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Abstract

Bijective correspondences are established between the radical classes # (in a variety #” of rings)
with the property that a ring 4 is in # exactly when its finitely generated subrings are all in #,
and certain filters of ideals in a free # -ring. It follows that such classes are determined by the
polynomial identities satisfied by the finite subsets of their members. Analogous considerations
are applied to radical classes # which, for a fixed integer », have the property that a ring is in #
if and only if its subrings generated by at most n elements are in %.

Subject classification (Amer. Math. Soc. (MOS) 1970): 16 A 21.

1. Introduction

Throughout this paper we shall use a variety %~ of rings as our universal class,
and, on occasion, refer to #~ as the ‘universal variety’. In such a setting there are
several connections between radical classes, semi-simple classes and varieties
(that is subvarieties of #7). Specifically, it is known when a variety is a radical
class and when a variety is a semi-simple class (compare Gardner (1975), Theorems
1.4 and 1.5, respectively) and there is also some information available, at least
when ¥ is the class of associative rings, concerning radical classes which are
contained in proper varieties, that is whose members all satisfy some set of poly-
nomial identities (see Gardner (1977)). There is, however, a further way in which
polynomial identities can intervene in the description of a radical class. We illustrate
this with two examples from the class of associative rings (the first example has
much wider validity).

The nil radical class 4" consists of all rings such that every one-element subset
(or, equivalently, every finite subset) satisfies a polynomial identity x* = 0. The
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258 B. J. Gardner 2}

locally nilpotent radical class # consists of all rings in which every finite subset
satisfies a linear monomial identity x, x, ... x, = 0.

We shall investigate connections between radical classes like these and some
other properties of radical classes which we now define.

DEFINITION 1.1. A radical class # in # is called Jocal if it satisfies
Aef if and only if every finitely generated subring of A4 is in &.
A radical class 2 in %" is an n-radical class if it satisfies
A€ if and only if every subring generated by <n elements is in &.

Note that local and n-radical classes are strongly hereditary, that is closed under
formation of subrings.

Radical classes with these properties have been studied by Ryabukhin (1965)
and Stewart (1972a); & is an example of the first, A" of the second, for n = 1.
The properties are reminiscent of a characteristic of torsion classes of modules:
a torsion class is completely determined by the one-generator modules it contains.
Consideration of annihilators of elements leads to the establishment of a bijection
between torsion classes and certain filters of left ideals of the scalar ring. This was
first demonstrated by Gabriel (1962).

For 1-radicals, Ryabukhin (1965) established a result which is quite closely
analogous to Gabriel’s module result; he showed that with each 1-radical class one
can associate a certain filter of ideals in a free ring F; on one generator (and con-
versely). For each element a of a ring, the ideal of one-variable polynomials vanish-
ing on a is the kernel of a natural map from F, to the subring {a) generated by 4.
The filter associated with a 1-radical class # consists of all these ideals forac Ae®.

An attempt to generalize this result to n-radicals, utilizing filters of ideals of a
free ring F, on n generators comes up against the difficulty that the kernel of the
obvious natural map from F, to a ring <{a,,...,a,> generated by {a,, ...,a,} is not
the same thing as the ideal of polynomials vanishing on {a,, ..., a,}. It is however,
in a sense, the ideal of polynomials vanishing on the ordered n-tuple (a,,...,a,).
We find it profitable to establish a bijective correspondence between n-radical
classes and filters of these kernels and then show that, for an n-radical class 4,
a ring A4 belongs to # if and only if for every subset S of cardinality <n, the ideal
of n-variable polynomials which vanish on S is in the filter associated with %.

For local radicals, there are further complications; filters of ideals of a free
ring on N, generators are associated with radical classes, but these ideals have a
fairly tenuous connection with sets of polynomials vanishing on finite sets. However,
the filter-radical correspondences lead to a demonstration that local radical
classes are ‘locally equationally determined’, and it turns out that a local radical
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class is the same thing as a locally equational class in the sense of Hu (1973) which
is also closed under extensions.

Some applications of the results and methods of this paper will be presented in a
subsequent one.

We shall use the following notation

A<]B: Ais an ideal of B,
A<B: Ais asubring of B,
{ay,...,a,>: subring generated by {a,, ..., qa,}.

2. Local radical classes

Let F be a free ring (in some universal variety #7) on generators x;, x;, X3, ... .
We shall implicitly regard an element of F as a polynomial p(x,, x,, x5, ...) in all
variables.

DerFINITION 2.1. Let vy,0,,0;,...,0, be elements (not necessarily distinct) of a
ring in #". Let

I(v,, ...,v,) = {peF|p(v,,0,, ...,1,,0,0,0,...) = O}.

Note that I(v,, ..., v,) is associated with the ordered m-tuple (v, ..., v,,), rather
than with the set {v,, ..., v,}.

