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ON THE CALKIN ALGEBRA AND THE COVERING
HOMOTOPY PROPERTY, II

JOHN B. CONWAY

For a separable Hilbert space ., & () is the algebra of bounded linear
operators on ¥, € = % (H) is the ideal of compact operators, and = is the
natural map of Z () onto the Calkin algebra Z (#)/% . If &/ and & are
any C*-algebras then a * -homotopy of &/ into & is a continuous map
d: . X I— D such that for each t in I =[0,1],®,(-) = ®(, t) is a
*-homomorphism of & into Z. If @ = B(H)/€ and &: . X [—
HB(A) /¥ is a *-homotopy then an initial lifting of & is a *-homomorphism
¢ > B (H) such that m 0 ¢ = ®). A C*-algebra .o/ has the C*-covering
homotopy property if for every *-homotopy & : & X [ —» X (H)/% with
initial lifting ¢ : &/ — Z () there is a *-homotopy ¥ : .o/ X [ — B (H)
such that ¥y = ¢ and mo ¥ = &. In [4] it was shown that .&/ = C(X) has
the C*-covering homotopy property whever X is an interval, a circle, or a
totally disconnected space. In this note it is proved that every approximately
finite (4 F) C*-algebra has the covering homotopy property. Since the abelian
AF C*-algebras are precisely those C(X) for X totally disconnected, this will
generalize the principal result of [4].

As stated in [4], the original motivation for studying this property was its
connection to the work of Brown, Douglas, and Fillmore [2]. Since the publica-
tion of [2] the problem of studying extensions of arbitrary C*-algebras has
been undertaken, and by the work of Voiculescu [7] and Choi and Effros [3] it
is now known that the set of equivalence classes of extensions of a nuclear
C*-algebra forms a group. Approximately finite C*-algebras are nuclear.

A C*-algebra &7 is approximately finite if there is an ascending sequence
N C Ay C /3 ... of C*-subalgebras of .7 such that each .97, is finite
dimensional and U5~ &7, is dense in & (1] and [6]). If &: .o/ X I —
B(H)/% is a *-homotopy with initial lifting ¢ : & — Z(H) then
™ = &|./, X Iisa*-homotopy with initial lifting ¢, = ¢|.&7,. If it can be
shown that for each # there is a *-homotopy ¥® : &7, X I — % () such
that #¥® = & " = ¢ and ¥V, X I = ¥ then it follows that
&/ has the C*-covering homotopy property. It is precisely this that will be
proved.

Now if &7 is a finite dimensional C*-algebra then the Artin-Wedderburn
Theorem implies that .o7 is the direct sum of full matrix rings. Hence the case
& = M,, the n X n matrices, is the subject of the first effort.
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Define a collection of elements {e;;: 1 <4, j < n} in a C*-algebra .7 to be
a collection of matrix unaits if

a) eye = 0 for kb 5,

b) eije; = eq,

c) e = e
Notice that if &/ = M, and ¢;; is the matrix with 1 in the (4, j) place and
zeros elsewhere then {e;;} is a system of matrix units for M,. Also, if
{ei; 1 1 £ 4,7 < n}is asystem of matrix units in %/ then there is a homomor-
phism of 3, into 7. Moreover, it is easy to see that M, has the C*-covering
homotopy property precisely if paths of matrix units in #(#)/% can be
lifted to paths of matrix units in & ().

LeMMAa 1. Let uw: [ — B (H)/C be a puth of partial isometries with Uy «
partial isometry in B(H) such that wUy = u(0), and suppose p = u*u,
g=uu* and ¢ £ pt =1 —p. If P, Q: I — B (H) are paths of projeclions
such that #P = p, 7Q = q, Q £ P+, P0) = U* Uy, and Q(0) = UyUy*, then
there is a path U : I — B (H) of partial isomelries such thal:

U =u, U*U =P,
uvuo) =U, UU*=0Q.

Proof. Using the Bartle-Graves Theorem [5], there is a path A : [ — Z(H)
such that 74 = u and 4(0) = U,. By replacing 4 with QA4 we may assume
that 4 = QAP. Disregarding the trivial case, we may assume that p(0) = 0;
that is Py, and hence Q,, arc infinite rank projections. If it is the case that 4 (¢)
is invertible for all ¢ (so U, is a unitary operator) then by taking
A = U(A4*4)'? to be the polar decomposition of A4, U would be the required
path of unitaries. The remainder of the proof is devoted to overcoming this
helpful but over restrictive hypothesis.

Using Lemma 7 of [4], there are paths of partial isometries R, .S
with R¥R = Q, RR* = Q(0), R(0) = Q(0), SXS = P(0), SS* = P, S(0) =
P0). If B =SUy*R then B is a path of partial isometries with B*B = (Q,
BB* = P, and B(0) = Uy*.

