(¢) and F;(¢) such that
G:(t)=7B;,(0—1t)+16B;(1/2 — 1)+ TB;(1 —1t)
=14B;(1 —1t)+16B;(1/2—-1), teR
and
F)=Gi(t)— By, teR, k=1,
where B, = 7B, (0) + 16B,(1/2) + 7B(1), k > 1.
Using (1.8) we get B = B; = By = Bs = 0 and B, = 1. Also, for k > 2, we have
Bk = Gk(O), that iS,

Fi@)=G,(t)—G(0), k=2, and F\(t) =G,(t), teR.

Obviously, G,(t) and Fi(t) are periodic functions of period 1 and continuous for
k> 2.
Let f : [0,1] > R be such that f@=" exists on [0, 1] for some n > 1. We
introduce the following notation:
1
DO. 1) = [7f©@ +16f(1/2) +7f(D]-
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Further, we define TO(O, 1)=0and, forl <m <n,
-~ 1
L0, 1) = 35 [7Ta(0) + 16T,,(1/2) + 7T, (],

where T,,,(x~) is given 13y (1.5). It is easy to see that i’. 0,1) = 0 and TZ(O, 1) =
7300, 1) = T4(0, 1) = T5(0, 1) = [f'(1) — £'(0)]/60 and for m > 6,

70, 1) = o > % [F D) - £420)]

k=2
m

1 1 & B
= SO = O+ 253 [ - 14 @)

k=6

1 1 4 B,
=—[fD)—-fFOl+=) —[f*"M)-f*10], @D
60 30 ; (2k)! ]

where [m /2] is the greatest integer less than or equal to m /2.

In the next theorem we establish two formulae which play a key role in this paper.

THEOREM 2.1. Let f : [0, 1] = R be such that =V is a continuous function of
bounded variation on [0, 1), for some n > 1. Then

1
[ f(t)dt = DO, 1) - T,,(0, 1) + R!(f) 2.2)
0
and
1
f f(t)dt = D, 1) - T,_,(0, 1) + R*(f), (2.3)
0

where

- 1 ) 1 - 1 1
R! — () dfen R? - F, (=1 (py.
)= 350 A G.(df" () and R.(f) = 35 A @O dfm @)
PROOF. Put x = 0, 1/2, 1 in (1.3) to get three new formulae. Next, we multiply
these new formulae by 7/30, 16/30, 7/30, respectively, and add. The result is (2.2).
Formula (2.3) is obtained from (1.4) analogously. ]

REMARK 1. The interval [0, 1] is used for simplicity and involves no loss in gener-
ality. In what follows, Theorem 2.1 and others will be applied, without comment, to
any interval that is convenient. )

So, it is easy to prove that if f : [a, b] = R is such that @~ is a continuous
function of bounded variation on [a, b}, for some n > 1, then

b )\ b —
f F)dt = D(a, b) — To(a, by + L= f G,,(’ a)df‘"‘”(t) (2.4)
a ont J, b—a
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and
b - b-a)y [° t—a
/ f(@)dt = D(a,b) — T,_\(a, b) + / F,,( )df‘" D@, 5)
a 30n! J, b—
where
D(a,b) = 3 [7f(a)+ 16f( b) +7f(b)]
and

B [f*P®) - f* P @].

1 m

REMARK 2. Suppose that f : [0, 1] > R is such that f® exists and is integrable
on [0, 1], for some n > 1. In this case (2.2) holds with

R =505 [ G0 s 04,

while (2.3) holds with

l 1
R =30m | BOF @

Direct calculation shows that
-7, t =0,
Fy=G ) =4-30t+7, O0<t<1/2, (2.6)
-30r+23, 12<t<l,