DEFINITION 2.2. A set ZF of ideals of F is called a radical filter if it satisfies the
following conditions.
(i) Je # implies that x, € J for almost all i;
(i) JeF, J= K<F implies that Ke F;
(iii) Je#, By, ..., Bo€F, neZ* implies that I(B, + J, ..., B,+ J)eF;
(iv) K<F, x;eKforalmostalli, Je #,I(j, +K, ...,j,+ K)e F forallj,, ...,j n€J,
and all meZ* implies that Ke &,

THEOREM 2.3. There are bijections between the collection of all local radical classes
in W and the collection of all radical filters of ideals in F, given by
R-F 4 ={Ia,,...,a)la,,...,a,c A, neZ*, Ac R};
F bRy ={A|la,,...,a)eF forall a,,...,a,c A, neZ™}.
PRrROOF. Let # be a local radical class. If a,,...,q4,€ 42, then x,€l(a,,...,a,)
for i>n and so F , satisfies (i).

If JeF 4, then J=I(a,,...,a,) for some a,,...,a,e6 AcR. The map f from
F to {ay,...,a,), defined by x,a,,...,x,Pa,, X,+,P0,Xx,+20,..., has kernel
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J, so that FjJ={a,,...,a,>€R. If now J= K<]JF, then
F/IK=(F|)/(K|J)={a,,...,a,0 R,
where a, =a,+f(K). Since {a,,...,a,y€R, we have Ia,,...,d,)eF 5. If yeKk,
then y(a,,a,,-..,4,,0,0,0,...) = f(y) e (K), so that
ya,,a,, ...,a,0,0,0,...) = y(ay, a,, ...,a,,0,0,0,...)+f(K) = 0,
that is yeI(a,, ...,a,). Conversely, for any pel(a,,...,a,), we have

ﬂ(al’ ~--aam0’090a )Ef(K)
and so
B(a,, ....,a,,0,0,0, ..) = f(§) = &Ga,, ..., a,,0,0,0, ...)

for some de K, whence f—del(ay,...,a,) = J=K and so feK. It follows that
K=1Ia,,..,a,)eF 4 and so F, satisfies (ii).
If JeF4 and B,,...,B,€F, let J=Ia,,...,a,) for some a,,...,a,eAcR.
Then as before F/J=<ay,...,a,,> < A€ and so F/Je#. But then
Bi+J,...B,+JeF/JeR,

so that I(B, + J, ..., B,+J) € F 4. This establishes (iii) for F 4.

Finally we check (iv). Let K be an ideal of F containing almost all x, and let
JeF 4 be such that I(j; + K, ...,jm+ K)eF 4 for all jj,...,jn€J. Now J+ KeF 4
by (i) (already verified) and so J+K = I(a,, ...,a,) for some a,,...,a,e AeR.
Consider the ring (J+ K)/K. It j,, ...,j,€J, then I(j, + K, ..., jm+ K) € F 4 and so for
some ¢y, ...,c,€ Ce R, we have

I, +K,...,jn+K)=Ic, ...,c).
But then

Got Ky oo jmt KOZFIG 4K, ..o jm+ K) = FlI(cy, ...y e)=eys . ) SCER.

Thus every finitely generated subring of (J+K)/K is in & and so (J+K)/Ke®A.
From the exact sequence

0—(J + K)/K—F|K~FJ(J + K)—0

{ay,...,a,y<AeR,

where the vertical line denotes isomorphism, we conclude that F/K e 2. By assump-
tion concerning K, we have F/K =<{x,+K,...,x,+K) for some reZ*, and
x;eK for i>r. Since F/Ke®R, I(x,+K,...,x,+K)eF4 Any polynomial
yel(x;+K,...,x,+K) can be written in the form §+pu, where é involves only
X4, ..., X, and every term of p involves at least one other x;. We have

0 = y(x, +Kk,...,x,+K,0,0,0, ...)= y(x,, ..., X,,0,0,0, ...) + K
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and also
u(x, +K,....,x,+K,0,0,0,...) = p(xy, ..., x,,0,0,0,...)+K,
since every term of u involves some x; with i >r. Hence
o(x, +K,...,x,+K,0,0,0,...) =0, thatis &(x,,...,x,,0,0,0,..)eK.

But 6(x,,...,x,) =3 and so deK. Since also p is in the ideal generated by
Xp4+15Xp425-.-» we have ue K. Thus y =5+ pueK and I(x, ..., x,) = K. Conversely,
if A€K, then A = p+ 0, where every term of ¢ involves an x; with i>r (and thus
g<K) and no term of p does. Then pe K and

p(x45..5%,,0,0,0,...) =pekK; oa(xy,..,x,,0,0,0,..)=0,

whence A(x,...,x,,0,0,0,...)eK, that is Ae I(x, + K, ..., x,+ K). We conclude that
K=1I(x+K,..,x,+ K)eF 4. F 4 therefore satisfies (iv) and is a radical filter.

