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ABSTRACT

We give a new proof of Faltings’s p-adic Eichler—Shimura decomposition of the modular
curves via Bernstein—-Gelfand—Gelfand (BGG) methods and the Hodge-Tate period
map. The key property is the relation between the Tate module and the Faltings
extension, which was used in the original proof. Then we construct overconvergent
Eichler—Shimura maps for the modular curves providing ‘the second half’ of the over-
convergent Eichler—Shimura map of Andreatta, lovita and Stevens. We use higher
Coleman theory on the modular curve developed by Boxer and Pilloni to show that
the small-slope part of the Eichler—Shimura maps interpolates the classical p-adic Eich-
ler—Shimura decompositions. Finally, we prove that overconvergent Eichler—Shimura
maps are compatible with Poincaré and Serre pairings.

1. Introduction

Let p be a prime number, A(OQ? the finite adeles of Q, Ag’ P the finite prime-to-p adeles, and
Z,, the ring of p-adic integers. Let C, be the p-adic completion of an algebraic closure of @),
and Gg, = Gal(C,/Q)) the absolute Galois group. From now on, we fix a neat compact open
subgroup KP C GLQ(A(E’ P). Given an open compact subgroup K, C GL2(Q,), we denote by

Y;Lg the modular curve over Spec @, of level KPK), C GLa(Ag) = GLa(Ag™") x GL2(Qp), and

by X?{lf its compactification by adding cusps. Let Y, and Xk, be the rigid analytic varieties
attached to the modular curves, seen as adic spaces over Spa(Qp,Z,) (cf. [Hub96]). Letting
D=X KP\YKp be the cusp divisor, we endow X, with the log-structure defined by D.

Given a fine and saturated (fs) log adic space Z and ? € {an, ét, két, proét, prokét}, we denote
by Z- its analytic, étale, Kummer-étale, proétale and pro-Kummer-étale sites, respectively (see
[Sch13] and [DLLZ23b)).

In [Fal87], Faltings described the Hodge-Tate decomposition of the étale cohomology (with
coefficients) of the modular curve Yy,. More precisely, let E be the universal elliptic curve over
Yk,. This admits an extension to a semi-abelian adic space E*™ over Xk, (cf. [DR73]). Let
e: Xg, — E*™ be the unit section, wp = €*Qp.. y the modular sheaf and T,E = lim E[p"]
the Tate module over Yk . We have the following theorem.

THEOREM 1.0.1 (Faltings). Let k > 0. There exists a Galois and Hecke equivariant isomorphism
Hi(Yig, e, Sym* T, E) ®q, Cp(1) = Hy (Xk,c, w5 ® Hoy(Xk, 0, w5 ) (K +1) (1)

called the Eichler—Shimura decomposition.
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The first result of this paper is a new proof of Faltings’s Eichler—Shimura decomposition
using Bernstein—Gelfand-Gelfand (BGG) methods and the Hodge—Tate period map. Our proof
is the proétale analogue of the BGG decomposition for the de Rham cohomology of Faltings and
Chai [FC90, Ch. 5 and Theorem 5.5]. Let us develop the ideas behind it.

Let X := lim XK be Scholze’s perfectoid modular curve and 7yt : Xoo — IP’l the

HodgeTate perlod map [Sch15]. The morphism 7wyt is GLa(Q))-equivariant, where we see Pb

as the left quotient of GL2 by the upper triangular Borel B. Let 7k, : Xoo — Xk, be the natural
map. We can see Xo, as a pro-Kummer-étale K-torsor over X,. We let 7% Xk, denote the p-adic
completion of the structural sheaf over X K,p,prokét- Let Zp(1) = h&nn ppn be the Tate twist and

ﬁXKp(i) the ith twist of ﬁAXKp. By [DLLZ23b, Theorem 4.6.1], T,E admits a natural extension
to the pro-Kummer-étale site of Xk, which we denote in the same way. From now on, we fix the
level K}, and write Y = Yk, and X = X, .

The map 7yt is defined from the Hodge—Tate exact sequence

~ \4 ~ -~
0 — wy' ®ay Ox(1) - TyE @z, Ox T wp ®oy Ox — 0, (2)

which is the variation in families of the Hodge-Tate decomposition for elliptic curves (cf. [Tat67]).
More precisely, let ¥ : Z2 — T, E be the universal trivialization over Xo; then (2) defines a line
subbundle of ﬁ?’i which induces the map mgr.

The GL3(Q))-equivariance of 7wyt recovers (2) from a short exact sequence of GLa-equivariant
sheaves over ]P’(l@p. Indeed, the presentation ]P’(bp = B\GL;y induces an equivalence between alge-
braic B-representations and GLs-equivariant vector bundles over P(bp. More explicitly, let V' be

a B-representation; then one defines the vector bundle V = GLy xBV = B\(GL2 xV), where
in the right-hand side term GLp xV, the group B acts diagonally. Let .# be a Kp-equivariant
sheaf over IP’ L we shall identify 7j;(#) with the pro-Kummer-étale sheaf over X K, obtained
by descent from the Kp-equivariant pullback over X,

Let T C B be the dlagonal torus and let Kk = (k:l, k) € X*(T) be a character. We denote
by Q,(x) the representation defined by s and consider it as a B-representation by letting the
unipotent radical act trivially. We say that k = (k1, k2) is dominant if k1 > ko. Given a dominant
character k, we let V,, = Sym* %2 St ® det*? be the irreducible representation of GLy of highest
weight x, and we denote by Vj « the associated pro-Kummer-étale sheaf obtained by descent
from X. Let W = {1,wp} be the Weyl group of GLy. We denote by .Z(x) the GLg-equivariant
sheaf over I%p given by B\(GLy xwq(x)). The standard representation St has a B-filtration

0 — Qp(1,0) — St — Q,(0,1) — 0. (3)

By construction, the pullback of (3) by mut is equal to the Hodge-Tate exact sequence (2). In
particular, (St ®ﬁ% )=T,F® Ox and mar(ZL(Kk)) = wg k2 ®cx ﬁx(k:Q) A natural ques-
tion arises, namely, howpto describe the pullbacks by myT of the GLs-equivariant vector bundles
over P(l@ We already know that the pullbacks of those vector bundles constructed from char-
acters of T are related to modular sheaves, and it remains to understand the GLs-equivariant
sheaves constructed from non-semi-simple representations of B.

Let ¢(B) be the ring of algebraic functions of B endowed with the right regular action;
note that any algebraic representation of B occurs in ¢(B). The presentation B =T x N as
a semidirect product gives an isomorphism 0'(B) = ¢(T) ® 0(N), where B acts on the first
factor by the right regular action of T, and it acts on the second factor under the formula
(n,b) > t, 'ntyny, with (n,b) € N x B and b = (t5,n) € T x N. We have the following theorem.
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THEOREM 1.0.2 (Theorem 4.1.2). Let 0(N) be the GLa-equivariant quasi-coherent sheaf over
IP’(bp associated to O(N). Let OBggrog be the geometric de Rham period sheaf of [Schl3]
and [DLLZ23b], and let OC,g = gr? OBgR,og be the Hodge-Tate sheaf. We have a natural
isomorphism of pro-Kummer-étale sheaves over X,

T (O(N)) = Ciog.
As a corollary one obtains the Eichler—Shimura decompositions.

THEOREM 1.0.3 (Theorem 4.1.4). Let x = (ki,k2) be a dominant character and set o =
(1,—1) € X*(T). Let BGG(k) be the dual BGG complex of weight k (Proposition 2.4.3),

0—V,—V(k) = V(wy(k) —a)—0.

We denote by BGG(k) the associated GLg-equivariant complex over P}Qp‘ Then the pullback of
BGG(k) by mar is the short exact sequence

0 — Sym" 2 T,E © Ox (k) — w2 @ €C105(k1) — w1 75212 @ 6T (ko — 1) — 0.
Furthermore, let A : X¢, prokét — Xc,,an be the projection of sites. Then
R\ (Sym* T,E ® Ox(1)) = wg" ® Cp(k + 1)[0] © wh?[—1].

Taking H'-cohomology in the analytic site of X¢ ,» we recover the Eichler—Shimura decomposition
of Theorem 1.0.1.

The proof of Theorem 1.0.2 follows from the isomorphism between Faltings extension
gr! @le_R,log and the sheaf T,/ ® Ox ® wg. This isomorphism was known to Faltings, and
used in his original proof of Theorem 1.0.1. Our new proof provides a more explicit definition
of the Eichler-Shimura maps in terms of cocycles and can be generalized to any Shimura
variety. Moreover, using this method, one easily deduces the degeneration of the spectral sequence
appearing in [Fal87], as well as its natural splitting using simple properties of the dual BGG
resolution. It is worth mentioning that the isomorphism between the twist of the Tate module
and the Faltings extension was used by Lue Pan in [Pan22] to compute the relative Sen operator
of the modular curve.

The second goal of this paper is the interpolation of the Eichler—Shimura decomposition
(1). The H%-map of the overconvergent Eichler-Shimura maps was previously constructed by
Andreatta, Iovita and Stevens in [AIS15]. The strategy followed in this paper is close to the
construction of the Eichler—Shimura map for Shimura curves in [CHJ17]. Roughly speaking, we
take pullbacks by myT of certain locally analytic sheaves over I%p. In this way, we interpolate
all the terms appearing in the Hodge-Tate exact sequence (2): we get overconvergent modular
sheaves whose cohomology is the object of study in higher Coleman theory developed by Boxer
and Pilloni [BP21, BP22]. The interpolation of the symmetric powers of the Tate module will be
given by locally analytic principal series or locally analytic distributions as in [AS08]. Finally,
the Hodge-Tate maps HT and HTY can be put in families, obtaining the dlog map of [AIS15]
as a particular case.

Let us sketch the main steps of the construction. Let n > 1 be an integer and let

7 7
Iw, = ( np Z)
p" Ly Zp

be the Iwahori group modulo p". From now on, we will take X = Xiy, . Let € > § > n be ratio-
nal numbers and (R, R") a uniform Tate algebra over Q, which we may assume to be sheafy
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(i.e. such that the pre-sheaf of rational functions in Spa(R, RT) is an actual sheaf). Let T' = T(Z,)
denote the Z,-points of the diagonal torus and x = (x1,x2) : T'— RT* a d-analytic character

(cf. Lemma 2/.\2.5). We let R®O x be the p-adically complete tensor product of R and the com-
pleted sheaf Ox. Given a character A : Z — R™*, we denote by R(A) the Gg,-module induced
by the composition Gg, Xoe, — L, 2 RX, Finally, we write Ox ()\) := R(\)®0x.