If C=44+ B+ (PLt— Q) then C*C = A*4 + P+ Since P(A*4)P =
A*4, it follows that |C] = (C*C)12 = |A| + P+ Let A = U|A] be the mini-
mal polar decomposition of 4. Note, 4(t) = UA@)] and { — [4 ()] =
[A*A (£)]¥? 1s continuous, but ¢ — U(t) is not necessarily continuous. (Indeed,
if U were a path the proof would be finished.) Now for cach time ¢,
U*U(t) £ P(t)and UU*(t) £ Q(t) since QAP = A. llence U + B 4+ (P+—Q)
is a partial isometry and

C=1U+ B+ P Qlcl.

So if C = W|C| is the minimal polar decomposition of C then
WA S [0+ B+ (P~ QU + B+ (PX — Q)]
Wit < [0+ B + (PL— QLU + B + (P — Q)

and U + B + (P+ — Q) extends W,
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Let & > 0 be such that for [s — #] <4,

4@ — AOINBE = BOILPE) — PO [E#) — Q)| < 1/12.

Now C(0) = 4(0) + B(0) + P(0)+ — Q(0) = Us + Us* + PL(0) — Q(0)
is hermitian and it is easy to check that C(0)? = 1; so C(0) is a self adjoint
unitary. If 0 £¢ <6 then ||C(t) — C0)]] < 3 <1, so C(t) is invertible.
Hence W(t) is unitary and W = U + B + (PL — Q) on [0, §]. But P+, Q, B,
and W = C|C-! are continuous on [0, §], so U must be continuous there. Also
A(0) = Uyimplies that U(0) = Usandu =w(4) = #(U|4|) = = (U)r(|4]) =
m(U)p = #(U)n(P) = #(UP) = «(U). Also, on [0, §]

1 = W*W = U*U + P+
1= WW*=UU*+1-0Q.

So U*U = P and UU* = Q. This defines the path U : [0, §] — Z () with
all the required properties.

If K=U@®B)— A@®) then K ¢ €. Put 4, = Q4 + K|P and C; = 4, +
B + (P+ — Q). Now 4,(8) = U(s) and C,(6) = W(s), a unitary operator.
If 5<1<2 then [|4:(0) — 4:0)|] = [[QOA(0) — AG)IPE) + [Q() —
QB®IUG)PE) + QB UGILP(E) — P@®)]l| <i. Hence [[Ci(t) — WE)|| =
[IC1(t) — C1(8)]] < 1, and Ci(¢) is invertible for § < ¢t < 25. Let C, = W1|Cy|,
A, = Uil44] be the minimal polar decompositions; then U;(8) = U(9),
Wi(6) = W©), U*U, = P, U, Uy* £ Q. Asbefore W, = U; + B + (P — Q)
on [§, 26] and so U*U = P, U,U* = Q. Define U(t) = U,(¢) on [, 28] and
this gives a continuous path U : [0, 28] — & (J£) of partial isometries having
the required properties.

If K, = U(25) — A(25), Ay = Q4 + K:]P,and Cy = As + B + (P+ — Q)
then the argument given above will result in an extension of U to [0, 36]. After
a finite number of such arguments, U will be defined on I and have all the
required properties. This completes the proof.

Identify M, with the subalgebra of M, consisting of all matrices (a;;) such
that

Apt1,; = 0= i pt1 for 1 é ’L,j é n + 1.

LEMMA 2. Let ® : M,y1 X I — B (H)/C be a *-homotopy with initial lifting
0 My > B (H). IfO: M, X I - B (H)isa*-homotopy such that Oy = o| M,
and 70 = ®|M, X I then there is a *-homotopy V¥ : M, X I — B (H)
such that

Yo=¢, 7 =&, and Y|M,X I =0.

Furthermore, if P : I — B () is a path of projections such that P(0) = ¢(1),
TP() = ®(1, {), and P() 26, t) then ¥ may be chosen such that
Y(l,t) = P() for 0 £t £ 1.
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Proof. Let {e;;: 1 £ 1,7 £ n+ 1} be the system of matrix units for M,
and put E;;(t) = 6(ey, t) for 1 £4,j <, 0=t < 1. I P: I>H(H) is
given as in the statement of this lemma let P,,; = P — > -1 E;;. Notice that

P,,+1(0) = <P(en+l,n+l),
7I'Pn+1(t) = q’(en+l,n+ly t)r

n
P =1 — 12:1 Eq
If P is not given, then Lemma 5 of [4] says that there exists a path of projec-
tions P,y : I — Z () having the above properties.

Now Lemma 1 implies there is a path U : I — Z () of partial isometries
such that U() = ¢(e141), wU@E) = P11, t), U*U = P,y1, and
UU* = Eyi. For 1 £k =n let E;,1 = E;1U; E,p1p = U*Ey; and
E,t1041 = Poy1 Itiseasy tocheck that {E;;: 1 < 4,7 £ n + 1} isa collection
of paths such that at each time ¢ they form a system of matrix units. At¢ = 0
they equal {¢(e;;)} and 7E;(t) = ®(eqy, £). If ¥((ay), 1) = Xia4F:;()
then ¥ has all the required properties.

COROLLARY 3. M, has the C*-covering homotopy property.

Proof. For n = 2 this amounts to combining Lemma 1 and Lemma 5 of [4].
The proof is completed by using the previous lemma to furnish the induction
step.