We turn now to the reverse correspondence. Given a radical filter &, we wish
to show that # is a local radical class. This involves showing that £ 5 is a strongly
hereditary radical class containing every ring of which it contains all the finitely
generated subrings. We note (for we will need the fact below) that £ is clearly
strongly hereditary.

If L]4eR4 and a,, ...,a,€ 4, then

Ia+L,....a,+L)=2Kay,...,a,)eF,

and so I(a;+L,....,a,+L)e#, and thus A/LeRz. So R4 is homomorphically
closed.

Consider now a ring 4 with an ideal L such that L and A/L are in #4. Let
a,,...,a, be in A and consider the homomorphism F—<a,, ...,a,> given by x;a,
if i<n and x,;0 if i>n. We have the following commutative diagram with exact
rows:

0-<ay,...,a,yNLo{ay,...,a,0—{ay, ...,a,[{a, ...,a,yNL—0

(<al’ 3an>+L)/L

{ay+L,...,a,+L>

0-I(a,+L,...,a,+L)/Ka,,...,a,)~>F/la,,...,a,)~>F/l(a,+L,...,a,+L)—0,
where the vertical lines denote isomorphism. From this it follows that
I(a,+L,...,a,+L)/I(ay, ...,a,) =<4y, ...,a)NLKLER,.

By definition of #4, and the fact that #4 is known to be strongly hereditary, if
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Ay, dm€llay+L,...,a,+L), then Ka,+I(ay,....a,),....a,+1(a,,...,a,)eF.
Since I(a, + L, ...,a,+L)e #, defining condition (iv) for radical filters implies that
Ia,,...,a,)e%. This being so for all a,,...,a,€ A, we conclude that 4€Z4 and
2 zis closed under extensions

If a ring A has a chain {L,|0€®} of ideals in #4 and if b,,...,b,€{Jy Ly, then
by,...,b,€ some Ly and so I(b,,...,b,)eF. Hence |J4L, is in #5. We have now
proved that % is a radical class.

As noted, Z4 is strongly hereditary. If 24 contains every finitely generated sub-
ring of a ring 4 and if ag,,...,a,€A4, then a,,...,a,e<ay,...,a,>eRs and so
Ka,,...,a,)e% and thus A€ A#4. This means that #4 is a local radical class, as
asserted.

We conclude the proof by showing that the correspondences we have set up are
bijections. Let # be a local radical class. If a,, ...,a,e A€ X, then I(a,, ...,a,) € F 4,
50 A€R 5 4, that is Z< ... & 5 5. Suppose there is a ring Be.%’,a\.%. Since # is local,
we may assume B is finitely generated. Let B =<by, ..., b,> =F[I(b,, ..., b,). Since
BeRg, Fa contains I(by, ..., b,). But then I(by, ...,bn) = I(c,, ..., &) for some
¢y, x€CeR, whence BxF/I(b,,...,b,) =Fll(cy,...,cr)=cy,....,crrER—A
contradiction. Hence # = Z 4,

Finally, let # be a radical filter with Je#. Since J contains almost all x;, we
can write F/J = {(x,+ J, ..., x,+J)>. By condition (iii) for radical filters,

IB+J,....B,+J)eF

for all By,...,B,€F. This means that F/Je&. Hence I(x;+J,...,x,+ J)eF 4.
Arguing as in an earlier part of the proof, we can show that I(x,+ J,...,x,+J)=J
(using the fact that J contains almost all x;). Thus # S.% 4 . Conversely, if Ke F o,
then K = I(ay, ...,a,) forsomea,, ...,a,c Ac R,.Butif Ac R4, then l(q,, ...,a,)e F
and so Ke#. Hence & = F 4, and the proof of the theorem is complete.

We have now demonstrated a strong connection between local radical classes and
families of ideals of the free ring. These ideals, however, are not the ideals of
identities satisfied by finite sets, or even by ordered n-tuples; for instance, for any
ordered pair (a, b) of elements of a ring, we have x, x, x; € I(a, b), though clearly
x; x, x5 does not vanish on all two-element sets of all rings. Our next task is to
establish a connection between radical filters and the ideals of identities satisfied
by finite sets.

Let F, be the free ring on {x,, ..., x,} (a subring of F). Thus the elements of F,
are polynomials p(x, ..., x,).

DEFINITION 2.4. Let a,, ...,a, be elements (not necessarily distinct) of a ring in
W . Let

1,,(01, ~~"an) = {p =p(xl7 ""xn)EFnlp(al’ "',an) = 0}
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LeEMMA 2.5. For each n, let n,: F~F, be defined by

x; if i<n,
nn(xi) =

0 ifi>n
Then for every ordered n-tuple (a,, ...,a,) of elements of a ring in W we have
Kay,...,a,) = n; (I (ay,-..,a,)).