We begin with the construction of all the sheaves over IP’(};PP: for w e W = {1,wp} we define
a family of overconvergent neighbourhoods {Uy(€) Iwy, }e>pn of wlw,, in P(l@p. The affinoid spaces
Uw(€) Iw,, admit sections of the quotient map GLy — RlQp' In particular, the natural T-torsor
N\GLy — Pbp, where N is the unipotent radical of B, has a trivialization over U, /(¢€) Iw,. We
define a R@ﬁ%p line bundle .Z(x) in the analytic site of U,(e) Iw, in the same way we have

defined the line bundles .Z(k) for k € X*(T). Then we define the space of §-analytic principal
series of weight x to be the R-Banach space

A =T (Uwy (8) Iwn, Z(x))-

We define the J-analytic distributions Df( to be the continuous dual of Af( endowed with the weak
topology. The space A5 has a natural action of Iw,,, so that it defines a constant Iw,-equivariant

sheaf on IF’l We let A Y6t and Dx & denote the pro-Kummer-étale sheaves over X obtained by
descent from the topologlcal Kp-equivariant sheaves over X,
In Proposition 2.4.4 we construct maps

R(x) & Ai equivariant for the action of B(Zy) N Iw,,

A5 o —% R(x) equivariant for the action of wy ' B(Z,)wo N Twy,

with ¢ being the highest weight vector, and ev,,, the evaluation at wy. We prove that these maps
give rise morphisms of Iw,-equivariant sheaves

Z(wo(x)) — Ai@Qp 6"%? over Uy (€) Iw,,

_ (4)
Ai@@p ﬁ% — ZL(x) over Uy, (€) Iw,, .
p

The next step is to translate all the previous constructions to the modular curve X. We
start by defining the strict neighbourhoods of the w-ordinary locus { X, (€)}¢>n; they are equal
t0 7w, (M1 (Uw(€) Iwy,)). The second object we descend to X are the overconvergent modular
sheaves wy; they are R® O x-line bundles in the étale or analytic site of X, (¢). We refer to [BP21]
for the general construction of these sheaves. The dictionary provided by mpr then gives (see
Corollary 3.2.11)

(L (X)) = wh ® BOx (x2). (5)

We continue with the pullback of the d-analytic principal series and distributions, seen as
Iwy,-equivariant sheaves over P(bp. By definition one has ﬂﬁT(Af(@)ﬁ% p) = Ai’ét®ﬁ x (and simi-

larly for Df(). Finally, we pullback the maps (4) obtaining overconvergent Hodge-Tate maps of
pro-Kummer-étale sheaves

w0GHx (x1) 2o A, B6x over X (e),
A;ét@ﬁx L, WXB O (x2) over Xy (€)

(and similarly for Df(). Taking pro-Kummer-étale cohomology, one obtains the following theorem.
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THEOREM 1.0.4 (Theorem 4.2.2). There are overconvergent Eichler-Shimura maps

ESY —~
0 — HL(Xe,, o) (x1) =2 HL g (Xe,, A2 4 80x) 2245 HO (Xe,,w™)(x2 — 1) — 0
(6)

satisfying the following properties.

(i) The composition ES4 o ESY is zero.
(i) Assume that V = Spa(R, RT) is an affinoid subspace of the weight space Wr of T = T(Z,),
and let k = (ki,k2) € V be a dominant weight of T. Let a = (1,—1) € X*(T) and let x =
Y be the universal character of V. Then we have the following commutative diagram.

" BSY,
Hll,c(XCpawEO(X))E(Xl) *> Hproket(XCp7A t®ﬁx) 4> Hl(l))o(X(Cp7 xre ) (X2 - 1)

Hi (Xc, 0o e(ky) — H g (Xe,, AL (80x) — HY (X, wi™)e(ka — 1)

Cor Res

HL (Xe,, w2 (k) 55 HY e (X Vier) ® Cp 255 HO, (X, wist®) (ke — 1)

(iii) The maps of (ii) are Galois and U;—equivariant with respect to the good normalizations of
the Uz’i—operators. In particular, the above diagram restricts to the finite slope part with
respect to the U;;—action.

(iv) Let h < ky — ko + 1. There exists an open affinoid V' CV containing k such that the
(< h)-slope part of the restriction of (6) to V' is a short exact sequence of finite free
Cp®q, 0 (V')-modules.

(v) Keep the hypothesis of (iv), and let x be the universal character of V'. Let Y = x1 — x2 + 1 :
Ly — RY>, and b = d/dt|;=1X(t). Then we have a Galois equivariant split after inverting b

H o (X, AS @055 = [H] J(Xc,, 0= ()]s ® [HY, (Xc, w5t (x2 — Db,

Remark 1.0.5.

(i) The group HY(Xc,,—)e is the overconvergent cohomology and Hy, .(X¢,, —)e the overcon-
vergent cohomology with compact support around the w-ordinary locus of X (see [BP22]
and Definition 3.2.12 below).

(ii) A similar statement holds for the distribution sheaves D%
Eichler-Shimura map of [AIS15] is ESp.

(iii) We also prove the theorem for the proétale cohomology with compact support of Ax &t
and D5

(iv) Note that if kK = (k1, k) with k1 + 1 # ko (i.e. when the Hodge-Tate weights are not equal),
one can choose V' small enough such that b # 0.

Yéts i this case the overconvergent

We finish with the compatibility of the oveconvergent Eichler—Shimura maps (6) with the
Poincaré and Serre pairings. One can define a Poincaré pairing between the overconvergent
proétale cohomologies

<_7 _>P : Hproet c(YC DX et( )) X Hproet(Y(C AX et) ﬁ(vl> (7)
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where the left-hand side term is the proétale cohomology with compact support. On the other
hand, one also has Serre pairings between overconvergent coherent cohomologies

<_7 _>S : H’i},C(X7 ng(_D))e X Hg(X7w§+a)€ - ﬁ(vl)7

W, — W, (0% (8)
(= =)s s HY (X, w0 5 HY (X, w0 ¥ (=D)). — 6 (V).

We have the following theorem.
THEOREM 1.0.6 (Theorem 4.2.3).

(i) The Poincaré and Serre pairings (7) and (8) are compatible with the Uy,-operators and the
overconvergent Eichler—-Shimura maps.

(ii) Let Wr be the weight space of T = T(Zy), let V C Wy be an open affinoid and x the uni-
versal character of V. Let k = (ki,k2) € V be a dominant weight and fix h < k; — kg + 1.
There exists an open affinoid V' C V containing k such that the (< h)-parts of the pair-
ings (7) and (8) are perfect pairings of finite free C,&¢(V')-modules compatible with the
Eichler-Shimura decomposition.

The outline of the paper is as follows. In §2 we develop the overconvergent theory over the
flag variety. We define the affinoid subspaces Uy, (€) Iw,, and the sheaves .Z(x). We construct the
d-analytic principal series Af( and the maps (4). We recall some facts of the BGG theory for
irreducible representations of GLo; in particular, we define the dual BGG complex BGG(k).

Then in §3, we translate all the previous constructions from Pl to the modular curves
via mgr. We define the strict neighbourhoods of the w-ordinary locus ‘the overconvergent mod-
ular sheaves and the overconvergent Hodge-Tate maps. We give the good normalizations of
the Hecke operators and show that the Hodge—Tate maps are compatible with the normalized
Up,-correspondence.

Finally, in §4, we show how to obtain the classical Eichler—Shimura decomposition from
the dual BGG complex, proving Theorems 1.0.3 and 1.0.1, in the process we also prove the
theorem for the cohomology with compact support. Next, we construct the overconvergent
Eichler—Shimura maps and obtain Theorem 1.0.4. Finally, we show the compatibility of Poincaré
and Serre duality for the overconvergent Eichler—Shimura maps, obtaining Theorem 1.0.6.

Notation
Throughout this paper we fix a prime number p, we fix an algebraic closure of Q, and denote by
C, its p-adic completion. We will work with adic spaces over Spa(Qy, Z,,) which are either locally
topologically of finite type over a non-archimedean extension K of QQ,, or perfectoid spaces.
Let X be a log adic space over Qp,; we will work with the proétale and pro-Kummer-
étale site of X as introduced in [Sch13] and [DLLZ23a, DLLZ23b]. We denote by X+, with
? € {an, ét, két, proét, prokét}, the analytic, étale, Kummer-étale, proétale and pro-Kummer-
étale sites of X, respectively. A space without an underlying log structure will be endowed with
the trivial one. Fibre products are always fibre products of fs log adic spaces unless otherwise
specified (cf. [DLLZ23b, Proposition 2.3.27]).

Finally, we will denote by ﬁgj)

the uncompleted structural sheaves over Xk, and by
ﬁ)(:) their p-adic completion, omitting the index X if the space is clear in the context. Let V be
a topological Z,-module. By an abuse of notation we also denote by V' the pro-Kummer-étale
sheaf over X,k whose points at an object U are equal to the space of continuous functions

Cont(|U|, V'), where |U]| is the underlying topological space attached to U.
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2. Overconvergent sheaves over the flag variety

Let GLo be the algebraic group of invertible 2 x 2 matrices. Let B and T respectively be the
upper triangular Borel and the diagonal torus of GLg, and let N C B be the unipotent radical
consisting of upper triangular unipotent matrices. We also let B and N be the lower triangular
Borel and its unipotent radical, respectively. Let W = {1,wg} be the Weyl group of GLo. Given
n > 1, we let Iw,, C GLa(Z,) denote the Iwahori subgroup of level p™, that is, the subgroup of
invertible matrices (‘; g) such that ¢ =0 mod p"™. We let FL. = B\GLgy be the flag variety and
U its analytification to an adic space over Spa(Qp,Z,). From now on, we see all the previous
schemes as living over Q.

The goal of this section is to introduce a family of Iw,,-stable overconvergent neighbourhoods
of the Iwy-orbit of w € W in .#¢. Then we introduce some Iw,-equivariant line bundles which
play the role of the overconvergent modular sheaves over .#¢. Finally, we construct some weight
vector morphisms, which will be translated into the overconvergent Hodge—Tate maps over the
modular curve.