3002 —14t4+1, 0<t<1/2,
Ga(r) = / 2.7
3012 —46: +17, 1/2 <t <1,
302 — 141, 0<t<1/2,
F(1) = G.(1) - / (2.8)
30r2— 46t +16, 1/2 <t <1,
3003 + 212 - 31, 0<t<1/2,
Fi(t) = G5(t -7 2.9
(1) () = [—30t’+69t2—511+12, 1/2 <t <1, (29)
30¢4 — 2813 + 612, 0<r<1/2,
Fi(t) = G4(t) = - - 2.10
) « l30t“—9213+ 10262 - 48t +8, 1/2<t<1 10
and
—305 +35¢4 — 1013, 0<t<1/2
B =Gst=| >0 T = /
=30, +115¢4—170¢° + 120t —40t +5, 1/2 <t < 1.
2.11)
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Applying (2.2) forn = 1 we get
1 1 1
| roa-pon=5 [ awaro
0 0

and forn =2,3,4,5

S - f0)

l |
fo f@ - po,n+ L0

1 1 1 : 2)
=% Gz(t)df (t)——180 Gi(r)df @)
1 3y - L ‘ “@
=235 / G,(t)df (t)—3600 Gs()df™ ().

The same identities are obtained from (2.3) forn = 1, 3, 4, 5, since F,(t) = G,(¢t) for
k=1,3,4,5, while for n = 2 we obtain

1 1
/ f@)dt — D@, 1) = if (G2(t) = 1) dfP(r)
0 60 Jo

since F5(t) = G,(¢t) — 1. For n = 6, (2.3) yields an identity

1 — f! !
fMH=fO 1 fpﬁ(z)df‘s’(t).

1
dt — D(O, 1 _
/0 f@Od=DO. D+ 21600 J,

Next, we use formulae derived in Theorem 2.1 to prove a number of inequalities
for various classes of functions. First, we need some properties of the functions G, (t)
and F;(¢) defined earlier (see, for example, [5]).

The Bernoulli polynomials are symmetric with respect to 1/2, that is,

Bi(1 —1t) = (=1D*B,(t), VteR, k>1. (2.12)

Also, we have Bi(1) = By(0) = By, k > 2, Bi(1) = —B,(0) = 1/2 and B,;_, =0,
j = 2. Using B,(1/2) = —(1 —=2'"")B,, j > 1, we get

By =0, j=1 (2.13)
and
B,; = 14B,; + 16B,;(1/2) = —(2—- 16 -2""%)B,;, j>1. (2.14)
Now, (2.13) implies that
Fyj1(8) = Gaj(1), Jj=1, (2.15)
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and (2.14) implies
Fpj(t) = Gy;(t) — Byy = Gy;() + (2 —16-2'")B,;,  j=1.  (216)

Further, the points 0 and 1 are zeros of Fi(t) = Gi(t) — G,(0), k = 2, that is,
F(0) = Fi(1) =0, k = 2. As we shall see below, 0 and 1 are the only zeros of Fy;(¢)
for j > 3. Next, setting t = 1/2 in (2.12) we get
Bi(1/2) = (-1)*B«(1/2), k=1,
which implies that
B;_1(1/2) =0, j=1.

Using the above formulae, we get F»;_(1/2) = G1;1(1/2) =0, j > 1. We shall see
that 0, 1/2 and 1 are the only zeros of Fy;_(t) = G3;_1(¢), for j > 3. Also, note that
G1j(1/2) = 14B,;(1/2) + 16B,; = 2+ 14 . 2'")By;,  j > 1,

and
F2j(1/2) = G3j(1/2) = By = (4= 22")By;, j= 1. (2.17)
LEMMA 2.2. For k > 2 we have

Gi(1 — 1) = (-1)*G,(1), 0=<tr<1,
and
F(l1-0)=(D)'F@, 0<t=<l

PROOF. As we noted in the introduction, the functions B;(¢) are periodic with
period 1 and continuous for k > 2. Therefore, fork > 2and 0 <t <1 we have

Gi(1 —1) = 14B}(t) + 16B;(t ~ 1/2)

_J14Bu (1) + 16B,(t + 1/2), 0<1<1/2,
T 14B,(1) +16B.(t = 1/2), 1)2<1<]1

1 x 14B,(1 — 1) + 16B(1/2 —1), 0<t<1/2,
B 14B,(1 —t) + 16B,(3/2 —1), 1/2<t<1
= (=G (1),

which proves the first identity. Further, we have F,(t) = Gi(t) — G.(0) and
(—=1)*G(0) = G(0), since G2;41(0) = 0, so that we have

Fi(1 = 1) = Gu(1 — 1) — G(0) = (=D*[Gi(r) — Gu(0)] = (=)} F(0),

which proves the second identity. O
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Note that the identities established in Lemma 2.2 are valid for & = 1, too, except at
the points 0, 1/2, 1 of discontinuity of F\(z) = G, ().