Proor. Every polynomial a € F can be written in the form f+7, where f involves

only x,, ..., x,, while every term of y involves at least one x; with i>n. Then
«(a,,...,a,,0,0,0,...) = B(a,, ...,qa,,0,0,0,.. )+ y(ay, ...,4,,0,0,0, ...)
= B(ay, ..., a,,0,0,0).
If acl(ay,...,a,), then Bel(a,,...,a,) and so n(x) = n,(B)el,(a;,.-.,a,). Con-
versely, if n,(a)e I (a,, ..., a,), then m (B) el (a,,...,a,) and so
B, ...,a,,0,0,0,..) = B@a,,...,a,) =0.

Thus fel(ay,...,a,) and so fcl(a,,...,a,).

Lemma 2.6. If Jy, ..., J,, are ideals in a radical filter %, then J,N...NJ € F.

PROOF. Let 2 be the local radical class associated with &#. Then J, = I(ay, ..., a;)
for some a,,...,a,e AR, and so F|J, = {a,,...,a. ) eR. Let {ay,...,a,>=B,.
Similarly, each other F/J; is isomorphic to a finitely generated ring B,e&. It
follows that F/J,N...NJ, is isomorphic to a subring of B,;®...®B,, and so
FlJin...nJ,eR. Now each J; contains almost all the free generators of F; so,
therefore, does J;N...NJ,, and we can write

FIT,n .0 =+ TN N gy oy X+ TyO 0T D,
Arguing as in the proof of Theorem 2.3, we see that
Jln"'n']m =I(xl-l-.]lf\...ﬁ.]m,...,x,,+Jln...ﬁJm)E.9_.

DErINITION 2.7. For a subset S of a ring in %, I(S) is the set of polynomials in
X, ..., X, Which vanish on S.

THEOREM 2.8. Let & be a local radical class with radical filter & . A ring A belongs
to R if and only if n; *(1(S))€F for every finite subset S of A and for everyneZ™.

PROOF. Let A4 be a ring satisfying the second condition and let a4, ...,a, be in A4.

If «=a(x,,...,x,)el,({ay,....a,}), then, in particular, a(a,,...,a,) =0, that is
I({ay, ...,a,)sI(ay,...,a,). By Lemma 2.5, we have
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Ka,,...,a,) = n; ‘I ay,...,a,)2n, ‘I (ay,...,a,)) eF.
By condition (ii) for radical filters, I(a,, ...,a,) € #. We conclude that 4 %.
Conversely, let A be a ring in £ and consider a finite subset S. It is easy to see
that
I(S) =N {I(ay, ....a)l(ay, ...,a,) €Sx Sx ... x S(n factors)}.
Thus
o HIUS) =N {my ‘T fay, - a))l(@y, ..., a,) €S X SX ... X S}
=N{l(ay,...,a)l@,....a)eSxSx...xS}eF
by Lemmas 2.5 and 2.6.

DEFINITION 2.9. For a subset S of a ring R, I*(S) is the set of polynomials which
vanish on S.

THEOREM 2.10. Let & be a local radical class, A a ring in W . Then Ac 2 if and
only if F/I*(S)e R for each finite subset S of A.

ProoF. If F/I*(S)e A, then
Fo[T(S) = FJ[F,nTX(S)] = [F, + TX(S))/I*(S)e R.

But F,/I(S)=n; \(F,)/n; {(I(S)) =F/n; }(I(S)) and so since =, *(Z,(S)) contains
almost all the x;, a by now familiar argument shows that n; 1(Z;(S)) € Z, the radical
filter associated with #£. By Theorem 2.7, A belongs to 4.

Conversely, if 4 is in £, then for every finite subset S of 4, we have, by Theorem
2.8, n; 1(I(S)) e F, the radical filter associated with #. Hence for some

b,,....,b,eBeR,
we have n; (1(S)) = I(b,, ..., b,,), so that
(Fp+ INS)THS) 2 F,[F,NIX(S)] = Fo/I(S) 2 F[n; (1) =<by, ..., bpy € R
For a finite set X of positive integers, let Fx be the free ring on {x;|i€ X}. Then
FxxF x|, (Fx +I*(S)/T*(S)=(F|x, + I*(S))/I*(S) and
FII%(S) = U{(Fx+T*S)/ITHS)|XSZ7,| X|<No}.

If R is a finitely generated subring of F/I*(S), then R<(Fx+I*(S))/I*(S) for some
X, and so Re . Since & is local, we have F/I*(S)e A.

DEerFINITION 2.11. (Hu (1973).) Let o be a class of rings in #” which is closed under
finite direct sums. E; () is the class :

{deWw| for every finite subset S of A4, there exists a ring Be &/ and a finite
subset T of B such that every polynomial identity of T is a
polynomial identity of S},
and & is called locally equational if E;(o) = .
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(The definition of E;(=) given by Hu is actually a little more complicated than
this since of is not required to be closed under finite direct sums. However, we
always have E (&) = E;(E;(«)) and locally equational classes are closed under
finite direct sums and so every such class has the form E; (&) for a class with this
closure property.)