For future reference we make the following convention.

Convention 2.0.7. Let H be an algebraic group scheme over Spec Z,,. We denote by H° the rigid
generic fibre of the p-adic completion of H, and by H the analytification of the schematic generic
fibre of H (see [Hub96]). Given a rational number § > 0, we let H(J) C H® C H denote the open
subgroup whose (R, RT)-points are

H(0)(R,R") = ker(H(R") — H(R*/p’R")).
We call H(J) the d-neighbourhood of the identity in H.

It will be useful to introduce some particular open subgroups of GLo.
DEFINITION 2.0.8. Let € > ¢ be positive rational numbers.
(i) We let
GLo(€,08) == N(8) x T(6) x N(e) C GLs .
(ii) Suppose that § > n. The §-neighbourhood of Iw,, in GLy is the open subgroup
Iwp(0) :=Iwy, GLo(8) = GL2(0) Twy, .

We refer to Zw,(9) as an affinoid Iwahori subgroup of GLs.
(iii) Welet T', B, N, etc. denote the Z,)-points of T, B, N, etc. Let n > 1. We define the following
subgroups of T, N and N

_ (1+p"Zy 0 (1 p"Z, = 1 0

2.1 GLs-equivariant sheaves over the flag variety
In this subsection we fix notation for the representation theory of GLgs. Let X*(T) be the
character group of the diagonal torus; we identify X*(T) = Z? via the presentation

(Gp O
T = ( " Gm>.
A weight k € X*(T), written as k = (ki1, k2), is said to be dominant if k; > ko. We denote by
X*(T)™ the cone of dominant weights. Given k € X*(T)", we let V,; denote the irreducible alge-

braic representation of GLg of highest weight . Letting St and det respectively be the standard
and the determinant representations of GLg, explicitly one has that V, 2 Sym* %2 St ® det"2.
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Since FL = B\GLg, there is an equivalence between the category of algebraic representa-
tions of B and the category of GLs-equivariant vector bundles over FL. Explicitly, given W a
representation of B, one forms the GLs-equivariant vector bundle

W = GLy xBW := B\(GLy xW),
where in the right-hand-side term the group B acts diagonally.
DEFINITION 2.1.1. Let k € X*(T). We define .Z (k) to be the GLa-equivariant line bundle given
by GLy, xBuwg(k).
Remark 2.1.2. (i) The line bundle £(x) can be described in the following way. Let FL = N\GL,

be the natural T-torsor over FL and 7 : FL. — FL the projection map. Then 7.0 is endowed

with a left regular action of T. One can construct the line bundle £(k) as the following isotypic
component:

L(k) = 7 Opp [—wo(x)]
={f €m0 : f(tx) = wo(r)(t)f(x), for t € T}.
The previous description shows that
FL = Isom(6r,, £(0, ~1)) x Isom(Fr, £(~1,0)).
(ii) The convention on the weight is made such that, if x is dominant, then I'(FL, £(k)) is

isomorphic to V,; as a GLa-representation.

2.2 Overconvergent line bundles over the flag variety
In order to define the overconvergent line bundles we first need to introduce some affinoid
neighbourhoods of w € W.

DEFINITION 2.2.1. Let € > 0 be a rational number, w € W and w GLs(€) the e-neighbourhood
of w in GLy. We denote by Uy, (€) its image in ZV.

LEMMA 2.2.2.

(i) The collection {Uy(€)}e>0 is a basis of open affinoid neighbourhoods of w € Z{. Moreover,
we have a natural isomorphism

N(e)w = Uy(e).
(ii) The Iwahori subgroups admit Iwahori decompositions
Twn(€) = (NN (€) x (TT (€)) x (NN(e)).
(iii) Let € > § > n > 1. We have decompositions
GL2(€,0) Iy = (NN(0)) x (TT(3)) x (NnN (€)),
GL(€, O)wo Iwn = (NaN'(8)) x (T'T(9)) x (NN (€))wo.

Proof. The collection {U,(€)}e>0 is a basis of neighbourhoods of w since .#¢ is a locally spectral

space and (.o Uw(€) = {w}. The isomorphism U, (€) = N (e)w is obvious. Next we prove (ii);
part (iii) is proved in a similar way. It suffices to show the equality at (R, R™)-points, with
(R, R") a uniform affinoid Q,-algebra. By definition we have

Zy(1+pDy)  Zp+pDg, )
P"Zy+p Dy, ZX(1+pDf )/

va(0) = (
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where ]D)(l@p = Spa(Q,(T), Z,(T)) is the closed affinoid disc. Then

ZX(1+pRY)  Z,+ pRt
Ty (€)(R,R) = ( 2 ) L )
anp+peR+ Z;(l +peR+)

Let g € Zw,(e)(R, RT). Writing

. 1 T2 I 0 1 0
9= 0 1 0 T4 I3 1
and solving the equations, one finds x3 € p"Z, + p°R™, x1 and x4 € Z;(l +p*RY), and x5 €

Zy+ p*R™ which gives (ii). O

Remark 2.2.3. Let us identify ¢ = P@p by taking [0 : 1] € Pbp as the marked point, and where
GLs acts by

C

[x:y](a Z) oz + ey be + dyl.

Let T = z/y be the canonical coordinate and € = p~™. In the notation of [AI22, §4.2] we have
Urle) = Ugy = {le : ] € By, < [T/p"| < 1},
Us(€) = UL = ([ 9] € B, |1/(p"T)| < 1},

Lemma 2.2.4 describes the dynamics of the element w = diag(1, p) over .Z#¢. This action has
only two fixed points represented by the elements of W, and expands or shrinks neighbourhoods
of 1 and wy, respectively.

LEMMA 2.2.4. Let w = diag(1,p). The following assertions hold.

(i) Ui(e)w = Ui(e — 1) and Uy (€)w = Uyy(e+1).
(ii) Let e >n > 1. Then Uy (e)Iwy, w = Uy(e — 1) Iw,—1 and Uy, (€) Iwy, w = Uy, (€ + 1) N7

Proof. The proof follows from Lemma 2.2.2 and the computation

(0,2 D6 9)-(5 ) :

Let I' be a finite Z,-module. Abstractly, I is isomorphic to Z;@Ftor where s € N and
Tior C I is the torsion subgroup; we call such an isomorphism a chart of I'. Let V = Spa(R, R™)
be an affinoid adic space with R an uniform Tate Q,-algebra, and x : I' — RT* a continuous
character.

LEMMA 2.2.5 [Urbl1, Lemma 3.4.6]. Let ¢ : I' = Z) x I'yo; be a chart. There exists 6 > 0 such
that x extends to a character

X i (Zp +p"D,)* X Tior X V = G, (9)
We say that x is a d-analytic character of I" with respect to the chart .

Remark 2.2.6. In the following we will take I' = T', and we say that x is J-analytic if it extends
to a character of T'7 (6). Let 207 = Spf Z,,[[T']] be the weight space of T" and Wr its rigid generic
fibre, in practice we will take V = Spa(R, R") C Wy an affinoid subspace and x = Yuniv the
universal character over V.
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DEFINITION 2.2.7. Let e > >n > 1, w e W, and Tl = N\GL, the natural 7-torsor over FV.
(i) We define the following neighbourhood of w in .Z¢:

Uw(€,8) = N(0)\GLo(e, 5)w.

Let pr: ﬁw(e, 0) Iw,, — Uy(€) Iw,, denote the natural projection, Lemma 2.2.2(iii) implies
that pr is a trivial 77 (§)-torsor.
(ii) Let x : T — R* be a d-analytic character. We define the & 7® R-line bundle

L(x) = pr, O, (o 5 @R[~wo(x)]-
In other words, £(x) is the line bundle whose sections over U C U, (€) Iw,, are

LOOWU) ={f € Oz(pr™ (U)@R : f(tz) = wo(x)(t)f (x), for t € TT(5)}.
Remark 2.2.8. Let w = diag(1,p), ¢ = diag(p,p), and A = (w,c) C T(Q,). The natural map
T — A\@‘JE identifies Uy (e, d) with an open affinoid of the quotient, namely, the A orbit of
Uw(e,8) in ZU is the disjoint union
| | Uw(e.6)y.
yEA

By construction, the sheaves £(x) are independent of § and €. They fit in a U,-correspondence
as follows. Let w = diag(1,p) and consider the double coset Iw,, @ Iw,,. Then one has that

p—1
1 —a
Iwnwlwn:UIWn( >
a=0 0 p

Let us denote Uy, = (§ )
DEFINITION 2.2.9. We define the Up-correspondence of T (respectively, the normalized

Up-correspondence of A\%) to be the diagram

Lo 7t
V Xz (10)
F Tl

(respectively, for A\ﬁ), where %a = ﬁ, pil3, =idg, and p2|g, = RU;& is right multiplica-
tion by U, L
Remark 2.2.10. The correspondence (10) is equivariant for the natural action of Iw,, namely,

the group acts by right multiplication on the bottom spaces, and it acts on the disjoint union
|_|Z;(1) F as follows. Let v € Iw,, and a,a’ € {0,...,p — 1} such that

Upay € Iwn Upar.

Then, given x € F¢,, we define = -+ to be xy € Fl,. This action satisfies the following
properties.

(i) The map p; is Iwy,-equivariant.
(ii) The map py preserves Iw,-orbits, that /ivs, the composition |_|§;(1) T2, F/ Tw,, onto the
quotient stack® factors through ([_]g;(l) F) | Iwy,.

! By considering the quotient as a v-stack (see [Sch17]).
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The previous points show that we have a correspondence of stacks

(L= 70)/ Twy,

e T~ (11)

G / Tw, G [ Iw,
In §3 we will relate this diagram to the Up,-correspondence of modular curves.

The following lemma describes the dynamics of the correspondence on neighbourhoods of 1
and wy.

LEMMA 2.2.11. The following assertions hold.

(i) p2(p1_1(gw0 (€,6) Iwy)) 3~Uwo (e —1,6) Iwp.
(ii) pg(pfl(gl(e, )Iwn)) C Ui(e+ 1,6) Iwn,.
(iii) p1 (pz_l(gwo(e 6)Iwn)) C Uyl +1,6) Iwy,.
(iv) p1(py t(Ui(e,8) Twy)) D Up(e — 1, 6) Tw,,.

