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ON THE CALKIN ALGEBRA AND THE COVERING 
HOMOTOPY PROPERTY, II 

JOHN B. CONWAY 

For a separable Hilbert space J^ , 3) {$?) is the algebra of bounded linear 
operators on J^, *% = fê (Jj?) is the ideal of compact operators, and IT is the 
natural map of 38 (tf) onto the Calkin algebra 3S ($?)/<£. If s/ and 9 are 
any C*-algebras then a * -homotopy of se into ^ is a continuous map 
$ : j / X I ->9 such that for each / in I = [0, 1], $,( • ) = $(•, t) is a 
*-homomorphism of s/ into 9. If 9 = &(<#?)/& and $ : j / X I -> 
&(3tf?)/(i£ is a *-homotopy then an initial lifting of $ is a *-homomorphism 
<p : ^ / - ^ ( J f 7 ) such that ir o (p = <£(). A C*-algebra s/ has the C*-covering 
homotopy property if for every *-homotopy $ : stf X I —> & (Jrif)/^ with 
initial lifting ^ : J / - + ^ ( J T ) there is a *-homotopy ¥ : j / X I-* 3$ (tf) 
such that ^o = <p and 7r O ^ = <£>. In [4] it was shown that stf = C(X) has 
the C*-covering homotopy property whever X is an interval, a circle, or a 
totally disconnected space. In this note it is proved that every approximately 
finite (AF) C*-algebra has the covering homotopy property. Since the abelian 
A F C*-algebras are precisely those C(X) for X totally disconnected, this will 
generalize the principal result of [4]. 

As stated in [4], the original motivation for studying this property was its 
connection to the work of Brown, Douglas, and Fillmore [2]. Since the publica­
tion of [2] the problem of studying extensions of arbitrary C*-algebras has 
been undertaken, and by the work of Voiculescu [7] and Choi and Effros [3] it 
is now known that the set of equivalence classes of extensions of a nuclear 
C*-algebra forms a group. Approximately finite C*-algebras are nuclear. 

A C*-algebra s/ is approximately finite if there is an ascending sequence 
s/i C j / 2 C séz C . . . of C*-subalgebras of stf such that eacli s/n is finite 
dimensional and U£=i S&n

 i s dense in se ([1] and [6]). If $ : se X I —> 
Së{^)llC€ is a *-homotopy with initial lifting < p : j / - > « ^ ( j f ) then 
$(*) = $\s/n X / is a *-homotopy with initial lifting <pn = ip\s/n. If it can be 
shown that for each n there is a *-homotopy ^ ( n ) : s/n X /—> 3§ (Jtif) such 
that ir^n) = $( '°, ^o(w) = <Pn and ^n+l)\s/n X I = *{n) then it follows that 
s/ has the C*-covering homotopy property. It is precisely this that will be 
proved. 

Now if sé is a finite dimensional C*-algebra then the Artin-Weclderburn 
Theorem implies that se is the direct sum of full matrix rings. Hence the case 
stf = Mn, the n X n matrices, is the subject of the first effort. 
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Define a collection of elements {e^- : 1 ^ i, j S n) in a C*-algebra se to be 
a collection of matrix units if 

a) etjekl = 0 for k -p* j , 

b) e*^* = c^, 
W 6ij = Cji. 

Notice tha t if stf — Mn and etj is the matrix with 1 in the (i, j) place and 
zeros elsewhere then {etj} is a system of matrix units for Mn. Also, if 
\eij : 1 ^ i, j ^ w} is a system of matrix units in se then there is a homomor-
phism of il/„ into sf. Moreover, it is easy to see tha t M„ has the C*-covering 
homotopy property precisely if pa ths of matrix units in 3S(^f),/Cé can be 
lifted to paths of matrix units in &($?). 

LEMMA 1. Let u : / —>êë(tâ')j{€ be a path of partial isometrics with U{) a 
partial isometry in 31 (M") such that TUQ = ti(0), and suppose p = u*u, 
q = ww*, and g< ^ p1- = 1 — p. If P , Q : /—> & (Jti?) are paths of projections 
such that TTP = p, TQ = g, Q S P x , P ( 0 ) = W E / o , and Q(0) = U0U0*, then 
there is a path U : I —> 3 (Ji^) of partial isometrics such that: 

TU = u, U*U = P , 

£7(0) = t/o, UU* = Q. 