If n, m = 1 then M, ® M,, will be identified with the subalgebra of M,

consisting of all matrices (a;;) such that a;; = 0 except possibly when
14, jSsnorn+1=£14,j7=<n+m.

LEMMA 4. Let & : My X I > B (H)/E be a *-homotopy with initial
lifting ¢ : My — B (). If &/ = M, ® M, and there is a *-homotopy
0: A X I—HB(H) such that Oy = | and 70 = & X I then there is a
*_homotopy ¥ : Myym X I — B (H) such that

V)y=¢, 7¥ =& and VY| XI=06.

Proof. Let {e;;:1 =1,j <n—+ m} be the standard matrix units for

My ym; 50
n n+m
o = Z ager; + Z ayei ey € C(.
1, j=1 1, j=n+1

Forl =4, j<nandn+1=1j=<n+mlet E; ;) = 0(ey; ¢).

Lemma 1 implies there is a path U : I — % () of partial isometries such
that U(O) = ‘P(en+1'l)9 U*U = Elly Uuu* = En+l,n+11 and TU(t) = (I)(en+1,lr t)
for0=t=1.Forn+1=i=n+mandl =£j = n define

Ey = EinUEyy;
E” = Ele*E,H_]'i.
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It is an exercise to show that for each i, ;l‘lj(f) 1 <4,j<n+m}is a
system of matrix units in B () and V((ay;), {) = > a;;E;(f) has all the
required properties.

Let J,, denote an m X m identity matrix. 1M, ® J,, is identified with the
subalgebra of 1/,, consisting of all matrices (a;;) where

Qi = Qppiikntj
forl =4, j=nand0 =k =m— 1.

LevMa b, Let @2 M, X I —B(H)/C be u *-homotopy with initiul lifting
0 My, =B If o =M, @ J,and 0 : 7 X [ — B (H) is « *-homo-
topy such that 0y = ¢ and 70 = ®|.o/ X I then there exists a *-homotopy
Vo Mo X T — B(H) such that

Vy=¢, a¥=3® and V| XI=

Proof. Let {e,;: 1 £ 1, 7 < nm} be the standard matrix units for . If
1 =4¢,7 £ nand

Z Chnt1,kn+ jr

(=0

then {f;;:1 =4, j £ u} is a system of matrix units for .&/ that spans ..
Let e, = ¢omypitgmnrr for 1 £k <my;soer+ ...+ e, = f11. By Lemma
5 of [4] there are paths Iy, . . ., I, of projections in 4 () such that £, L E,
for k=1, E.(0) = ¢ley), wk.(t) = ®ley, ), and (Ey+ ...+ E,)@¢) =
O(fi1, ).

Let I';,(0) =0(fi,t)forl €4, j<=n 12k <mand (k —1)n+ 1
P, ¢ < kn then define F£,,: [ — ,Z(f) by

lIA

Ly, = 141)»(/:7—1)71,1]44‘}.'1"1,a—(l;—l)n-

It 1s casy to check that {/5,,(0) : (h — 1)+ 1= p, g < kn, 1 <k =< mj is
a system of matrix units at cach time ¢, and each F';;(¢) is the sum of some
collection of E,,(t). In this wav a *-homotopy 6’ : & X I — B (A) is ob-
tained where ¢ =1/, ® ... ® M, = all (ay;) in M,, such that a;; = 0
except possibly when (b — 1)n+ 1 =4, j < kn for some k, 1 =k < m.
Morcover, 0.2/ X I =0, 0/ = ¢|¢, and 70’ = &/ X I. By applying
Lemma 4, the desired *-homotopy ¥ : AM,,, X I — Z () is obtained.

If & isa C*-subalgebra of 11, then a little thought and the fact that & must
be isomorphic to the direct sum of full matrix rings yields the following.
Representing A, with a fixed orthonormal basis,

Y4 q
& = @ My, ® ®l (A’[lj ® Js]') ®0
j=

i=1
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where the zero has dimension

4 q

n— 3, ki— > Ly
i=1 j=1

Thus, if &: M, X I—>%B(H)/E is a *-homotopy with initial lifting

e M,—B(H) and ©: & X I —>H(H) is a *-homotopy such that

6y = ¢|& and 70 = ®|& X I then the preceding lemmas imply that there is a

*_homotopy ¥ : M, X I—>H(#) such that ¥,=¢, 7¥ = & and

V& X T =6.

Now suppose .2/ is a C*-subalgebra of the finite dimensional C*-algebra
&y and ®: Ly X I —B(H)/% is a *homotopy with initial lifting
0 Ao B(H). Let 0: & X I —B(H) be a *homotopy such that
0y = ¢|.1, 10 = ¥/, X I. Now &y~ M, ®...® M,, and under this
same isomorphism, &/, =~ &, ® ... ® &, where &, is a *-subalgebra of
M,;. The preceding paragraph shows that © can be extended to a *-homotopy
V: oy X I — B (H) such that ¥ = ® and ¥, = ¢. This proves the main
result of this note.

THEOREM. An approximately finite C*-aulgebra hus the C* covering homotopy
property.
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