LEMMA 2.3. For k > 3 the function Gy_,(t) has no zeros in the interval (0, 1/2).
The sign of this function is determined by

(=D Gu_i1(t) >0, 0<t<1/2.

PROOF. For k = 3, Gs(¢) is given by (2.11) and it is easy to see that
Gs(t) <0, 0<t<1/2

Thus our assertion is true for k = 3. Now,assume k > 4502k — 1 > 7. Gu_((t) is
continuous and an at least twice differentiable function. Using (1.9) we get

Gy (1) = —(2k = DGy (1)
and

Gy, (1) = (2k — 1)(2k — 2)Gu3 (1)
Let us suppose that Gy_; has no zeros in the interval (0, 1/2). We know that 0 and
1/2 are zeros of Gy, (¢) but let us suppose that some «, 0 < o < 1/2, is also a zero of
G2x—1(¢). Then inside each of the intervals (0, @) and (a, 1/2) the derivative G, _,(¢)
must have at least one zero, say 8;,0 < ) < @ and 8,, @ < B, < 1/2. Therefore
the second derivative G5,_, () must have at least one zero inside the interval (8, 8,).
Thus from the assumption that G, (¢) has a zero inside the interval (0, 1/2), it
follows that (2k — 1)(2k — 2)G,,._3(¢) also has a zero inside this interval which is not
true. Therefore, G,,_,(¢) cannot have a zero inside the interval (0, 1/2). To determine
the sign of G,_,(t), note that Gy, (1/4) = 2B,,_;(1/4). We have (see, for example,

(1D
(=1)*Byu_1(1) >0, 0<t<1/2,
which implies
(—1)*Gu1(1/4) = 2 - (=1)* By (1/4) > 0. A
Consequently, we have (—=1)*Gy_,(t) > 0,for 0 <1 < 1/2. O
COROLLARY 2.4. For k > 3, the functions (—1)¥'Fy(t) and (—1)¥"'Gu () are

strictly increasing on the interval (0, 1/2) and strictly decreasing on the interval
(1/2, 1). Further, for k > 3, we have

max |Fy (1) = 4(1 — 27%)| Byl
t€l[0,1)

and
max |G (2)] = (2 + 14 - 2'7%)|By].
1€[0,1) )
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PROOF. Using (1.9) we get
(=)' Fu@)] = [(-D*'Gu(®)) = (=D* - 2k - G ().

From Lemma 2.3 we conclude that [(—1)*"'Fy(t)] > 0 for 0 < ¢ < 1/2. Thus
(= 1* ' Fy(t) and (— 1) 'G5 (¢) are strictly increasing on the interval (0, 1/2). Also,
by Lemma 2.2, we have Fy (1 —¢) = Fy(t)and G (1 — ) = Gu(t)for0 <t <1,
which implies that (—1)*~!Fy (¢) and (—1)*"'Gy(t) are strictly decreasing on the
interval (1/2, 1). Further, F,(0) = F5.(1) = 0, which implies that | F5(¢)] achieves
its maximum at ¢t = 1/2, that is,

max [Fu ()] = |Fa(1/2)] = (4 = 22| Byl

Also,
2}371(]|sz(’)| = max {|G%(0)|, |Gx(1/2)}}
= |Gu(1/2)| = (24 14-2'7%)| By,
which completes the proof. O

COROLLARY 2.5. For k > 3, we have

1 1
4
/IFZk-.(mdt:/ G O1d = £ (1 =271 By,
0 0

Also, we have
1
/ | Fa ()] dt = |By] = (2 — 16 -2'7%)| By |
0
and
|
| 165 01dr < 218ul = @~ 1621 B
0
PROOF. Using (1.9) it is easy to see that

G, (t)=-—mG,_(t), m=>3. 2.18)

Now, using Lemmas 2.2-2.3 and (2.18) we get

12
/ Gy (t)dt
0

4
= Z(l —27%)|Byl,

1
= ElG“(lm — Gx(0)]