Proof. Using the Bartle-Graves Theorem [5], there is a path A : I —> £$ (Jtif) 
such tha t irA = u and A (0) = U(]. By replacing A with QAP we may assume 
tha t A = QAP. Disregarding the trivial case, we may assume tha t p(0) 9e 0; 
t ha t is P 0 , and hence Q0, are infinité rank projections. If it is the case tha t A (/) 
is invertible for all / (so UQ is a uni tary operator) then by taking 
A = U(A*A)l/2 to be the polar decomposition of A, U would be the required 
path of unitaries. The remainder of the proof is devoted to overcoming this 
helpful but over restrictive hypothesis. 

Using Lemma 7 of [4], there are paths of partial isometries R, 5 
with R*R = Q, RR* = Ç(0), R(0) = Q(0), 5*5 = P ( 0 ) , 5 5 * = P , 5(0) = 
P ( 0 ) . If B = SUQ*R then B is a path of partial isometries with B*B = Q, 
BB* = P , and 73(0) = UQ*. 

If C = A + B + (P-1 - Q) then C*C = ^4*.4 + P x . Since P(A*A)P = 
4* .4 , it follows tha t |C| == (C*C)1 /2 - \A\ + P1-. Let ,4 = U\A\ be the mini­
mal polar decomposition of A. Note, A(t) = (7(/) |T(/)! and /—>|/1(/) | = 
[yl*/l (0 ] 1 / 2 is continuous, but / —* [7(0 is not necessarily continuous. (Indeed, 
if U were a path the proof would be finished.) Now for each time t, 
U*U(t) è P(t) and UU*(t) ^ Q(t) since QAP = A. Hence U + B + (P1- ~ Q) 
is a partial isometry and 

C = [U + B+ (P±- Q)]\C\. 

So if C = I'FjCj is the minimal polar decomposition of C then 

W*W £[U+ B + (P-L - (?)]*[[/ + B + (PL - Q)] 

WW* è[U + B + (P-L - Q)][U + B + ( P x - <?)]* 

and U + B + ( P x - Q) extends W7. 
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Let <5 > 0 be such t ha t for \s — t\ < 8, 

\\A(t) - A(s)\\, | | B ( 0 - B(s)\\, \\P(t) - P(s)\\, \\Q(t) - (3(5)|| < 1/12. 

Now C(0) = A(0) + 5 ( 0 ) + P(O)-1- - Q(0) = UQ + UQ* + P-L(0) - <2(0) 
is hermit ian and it is easy to check t ha t C(0)2 = 1 ; so C(0) is a self adjoint 
uni tary. If 0 S t S 8 then \\C(t) - C(0) | | < | < 1, so C(/) is invertible. 
Hence W(t) is uni tary and W = U + B + (P-1 - Q) on [0, <5]. Bu t P-1, Q, B, 
and W = C\C~l are continuous on [0, 5], so [/ must be continuous there. Also 
A(0) = C7o implies t ha t £7(0) = U»<mdu =v(A) = T(U\A\) = ir(U)ir(\A\) = 
ir(U)p = T(U)T(P) = T T ( [ / P ) = «-(£/). Also, on [0, 8] 

1 = w*W = U^U + P1-

1 = tf7W* = J7C7* + 1 - (2. 

So £/*[/ = P and ! / [ / * = (?. This defines the pa th [/ : [0, 8] -> @ (Jt?) with 
all the required properties. 

If K = U{8) - A(d) then K £ ^ . P u t Ax = Q\A + 2T|P and d = Al + 
B + (P-1 - Q). Now ^x(ô) = U(8) and Ci(5) = W(ô), a uni ta ry operator. 
If 8 ^ t S 28 then p ^ / ) - ^ (5)11 = \\Q(t)[A(t) - A(8)]P(t) + [Q(t) -

Q(8)]U(8)P(t) + Q(8)U(8)[P(t) -P(8)]\\<h Hence | |G(*) - W(5) | | = 
| |C i (0 - Ci(<5)|| < 1, and d ( / ) is invertible for 8 g * ^ 25. Let G - W i | G | , 
^4i = t/i|^4i| be the minimal polar decompositions; then U1(8) = U(8), 
Wi(d) = W(8), Ui*Ui S P , UiUi* g (?. As before Wi = Ui + B + (P1- - Q) 
on [8, 28] and so Ui*U = P , C/if/i* = Ç. Define U{t) = Ux{i) on [<5, 25] and 
this gives a continuous pa th U : [0, 28] —» & (Jif) of part ial isometries having 
the required properties. 