THEOREM 2.12. The following conditions are equivalent for a non-empty subclass
Rof W.

(i) & is extension-closed and locally equational;

(ii) & is a local radical class.

PRrOOF. (i) = (ii): Clearly £ is homomorphically closed and strongly hereditary
(so in particular it contains, with any ring 4, all finitely generated subrings of
A). Let R be a ring which is the union of a directed set { R, |1 € A} of subrings, that is
R =J,R;, and if 4, u€ A, there exists pe A with R,=R, and R,=R,. If each
R, € 2, then every finite subset of R is in an #-ring and since £ is locally equational,
it follows that Re #. A special case of this situation occurs when R is the union
of an ascending chain of ideals, each in #. From this, and the fact that £ is
extension-closed, we conclude that £ is a radical class. Another special case occurs
when {R,|1€ A} is the set of all finitely generated subrings of R. From this and the
strong heredity of &, we conclude that £ is a local radical class.

(ii) = (i): Since 2 is closed under extensions and direct sums, we need only show
that 22 E;(AR). Let 4 be in E;(R) and let S be any finite subset of 4. Then there
is a ring Be # with a finite subset T such that every polynomial identity satisfied
by T is satisfied by S, that is I*(T) <= I*(S). By Theorem 2.10, F/I*(T)e £ and so
FII*(S)x(F/I*(T))/I*(S)/[I1*(T')) e #; by Theorem 2.10 again, S being an arbitrary
finite subset of S, we have Ae .

Locally equational classes are generalizations of varieties and so Theorem 2.12
is a generalization of the result (proved by Wiegandt (1974) for associative rings
and noted by the author (1975) in general) that a variety is a radical class if and only
if it is closed under extensions.

3. n-Radical classes

As before, for each positive integer n, we denote by F, a free ring (in #7) on
generators x,, ..., X,,.

DEFINITION 3.1. An n-radical filter is a set # of ideals of F, satisfying the following
conditions.
(i) Ke#, K< J<]F implies that Je Z#.
(ii)) Je &, B4, ..., B € F, implies that I, (B, + J, ..., B,+J)eF.
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(iii) K<F,, JeF, I,(G,+K, ....jo+K)eZF for all (j,,...,j)eJx...x J implies
that Ke #.
(Here I, has the same meaning as previously.) There is the same sort of connection
between n-radical classes and n-radical filters as between local radical classes
and radical filters. The relevant proofs closely parallel (and are often simpler than)
those of the corresponding results in Section 2. We therefore omit the details and
sumnarize the conclusions as follows.

THEOREM 3.2. The correspondences
R-{l(ay,...,a,)lay,....,a,€ AE R},
Fi(Alay, ...,a,€ A implies that I(a,,...,a,)eF}

define bijections between the collections of n-radical classes in W and n-radical
filters of ideals of F,, for each n. (Compare with Theorem 2.3.)

THEOREM 3.3. Let & be an n-radical class with n-radical filter &% . Then a ring
A belongs to R if and only if I(S)eZ for every subset S of A with |S|<n. (Compare
with Lemma 2.6 and Theorem 2.8.)

Note that for a set S with |S| <n, I(S) is effectively the set of all polynomials
vanishing on S. In the case n = 1, of course, there is no distinction between poly-
nomials which annihilate sets and polynomials which annihilate n-tuples. Thus
Theorem 3.3 with n = 1 is the Theorem of Ryabukhin (1965).

4, Examples and miscellaneous comments

Whenever it is a radical class (and for some choices of #” it is not, see Anderson
(1974)) the class of locally nilpotent rings is a local radical class. Some examples of
local radical classes of associative rings are given in Stewart ((1972a) and (1972b)),
for example, the class of rings in which every finitely generated subring is finitely
generated as a group, the class of rings in which every finitely generated subring
is artinian and the class of rings in which every finitely generated subring is anti-
simple. The precise relationship between the last-named and the classes of nil
and locally nilpotent rings is not known.

Let € denote the class of commutative associative rings and for a class " of
associative rings let 0% = {A|A is associative and has an ideal Je) with
A/Ic€%}. Freidman (1958) has shown that if # is a hereditary, supernilpotent
radical class of associative rings with the property that every ring which is the sum
of a directed system of subrings, each in £, is itself in &, then so is #0%. As a
special case, in effect, we have

https://doi.org/10.1017/51446788700012374 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700012374

[11} Local radicals 267

ProrosITION 4.1. If & is a supernilpotent local radical class of associative rings,
50 is Ro%.