1
f |Gu-1 (1) dr =2
0
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which proves the first assertion. Since Fy(0) = F5 (1) = 0, from Corollary 2.4
we conclude that Fy, () does not change sign on (0, 1). Therefore, using (2.16) and

(2.18), we get
1 1 1 .
/ | Fa(t)] dt = / sz(t>dr‘= / (sz(t)—sz)df'
0 0 0
sz+|(1)| — By| = |Bxl,

2k+1

which proves the second assertion. Finally, we use (2.16) together with the triangle
inequality to obtain

I |
/ |G ()| dt =/
0 0

which proves the third assertion. O

1
dr < / [Fa(t)| dt + |By| = 2| Bxul,
0

THEOREM 2.6. Let f : (0, 1] = R be suchthat £~V is an L-Lipschitzian function
on [0, 1] for some n > 1. Then

1
’/ f)dr — DO, 1)+ T,.,0, D| < —/ |F ()| dt (2.19)
0

~ 30n!
and

L 1
— n . 2
< 30n!/0 IG.Oldr.  (2:20)

PROOF. For any integrable function & : [0, 1] — R we have

1
< L/ D)l drt, (2.21)
0

1
‘ / O™ (r)
[}]

since f~" is an L-Lipschitzian function. If we take ®(t) = F,(t), we’ll get

< —/ | F,(¢)] dr.

l l (n—1)
W/( F@ df ") < o

Inequality (2.19) is obtained from identity (2.3) after applying the above inequality.

Similarly, we apply (2.21) for ®(r) = G,(r) and then use (2.2) to obtain inequality
(2.20). O

COROLLARY 2.7. Let f : 10, 1] — R. If f is L-Lipschitzian on [0, 1), then

! 113
u) f@@)dr — D(0, 1) <-9_06L
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If f" is L-Lipschitzian on [0, 1], then

697
t)dt — D(0, 1
[ rwu - 0| < 2
PROOF. From (2.6) and (2.8) we get
697
Fi@)ldt = — d F)dt = .
/ [Fi(0)] an / | F2()] o5
Applying (2.19) forn = 1, 2, we get the above inequalities. ]

Using (2.13) and (2.14), for m > 6 from (2.1) we get

~ 1
L0 D =o [f'() - FO]

2
1 (m/2) By

0 & (k)

(16 - 2" % =) [ fA"(1) — f*V0)]. (222

COROLLARY 2.8. Let f : [0,1] — R be such that f"V is an L-Lipschitzian
function on {0, 1] for some n > 5. For any integer r such that 1 < r < n/2 define

r

_ L By CAl=2i (2i-1) _ f@i-1b
D,(f) = Z 5 16-27 =D [0 M) - £270 ). (223)
Ifn =2k — 1,k > 3, then
: 4L -
/O £@3 = DO, + Dies()| < a5 (1= 27) Bl

Ifn =2k, k > 3, then

(Ndt — (2 —16-2'"%)| By

<
~ 30Q2k)!

and

2 —16-2""%)|Byl.

1
/ f(t)dr —
0

PROOF. For n = 2k — 1, by (2.22) we have 7,.,(0, 1) = D,_,(f). Thus the
first mequahty follows from Corollary 2.5 and (2.19). For n = 2k, by (2.22) we
have T,,_l(O 1) = Dy y(f) and T(O 1) = Di(f). Now, the second inequality
follows from Corollary 2.5 and (2.19), while the third follows from Corollary 2.5
and (2.20). O

<
152k
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REMARK 3. Suppose that f : [0, 1] — R is such that f™ exists and is bounded
on [0, 1], for some n > 1. Therefore the inequalities established in Theorem 2.6 hold
with L = || f®lleo

THEOREM 2.9. Let f : [0, 1] = R be such that f*~" is a continuous function of
bounded variation on (0, 1] for some n > 1. Then

! 1 (n-1)
< o Max IR0V 229

1
/ f@)dr — DO, 1)+ T,_,(0, 1)
0

._1__ (n=1)
< 3g7 Mmax X |G ()] Vo (f"D),  (2.25)

!
f f(&)dt — D0, 1) + T,(0, 1)
0

where V) (f ") is the total variation of f"~" on [0, 1].