If # 2 = U{28) - A(28),A2 = (?|y4 + i£ 2 ]P, and C2 = 4 2 + B + {PL - Q) 
then the argument given above will result in an extension of U to [0, 35]. After 
a finite number of such arguments , U will be defined on I and have all the 
required properties. This completes the proof. 

Identify Mn with the subalgebra of Mn+i consisting of all matrices {atj) such 
t ha t 

an+itj = 0 = «i.n+i for 1 ^ i,j ^ n + 1. 

LEMMA 2. P ^ $ : lfw+i X 7 — > ^ ( J ^ ) / V 6e a *-homotopy with initial lifting 
<P : Mn+1^ & (J^). If Q : Mn X I ^ & (J^) is a*-homotopy sitch that Go = <p\Mn 

and TTG = $|ifn X I then there is a *-homotopy ^ : Mn+1 X I - » 3# (3tif) 
such that 

^o = <?, TT^ = $, awd ^ |M W X / = 0 . 

Furthermore, if P : 7 —> ^ {^f) is a path of projections such that P ( 0 ) = <£>(1), 
7rP(/) = $ ( 1 , / ) , and P ( / ) ^ 0 ( 1 , /) then ^ may be chosen such that 
* ( ! , / ) = P(t)for0 S t ^ 1. 
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Proof. Let {etj : 1 ^ i, j ^ n + 1} be the system of matrix units for Mn+i 

and pu t Etj(t) = e ( e „ , 0 for 1 ^ i, j ^ n, 0 ^ * g 1. If P : J - » J * p f ) is 
given as in the s ta tement of this lemma let Pn+\ = P — 2 ^ = i En. Notice t ha t 

P n + i ( 0 ) = ^(en + i ,w + i ) , 

7rPn+i(/) = $(£n + i ,n + i , 0 , 

n 

Pn+1 = 1 ~~ XI Eu-
i=l 

If P is not given, then Lemma 5 of [4] says tha t there exists a pa th of projec­
tions P n + i : I —>â§(<¥if) having the above properties. 

Now Lemma 1 implies there is a path U : / —> 3$ (Jtif) of partial isometries 
such tha t U(0) = <p(ei,n+i), irU(t) = $(ei>w+i, 0» U*U = Pn+1, and 
t / t /* = £ n . For 1 ^ k Sn let Efc,n+1 = £ f c f l£/; En+1>Jc = C/*EU; and 
Pn + i i W + i = Pn+i. I t is easy to check tha t {Etj : 1 ^ i,j ^ n + 1} is a collection 
of pa ths such tha t a t each time t they form a system of matrix units. At t = 0 
they equal {^(e^)} and wEtj(t) = $(etj, t). If ^ ( ( a i ; ) , /) = J^ij^ijPijiO 
then ^ has all the required properties. 

COROLLARY 3. M„ &as the C*-covering homotopy property. 

Proof. For n = 2 this amounts to combining Lemma 1 and Lemma 5 of [4]. 
The proof is completed by using the previous lemma to furnish the induction 
step. 

If fiy m ^ 1 then Mn 0 Mm will be identified with the subalgebra of Mn+m 

consisting of all matrices {aif) such tha t atj = 0 except possibly when 
1 ^ i, j ^ n or n + 1 ^ i} j ^ n + m. 

LEMMA 4. Le/ $ : Mn+m X /—> &(J^)/(é? be a *-hornotopy with initial 
lifting if : Mn+m —> &(Jlf). If se = Mn © Afm and rfeerg w a * -homotopy 
9 : j / X / -> ^ ( ^ ) such that 9 0 = ? | s/ and TTG = $ | j / X I then there is a 
*-homotopy V : Mn+m X I - » 3S (tf) such that 

^o = <£, TT^ = $, and ^ | j / X / = 6. 

Proof. Let {etj : 1 ^ i, j ?£ n -\- m] be the s tandard matrix units for 
Mn+m ; so 

/ n n+m \ 

For 1 ^ i, j ^ n and w + 1 ^ i, j ^ n + m let E0-(/) = Q(eij} t). 

Lemma 1 implies there is a path U : I —» & (Jtf) of partial isometries such 
tha t 17(0) = * f o + i , i ) , [/*£/ = E n , 1727* = Ew + i ,n + i , and wU(t) = $(e n + i , i , 0 
for 0 ^ / ^ 1. For n -\- 1 ^ i ^ n -\- m and 1 ^ j S n define 

E{j = EitTl+iUEij] 

Eif = EnU*En+lii. 
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It is an exercise to show tha t for each /, f£0-(7-) : 1 ^ i,j ^ n + m) is a 
system of matrix units in 38 {<#?) and ^((o ; 2 j ) , /) = ^ « ^ ( 1 ) has all the 
required properties. 