Proof. These assertions follow from the definition of the correspondence and Lemma 2.2.4. [
DEFINITION 2.2.12.
(i) Let x € X*(T). We define the Uy, .- and U}, ,-correspondences of .Z (k)
Upy i 32 (k) = piZ(x) and U, :piZ (k) — p32(X),

to be the maps constructed by taking (—wpg(k))-isotypic components of the structural
sheaves of diagram (10).
(ii) Let x be a d-analytic character of T. We define the normalized U,- and Uz’g—correspondences

of Z(x),
Up:p3.2(x) — piZ(x) and U} :piZ(x) — p5ZL(X),

to be the maps constructed by taking (—wo(x))-isotypic components of the structural
sheaves of the diagrams

5 ( (U (€ +1,8) Twy,)

N / \

Uw, (e +1,0) Iw,, wo (€,0) Twy,

(Ul( —1,6)Iwy)

/\

U(e—1,6)Iw, Uy (e, 0) Iw,

obtained from the normalized diagram (10) and Lemma 2.2.11.
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Remark 2.2.13. Let k be a classical weight. The relation between the classical and the normalized
Up-operators for £ (k) is given by the formulas

1 1
= K d t: ¢ I n
Up wo(m)(w*l)Up’ and U, wo(r) () Uy, over Up(e) Iwy,
1 1
b= WUWi and Ulf = ) U;H over Uy, (€) Iwy, .

2.3 Analytic principal series and distributions

In this subsection we introduce some non-archimedean spaces interpolating the finite-dimensional
representations of GLg. Let V = Spa(R, RT) be a uniform affinoid adic space over Q, and x :
T — R™* a §-analytic character.

DEFINITION 2.3.1. Let 6 > n.
(i) We define the d-analytic principal series of weight x to be the Iw,-module
Ai = F(Uwo (5) IWn7g(X))7
seen as a Banach space over R. Equivalently, we have that
Ai ={f :woIwp(e, o) — A}%\f(bwox) = wo(x)(b) f(wozx), for b € BN wofwn(e,(S)wal}.
(ii) We define the §-analytic distributions of weight x to be the continuous weak dual
D} = Hom% (A%, R).

Remark 2.3.2. It will come in handy to define lattices in the principal series and distribu-
tions, namely, let £ (x) = f*ﬁ[i]r (e8) I [—wo(x)], AT = DUy, (€) Iwn, LT (x)), and DST =

Homp+ (Affr, R™). The space NN (4) is a disjoint union of closed discs; in particular, &+ (NN(4))
is an orthonormalizable Z,-algebra. Let {e;}ic; be an orthonormalizable basis of 1 (NN (4)).
Using the Iwahori decomposition, one has isomorphisms of R*-modules

Af<’+ = @R+ei and Di"" = H Rte!.
icl icl
Remark 2.3.3. It is easy to compare the d-analytic principal series and distributions defined above

with those used in [AIS15]. Let x : T'— R be a d-analytic character written as x = (x1, x2)-
Consider the set Z,' x Z, endowed with right multiplication by Iw,, and left multiplication by Z.

We let Ai’:m be the space of functions f : Z)* x Z, — R satisfying the following conditions.

(i) flixz, extends to an analytic function of Z, +p5D<1@p.
(ii) f(tz) = (x1 — x2)(t)f(x) for t € Z; and x € Z; x Zy.

Note that Z, x Z, endowed with the action of Iw, and Z; is isomorphic to the quotient

1 0 7. 7 1 0
X — D P —
Zp x Ty (p"Zp ZS)\(J?% ZE) <an,, Zy >\IW”'

Thus, we have an isomorphism
5,4+ _ Ao+ X
AT = AV, @ (det)*2.

Remark 2.3.4. Let & > 8 > n. The inclusion Uy, (8') Iwy,, C Uy, (6) Iw,, induces maps Ay —
Ai,’Jr and Df(,’J“ — Di’+. Furthermore, let A\ffr be the completion of Aff in Af(l’+. Since the
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inclusion of affinoids above is strict, one has that
At =T Rtes
i€l
endowed with the product topology. Let ngbﬂL be the continuous RT-dual of ﬁff endowed with

the p-adic topology. Then the arrow ng* — ng+ factors through Di7b’+. Moreover, we have
that

St ~ + v
DX = @R €; -
el

The previous discussion shows that the directed (respectively, inverse) systems {Afg+}52n and
A%t s>n (respectively, Dot s>n and Dbt s>n) are isomorphic as systems of topological
X 16> X Jé> X >
R*™-modules.

For future reference we will prove a devisage of Af( and Df( in terms of finite Iw,-modules.
We need the following lemma.

LEMMA 2.3.5. Let (F,Op) be a non-archimedean field. Let H = Spa(A, A™) be an affinoid adic
analytic group over F, and Z = Spa(R,R*%) be an affinoid adic space topologically of finite
type over Spa(F,Of). Let © : H x Z — Z be an action of H over Z. Then for all N > 0 there
exists a neighbourhood 1 € U C 'H such that for all g€ U, z € Z and f € 07 (Z), we have

|f(2) = f(g2)] < IpI™.

Proof. As 07 (Z) = R is topologically of finite type over O, it suffices to prove the proposition
for a single f € RT. Let ©*: RT — (AT®0, RT)* be the pullback of the multiplication map.
Let V C H x Z be the open affinoid subspace defined by the equation

1@ f—0*(f) < Ip/".

As V contains 1 x Z and this is a quasi-compact closed subset of H x Z, there exists 1 € Uy C U
such that Uy x Z C V. Therefore, for all g € Uy and z € Z we have |f(z) — f(g2)| < [p|V. O

COROLLARY 2.3.6. Let s > 1. There exists an open subgroup H C Iw,,, depending on s, which
acts trivially on Aff /p®. In particular, we can write Ai’+ /p® as a colimit of finite R/p®[Iwy]-
modules (dually, we can write D;Sf/ps as a projective limit of finite R/p®[Iwy]-modules).

Proof. The affinoid group Zw,(d) acts on the space ﬁwo(& 0) by right multiplication. The
corollary follows by Lemma 2.3.5 since Aff is by definition an isotypic component of the
global functions of Uy, (d,d). Dually, consider the map fo — Di_l’Jr and define Fil* Di’+ =
Di’+ N psDifl’Jr. Then the quotients D%Jr / Fil® Di’Jr are finite R'/p5>-modules and the weak
topology of for is the same as the inverse limit topology (see [AIS15, Proposition 3.10])
é : ) . é
DY = lim D3/ Fil® DY*.
S
The corollary follows. O

DEFINITION 2.3.7. Let V be a Banach space over Q, and VT CV a lattice. We define the
completed tensor products

A8V = (lim AL /p* @V p) u and - DBV = (lim DY/ Fit' D* o V*/p') u |
S

S
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Next, let us explain how A‘;( and Df{ interpolate the finite-dimensional representations
of GLQ.

PROPOSITION 2.3.8. Let x € X*(T) be a dominant weight and § > n. There is a natural

Iwy,-equivariant inclusion V,, — Ai. Dually, there is a natural Iwy-equivariant surjective map
D) = VY =V y()-

Proof. The second map is just the dual of the first, and the arrow V, — A% arises from the global
sections functor applied to the inclusion Uy, (d) Iw,, C .#¢ and to the line bundle £ (k). O

Finally, let us briefly discuss the U,-correspondence of the principal series and distributions.
We let Ai@ﬁi z¢ and Di@@ z¢ be the constant Iw,-equivariant quasi-coherent sheaves over .#¢
induced by Af( and Df(. We have isomorphisms of & z-sheaves

~ N~ ~ ~ 1
4505 = DREGA) and D507 = (w005 [L]

icl icl p
By Remark 2.2.8 one can endow A‘; with an action of w commuting with Iw,, (dually, one can
endow Df( with an action of @ ~!). Moreover, the multiplication by = on Af( (respectively, Df()
factors through Af(_l (respectively, Df:“l) in accordance with Lemma 2.2.4. Using this action

and diagram (10), one defines maps

U pi(ASROz) — ps (A '@07) and Uy : p3(DIR07) — pi(DSM&07)  (12)

(see [AI22, §§3.5.2 and 4.5] for more details). We highlight that the previous Up-correspondence
is compatible with the maps of Proposition 2.3.8, after normalizing the action of @ and ¢ on V,
(see Remark 2.2.13 and the first remark of [AS08, §3.11]).

2.4 The dual BGG complex and the weight vector maps
Let W = {1,wp} be the Weyl group of GLy and BwoN C GLy the big cell. We have a
commutative diagram of torsors as follows.

BwoN —_— GL2

| | (13)

B\BuwyN —— FL

Let k € X*(T) be a character and .2 (k) the associated GLg-equivariant line bundle over FL
(see Definition 2.1.1). Recall that, if x is dominant, the global sections of £ (k) are isomorphic
to V.

DEFINITION 2.4.1. We define the (g, B)-representation V (k) := I'(B\BwgN, Z(k)), where the
action of (g, B) is induced by the right regular action on the big cell.

As a B-module, V (k) is a twist of the algebra of regular functions of IN. Indeed, there is an
isomorphism of affine schemes B\BwyN = N, and one has

Vk) 2k V(1) =2k O0(N), (14)

where the action of B =T x N on ¢(N) is induced from the map (n,b) — t, 'ntyn, for (n,b) €
N x B and b = (ty,np) € T x N.

Remark 2.4.2. The (g, B)-module V (k) is in fact the admissible dual of the Verma module of
highest weight —wg(x) (see §3.10 of [AS08]).
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Let k be a dominant weight. Taking the global sections of .Z (k) in the bottom arrow of
diagram (13), one obtains a map

Vi — V(kK).
Writing & = (k1, k2) € Z?, and G, = N via X — (§ §), the map of V, in V(k) is identified in
(14) with the inclusion Q,[X ]k, —k, C Qp[X] = O(N) of polynomials of degree at most ki — k.
We have the following proposition.