PROOF. If ® : [0, 1] — R is bounded on [0, 1] and the Riemann-Stieltjes integral
f) @) df"=1(r) exists, then

]
/ S " (r)
0

< max EIOIRATANDN (2.26)

Now, (2.24) is obtained from identity (2.3) after applying the above inequality
for ®(t) = F,(t). Analogously, we derive inequality (2.25) from identity (2.2) by
applying (2:26) to ®(t) = G, (1). ]

COROLLARY 2.10. Let f : [0, 1] — R. If f is a continuous function of bounded
variation on [0, 1}, then

< 2w
< Vo).

|
/ f@)ydt — D@, 1)
O

If f' is a continuous function of bounded variation on [0, 1], then

~ 1800

f f@)ydr — D(O, 1)’ —V .
PROOF. From the explicit expressions (2.6) and (2.8), we get

1 7 49
,rer}&)l(llf‘,(t)l =-F (§> =8 and max |F2(t)| =F (30) =30

We get the above inequalities from (2.24) forn = 1 andn = 2. a
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COROLLARY 2.11. Let f : [0, 1] — R be suchthat £~V isa continuous function of
bounded variation on [0, 1] for some n > 5. Define D, (f), r > 1 as in Corollary 2.8.
Ifn =2k — 1, k>3, then

1
l -
[ 708 = 20D+ D] = sy may 1P IV

Ifn =2k k >3, then

1
/ f@)dt — DO, 1) + Dioy ()| < (1 = 27%)| By |V, (F&)
0

2
= 152k)!

and

(1 +7- 2" Bul Vo (f %),

1
f f@ydt — DO, )+ De(f)| <
0

15(2k)!

PROOF. The argument is similar to that used in the proof of Corollary 2.8. We
apply Theorem 2.9 and use the formulae established in Corollary 2.4. a

REMARK 4. Suppose that f™ : [0, 1] = R is an R-integrable function for some
n > 1. Inthiscase f®~" isacontinuous function of bounded variation on [0, 1] and we
have V) (f"") = fol [F™ @) de = || f™||,. Therefore the inequalities established in
Theorem 2.9 hold with || f™|l, in place of V,/(f*"~"). A similar observation can be
made for the results of Corollaries 2.10 and 2.11.

THEOREM 2.12. Assume (p, q) is a pair of conjugate exponents, that is, 1 <p, q <00,
I/p+1l/g =1lorp =00 g =1. Let |f™|? : [0,1] —> R be an R-integrable
Sfunction for some n > 1. Then we have

/ | f)dt — DO, 1) + T,,0, | < K(n, I F™Il, (2.27)
and ’
/0 | f@)ydt — DO, 1) + 7,00, )| < K*(n, p)I £l (2.28)
where
1 1 1/q
Kn,p) = 55— [[Q IF, 0l dr]
and

1 1 1/q
K*(n, p) = 3om! [_/; IG.(DI dl] .
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PROOF. Applying the Holder inequality we have

lq
SW[/ IF(t)!"dt] 171, = Ko pIF™,.

- (n)
30'1!/ F,@)f™M(t)yde

Bearing Remark 2 in mind, from the above inequality and (2.3), we get estimate (2.27).
Similarly, from (2.2) we obtain estimate (2.28). (]

REMARK 5. For p = oo we have

K(n, oo)—ﬁ)——'/ |F.(t)ldt and K*(n,o0) = 30m '/ |Gn(t)|de.

The results established in Theorem 2.12 for p = o0 coincide with the results of
Theorem 2.6 with L = || f||. Moreover, by Remark 3 and Corollary 2.7, we have

S K(n,oo)”f(")”oo’ n=1121

1
/ f)ydr — D0, 1)
0

where

697
and KQ2,00) = ———.

113
K1, 00) = 40500

900

REMARK 6. Let us define for p = 1

X|F,(t)] and K*(n,1)= —l—max |G, ().

