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CENTRALIZERS OF ABELIAN SUBGROUPS IN LOCALLY
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It is shown that, if a non-linear locally finite simple group is a union of finite simple groups, then the
centralizer of every element of odd order has a series of finite length with factors which are either locally
solvable or non-abelian simple. Moreover, at least one of the factors is non-linear simple. This is also
extended to abelian subgroup of odd orders.

1991 Mathematics subject classification: 20F50, 20E32.

Introduction
This article is concerned with the following two problems.

(1) Is it the case that in a non-linear locally finite simple group (LFS-group) the
centralizer of every finite subgroup is infinite?

(2) Does the centralizer of every finite subgroup in a non-linear LFS-group involve
an infinite non-linear simple group?

Theorem 1. Let G be a non-linear LFS-group such that every finite set of elements
of G lies in a finite simple subgroup, and x be an element of odd order t in G. Then Cy(x)
has a series of finite length such that each factor is either locally solvable or non-abelian
simple. Furthermore, at least one of the factors is a non-linear simple group.

As is discussed in more detail in [S], the centralizer of an element in a locally finite
simple group is not necessarily of the above form because in Meierfrankenfeld groups
of VDA type the centralizer of every element is residually finite and involves an infinite
simple group. If the centralizer of an element is residually finite and has the structure
as in the above theorem, then it cannot involve an infinite simple group. See [11,
Lemma 4.1].

Throughout this work, the only linear algebraic groups of classical type that we shall
consider will be over fields of odd characteristic. We make this assumption because
we use the results of [12, Chapter I¥] on centralizers of unipotent elements in classical
groups and these are valid only in good characteristic case. One of the major
simplifications of this assumption arises because of the following theorem:
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If G is a semisimple simply connected group with char K good for G, then there is a
bijective homeomorphism f between the set U of unipotent elements in G and the set V of
the nilpotent elements of the Lie algebra of G. Moreover, f commutes with the action of
G on U and V [13].

This theorem reduces the study of the centralizer of "a unipotent element in G to
the study of the centralizer of a nilpotent element in the Lie algebra of G.

The case char k = 2 might need a special treatment which we have not attempted.

We extend some of our results in [8} and [10] to more general groups. For this, we
give some definitions. For the notation and definitions, see [8] and [10].

Definition 1. A finite abelian subgroup F in a finite simple group G of classical type
or in an alternating group is called a nice group if whenever G is of type B, or D,, then
0,(F) is cyclic. If G is an alternating group or of type 4, or C,, then every abelian
subgroup is a nice group. In particular, every abelian group of odd order is a nice
group.

Definition 2. A finite abelian subgroup F contained in a finite simple group G of
classical type over a field of characteristic p or in an alternating group is said to be of

a-type:

(i) If G is of classical type and F is written as a direct product of a semisimple
group F, and a unipotent group F,, then F, is a nice abelian group in G and the
unipotent part F, is cyclic.

(i) If G is an alternating group, then every abelian subgroup is of «-type.

In particular every abelian group of odd order in a classical group with cyclic
unipotent part is an a-type group.

Let G be a countable simple LFS-group and K be a Kegel sequence of G. A finite
abelian group F in G is called a K-nice group if F is a nice group in almost all Kegel
components of the Kegel sequence K of G.

Both questions in the introduction are answered affirmatively in [10] for the
centralizer of a finite K-nice K semisimple abelian subgroup in a non-linear LFS-
group. Here we extend the results of [10] to centralizers of a-type subgroups.

Definition 3. A finite abelian group F in a countably infinite LFS-group is said to
be of K — a-type if F is an a-type abelian subgroup in every Kegel component of a
Kegel sequence K = (G;, M;) of G. Moreover, for each i, (IM,,|F|])=1 and M, are
solvable.

Theorem 2. If F is a K — o-type abelian subgroup of odd order in a non-linear
countably infinite LFS-group G, then Cy(F) has a series of finite length in which the
factors are either non-abelian simple or locally solvable. Moreover, one of the factors is
non-linear simple.
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So we answer both of the questions affirmatively for K - a-type abelian groups of
odd order.

A reductive linear algebraic group G is said to be of classical type if the simple
components of the semisimple part of G are all classical groups.

Theorem 3. Let G be a connected reductive linear algebraic group of classical type
over a field of characteristic p # 2. Let ¢ be a Frobenius automorphism of G and let x be
a unipotent element of order p™ fixed by . Then (Cy(x))’ € T, where v is the number
of simple components of the semisimple part of G.

Recall that [10, 8], T, consists of all locally finite groups having a series of finite
length in which there are at most n non-abelian simple factors and the rest are locally
solvable.