PROPOSITION 2.4.3. Let a = (1,—1) € Z> = X*(T) and let k = (k1,k2) be a dominant weight.
There is a short exact sequence of (g, B)-representations

BGG(k) : [0 = Vi, = V(k) = V(wo(k) — a) — 0]
called the dual BGG complex of weight k. As such it is identified with the short exact sequence

d _
(ﬁ)kl ko+1

0= £ ®Qp[X]<py—k, = £ ® Q[X] ————— (wo(r) — @) ® Q[X] — 0, (15)
where Q,[X] = O(N).
Proof. We have a weight decomposition of V' (k) with respect to T,
V(k) = @(H —na)Qp,
n>0

where (k —na)Q, is identified with x ® Q,X™ under the isomorphism (14). As Vj, is the irre-
ducible representation of highest weight «, it has a weight decomposition V,; = ®0§n§k1— ko (k —
na)Qp. This shows that V,, C V(k) is identified with the inclusion x ® Qp[X]<k, -k, C K ®
Qp[X]. As k® XM ~k2F1 has weight (wo(k) — @), the isomorphism of BGG(k) with (15) as
B-representations is clear. U

The representation V; has a B-filtration whose highest and lowest weight vectors are Q,(x) —
Vi and V,, — Qp(wo(k)), respectively. Taking the associated GLy-equivariant vector bundles
over FL, one finds morphisms ¥" : L(wo(k)) = O, @V, and Uy : Oz @V, — £ (k). In

—wo (k)
Propositions 2.4.4 and 2.4.5 we inteorpolate these maps on neighbourhoods of w € W.

PROPOSITION 2.4.4. Let € > § >n. Let (R,R") be a uniform Tate Q,-algebra and x : T =
T(Z,) — R** a d-analytic character.

(i) There is a BN Iwy(6)-equivariant map ¢ : R(x) — Af( (the highest weight vector map). It
induces a morphism of Iw,,-equivariant sheaves over Uy (€) Iw,,

\I’i‘go(x) 1 L (wo(x)) — Af(@ﬁm(e) Tw,, -

Dually, we have equivariant maps Df(—>R(—X) and \Pgwo(x)‘Di@ﬁUﬂe)lvvn_)

Z(—wo(x)).
(ii) There is a BN ZIwy,(0)-equivariant map evy, : Af( — R(x) (the lowest weight vector
quotient). Moreover, it induces a morphism of Iw,-equivariant sheaves over Uy, (€) Iwy,

A 035
\IIX : Ax®ﬁUwO(e) Iw, X(X)
Dually, we have equivariant maps R(—y) — Df( and \IIQ’V  L(—x) — Di@ﬁ[]wo(e) Tw,, -
Moreover, the morphisms of sheaves above are compatible with the Uy-correspondence (10).

Proof. 1t is enough to prove the statements for the principal series. Recall that Af( =
O (c 5)[—w0(x)], where one takes isotypic components with respect to the left regular action
'LUO b

of TT (§).
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(i) By Lemma 2.2.2(iii) we have an isomorphism of R-modules Ai ~ (NN (§)wp); this shows
that the NN (§)-invariants of A5 are isomorphic to the BN Zw,(d)-module R(x), and thus
provides the first arrow. The map \IJ (x) : L(wo(x)) — Ai@ﬁm(ﬁ) Iw,, is constructed from

the arrow R(x) — Ai via the presentation Uy, (€) Iw,, = BN Zw,,(0)\GL2 (€, §) Iw,,. Indeed,
one has that

L(wo(x)) = GLa(e, 8)wo Iwy, xPR(x) and AS@Oy, (¢ 1w, = GLa2(€, §)wp Iw, xPAS.
(ii) By Lemma 2.2.2 we have the presentation
Uy (€,6) Iwy, = NpN(6)\ (NN (8) x TT(8) x NN (€)wp).

Then a straightforward computation shows that the evaluation map evy,, : A‘;{ — R(x) is
BN Iw,(d)-equivariant. The arrow \I/;? : Ai@ﬁUwO (O Twn — Z(x) is just the natural map
induced by the global sections since Ai = F(Uﬂo(i) Iwy,, Z(x)). Notice that it factors
through the co-invariants of Af( by the action of N, N (9).

By definition of the Up,-correspondence, it is enough to show that the maps \IJ’:‘;\U/( and

0(X)
\Ilf are equivariant for the action of w = diag(1, p); this is clear since the multiplication by w
on Z(x) and Ai is induced by the right multiplication of @ on A\ (see Remark 2.2.8 and
Definition 2.2.12). O

PROPOSITION 2.4.5. Let k € X*(T) be a dominant character. There are commutative diagrams
of Iw,-equivariant sheaves

AV

W
305 1 Z(k) Z(wo(r)) —2% ASBO 7
T / _uo(h)\) T
Vi ® Oy Vi ® Om

A dual statement holds for D®. Moreover, these diagrams are compatible with the (normalized)
Up-correspondence (Definition 2.2.9).

Proof. The commutativity of the diagrams is obvious from the definition of the maps ¥4 and
\IJ’:XUYO(H) of Proposition 2.4.4, and the fact that \IJ!wO(H) and V¥, are induced by the invariants
and co-invariants for the action of N on Vj, respectively. The compatibility with the (nor-
malized) Up-correspondence follows from the fact that the (normalized) action of w on any of
the sheaves involved is induced by the right multiplication on A\% (see Remark 2.2.8 and

Definition 2.2.12). O

Remark 2.4.6. In [AI22, §§4.7 and 4.8] the authors define some filtrations attached to the sheaves
of modular symbols over the modular curves; it turns out that these can be constructed directly
from the flag variety. Indeed, Andreatta and Iovita use the formalism of vector bundles with
marked sections to define the filtrations (see [AI21, Corollary 2.6]), and the data of a vector
bundle with marked section lives over affinoid neighbourhoods of w € W. For example, let St
be the standard representation of GLo and St* C St its natural lattice, and let us denote by
e1, €z the canonical basis of St*. Over Uj(e) the natural map .£%(0,1) — St™ ®0y, () induces
an isomorphism £ (0,1)/p¢ = e1 ® O () / p°. Therefore, we have the data of a vector bundle
with marked sections (St™ ®0, (), £(0,1), e1). The previous discussion shows in particular that
the map of [AI22, Proposition 4.15ii.] is \IIQ.
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Following the work of Pan [Pan22|, there is a better way to study the filtrations above. Let
gly = gly, ® Oz be the constant Lie algebroid over .Z¢, and let n® C gl9 be the GLy-equivariant
line bundle whose fibre at a point = € % is n’(z) = LiezNx~!, that is, the Lie algebra of the
unipotent group fixing x. Then n is an ideal of gl9, and the natural action of n® on Ai@ﬁi z0
induced by derivations of gl9 defines the filtrations of Andreatta and Iovita.

3. Overconvergent sheaves over the modular curve

Let A(?f and Ag:p be the rings of finite and finite prime-to-p adeles of Q, respectively. From now

on, we fix a neat compact open subgroup K? C GLQ(Ag”p). Letting n > 0, we denote by I'(p"),
'y (p"™) and Ty(p™) the principal congruence subgroups

L'(p") = {9 € GL2(Zp) : g =1 mod p"},

Ty(p") = {g € GLa(Zp) : g = ((1) 4{) mod p”},

o) = {o € GLa(z) 9= (1) mod s},

Let K, C GL2(Q,) be a compact open subgroup. We denote by Y;}Lg and X?;f the affine and com-

pact modular curves of level KPK, over SpecQ, (cf. [DR73]). We let Y?&(pn), Ylalg(p”) and
Yoalg(p") be the modular curves of level KPI'(p™), KPT'1(p") and KPT'g(p"), respectively (and
similarly for the compact modular curves). We let Yx, and X, denote their p-adic analytifica-
tion to adic spaces over Spa(Qy, Z,) (see [Hub96]). We endow X, with the log structure defined
by the cusp divisor D = Xg,\YE, .

Let E28/ Y;}lpg be the universal elliptic curve and E&50 /X ?{lf its extension to a semi-abelian

1
Ealg,sm/Xalg

Given an integer k € Z, we denote by w% = wgk the modular sheaf of weight k. We define the
modular torsor to be the 7-torsor over X, defined by

scheme. Let e : X?éf — EA18S™M 16 the unit section and wgy = e*Q the modular sheaf.

Tnod = Isom(Ox,wg) x Isom(Ox,wp'). (16)

Let E[p"]/Yk, be the étale local system of p™-torsion points of the universal elliptic curve.
By [DLLZ23b, Theorem 4.6.1], the sheaf E[p"] has a natural extension to a Kummer-étale local
system over X, which by an abuse of notation we also write as E[p"]. We let T, E' = lim E[p"]
be the Tate module of E, seen as a pro-Kummer-étale local system over Xg,. Given a dominant
weight k € X*(T)", we let V¢t denote the pro-Kummer-étale local system over X, attached
to the K-representation V. We let RI'Lrost(Ye,, Vieet) and R progt,c(Ye,, Viess) respectively be
the étale cohomology and the étale cohomology with compact support of V 4.

3.1 The Hodge—Tate period map

Let Q7 be the p-adic completion of the p-adic cyclotomic field Qp(ppe). Scholze proved
in [Sch15] that the inverse limit X (p>) = lim X (p") has a natural interpretation as a perfectoid
space. Furthermore, he constructed a Hodge—Tate period map mpr : X (p>*°) — I%p parametriz-
ing the Hodge-Tate filtration of elliptic curves at geometric points; let us briefly recall how
it is constructed. The Hodge-Tate exact sequence is the following short exact sequence of
pro-Kummer-étale sheaves over Xg,

0—wp! @5 6(1) = TyE @z, 6 —wp @y 6 — 0. (a7
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On the other hand, the perfectoid space X (p>°) parametrizes trivializations of T,E. If 1 : Z; =
T, E denotes the universal trivialization of the Tate module, the pullback of (17) by v gives rise

a line subbundle of ﬁ;‘??po@) which defines the map 7yt : X (p*>°) — Fl = Pbp. Let us summarize

the previous discussion and some properties of gyt in the following theorem.

THEOREM 3.1.1 [Sch15, Theorem II1.3.18]. There exists a perfectoid space X (p>) over Q¢
satisfying the tilde limit property [SW13, Definition 2.4.1]

X(p™) ~ lim X (p").
n
Moreover, let [z : y] € Fl = Rl@p denote the projective coordinates of the projective space. There
is a GLa(Qp)-equivariant Hodge—Tate period map
T : X (p>) — F

such that for any open rational subset U of Uy = {[x : y|||z/y| < 1} or Usx = {[z : y]||ly/x| < 1}
of ¥, the inverse image Wﬁ%(U ) C X(p™) is an affinoid perfectoid subspace, and there exist
n > 0 and an open affinoid V,, C X (p") whose inverse image to X (p°) is equal to mp(U).