K 1)=
(n, 1) = 3g,1 max 30n! 1elo.1)

Then, using Remark 4 and Theorem 2.9, we can extend the results established in
Theorem 2.12 to the pair p = 1, ¢ = o¢. Also, by Remark 4 and Corollary 2.10, we
have

1
/ f@)ydr — D@, 1)
0

SKm DI, n=12,

where K (1, 1) =4/15and K (2, 1) = 49/1800.
REMARK 7. Note that K*(1, p) = K(1, p),for 1 < p < o0, since G,(t) = Fi(z).
Also, for I < p < 00, we can easily calculate K (1, p):

7([+l 8(/+I

1/
— ] , l<p<oo
15(g+1)

1
K(l. p)= [
In the limit case when p — 1, that is, when g — 00, we have

1 [7([+I+8q+l

/q
hm — = — =K(,1).
a—230 | 15(g+ 1) 15
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Now we use (2.2) to obtain a Griiss-type inequality related to the formulae derived
in Theorem 2.1. To do this we need the following two technical lemmas. The first
one was proved in [4] and the second one is the key result from [6].

LEMMA 2.13. Letk > 1 and y € R. Then [, Bi(y —t)dt = 0.

LEMMA 2.14. Let F, G : [0, 1] — R be two integrable functions. If
m<F()y<M, 0<r<l,

and 'fol G(t)dt =0, then

! M-—m [
/ F)G@)de| < / |G ()| dt. (2.29)
(4] 2 0

THEOREM 2.15. Let f : [0, 1] = R be such that f™ exists and is integrable on
[0, 1], for some n > 1. Suppose m, < f™(t) < M,, 0 <t < |, for some constants
m, and M,. Then

1
/ f@®dt — D, 1) + T,(0, 1)’
0

113(M, —m,)/1800 forn=1,

19V 19(M, — m,) /20250 forn=2,

253(M;5 — m3) /720000 forn =3,

< § (M4 —my)/29160 forn =4, (2.30)
| B |
(2-2'°2*)<M2k-1—m2k_.)rg‘k)! forn=2k-1, k>3,
| By
(2—16-21"%)Y( My, — mu)wéz)! forn =72k, k>3.

PROOF. By Remark 2 we can rewrite R;(f) as

RI(f) = L F()G(t)de,

30”! 0
where F(1) = f™(@) and G(t) = G,(¢),0 <t < 1. Using Lemma 2.13 we get
|
/ G@)dr =0.
0

Also, using Corollary 2.5 forn > 5 we get

| = (4/k)(1 = 27%)|By| forn =2k -1,
/ |G (1)) dr (4/k)( NBxu| forn
’ <(4-16-22%)|By| forn =2k
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Forn =1, 2, 3,4 we have

/IIG(I)Idt—”B /IIG(t)Idt—
A BEE R T 675

(16]

76/19

! 253 ! 4
G dr = ——, = —
/OI 3(1)| de 2000 /()!G.,(t)[dt 21

We apply inequality (2.29) to obtain the estimate

D! __l_ Mll - nmy /I
RN )| < o3 ), |G.(2)| dr

=113(M, — m,)/1800

= 19V/19(M, — m,) /20250
= 253(M; — m3) /720000
= (M4 — m4) /29160

forn=1,
forn = 2,
forn =3,
forn =4,

2% | By |

=2 -2"My_, - )—— f =2k—1, k>3,
( Y (Mg — my |)15(2k)! orn >
| Byl
<(2-16-2""%)(My — f =2k, k >3,
=<( Y (My — my) 30026 orn >
which proves our assertion. O
REMARK 8. Results from Theorem 2.15forn = 2, ..., 6 were obtained in [7].

" In the following discussion we assume that f : [0, 1] — R has a continuous
derivative of order n, for some n > 1. In this case we can use (2.3) and the second
formula from Remark 2 to obtain, for n = 2k,

R ()= 3002001

1
/ Fy(s) £ (s) ds. (2.31)
0

THEOREM 2.16. If f : [0, 1] — R is such that f® is a continuous function on
[0, 1], for some k = 3, then there exists a point n € [0, 1] such that

R (f) = 30(24)!

PROOF. Using (2.31) we can rewrite ﬁzzk(f) as

(— 1)t

Ru(f) = 30(2k)"

ks
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where

1
Ji =/ (—=D* ' Fu(s) f(s) ds. (2.34)
0

From Corollary 2.4 it follows that (—1)*~!Fy(s) > 0, for 0 < s < 1, and the claim
follows from the mean value theorem for integrals and Corollary 2.5. O

REMARK 9. For k = 3, formula (2.32) reduces to

R{f)= 604800 fOm.