Corollary 1. Let X be a finite simple group of classical type over a field of
characteristic p # 2 and x be a unipotent element of order p™ in X. Then Cy(x) has a
series in which there are at most p™ non-abelian simple factors. Hence Cy(x) € T In
particular the number of non-abelian simple factors in a series of Cy(x) is bounded by the
order of the unipotent element x.

Theorem 4. Let X be a finite simple group of classical type over a field of characteris-
tic p# 2 and F be an abelian subgroup of a-type of order np™ where (n,p) = 1. Then
Cx(F) € Ty, where f is a function from natural numbers to natural numbers independent
of X.

Proof of the results

Lemma 1 [8]. (i) The classes T, are closed under taking normal subgroups and
quotients.

(i) YMAG,MeT,andG/M €T, thenG e T,,,

Lemma 2. Let G be a linear algebraic group and x be an element of G fixed
by the Frobenius automorphism ¢ of G and assume that G/G® is solvable. Then

(Co(¥)) € T, iff (Co(x))° € T,

Proof. For (Cg(x))’ = (Cs(x))’ N G°, and so (C4(x))°/(Ceo(x))° is isomorphic to a
subgroup of the solvable group G/G’. Hence Lemma 1 gives the result.

Lemma 3. Let G be a linear algebraic group and o be a Frobenius automorphism of

G, and N be a o-invariant locally finite subgroup of G contained in the centre. Let x be
any o-invariant element of G. Then

(Cs(x) €T, iff (Cow(x) €T,
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i.e. the number of non-abelian simple factors in a series of (Cq(x))’ and (Cgyn(x))° do
not change.

Proof. Let
(Cow(x))’ =C/N={gNeG/N|g'g°e N and [g,x]€ N}.

By using the fact that N is in the centre, it is easy to see that (C4(x))’ <1 C. Now we
claim that C/(Cg(x))’ is abelian. Indeed for any h, g € C

g'¢ =z h'W=w [g.x]=u [hx]=v
where z, w, u, v € N. Hence
lg. B =1[g°, b’ = [997'g", hh™' K] = [gz, hw] = [g, h].

Now using Witt’s identity and the fact that N < Z(G) we get [[g, h], x] = e.
This implies, by Lemma 1, that the number of non-abelian simple factors in a series
of C and in a series of C4(x)” are equal as C/N € T,iff C e T,.

Proof of Theorem 3. It is well known that G = ZG' where G’ is the commutator
subgroup of G and Z is a central torus. G' is a connected semisimple linear
algebraic group and Z is a p’-group. Hence the unipotent element x € G is contained
in the semisimple part G'. Then we get C;(x) = ZCx(x). The group Z is a connected
o-invariant central subgroup of G and Cgy(x) is a o-invariant subgroup of G'. Then
(Ce(x))” = (ZCe(x)).

(Ce (%))’ = (C4(x))’ N G'. Then (Cy(x))'/(Ce(x)) is isomorphic to a subgroup of the
abelian group G/G'. Since we are interested in the number of non-abelian simple
factors of the series of (C;(x))°, by Lemma 1 it is enough to find the number of non-
abelian simple factors of (Cg(x))°.

The group G is a connected semisimple linear algebraic group. Hence G’ can be
written as a central product of say v simple linear algebraic groups. By assumption all
simple components of G’ are of classical type. Let G' =G, ... G,

(Gl)a = (GIGZ v Gv)ar

where each G, is a simple linear algebraic group of classical type. Let Z = Z(G) =
Z(G,)...Z(G,). Then

G/Z=G=G,...G, and G, =G,/Z,.

By the Krull Schmidt theorem ¢(G,Z) = G;Z, then by taking the derived group we see
that

a(G) = 0((GZ)) = (G;Z) = G;.
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Therefore o permutes the G;’s. Let O, i=1,2,...,r be the orbits of ¢ on_(G,, G
and let K; = Il D. Hence G’ is the central product of K|K,...K,. Let K be any one
of the orbits of ¢ on G; say for simplicity the one containing G,

K = G,6(G,)...a"'(G))
and ¢‘(G,) = G,. Then K is the direct product of the group ¢'(G,) and
K = {cyo(cy) ... 0"V (cym) | 0(coa(cy) - .. 6V (cyy-1)) = coa(cy) . . . 6V ey-1)),
where ¢; € G,. This implies that ¢, = ¢, foralli=1,..., (1) — 1. Hence

K’ ={co(0)...a" () | c€G,, aWc=c}=Cg(a"™)
Therefore

(G'/2) = Cg(6") x -+ x C5(0'®) where i<v.

The unipotent element x of order p™ with which we have started off determines the
element

xZ € (G'/Z) = Cg, 6V x - x CE,(O"(')).