Another feature of the Hodge—Tate period map is that it encodes the modular sheaves
in terms of GLs-equivariant line bundles over .#¢. More precisely, letting St be the standard
representation, we have an exact sequence of B-modules

0— Qp(1,0) = St — Q,(0,1) — 0.
Taking the associated GlLa-equivariant vector bundles over .#¢, we have a short exact sequence
0—2(0,1) = Ste0z — £(1,0) — 0. (18)
Now the map 7wyt induces a GL2(Qjp)-equivariant morphism of ringed sites
T ¢ (X (0%)prokérs Ox) — (FL, O.z).

In particular, we can take pullbacks of GLa-equivariant € g-vector bundles over .#¢ to GL2(Q,)-
equivariant @x-vector bundles over X (p™°)proket-

Convention 3.1.2. Given a Kp-equivariant sheaf .# over .Z¢, we will identify 7ji(-#) with
the pro-Kummer-étale sheaf over Xk, defined by descent from the Kj-equivariant sheaf over
X(poo)prokét-

Remark 3.1.3. Essentially by definition, the pullback of (18) by myr is the Hodge—Tate exact
sequence (17). Our convention differs from that of [A122, § 4.3], where the pullback of the standard
representation by 7y is identified with the dual of T, FE.

Let k € X*(T)" be a dominant weight and V the irreducible representation of GLg of
highest weight . Treating V,, as a constant GL2(Q))-equivariant sheaf over .#¢, one has that
(Vi) = Vgt as pro-Kummer-étale sheaves. This implies that the pullback by 7yt of the

GLa-equivariant vector bundle V,, ® 04 is equal to V ¢ ® % x. Concerning the GLg-equivariant
line bundles over .#¢, one has the following result (cf. [CS17, Proposition 2.3.9]).

PROPOSITION 3.1.4. Let k = (k1,k2) € X*(T) be an algebraic weight and £ (k) the GLo-
equivariant line bundle over #{ of weight k. There is a natural isomorphism of pro-Kummer-étale
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sheaves over Xk,

mir(Z (5)) = Wi~ @0 (k).
Equivalently, let Ft = N\GLy and 7k, : X (p™°) — Xk,. We have an isomorphism of GLa(Q,)-
equivariant T -torsors over X (p*°),

miin(F0) = e, (Tmod) (—1,0),

where Tod(—1,0) is a Tate twist in the first component of the modular torsor (16).
Proof. We only need to show the isomorphism of torsors; this follows from Remark 2.1.2(i)
and the definition of the modular torsor. In fact, since the pullback of (18) is the Hodge-Tate

exact sequence, one has that m0(-£(1,0)) = wl ® Ox and T (Z0,1) =wi' ® ﬁA(l), and the
proposition follows since £ (k) = Z(1,0)®% @ £(0,1)®"2. 0

3.2 Overconvergent modular forms

Throughout the rest of this section we fix n > 1 and write Xo = X (p*°) and X = Xy(p"). Let
Tlw, : Xoo — X be the natural projection and mpt : Xoo — F = IP’(l@p the Hodge—Tate period
map. Let Y(;d = m71(Z4(Q,)) be the closure of the ordinary locus at infinite level [Schl5,
Lemma II1.3.6.], and X = Tw,, (Y‘;d) the closure of the ordinary locus of X.

Let Cc" C E[p"] be the canonical subgroup over X andwe W = {1, wo}. We let erd C
X denote the w-ordinary locus, that is, the ordinary locus where C:*" has relative position
w with respect to the universal subgroup H, C E[p"]. In other words, Y‘frd is the ordinary
locus where C5*" = H,, and Yz)rod the locus where C;*" N H, = 0. We can also write Yz)rd =
T (T (W Iwy,)).

Let e>n>1 and we W ={l,wg}. In §2.2 we defined affinoid neighbourhoods
{Uy(€) Iwp}esn of w e Z¢. By Theorem 3.1.1 their pullback to X is an affinoid perfectoid
arising from some finite level modular curve X, . Furthermore, as Tt (U (€) Twy,) is Twy,-stable,
we can take K, = Iw,. The previous discussion leads to the following definition.

DEFINITION 3.2.1. There exists a unique open affinoid subspace X, (¢) C X such that
T (Xu(€)) = iz (Uun(€) Tyv).
Remark 3.2.2. The following properties are deduced from Lemma 2.2.2.

(i) Xw(€') C Xy(e) is a strict immersion for € > e.
(ii) {Xw(€)}e>n is a basis of strict neighbourhoods of Yzjrd, namely, [

ord

>n Xuw(e) =X, -

The affine modular curve Y C X parametrizes triples (E, Hy,,1¥y) where E is an elliptic
curve F, 1y is some prime-to-p level structure, and H,, C E[p"] is a cyclic subgroup of order p™.
Let w = diag(1, p). In the following we study the dynamics of the U,-correspondence (cf. [BP22,

§5.3)).

DEFINITION 3.2.3. The U,-correspondence of X is the finite flat correspondence C' fitting into

the diagram
C
noN (19)
X X

and parametrizing tuples (E, Hy,,¥n, H') where (E, Hy, 1) defines a point in X, and H' C E|[p]
is a cyclic subgroup of order p such that H,, N H' = 0. We define py (E, Hy,, YN, H') = (E, Hy, ¥N)
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and po(E, Hy,, YN, H') = (E/H',H,,vy), where ¥ and H,, are the images of ¢y and H,, in
the quotient E/H'. Let 7 : p{ E — p4FE be the universal isogeny over C and 7" : p4FE — piE its
dual. For a subspace Z C X let us denote U,(Z) = p1(p, (Z)) and Ul(Z) = pa(pyH(2)).

The following lemma uses the same strategy as [AI22, §4.5]. Notice, however, that the
convention on myr differs (see Remark 3.1.3).

LEMMA 3.2.4. Let € > n. The following assertions hold.

(i) Uh(X1(e)) C Xi(e+1) and Up(X1(€)) D X1(e — 1) if e > n + 1.

(il) Up(Xuw(€)) C Xupy(e+ 1) and UJ(Xwy(€)) D Xuy(e —1) if e > n+1.

Proof. The perfectoid modular curve X, parametrizes triples (F, 1y, (e1,€2)) where E is an
elliptic curve, 1 a prime-to-p level structure, and (eq, e2) a basis of T,E. Let Coo = Xoo X xp, C.
The perfectoid curve Cy, parametrizes (E, vy, (e1,e2), H"), where (E, ¥, (e1,e2)) € Xo and
H' C E[p™] is a cyclic subgroup of order p such that (1) N H' =0 mod p. Write Co, =
Uaeﬂ?,, Coo,a, With Co 4 the locus where H' = (€3 + a€;). Note that the map p; : Cx g — Xoo
is an isomorphism for all a. We have a diagram

iz Cocn
y &
Xoo Xoo
with p1(E, 9N, (e1,e2), H') = (E,¥n, (e1,e2)) and pa(E, ¢, (e1,e2), H') = (E/H',{y, ((e1),
€2)), such that the restriction of ps to C 4 is given by éz = (1/p)(m(e2) + am(e1)) for 0 < a <p
lifting a. Let U, , := ((1) _pa). Composing with the Hodge-Tate period map 7wyt : Xoo — F£, we
have a commutative diagram of correspondences (see diagram (10))
P |—|a COO,CL D
1 2
/ J \ X
o0
(20)
i L=y Ly i
p1 b2
— T

where the map p2 o : #¥, — FLis the right multiplication by U, L Indeed, if ey, e is the canonical
basis of the standard representation of GLy we have that p3 ,(e1) =e; and pj ,(e2) = (1/p)
(e2 + aey). The lemma follows by Lemma 2.2.11 and the definition of the affinoids Xy,(e). O

F Fl

Remark 3.2.5. Taking Iw,-quotients in (20), one obtains the morphism of correspondences

C

e, F ) Tw,

where the bottom correspondence is that of (11). Therefore, the Up,-correspondence of X is simply
the pullback of the U,-correspondence of the stack ¢ / Iw,.

Let 7% C T be the affinoid bounded torus given by the generic fibre of the p-adic completion
of T. Let Ty,04,6 be the base change of 7yq to a 7T-torsor over the étale site of X. In order

1233

https://doi.org/10.1112/S0010437X23007182 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X23007182

J. E. RopricUuEz CAMARGO

to construct overconvergent modular sheaves we have to find refinements of the torsor Tq. It
turns out that the torsor 70,4 admits an integral reduction to an étale torsor.

—~0
THEOREM 3.2.6 [BP22, §4.6]. Let ¢ = No\gﬁg be the natural g[,g-equivariant TO-torsor over
FU. There exists an étale T°-torsor Tn?od & over X such that

0 —~0
Toodst =T X7 Tooqe and  miyp(F) = iy, (Tgoq,e) (-1, 0).
Remark 3.2.7. The existence of the integral torsor holds in greater generality for any Shimura

—~0
variety. The theorem follows from the fact that 7j; (¢ ) is a GL(Z,)-equivariant open subspace
of the twisted torsor 7y, (Zmod)(—1,0) over X, and it follows that this open subspace descends
to some finite level providing, locally étale on X, an integral trivialization of 70q.

The following definition is justified by the proof of Theorem 3.2.6 (see [BP21,
Proposition 4.6.12] or [BP22, Proposition 5.15]).

DEFINITION 3.2.8. Let €e>d0>n>1 and we W ={1,wp}. Consider the Iw,-equivariant
T7T (6)-torsor of Definition 2.2.7,

Uw(€,0) Iw,, — Uyl(e) Iw,, .

. . 0
The restriction of Tmod,ét

determined by the equality

to Xy (e) admits a reduction to an étale T'7 (J)-torsor Zpoq(0)

T (Uw(€,0) IWn) = Ty, (Zmod (0)) (=1, 0) (21)
as open subspaces of WET(%) = My, (7)(=1,0).

DEFINITION 3.2.9. Let (R,R") be a uniform affinoid Tate Q,-algebra, and x : T = T(Z,) —
Rt a d-analytic character. Let 07 1(5) be the algebra of regular functions of Ty,04(9), seen as
an étale Banach Ox-algebra over X, (€). The sheaf of overconvergent modular forms of weight
X is given by

Wi = 07,6 OR[—wo(x)]
={f €0z, ,5OR: f(tz) = wo(x)(t)f(z) for t € TT(5)}.

