Appendix J
RPA solution of the pairing Hamiltonian

In this appendix we shall derive in detail the properties of the collective modes associated
with the pairing Hamiltonian

H = Hsp + Hp,
where

Hg =Y (e, — Mala,
v

and

Hy,=-G Zala; Ay d,y .
v’

This Hamiltonian becomes, in the quasiparticle basis (Hogaasen—Feldman (1961), Bes
and Broglia (1966)),

N=Y"ENi - ic (Z vaif (rf + F,-)>2+ ic (Z Ve (Fj - I’i>>2 a1

neglecting terms of the order of 1 and of order v/€2;, where

2+l
1 2 )
as well as terms proportional to the quasiparticle number operator
Ni =Y "ol dim. (J.2)

Consistent with this approximation we shall also neglect the Pauli principle among
quasiparticles as expressed in the conmutation relation (see equations (A.72) and
(1.50),

[ri, rj] —5G, j) (1 - g) , (.3)
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336 Appendix J

i.e. assume that
[ri ] =86, ). (J.4)

This is a good approximation to the extent that the number of quasiparticle excitations
is much smaller than €2;, the pair degeneracy of the system.
In the above equations the definitions and relations

E; = (e — M2 + A2, )

1 .
i St
rf=— S o (1.6)
TV r;) e
fi=U} = V? (.7
and
[N,, rj] = (i, jy2r’ (1.8)

have been used.
In what follows we shall also use the phonon-creation operator

rf =3 "aull +) byl (1.9)

1

We can separate the residual interaction into two parts, one with matrix elements
which are odd with respect to the Fermi energy,

2
1 4
= e (VA (ren)
which give rise to pairing vibrations, and one which is even,
. 2
" o__ ) T
H) = 2G (Z Ja (Fl. r)) :

and which is connected with the Anderson—Goldstone—Nambu mode of the system (see
Chapther 4). We are first going to treat both parts separately and then later linearize the
whole Hamiltonian.

J.1 Diagonalization of the H, + Hlﬁ Hamiltonian (odd solution)

We shall diagonalize the Hamiltonian

2
szEfo—iG (Z@f (Fj+r,»)> = Hy + H), (1.10)

in the harmonic approximation, thus requiring that (see equation (A.68))

[H,T]]=w,I].
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RPA solution of the pairing Hamiltonian 337

Let us first calculate the commutation with Hy,

H(),FI —|:ZENZ, (ZGHJF]T‘FZ]?WF])]
J

J

= E;a,; 8Gi. j) 20 =Y E; by; 8G. j) 2T,
iJj )

leading to

[Ho, T'}] —22Eam ZZEb,,,F (.11

Making use of the Hamiltonian

2
1 &
H) = _ZG (Z \/agfi(ri[ + Fi))

1
= _ZG <Z vV fi] + Fi)) (2}: x/ﬁjf,-(l“j + Fj)) ;

we calculate the commutation relation

- ——G [(Z«/’ (0l + 1 ))
X (Z x/§_,f,<(f‘} + Fﬂ,’)) ; <Z aw T} + ankrk>:|
‘%G (Z V£ +n))
—%G [(Z \/ﬁifi(rj + Fi)) ) (Zankrl + ankrk>:|
i k k

x (Z@,f,«(rj +r,~)>
- ‘%G (Z Vi f(T + m)
<A o i)+ S ]
—iGlZ\/aifi{Zank [ ]+;bnk [FT Fk]}(;\/ﬁjfj(rj +Fj)>

| —
&
g
S
|
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1
=46 (Z YV fi(r) + m) ij@jfj(an, — byj)

1
—ZGlZ\/aifi(ani —bui) (; \/ajfj(rj + F])> :

Consequently,

[y, 11| = e >V, f(bny =) (Z Vi i + m) . (1.12)
j i

T2
From equations (J.11) and (J.12) we find
1
[H, Fz] = 22 E,-am-Fj - ZZ E,‘bm‘Fi + EG Z\/ﬁjfj(bnj - anj)
i i J
x (Z Vo f(r} + m)
1 i
=) :zE,-am +5G (Z VQ; f(bn — aﬂn) f,vﬁ,-} r
i J
1
+ ,Z {_2Eibni + EG (; VQ; £y — anj)) fi\/ﬁi} r
=W, Z:aniriT + Wy aniri~

Thus,
G
2E,»am- + 5 (Z \/§jfj(bnj — anj)) fl\/_z = Wnaniv
J
G
—2E;b,; + 2 (Z \/ﬁjfj(bnj - anj)) fz\/_z = Wby
J