Examples of 1-radical classes are: the class of nil rings (any #"), the class of
rings satisfying the identity x? = x (in any universal variety of power-associative
rings; (see Gardner (1975), Theorem 3.1); semi-simple radical classes of associative
ringe | see, for example, Gardner and Stewart (1975)).

It =5 easy to see that every l-radical class is an n-radical class, and every n-
radical class is a local radical class. On the other hand, the class of locally nilpotent
associative rings is an example of a local radical class which is not a 1-radical.
We have not given any examples so far of n-radical classes (n> 1) which are not
1-radical classes. Such things are a bit hard to get hold of, though we give a couple
of examples below. Before we do this, however, it is appropriate that we mention
another way of generating local radical classes.

ProposiTION 4.2. (i) Let ® be a set of polynomials in the free W -ring on one
generator x such that if p(x),q(x)e @, then p(q(x))e ®. Then

Ry = {AeW|ac A implies there exists pe® with p(a) = 0}
is a 1-radical class.
(ii) Let ¥ be a set of polynomials in the free W -ring on generators xy,x,,...
satisfying either
Pi(Xiq1, 1y -+ Xic1, )5 -3 Pl Xim, 1y3 -5 Xigm, m))s G Xy -5 X3,) €F
=‘I(Px(xiu, 1)s ""xi(l,nl)).’pz(xi(l,n1)+ TOR RO
p,,,(...,x,(l,,,,)+n2+ +n,,,)e‘I‘
or

PiXica, 1y o5 Xigt, ) - o> PuXigm, 1) -5 Xigm, m)s A Xi s -5 X3, ) €Y
=q(pl(xi(l,1)9 wees Xi(1, mp))s ""pm(xi(m,l)’ cees Xigm, o)) EP.
Then
Ry = {A €W | for every finite subset S of A there is a polynomial in ¥
which vanishes on S}

is a local radical class.

Proor. Everything is straightforward except possibly for closure under extensions
which is ensured by the conditions stated. We illustrate for the first case in (ii).
Let A4 be a ring with an ideal I such that I, A/I€ Zy, and let S be a finite subset of
A. Then there is a polynomial p = p(x;,,...,x;)e¥ such that every evaluation
of p in S produces an element of I. Thus there is a polynomial g = g(x;,, ..., x;,)e¥
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which vanishes on {p(s, ..., s,)|s1, ...,5,€S}. Then

q(p(xila "-’xi,.)’p(xi,.+ 1» ""xi,.+n)9 '“’p(xi,.+(m—2)n+ 1» ---,xi,.+(,,.— l)n))v

which is in ¥, vanishes on S and so 4 is in &,.

For example, when @ = {x"|n = 1,2,3, ...}, &, is the class of nil rings and when
¥ is the class of linear monomials, %y, for associative rings, is the class of locally
nilpotent rings. (The set of linear monomials satisfies the first condition mentioned
under (ii); the set of all monomials satisfies the second, and defines the nil radical
class.)

It is difficult to see exactly how, for n> 1, n-radical classes might be generated
by families of polynomials & /a Proposition 4.2. The obvious way is via families
A satisfying the condition

P1s--»Pmqg€ A implies that g(p,,...,p,) € A. *

Consider the class & of rings in which every subset of cardinality <n is annihilated
by a polynomial in A, and let 4 be a ring with an ideal 7 such that I, A/Ie%.
If a,,...,a,€A4 then p(b,,...,b,) €l for each (b,,...,b,)e{a,,...,a,};™. It is to be
expected that |{p(by, ..., b,)| (b1, ..., b)efay, ...,a,}'} >n in general and so there
is no guarantee that the set will satisfy a polynomial identity given by A. At the
same time, one can see how families of polynomials satisfying (*), for a finite
number (> 1) of variables, could easily contain the zero polynomial (consider,
for example, the family of two-variable polynomials generated by (*) from
X; X, — X, x,) and thus correspond to a trivial radical class.

Local radical classes (including n-radical classes with n>1) can be determined,
in the manner of Proposition 4.2, by sets of polynomials without any sort of
substitution-closure; we shall see some examples shortly. We first revert to con-
sideration of filters, however, to show that for n-radicals a kind of polynomial sub-
stitution-closure property is always involved.

PROPOSITION 4.3. Let F be an n-radical filter, J,Ke % . Let L denote the ideal of
F, generated by

{r(q1,....9)lp = p(x1, ... x,)€ J,qy, ..., € K}.
Then Le &#.

Proor. For any q,, ...,q9,€ K, pe J, we have p(q,, ...,q,) €L, so that
I(g.+L,....q,+L)y=2Je%#, whence I{q,+L,...,.q,+L)eZF.

It follows that Le #.