Let Jm denote an m X m identi ty matrix. Mn (g) Jm is identified with the 
subalgebra of Mnm consisting of all matrices (a,,) where 

OLij 0<-kn+ i.kn-rj 

for 1 S h j — w and 0 ^ & ^ m — 1. 

LEMMA 5. i > / $ : ilf„w X / —> 38 (,y^)/c6 be a *-hornotopy with initial lifting 
<p : il/w,„ -> J> ( J ^ ) . If s/ = M„ ® /,„ <md 9 : J / X / ~> 38 {Jtif) is a *-homo-
topy such that B0 = $\sé and TTG = 3>(J?/ X / //^n /fore exists a *-hotnotopy 
* : Mnm X I->&{<#?) such that 

^o = v?, TT^ = $, awrf tf|j/ X / = 9. 

Proof. Let | c u : 1 ^ z, /' ^ « w | be the s tandard matrix units for Mnm. If 

1 è i, j ^ w and 

m— 1 

7*J = Z-c ekn+i,kn+j, 

then { f?, ; 1 ^ /, j ^ w} is a system of matr ix units for s/ t h a t spans s4. 
Let o,- = Ca-_i)/)+iiU-_i)n+i for 1 ^ ^ m; so Ci + . . . + em = / n . By Lemma 
5 of [4] there are paths Eï} . . . , Em of projections in 38 (Jtif) such tha t £ \ J_ £ ; 
for £ ^ /, £,(()) - <*(*,), icEk(t) = *(ek, t), and (E, + . . . + Em){t) = 

e( /n, / ) . 
Let F f / ( / ) = B ( / f / , /) for 1 ^ z, 7* ^ n. If 1 ^ & ^ m and (& - \)n + 1 ^ 

p, q ^ kn then define EP(7 : I —» & (Jtif) by 

£p<7 = Ip-U-Dn ,lkf;I l,q-Vc-l)n' 

It is easy to check that U ^ ( 7 ) : (& — l)rc + 1 ^ p, q ^ kn, 1 ^ & g m} is 
a system of matrix units a t each time /, and each Ftj{t) is the sum of some 
collection of Evq(t). In this way a *-homotopy 6 ' : cf X I —> 38 {,'¥8) is ob­
tained where rf = iWw © . . . © lf„ = a/7 (a lV) in Mnm such tha t a 0 = 0 
except possibly when (k — \)n + 1 :§ z', 7 ^ &w for some k, 1 ^ k ^ m. 
Moreover, Q'\s/ X I' = 0, B (/ = <p|< ,̂ and TTB' = $|<f X / . By applying 
Lemma 4, the desired *-homotopy SF : Mnm X I -* 38 ($?) is obtained. 

If <f is a C*-subalgebra of Mn then a little thought and the fact tha t S must 
be isomorphic to the direct sum of full matrix rings yields the following. 
Representing Mn with a fixed orthonormal basis, 

<f = © Mki © © {Mlj ® / , , ) © 0 
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where the zero has dimension 

v Q 

Thus , if $ : Mn X / - ^ ( J f ) / ^ is a *-homotopy with initial lifting 
p : i l f n - * ^ ( J O and 0 : ^ X / - > « ^ ( ^ ) is a *-homotopy such tha t 
9 0 = (pl^ and 7r9 = <ï>|<̂  X / then the preceding lemmas imply tha t there is a 
•-homotopy V : Mn X I -* â# (Jtif) such tha t ^ 0 = <p, TT^ = $, and 

*|«f x J = e. 
Now suppose J^/i is a C*-subalgebra of the finite dimensional C*-algebra 

j / 2 and $ : j / 2 X I -* 3$ {tf)/W is a *-homotopy with initial lifting 
if : J / 2 - > ^ ( ^ ) . Let 9 : J / I X I-* & (tf) be a *-homotopy such tha t 

Go = <p| j / i , TTG = $ | j / i X i". Now j / 2 œ ilfwl 0 . . . © il/Wm and under this 
same isomorphism, J ^ i œ <̂% © . . . © <?m where <̂% is a *-subalgebra of 
Mwi . The preceding paragraph shows tha t G can be extended to a *-homotopy 
V : s/2 X / —> &(Jf) such tha t ir^ = $ and ^ 0 = <p. This proves the main 
result of this note. 

T H E O R E M . An approximately finite C*-algebra has the C* covering homotopy 

property. 
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