Defining

A, =

D Q

(Z VQ filan; — bn,-)) , (J.13)
J

one obtains
2Eia,,i — Anﬁ'\/_i - Wnanis
—2Eibm' — Anfl\/_z = Wnbnia
which lead to

Anfiv/Q b MafivS

api = —————, =
ni ni 2E1+Wn

J.14
2E; — W, ¢14)
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RPA solution of the pairing Hamiltonian 339

Substituting equations (J.14) in (J.13) one can write

A =EZ~/5-f- Anfj«/§j+1\nfj~/§j
24 P\ 2E; - W,  2E;+ W,

2E;Q; f}
= G Q; A == G 7.][\’13
Z i (4152 ) Zj: 4E7 — W2
leading to
1 2E:Q; f?
—=> 2’7’]3 (1.15)
G — 4E; — w?
The normalization condition
[Fn, Fi] = |:<Zam-l"i + me-f‘;> s (Zamjl"; + mejrj)]
i i J J
gives the relation
> aiani =Y bpibpi = 8(n, m). (J.16)

i
Consequently

Y @ - by =1.
Inserting in this equation the amplitudes defined in equation (J.14) one obtains

2Q; f2Qi
AZ i _ i =1
" | QE - W) QE+ W) T

3 4E} +4EW, + W7 —4E} +4EW, — W] 2 =1
n QE; — W,)2QE; + W,)? T
leading to
Z FPQUBEW,
4E7 — W22
Thus
| rae2ew, 1"
= L fr2Ew, T 117
) [Z (4E} — w2y o

J.2 Diagonalization of the Hy + H;’ Hamiltonian (even solution)

Let us now consider the Hamiltonian

2
1
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where
| 2
Hy = G (Z Vaur! - Fi))
1
=G (Z V] - F,-)) (Z Vet - F;)) :
i J
We start by calculating the commutation relation
[H[;f’ rj;] = %G [(Z Vau(r! - 1",-)) (Z Vi - 1",-)) ,Ffli|
i J
1
=G (Z Vo — Fi)) [(X,: Ve - F_,-)) ,rj,}
-+ iG [(Z Ve - m) , FZ} (Z Va(r) - Fj))
i J
1
= 4G (Z Veu(r] - Fi))
x |:(Z \/§j(rj - Fj)) , (Zankrl + ankrk):|
J k k
+ %G |:<Z Vaur] - Fi)) ; (Z anl) + ankrk>:|
i k k
x (Z Var] - F.;-))
j
1
= 4G (Z Vau(r! - ri))
x Y VQ; {— D buid(jo k) = D anid (s k)}
J k k
1 , :
+70 Z NLoY {— Xk: 8i, k)b g — Xk:an,ks(z, k)}
> Ve - rj))
j

X

Y

o Q
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RPA solution of the pairing Hamiltonian 341

That is

" G
[Hp , r;] = (Z VQi(an; + bn,,»)) (Z vt - r_,)) . (1.18)
i J
Making use of this relation and equation (J.11), one can write
[H.T]] = 22 Eia,,T! - 22 Eib, ;T
1
-G Y V@ +ba )Y VUT]
j i

1
+ EG;\/ﬁj(an,j +bn,j)2i:~/§,-l",~
1
= Z [ZE,'CI,L,' - gGZ‘/ﬁj(an,j +bn])} ‘/§lrj
i J

—|—Z {—ZEibn’,‘ + %Gzﬁj(an,j +bn,j)} ‘/ﬁiri
i J
= Wn Zan,il—'j + Wn an,iri'

This relation implies that
1
2Eian,i - (2G Z\/ﬁj(anj + bn,])) \/51' = Wnan,ia
J
1
_2Eibn,i + <2G Z \/§j(an,j + bn,)) \/_,- = Wnbn,i-
Jj

Defining the quantity

1
A, = EG;«/ﬁj(an,ﬁbﬂJ), (J.19)

the above equations can be written as

2E,»a,,,i — An“/_i = W,a,,,
—2Eibn,,’ + An\/_i == Wnbn,is

leading to

QE; — Wy)an: = AV,
QE; + Wy)bn: = A/ Q.
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342 Appendix J

The colletive phonon forwards-going and backwards-going amplitudes (see Fig. 8.11)
are thus

A A

: : : 1.20
=2 - W, " 2B+ W, (20)