Now to the other examples. The 1-radical class %, of associative rings discussed
by Stewart (1970) consists of all rings for which every element satisfies an equation
x" = x. The family {x"—x|n = 1,2,3,...} is clearly not closed under composition.

https://doi.org/10.1017/51446788700012374 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700012374

(13) Local radicals 269

Another example: let #~ be the class of all Lie rings. Parfenov (1971) has defined
a local radical class in #~ as follows. Let p,,p,, ... be the polynomials defined by

Po(X1) = X1, P1(X1,X2) = X1 X3, ..y Ppi 1(X1, 00y X+ 1)
= pn(xb "-9x2"—1)pn(x2"9 ""x2"“)

and let &, called the class of weakly solvable rings, be the class of rings in which
every finite subset satisfies a p,; & is then a local radical class.

We now present some examples of n-radicals, with n> 1. The first of these is a
2-radical, based on an idea of Morse and Hedlund (1938).

ExAMPLE 4.4. Let * be a binary operation defined on the free # -ring F, on two
generators x;, x,. Let aq, by, a4, by, ... be the following polynomials:

ao = xl, bo = xz,
a, = X1%*X,, bl = X%X,,
a; = (xyex)%(x,%x,), by = (x2%x,)+(x x,),

Apiy = Ap(X1, X2) by(X1, X2),  bpiy = bylx1, X2) @,(%5, X3).
A straightforward induction argument shows that
ayim = au(a,b,) and b,.,=>b,(a,b,)
for each m,n. Now let
M, ={AeW|u,ve A implies there exists n with a,(u,v) = 0 = b,(u, v)}.

If a ring Ae# has an ideal Je .#, such that A/Ie.#,, let u,v be in A. Then for
some n we have a,(u,v), b,(u,v) € I. But then for some m we have

0= am(an(u’ v),b n(u’ V) = Guy (U, V)

and
0= bm(an(u’ U), bn(u, U)) = bn+ m(ua U),

whence it follows that 4 .#,. Thus #, is closed under extensions. It is straight-
forward now to complete the proof that .#, is a 2-radical class.

As a specific instance, take #~ to be the class of all associative rings and let
frg = fg*—g*f for all f,geF,. A fairly routine induction argument establishes
that none of the polynomials a,,b,, n=0,1,2, ... is zero and so F, ¢.4#,. On the
other hand, every one-generator ring is in .#,, so .#, is not a l-radical class.

It would be of interest to determine what .#, looks like when fxg = fg (for
associative and other rings): for associative rings it is properly larger than the class
of locally nilpotent rings and contained in the class of nil rings.
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ExampLE 4.5. For the class of associative rings, we define, for n=1,2,...,
the polynomials a,, b,, c,,d, as follows

Xy X2 " [an(xlaxz’xsaxt) bn(xl’xbx:hx4):|

X3 Xa Cu(X1, X2, X3, %4)  d(Xq, X3, X3,X4)

Let
P = {A|t,u,v,we A implies there exists n with a,(z, u,v,w) =0,
b (t,u,v,w) =0,c,(t,u,v,w) =0,d,(t,u,v,w) = 0}.

Although there is no obvious composition closure for the set of a,’s b,’s c,’s,
d.’s, 2 is in fact a radical class, and thus a 4-radical class, specifically,

A A
P=IA4 is nil }.
A A

It has been shown by Krempa (1972) that 2 is the class of nil rings if and only if
the answer to Kothe’s problem—do nil one-sided ideals always generate nil
two-sided ideals ?7—is affirmative. Clearly also £ is the class of nil rings if and only
if # is a 1-radical class. Thus we conclude that if Kothe’s problem has a negative
answer then £ is a 4-radical class which is not a 1-radical class.

ExAMPLE 4.6. By Freidman’s result quoted earlier in this section A 0% is a local
radical class of associative rings; in fact it is a 2-radical class. If A€ .4"0%, then
A/ A (A) is commutative, so its nilpotent elements form an ideal, /. But then
I = 0 and so #7(4) is the set of all nilpotent elements of 4, and all commutators in
A are nilpotent. Conversely, any ring satisfying these two conditions is in A4 0%.
Let A be a ring such that (a,b)> € A/ 0¥ for all g, be A. If ¢,d are nilpotent elements
of A, then ¢,de{c,d)> € 0% and so c¢—d is nilpotent. Also, for any r € A, we have
rc,crelc,rye #o¥ and so rc and cr are nilpotent. Thus the set of nilpotent
elements of A4 is an ideal. Finally, for each a,be A, we have ab—bac{a,b)c N 0¥
and so ab—ba is nilpotent. It follows that 4 40%, and thus that /0% is a 2-
radical class. It is clearly not a 1-radical class.

It would be interesting to know which 1-radical classes (and local radical classes
in general) are representable by families of polynomials as in Proposition 4.2
(or as in the examples just considered) and if there is any sort of uniqueness about
the representing families. We close this section with some examples of Proposition
4.2-type representations which possibly are a little unexpected.