Remark 3.2.10. In [BP21, Proposition 4.6.15] it is shown that the torsor Zpeq(d) is trivial in a
finite étale covering of X, (). This implies that the étale sheaf w}, is locally in the étale topology
an orthonormalizable &x-sheaf, and equal to the pullback to the étale site of an & Xw(€)®R—line
bundle over the analytic site of X, (€).

From Definition 3.2.8 we deduce the following overconvergent analogue of Proposition 3.1.4.

COROLLARY 3.2.11. Let (R,R%) and 6 be as in Definition 3.2.9, and write x = (X1, X2)-
Let Xcye : GQp — Z; be the cyclotomic character and x2 o Xcye : GQp — R™* its composition

with ys. We set 5)(()@) = R(x20 chc)@@ﬁ x. There is a Galois equivariant isomorphism of
pro-Kummer-étale sheaves over X,,(€),

(L (X)) = W rzs, Ox (x2).

We can finally define the overconvergent modular forms and the overconvergent cohomology
classes appearing in higher Coleman theory. We refer to [Urb11] for the notion of perfect Banach
complexes and compact operators of perfect Banach complexes. See [Sta20, Tag 0A39] for the
definition of cohomology with supports in a closed subspace.
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DEFINITION 3.2.12. Let we W ={l,wp} and let .# be a sheaf over X,(€)an. Denote
Xw(> €) := Ugse Xw(€). We define the cohomology complexes

RTW(X, F)e == Rl an(Xuw(e), #) and RIy (X, F)c:= Rl (Xuw(e), 7).

an, X, (>e+1)

Set H)(X,.7) := HY(RT'(X,.#).) and H}, .(X,.7) = H'(RLy (X, F)c). When .7 = wj,, we
call HY(X,w})e and H&%C(X, wy)e the space of overconvergent modular forms and the
overconvergent cohomology with compact support of weight y, respectively.

3.2.1 Hecke operators. We end this subsection with the definition of the U,-operators for the
overconvergent modular forms. First, let us recall the definition for the classical modular sheaves.
Let X &~ C 25 X be the Up-correspondence. We let 7 : pJE — p5E be the universal isogeny
over C and 7V : p4E — piFE its dual. We denote by 7* : pswgp — piwg and . :p*{wgl — p’éwgl
the pullback and pushforward maps of 7 (respectively, for 7V). For a quasi-coherent sheaf .Z over
X we let Trp, : p; «pfF — F be the trace map of p;. Let k = (k1,k2) € X*(T) be a character of

T, and recall that we have made the convention wf, = wg ® wEkQ = wg_’”.

DEFINITION 3.2.13. The Hecke operator U, ,, acting over Ry, (X, w},) is the composition

(ﬂ.\/,*,—l)@kl ®(71-;1)®k2

5 Tr
RT o0 (X, W) SLE BN RT .0 (C, p3why) RTan(C, piwt) —% RTan(X,wh).

We define the U;;,,i operator by shifting the roles of p; and po, and by composing with the map
(W\/,*)®k1 ® (7-(*)®k2'

Remark 3.2.14. The U,, above is equal to the operator p~k U;?Cil"fb of [BP22|. Indeed,
(Vo) ®R — =k (@R and (771)®F2 = ()22 In other words, U;f"e = Uy, (0,—k)-

Let us explain the normalization of the Hecke operator U, of the previous definition. It
turns out that it is induced from the U, .-correspondence of the sheaf Z(x) over .F¥ (see
Definition 2.2.12(i)). Recall that the Hodge-Tate exact sequence

0—wy' ®Ox(1) > THE® O — wp® 0 — 0
is the pullback by 7yt of the exact sequence of GLg-equivariant vector bundles

0— Z(0,1) - St®0%m — £(1,0) — 0.

By the proof of Lemma 3.2.4, the Up-correspondence of X at level X, commutes with the
Up-correspondence of .#¢ defined in (10). Then the natural U,-correspondence of mjjp St @Oz =
T,E ® Ox_, induced by the GL2(Q))-equivariant structure of St is compatible with the natural
Up-correspondence of m;(£(0,1)) = wp' ® Ox._ (1) and 713+ (£(1,0)) = wp ® O, . But the cor-
respondence of T, F is just the natural isogeny = : pi(T,E) — p5(1,E) and we have the following
commutative diagram.

0 — pi(wp) ® Ox. (1) — p{(T,E) ® Ox,, — pi(wp) ® Ox,, — 0
0 —— ph(wp') ® Ox (1) — ps(T,E) ® Ox,, — pi(we) ® Ox,, — 0

Then the natural U, correspondences of wp ® O, and wy' ® Oy (1), defined by £(1,0) and
Z(0,1) respectively, are given by the maps

7 plwp — pywrp  and T, :p’{wgl ® Ox_ (1) — prEl ® Ox_(1).
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With the previous explanation in mind, we can now define the Up,-correspondence for the
overconvergent modular forms. We refer to [BP22, Proposition 5.8] for the details.

DEFINITION 3.2.15. Consider the Uj,-correspondence (19) and its restriction to the overconver-
gent neighbourhoods of qurd (see Lemma 3.2.4):

Py (X (e +1)) Pyt (Xi(e—1))

Xug(e+1) Xug(€)  Xi(e—1) Xi(e)

(i) We define the maps
Up : pswl — pjw)  and U; : plwp — prw,

to be the unique maps whose base changes to % x-modules coincide with the pullback by
maT of the Uy-correspondence of Definition 2.2.12(ii).

(i) The U, operator on RT'1(X,w})e and Ry, (X, w})c is the one induced by the map U,
above.

(iii) The Ug operator on RTy, (X,w})e and BTy o(X,w})e is the one induced by the map U;
above.

In order to state the classicality result we need to normalize the U,-operators.

DEFINITION 3.2.16. Let (R, R") be a uniform Tate Q,-algebra and x : ' — R be a §-analytic
character. Let x € X*(T). We define normalizations of U, and U}/:

1
];Up over R['1 (X, w})e,
d _
Ugoo =\U, over RI'y, o(X, wg)ev
e min{l—k1,—k2}Up7N over Rran(Xa wk),
1
~ut over Ry, (X, w§)e,
Ulﬁ’go‘)d = gt over R (X, w?}
P Lc( 7‘*)E)67

P mi“{lfkl’*’“2}(]}’;,€ over RT 'y, (X, wh).
We shall need the following classicality theorem for overconvergent cohomologies.
THEOREM 3.2.17 [BP22, Theorem 5.13]. Let k = (k1,k2) € X*(T) be an algebraic weight.
(i) The UEOOd operator has non-negative slopes on HY(X,wf)e and H}, (X, wf)e.

(ii) The U,ﬁ’gOOd operator has non-negative slopes on H (X,w?). and Hll’c(X7 Wh)e.

Furthermore, we have isomorphisms of small-slope cohomologies

rood
H?(X w%)gz%oo <ki—kz—1 _ HO (X wg)U§°°d<k1*k2*1
’ an ) ’
Hl (X wg)ggcmd<1+k2—k1 — Hl (X wg)UEOOd<l+k2—k)1
wo,C ) an 9 )
t,good t,good
0 U, <ki—ka—1 0 Up®o°°<ki—ko—1
Hwo(X’ wg’)ﬁp = Han(X’wg) P T
t,good t,good
1 U, <l+kz—k1 1 Uy 8% <1+ka—k
Hl,c(Xa WE)EP = Han(X7w27) b ek
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3.3 Overconvergent modular symbols
Let (R, R™) be a uniform affinoid Tate algebra over @, and x : T — R** a J-analytic character.
Let Af( and D‘S Hom R(A‘S R) be the principal series and distributions of Definition 2.3.1. These
are topological Qp-vector spaces, Af( being a Banach space and Df( endowed with the weak
topology. Consider the constant Iw,-equivariant quasi-coherent sheaves Ai@ﬁgg and Di@@ 70
over #¢, where the completed tensor products are as in Definition 2.3. .7. Their pullbacks by myr
are identified with pro-Kummer-étale sheaves Af( t®ﬁ x and D t®ﬁ x, where A5 & and DX &t
are the sheaves over X,;oks; obtained by descent from the Iwn—equlvarlant Constant sheaves over
X0 induced by the corresponding topological Iw,,-modules.

Before introducing the spaces of overconvergent modular symbols, let us define the proétale
cohomology with compact support.

DEFINITION 3.3.1. Let .# be a proétale sheaf over Y = Yy (p™), and let jprokét @ Yprost — Xprokét
be the natural morphism of sites. The proétale cohomology with compact support of .# is the
complex

RFprOét,C(Y(Cpa 9) = Rrprokét(X(vajprokét,!g)‘

Remark 3.3.2. Let jprogt @ Yprost — Xprogt be the natural morphism of sites and let I be a proétale
Zy-local system over Y. The proétale cohomology with compact support of L is usually defined
as RI'prost,e(Ye,, L) := R prost (Xc, s Jproet,) ). On the other hand, [DLLZ23b, Lemma 4.4.27]
implies that this cohomology can be computed in the pro-Kummer-étale site, that is, that we
have a quasi-isomorphism

RFproét (X(Cp s jproét,!L) = Rrprokét (X(Cp ) jprokét,!L)-

In other words, if % =1L is a proétale local system over Y. The cohomology with compact
support of Definition 3.3.1 coincides with the classical one.

DEFINITION 3.3.3. We define the overconvergent modular symbols as the cohomology complexes
RT broct (Y(Cpa AX et) and RT broet (Y(Cp, DX et)
We also define the overconvergent modular symbols with compact support in the obvious way.