Let (x,Z,, x,Z,, ..., Xx,Z,) be the unipotent element under the above isomorphism such
that (x;Z))*” = x;Z;. Hence

C(G’/Z)’(x) = C(E,)o*(')(xl) X - X C(E;)a‘(o(xi)

observe that i <v. Now by Lemma 3, if we find Cgze(x) € Tn, then we say
(Cs(x))’ € T,n. Since the number of factors is < v we find in each factor and multiply it
with i < v. Since ¢'? is also a Frobenius automorphism replace ¢'® with o. Then the
question reduces to:

Let G be a classical type simple group over a field of characteristic p # 2 and x be
a unipotent element of order p” in G. Then Cg(x) = (C(x))’ € Tn.

So we answer this question for each classical type. If we show (Cg¢, (x))° € T, then
by similar arguments as before (Cs, (x))° € T,». Now by Lemma 3 we have

(Cisr.1(X)) = Cisppyzp(x) € Tm

and we are done.
So we show that (Cg, (x))° € Tm.
Let G = GL,. By [12, 1.7 and 1.8] we get

/" (4
(Cor,(x))° = (Rn GL,,) =(RC), C= 1_[ GL,,
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and C is a reductive group and the product is a semidirect product. R and C are
defined over the field k hence they are ¢ invariant. If xy € (RC)’, x € R, y € C, then
(xy)’ = x°y° = xy which implies that x™'x° = y(y™")’ € RN C = {e} as both R and C are
invariant x° = x, * = y. So (RC)° = R°C” since R is the unipotent radical it is enough
to find the number of non-abelian simple factors of C°. But

C* =(GL, x GL, x ...GL,Y
=(GL,)"" x...x (GL,)"" € T,

since by [12, 1.7, 1.8], the number of r/’s is less than or equal to p™. Observe that the '
only ones r; > 2 might give a non-abelian simple factor. Hence we are done for this
case.

Now let G be an orthogonal, unitary or a symplectic group. Then by [12, Theorem
2.23, page 260] C;(x) = RC where R is the unipotent radical of C4z(x) and C is a
connected reductive linear algebraic group and the product is the semidirect product of
C and R. Then by [12, Theorem 2.25} C(k) is isomorphic to

pM
@) l_[ U(h,, k) in the unitary case

i=1

" [l
Gi) [T Sp.k)x ] O k) in the orthogonal case
i=1,i even i=1,i odd

pm m

P

(iii) l_[ Sp,,(k) x 1—[ O(h;, k) in the symplectic case.
1 i=1

Now as in the case of GL, we have (C4(x))° = (RC)° = R°C”° and it is enough to find
the number of non-abelian composition factors of a series of (C)°. Since the number
of direct factors is less than or equal to p™ and each direct factor gives at most one
non-abelian simple factor to (C)° (in case r; > 2) we get C° € T,». Observe that the
simple factors might be the twisted types of the given groups.

Proof of Theorem 4. Let F = F,F, where F, be the semisimple subgroup of order n
and F, be the cyclic unipotent of order p”. Every finite simple group X of Lie type can
be obtained as X = 0”(G°) where G is a simple linear algebraic group of adjoint type
over an algebraically closed field of characteristic p, and o is a Frobenius
automorphism of G. Then F can be considered as a subgroup of G. Since F is an a-type
abelian group by [12, Theorem 5.8(c)] there exists a ¢ invariant maximal torus of G
containing F, =<a,, ..., a, >. Then by [12, Theorem 4.1].

Co(F)=<T Xgn,|f@a)=1p€®,a’=qa, i=12...r>
and

Co(F)’ =<T X4 1B@)=1,8e®, i=12,...r>.
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Cs(F)° is a connected reductive group and it is of classical type. (One can extract
this from {8, Construction 4.1].) Since for any semisimple element a; € F by [12,
Corollary 4.4] C4(a,)/Cs(a;)’ is abelian we get that C4(F,)/C4(F,) is abelian.

We need to find C4(F)’. But C4(F) = (Cg(F)N Ce(F,)Y = (Ceyry(x))°’ where
F, =<x>. In order to find the number of non-abelian simple factors in a series of
(Ceor)(x))°, by Lemma 2 it is enough to find the number of non-abelian simple factors
in a series of (Ccyy0(x))°. Since C4(F)° is a connected reductive linear algebraic group
and x is a unipotent element of C4(F,)° we have by Theorem 3 (Ceorp (X))’ € Tompiny
where f is a function from natural numbers to natural numbers independent of the
group X (see (10, Theorem 3]). One can see that the number of simple components of
the semisimple part of C,;(F,)" is f(n) from [10, Theorem 3]. Hence

(Ce(F))’ = (CCG(F,)(X))U € Tomsiy-

Now

Cx(F) = Cop(en(F) = Cg(F) N 07 (G°).