For each n, let T, = T,(x) denote the Chebyshev polynomial of the first kind
of degree n. Then T, (T (x)) = T,,,(x) for all m,n (see, for example, Rivlin (1974),
pp. 1-5). The odd-degree T,’s have zero constant terms so we can consider, inter
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alia, the classes
% ={A|ac A implies that T (a) = 0 for some odd n},
%, = {A|ae A implies that T ,~(a) = 0 for some n}

of associative rings where p is an odd prime. It can be shown that # is the class
of 2-torsion-free, torsion nil rings, %, the class of nil rings with p-primary additive
groups. We do not know of any families of polynomials which determine either the
class of all torsion nil rings or the class of all nil 2-rings in this way.

5. The lower local radical construction

Every class (in every %") is contained in a smallest local radical class. We now
describe that local radical class. It is constructed in a manner which is reminiscent
of the construction given by Tangeman and Kreiling (1972) for the lower radical
class.

Let & be a class of rings which, in view of our aim, can be assumed to be strongly
hereditary and homomorphically closed. We define a class &, for each ordinal
a as follows

Z,1=%; Xyr1=%,0%,={A|there exists I<]4 with I, A/IeX,};
%, = {A|A is the union of a directed system of subrings from U,<s Z,}

if B is a limit ordinal.
THEOREM 5.1. The smallest local radical class containing ¥ is % ,.

Proor. We first show that each &, is strongly hereditary and homomorphically
closed. This is certainly true for &,. If some &, has these properties, consider a
ring AeX,,,; for some I<]4, we have I, A/IeX,. 1f B A, then BNI<I and
so BnIeZ,, while B/{(BND=(B+D/I<A/Ie%, and so BeX,0F = Xpsy. If
J<A, then (I+ J)/J=I[(INT)eX,, while A/(I+ J)=(A/DI+J/)eX,. From the
exact sequence

0TI+ D)/ J-A]|J-A[I+ J)-0,
we see that 4/JeX,,,. Thus %, , is strongly hereditary and homomorphically
closed.

If &, is strongly hereditary and homomorphically closed for each a<a limit

ordinal B, consider a ring 4€%. Let A be the union of a directed set {B, |peP}
of subrings from { J,<; &, . If C is a subring of 4, then

C=Cnd=Cn,B, =U, CNB,
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and each CNB, is in some &, and so C is in &. If K<]A4, then
A/K = [UB,)/K=UI[B,+K/K]

and so 4/Ke & ;. Thus each &, is strongly hereditary and homomorphically closed
and so |J, %, has these properties also.

If a ring A< ¥ has an ideal I such that I and A4/I are in | Z,, there are ordinals
7,0 with IeZ, AlleZ, But then A€ puy,50 L maxir.6) =L max(y.o)+1
and so |J %, is closed under extensions.

If a ring Ae# is the union of a directed system {B,|p€P} of subrings from
UZ,, let B, be in Z,, for each p. Then for any limit f which is greater than every
a,, we have A€, Thus |J %, is closed under directed unions. Arguing as in the
proof of Theorem 2.11, we conclude that | J %, is a local radical class.

Let & be a local radical class containing & = &,. I, for some limit ordinal g,
Z,SR forall a< B, let A be in Z. Then 4 = J,.p B, for some directed set of sub-
rings B, from earlier Z,’s and thus from £. If S is any finitely generated subring of
A then S< B, for some peP, so that Se#. Since # is a local radical class, it
follows that 4e#. Hence ¥3<#. The induction at non-limit ordinals being
straightforward, we conclude that | J %', <= #. This completes the proof.

ExaMPLE 5.2. For associative rings, the smallest local radical class containing all
commutative rings is £o%, where & is the class of locally nilpotent rings and ¢
that of all commutative rings. As noted at the beginning of Section 4, £Lo¥ is
indeed a local radical class. Let A be a nilpotent ring. Then there is a series

0= 1<, <Q...<1,<4

with zerorings as factors. Since zerorings are commutative, it follows that all
nilpotent rings belong to |J, <, %, so that ¥ =¥, and then Y04 =% ,0€, = €0+1-
Since ¥ = £ 0%, we conclude that # o is the smallest local radical class containing
<.

ExaMmPLE 5.3. Let 2 denote the class of zerorings (associative). Then & = &,
is the smallest local radical class containing 2.

It is worth noting that the lower radical class defined by a variety need not be
local—consider, for example, the variety of associative zerorings. Also, if & is
homomorphically closed and strongly hereditary, the smallest local radical class
containing Z also contains all rings A for which there exists a transfinite series

0= 104114 ...41, <1a+ IQ"'QAs

where I, . ,/1,€ & for each a and Iy = | J, <4/, when B is a limit. However, the radical
class need not coincide with the class of rings having such series: Ryabukhin (1968)
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has shown that the class of rings having series like this when & is the class of zero-
rings (associative) is properly contained in .&.
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