Replacing these amplitudes in equation (J.19) leads to the relation

1 AR AV
Ay =G V
2 Z 2E—W, T 2E+W,

1 2E; + W, +2E;, — W,
Ny = -GA, B ) Q;,
2 4E; — W
and thus to the dispersion relation
1 2E;Q2;
— = —. J.21
6T 2w oW t2b

It can be seen that this equation has, as the lowest root, W; = 0. In fact, in this case
the above expression leads to

2 Q:
G2

1

which is the BCS gap equation.
From the normalization condition,

Q Q
R N e |

i Wn)2 (ZEI + Wn)2

ZAiZ4EiZ+4EiWn+W2 4E? +4E: W, — W2

(4E} — W2)? <
SE;W,Q;
A Z (4E2 — W2)2°
one obtains
A, = ! [Z ZE"W"Q}_I/Z. (J.22)
2 |4~ (4E} — W2y
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RPA solution of the pairing Hamiltonian 343

J.3 Diagonalization of the full Hamiltonian H = H, + H[; + Hl;’

We consider now the complete Hamiltonian
2
H=Ho+H)+H] = Zi:E,»N,- - %G (Xi:«/ﬁiﬁ(rj + F,—))
2
+ %G <Z V) - r,-)) :

and linearize it, i.e. impose

[H, T} = [Ho. T}1 + [H}, Ti1 + [H). T = W, Y anT] + W, Y byl
i i

From equations (J.11), (J.12) and (J.18) we get,
ZZEianiFj — ZzE,’bm’F,‘
G 4
+ 5 2 VR bny — any) (Z V& £ + m)
j i
G
-5 > VQian; + biy) (Z V(! - n-))
j i

= Wn Zam-l"j + Wn me’ri-
i i

That is,

l

Z {ZEiam + %G (Z \/ﬁjfj(bnj - anj)) Vi fi
J
— %G <Z \/ﬁ_i(anj + bnj)) \/51} Fj
J
i J
+ %G (Z \/§j(anj + bnj)) ‘/ﬁt} Fi
J

=W, ZanirgL + W, aniri'
i i
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This relation leads to

1

2FE;a,; + EG (Z \/ﬁjfj(bnj - anj)) \/51](;
J

1
_EG (X]: \/aj(anj +bnj)) VQi = W,ay
and

1
—2E;b,; + EG (; ‘/ﬁjfj(bnj - an_i)) Vi fi

+ -G (Z \/ﬁj(anj +bnj)) \/_i = Wnbni'
J

N =

Defining the quantities
1
Mo=-Lg (z N am) |
J

and

1
Ay =G (; VQ;a,; + bn_,-)) ,
one can rewrite the above equations as

2Eiani - Aln\/ﬁifi - Aani = Wnam'a
—2Eibyi — AN fi + Doy = Wbyi,

leading to

(2E1 - Wn)ani = Alnmiﬁ + AZn\/ﬁia
(2El + Wn)bni = _Aln\/aifi + A2n‘/§i’

from which the RPA amplitudes

AwnfitAw /o
s

ani =
(ZEI - Wn)
_Alnfi + A2n
by = At A e
TOQE+W)

are determined.
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RPA solution of the pairing Hamiltonian 345

Replacing the amplitudes in equations (J.23) one gets

— _1 / / —Au fitAow A fi+Aon
AI"__EGZi $2i fi Qi[ 2115,-+W,l7 - 21E,-—W,,2}

1 CAw fi+ Do) 2Ei = W)= (A fit Do) Ei+W,)
0L i { ST }

= _%Gzi Q; fi

A fi2Ei+Ain fi Wt Don2Ei — Aow W — A n fi2Ei — An fi Wi — Don2Ei — Aow Wy
x (4E?—W2)
i—Wa

~5G Y s (-4 A fiEi = 280, W)

=G Zz (4ES22 f;/vz) {2EifiAln + WnA2n}

Q, [22F, o fW
(G 2 @EI-W2) )Aln (G > (éthffW)> Aon,

Qi [P2E; 1 Qufi

and

A fi+Ao, —Au fi+A
Ao = 3G T, VUV [ Apfipz + Sl )

= %GZi Qi

Ain fiQEiAW)+ A0y QEAW,)— Ay fi QEi = W)+ A2y REi —Wy,)
(4E}—W2)

= %G Zi (4EIZQ+WHZ) {Alnfizwn +4EiA2n}

Qi fi Q;2E;
= (G Z, (4E2f w2) )Aln (G Zl @E? Wz)) Aoy

Qi f Q,2E, |
W, ——— | A ——— — — | A2y =0 J.26
( Z@E?—W&)) ‘+(,Z<4E?—W3> G) : 1

In order that the system of equations (J.25), (J.26) has a solution we set the determinant
of the coefficients to be zero, i.e.