Since 0"'(G") is normal in G°, we have Cgrg(x) < Cg(x). Hence by Lemma 1
Cop’(Ga)(F) € Tp"'f(n)

Remark. Let G be a simple linear algebraic group of classical type over a field of
odd characteristic p and F be an abelian subgroup of G with cyclic unipotent part F,
and semisimple part F,. Let F, =<x> and |F,| = p™. Assume that G has rank l. Let r
be a given integer. To see that when [ is sufficiently large (C;(F))° involves simple
classical groups of rank greater than or equal to r, we need to spell out some of the
facts from [12, Chapter /V]. In fact by [10, Theorem 3] if |F| = np™ where |F,|=n
(n, p) = 1, then we have C4(F)) € Tj,. So it is enough to say that at least one of the
numbers r; in the Theorem 3 is greater than or equal to r. The numbers r,’s arise in the
following way. (See [12, Chapter IV].)

For simplicity we describe it when G = GL. Let V be a vector space over a field k
of dimension n and x be a nilpotent linear transformation on V such that x* = 0. Let
A(X) be the k-algebra of linear transformations of V generated by x. Then
A(X) = k[T]/fk[T] where f is the minimal polynomial of x. V considered as an A(X)
module is denoted by V(X) and by [12] V(X) = &;_,M(d;) where M(d,) is the A-module
x*% 4. By [12, Chapter IV] there exists ¢, (1 <i<s) in V and integers d; such that
x%e; =0 and that x'e; (0 <j <d, 1 <i<s)isa k basis of V. In Corollary 1.8 r; is the
number of d; equal to j. There is a k isomorphism ¢ : C - [|GL,,. So in case G = GL
if I > r(p™(f(n))) where f is as in [10, Theorem 3] we have at least one of the r; > r.

For the other classical groups one can extract from 2.19 and 2.25 that if
I > r(3p™f(n)), then (C4(F))° involves a classical simple group of rank greater than or
equal to r.
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Proof of Theorem 1. Let n be the set of prime divisors of t. By using the classifi-
cation of the finite simple groups we may assume that every finite subgroup of G is
contained cither in an alternating group or in one of the families 4, B, ...,%G,. Since
the number of families is finite one can show that there exists a fixed family such that
every finite subset of G is contained in a simple group of fixed type.

The alternating case, for an arbitrary element is done in [8, Lemma 2.5]. If every
finite subgroup is contained in a linear group with bounded rank parameter, then by
[7], [2] and [15] the group should be linear. But we assumed that G is non-linear, hence
every finite subgroup of G should be contained in a classical group of fixed type with
unbounded rank parameter.

If there exists a prime p such that every finite subset of G is contained in a finite
classical group of fixed type over a field of characteristic p, then we have either p f t or
plt

If p/tt, then x becomes a semisimple element in every group containing x. Thus as
in [8, Theorem B] every finite set of elements of Cg(x) lies in a subgroup of the form
Cy(x) where H is a finite simple group of fixed classical type and x is a semisimple
element of H. Hence by [8, Lemma 2.3] we are done.

If p|t, then by Theorem 4 we have C4(x) is locally T, where t = p™n,(n, p) = L.
Again by [8, Lemma 2.3] we are done. Note that as x is an element of odd order we do
not need the centralizers of 2 elements in classical groups over fields of charac-
teristic 2.

If no such prime p exists, then for each prime g in = there is a finite subset of G that
is not contained in the above type group over a field of characteristic g and hence there
is a finite subset F and G containing x such that x is a semisimple element in every
group containing F. Hence every finite set of elements of C;(x) lies in a subgroup of
the form C,(x) where H is as in the above form and x is a semisimple element in H.
Again by [8, Lemma 2.3] we are done.

Proof of Theorem 2. Let F be a K — a-type abelian subgroup of odd order
and K =(G;, M;) be the given Kegel sequence of G. If necessary by passing to a
subsequence we may assume that G,/M; are all alternating or all belong to a fixed
type classical family. If they are all alternating, then by [10, Theorem 1] we are
done. Assume that G;,/M, all belong to a fixed classical family over a field of
characteristic p. Then by Theorem 4 we have Cg, y,(F) € Tony,. Since by assumption
(IMi|,|Fl)=1 we have Cg y,(F)=Cs(F)M;/M;. Since M, are all solvable and
Co(F)M/M; = C(F)/(Ce(F)NM,;) we get Cg(F) € Tpmyy for all i. Now by [10,
Lemma 3(ii)] we get C(F) € Tomy-

By the remark after the proof of Theorem 4 Cg (F) involves alternating groups of
unbounded orders and C4(F) has a series of finite length in which each factor is either
non-abelian simple or locally solvable, one of the factors of the series of C;(F) must
be non-linear.
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