The same approximation was obtained in [7].

COROLLARY 2.17. Let f € C*[0, 1] and ) € R be such that 0 < A < 21 and
| ()] < A% fort € [0, 1) and k > ko for some ko > 3. Then

00

! 1 By; . . .
/0 f@®)dt =D, 1)~ —E (2;’),( 16-2'7% = 2) [f4="(1) ~ f4D(0)].
(2.35)
PROOE. From Theorem 2.16, when k > k; it follows that
2| By ] QK . 2 (A )“
R? —— A% -2 == ,
Ru(1 < 30(2k)! 15(2/()' (2m)* 15 (27:
so (2.35) follows. O

THEOREM 2.18. If f : [0, 1] — R is such that f® is a continuous function on
{0, 1), for some k > 3, and does not change its sign on [0, 1), then there exists a point
6 € [0, 1] such that

2-2k

Ry (f) =0 30(24)!

By [PV (1) = f*2(0)]. (2.36)
PROOF. Suppose that f¥(¢) > 0,0 <t < 1. From Corollary 2.4 it follows that
0 < (—D'"'"Fuls) < (-D*'Fu(1/2), O0<s<.

Therefore, if J; is given by (2.34), then 0 < J, < (=1)*"'Fy(1/2) f"' fR(s5)ds.
Using (2.17), we get

0 < Je < (=D*'@ =227 By [ f*70(1) — f*N(0)],
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which means that there must exist a point 8 € [0, 1] such that
Je=0(=1)!"1@ =27 By [ f*0 () - fH D).

Combining this with (2.33) we get (2.36). The argument is the same when f @ (¢) < 0,
0 <t < 1, since in that case we get

(=14 =227 By [P0 - f#P(O)] < S < 0. O

REMARK 10. The same series expansion of fO' f(t)dt as in Corollary 2.17 can be
obtained from the previous theorem under the assumption
If(Zk—l)(l) _ f(2k—l)(0)| <\

for every k > kq for some kg > 3 where 0 < A < 2.

REMARK 11. If we approximate foI f(t)dt by

1
L(f)=D(@O, 1)~ @[f’(l) - f(0)]

k=1

1 sz

30 < 2))

(162" =) [f¥=0(1) — fH70(0)],

then the next approximation will be I5,,,(f). The difference

Ay (f) = Lyga(f) — L (f)

is equal to the last term in /5 ,(f), that is,

B
AZk(f) = 30(;2)' (2 _ 16 . 21—2k) [f(Zk—l)(l) _ f(Zk—I)(O)] .

We see that, under the assumptions of Theorem 2.18, R%k( f) and A, (f) are of the
same sign. Moreover, we have
1-2k

T_3.2=% Ax(f).

Ry (f) =6
THEOREM 2.19. Suppose that f : [0, 1] > R is such that f®*? is a continuous
Sfunction on [0, 1] for some k > 3. If
f®x)=>0 and f*?P(x)=>0, xe€l0,1], (2.37)
or

fPx)<0 and fH*P(x) <0, xe€l0,1], (2.38)

then the remainder ﬁgk( f) has the same sign as the first neglected term Ay (f) and

IRZ, ()] < 1A%
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PROOF. We have Ay (f) + R3,,,(f) = R3(f), that is,

Au(f) = RL(f) — R%,,(f). (2.39)
By (2.31) we have
1
R = S5 / Fu(s) f2(s) ds
- Jo
and
1
_k§k+2(f) = m/ [— Fars2($)) f*+2(s) ds.
- JO

From Corollary 2.4 it follows that for all s € [0, 1]
(=D)*"'"Fyu(s) =0 and (=1)*""[—Fuy2(s)] = 0.

We conclude that R%k( f) has the same sign as —R;, +2( f). Therefore, because of
(2.39), An(f) must have the same sign as R%(f) and R2k+2(f). Moreover, it
follows that | R, ()] < |Ax(f) and [R ()] < 1A%(f)I. O
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