QfR2E 1 Qi fi
(Zam-2) (i)

Qi fi Q;2E; 1
W (Zf <4E,-2—W3>> (Zf @EF-WD) 5)

=0. J1.27)
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Taking into account that we have previously solved the BCS equations, (in particular

2 =y %), the element (Zl i 42252_";{/2) - é) of the determinant can be written as

Q2F; 1) _ Qi2E; Qi
(Zi @E -WD) 5) =X Gy~ 2ok

. QUE-AE2+W2) 10 Q

=2 2E(AE =W T Wil 2E,(4EI-W2)’
ie.
Q;2E; 1 Q;

e ] R D

—~ (4E; — w2 G — 2E;(4E7 — w?2)

In the same way
Q2F; f? 1Y) _ Qi f2E o
(Zi (4E?—W?2) G| — Zi (4E}—W2) Zi 2E;

_Z Qi (fPAE?—4EX+W2) 4E‘.2(fi2—])+W,fQ.
T i 2E@EI-W)) T i 2E@EI-W) T8

We shall now rewrite the expression
AEN(f7 — 1) =4E; (U} — VP — 1) =4E}(U} + V{* = 2U?V? — ),
making use of the BCS relations
(Ui2 + ‘/i2)2 — 1, Ui4 + ‘/i4 +2U,-2V,-2 — 1,

Ul + V=202V = 1 — 402V,
Uf + V=202V 1 = AUV = (f7 - ).

Because
A
20, Vi = —
E,
one can write
) 2
(f, - 1) - —E,
and thus
4EHfP — 1) = —4A”
Consequently,

Q2E; f? R P Q;
(Z 4E2—W2) G) =Wy —4ah3, 2E,(4EX — W2) 029

i i
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347
Making use of equations (J.28) and (J.29) the determinant (J.27) can be written as

Q; Qi fi
(W2 —4AD)Y, sEapiowy  Wn (Z - )

i (4E}-W2)
=0, J.30)
W, (Zz @ngf;‘/})) W2 Z =

i 2E; (4152 w2)

2
2 2 _ 2 L _ Q,f,
W | (W =449 (Z 2E(4E7 — W,f)) (Z

2

Introducing

2 2 2
V2= W2 —4A?,
one can write

4E} — W2 = 4(e; — 1)* +4A?

Consequently, equation (J.31) becomes

2 2
2 £ — &
In (Z 2E;(4(; — 1) — y,%)) B (Z 3’3) ’

4(e; — 1)? —
which, making use of the relation

— W2 =d(; — 1) = V2.

2 , € — A
fi=U=V? ="

A
leads to
I Z 2E;(4(e; & =D Z (4(eigil(;;2 —AJ)?,%)EZ- ’
and finally to
5 Vs — 26 — ) _
— 2E {26 — 1) + Y& — 1) — V)
Consequently,
Q;
,Z EQ+2e — 1) 032
From equation (J.26)
Aw W Xiates

Q,2FE; 1
DY GE-W) T G

https://doi.org/10.1017/9781009401920.022 Published online by Cambridge University Press


https://doi.org/10.1017/9781009401920.022

348 Appendix J

and equation (J.28)

_Qifi
Az,, W Zz (452 WZ

= . 5 i
Atn Wn 2 2E,GEI—W?)

one obtains

Qi f;
Az 2 @ET-W2)

= _ o . (J.33)
Ay, W, Zi 725,(45,57%2)

Making use of the normalization condition,

1= Z(am —b%)

_Z{<A21nEﬁjA2n\/§l)2_ <_Amfl+/\2n\/§>2}

2E; +W,

_ Z Q. AL, f7+ 200 Ao fi + A3, _ AL f7 =20 Ao fi + A3,
- QE; — W,)? QE; + W,)?

-y JEWaBE AL, +4fi(4E] + WA 1Moy +8E W, A3,
(4E? — W2)? "

which leads to
1 20E; W, Q; (4E? + WHQ; Aoy
o (T )+ (T ) (32)
A2 — (4E? — W2)2 — (4E? — W2)? Ay
2E; W, Ax\’
+ L .
(Z 4E7 — WE)Z) <A1n> }
That is,

_ FREQ; fiAE: + W | (A
A"_{ ( (E? w2>2) (Z (EF = W2 ><AI">
2E,Q A\
iNdj 2n
() ()] o
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