Remark 3.3.4. By purity on p-torsion local systems [DLLZ23b, Theorem 6.4.1] and the devisage
of Afg+ and Di’Jr of Corollary 2.3.6, one has quasi-isomorphisms

RT proet (Ye,, A% ) = R proket (Xc,, A2 40,
RFproet(Y(C DX ét) = Rl'proket (XC DX ét)-
The primitive comparison theorem also applies for the modular symbols as follows.
LEMMA 3.3.5. Let ¢: D C X be the cusp divisor endowed with the log structure induced

by X. Let ¢ : Dprokét — Xprokés be the natura] morphism, and let It = ker(ﬁ>Jr — Ly ﬁ”’) be the

VRO 0F = A% @.7F . Furthermore, we have almost

ideal defining the cusps. Then (jprokét, nA bt

quasi-isomorphisms

X6t

R Lroket (X, s A )®0¢, =" R prokat(Xc, AP &0,

X6t X6t

(22)
RI‘prokét (Xijprokét,!A)é ét)®OC = Rrprokét (X(C AX et®j\+)‘

An analogous statement holds for the sheaf Dx -

1237

https://doi.org/10.1112/S0010437X23007182 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X23007182

J. E. RopricUuEz CAMARGO

Proof. We only give the proof for A% | the other being identical. By Corollary 2.3.6 we can

X,ét?

write A%F = Rlim (lim L; ;), where L; ; are finite Kummer-étale local systems over X. Then,
X,et —1 \—] a.] 5]

by the primitive comparison theorem for finite local systems, one has that

R hroket (X(Czﬂ Ai:t)@)(’)(cp =R @ hocolim; (RD ket (ch, Li,j) & O(Cp)

—a R@hocolimj(RFkét(ch, L;;®0%))
= Rrprokét (X(Cp? A ot ®ﬁ+)

X,€t

To prove the case of cohomology with compact support we need the following observation.
Consider the exact sequence of Kummer-étale sheaves over X,
0 = et Z/p° — Z/p® — tZ[/p® — 0.
Tensoring with ﬁ; and taking projective limits on s, one obtains the short exact sequence
Oﬂﬁﬂﬁ;ﬂb*ﬁpﬂ().

Therefore, tensoring with A>T one gets a short exact sequence

X,6t?

0— ALBIT - AVLBO; — AL 810h — 0. (23)

X6t

It is easy to see that (23) is the (completed) ﬁ;g—scalar extension of the short exact sequence

: s, 5+ 0+
0— ]prokét,!A -4 .6t 7 bxl *AX o — 0.

&0 =
AR, Moreover, the second almost equality of (22) holds after taking pro-Kummer-étale

X,€t
cohomology of the triangle (23), by applying the primitive comparison theorem for both X and

D (see [LLZ23, Theorem 2.2.1]). O

In particular, from the previous two short exact sequences one deduces that j,roket, 'Ax ot

Next, we define the Up-operators for overconvergent modular symbols. These are obtained
by pulling back the maps of (12).

DEFINITION 3.3.6. Consider the Up-correspondence C' of X. The U]t) and U)-correspondences of
Ai & and Di ¢ are the morphisms

Uzt; : pl(Ai &) = Up: pZ(Af( ¢) and Up: pz(DX &) — pl(Di,e‘c)
defined by the pullback of (12) by mpr.

We shall need the following classicality result (see [AS08, Theorem 6.4.1] and [AIS15,
Theorem 3.16]).

THEOREM 3.3.7. Let k= (k1,k2) € X*(T)" be a dominant weight. The maps D} — V_wo(x)
and V,, — A% induce isomorphisms of the (< ki — ko + 1)-slope part for the action of the
(normalized) U,-operators

1 1)
Hprokét (X(Cp’ D/{ 6t

1 Ul<ki—ka+1 ~ 5
Hprokét(X(CwVH,ét) pEMLITR2 Hrokét(X(Cp7AHet

)Up<k‘1 —ko4+1 ~ >~ HY )Up<k1—k2+1
b

prokét (X(Cp7 V—wo(n) ét
)U£<k‘17k‘2+1

A similar result holds for the cohomology with compact support.
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Remark 3.3.8. In [AS08], Theorem 3.3.7 is proved only for the cohomology of distribu-
tions. However, the same strategy works for the principal series and the cohomology with com-
pact support. In particular, the bounds of the classicality theorem are motivated by [ASOS8,
Theorem 3.11.1].

3.4 Overconvergent Hodge—Tate maps

We end this section with the definition of overconvergent Hodge-Tate maps interpolating
the morphisms HT* : Sym* TL,E® ﬁX — wE Qe ﬁX and HTFVY . wE Ry ﬁx(kz)
SymF T,FE® ﬁx.

DEFINITION 3.4.1. Let € > § > n, (R, R") a uniform affinoid Tate Q,-algebra and x = (x1, x2) :
T =T(Z,) — R a d-analytic character.

(i) We define the map of pro-Kummer-étale sheaves over X (e),
A, ~ S5
HT—UYo(x) ™) Opaoy Ox(x1) = A3 480X,
as the pullback of the highest weight vector map o wo(x) : L(wo(x)) — A‘S@ﬁ ‘71 Over
Ui(e) Iwy, C Z¢ by mur (cf. Proposition 2.4.4). We let HT?wo(x)
5)(( x1) be the dual of HTA v o)

(ii) We define the map of pro-Kummer étale sheaves over X, (¢),

HTZ : A2 80x — wf ® Ox(x2),

Xet®ﬁX_>w O(X)®

as the pullback by mgT of the lowest weight vector map Ai@ﬁ a0 — L (x) over Uy, (€) Iw,, C
FU. We let HTDV - wpX @ Ox(—x2) — DS &0x be the dual of HT.

LEMMA 3.4.2. The overconvergent Hodge—Tate maps of Definition 3.4.1 are compatible with
the Up-correspondences of Definitions 3.2.15 and 3.3.6. Moreover, they are compatible with the
normalized Up-correspondences of the sheaves V& for k € X*(T)" (see Remark 2.2.13).

Proof. The lemma is an immediate consequence of the definitions and Proposition 2.4.5 (see
Remarks 2.2.10 and 3.2.5). O

4. p-adic Eichler—Shimura maps

Throughout this section we fix a neat compact open subgroup KP C GLQ(AS’ P), and, given
K, C GL2(Qp), we let Y =Yg, and X = X, denote the affine and compact modular curves of
level K, respectively. We let D = X\Y be the cusp divisor. Let f : E™ — X be the semi-abelian
scheme extending the universal elliptic curve over Y, and E be its relative compactification to
a log smooth adic space over X (cf. [DR73]). We denote by DR (E) the relative log de Rham
complex of E over X, and by # := R! fan «(DRx(E)) the first relative de Rham cohomology
group. The sheaf z%filR is endowed with a log connection

Vi Hgg — %éﬁa Doy Ux(log)

and a Hodge filtration 0 — wg — t%de — wE — 0 with Fil° ,%”le = %ﬁlR, Fil! L%’aR = wg and
Fil? ,%”le = 0, satisfying Griffiths transversality. This last section is dedicated to the construction
of the Eichler—Shimura decomposition for the étale cohomology of the modular curves. We first
provide a new proof of Faltings’s Eichler—-Shimura decomposition of the cohomology of the local
systems V, ¢ (cf. [Fal87]). Our method uses the Hodge-Tate period map and the dual BGG reso-
lution of Proposition 2.4.3. Next, we use the overconvergent Hodge—Tate maps of Definition 3.4.1
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to define overconvergent Eichler-Shimura maps. We shall recover the results of [AIS15] as well
as a new map from the H!'-cohomology with compact support of overconvergent modular forms
to overconvergent modular symbols. Finally, we show that the overconvergent Eichler—Shimura
maps are compatible with the Poincaré and Serre duality pairings, and that, for small slope, we
have a perfect pairing.

4.1 A proétale Eichler—Shimura decomposition

Let k = (k1,k2) € X*(T)* be a dominant weight, V, the irreducible representation of highest
weight , and Vj; ¢ the pro-Kummer-étale local system over X defined by V. Let a = (1,-1) €
X*(T). Let us recall a theorem of Faltings.

THEOREM 4.1.1 [Fal87, Theorem 6]. There are Hecke and Galois equivariant isomorphisms

Hoie (Yo, Viet) ®2, Cp = Hh (X, , w0 (k1) @ HO (Xe,, 5t (ke — 1),

H rost.o(Ye,, Viest) @2, Cp = HL(Xe,, wit "™ (=D)) (k1) @ HY, (Xe,, wit® (—D)) (ks — 1).

P a;

Let IB%IR be the de Rham period sheaf of Xjokst, 0 : IB%;R — 5)( the Fontaine map, and
& € ker 6 a local generator of the kernel; we set Bygr := IB%IR[l/ﬂ. Let @BIRJog be the geometric
de Rham period sheaf and OBgR 1og = @BXR’I Og[l /€], we denote by OCj, the sheaf gro(@BdRJog).
We refer to [Sch13] and [DLLZ23a] for the definition of the period sheaves.

The main ingredient of our proof of Theorem 4.1.1 is an explicit relation between the Faltings
extension gr! @B:{Rbg and the Tate module T}, F. This arises naturally in the study of pullbacks
of GLsg-equivariant vector bundles of .%#¢ by mpr. Recall that FL = B\GLg, so that we have
an equivalence of categories between GLa-equivariant vector bundles over .%#¢ and algebraic
representations of B. Let ¢/(B) be the ring of algebraic functions of B endowed with the right
regular action; note that any finite representation of B occurs in ¢'(B). Writing B =T x N as
a product of the diagonal torus and its unipotent radical, one has that ¢(B) = 0(T) ® O(N).
The action of B on (T) factors through T, so that this ring can be decomposed in terms
of characters of the torus. By Proposition 3.1.4 we already know what the pullback by mygr
of the quasi-coherent sheaf associated to ¢(T) is; it admits an explicit description in terms of
modular sheaves. On the other hand, the action of B on ¢'(N) is determined by the right action
(n,b) — tb_lntbnb, wheren € N and b = (t3,n5) € B =T x N. Let (N) be the GLa-equivariant
quasi-coherent sheaf over .#¢ attached to O'(N).

THEOREM 4.1.2 ([Fal87, Theorem 5] and [Pan22, Theorem 4.2.2]). There is a natural iso-
morphism of pro-Kummer-étale sheaves over X,

T (E(N)) = ECrg.

Furthermore, let 0(IN)<! C ¢(N) be the subrepresentation consisting on polynomials of degree
at most 1. We have an isomorphism as B-representations 0(N)<! = St ®Q,(—1,0); in particular,
5 (C(N)S) = T,E @ Ox(—1) ® wg. Moreover, there is an isomorphism of extensions

0 — Ox(1) M5 TE® O ®wp —2— w2 ® Ox —— 0

I ! [

0—— Ox(1) —— gr! OBy — Ux(log) @ Ox — 0

where KS' is the Kodaira—Spencer isomorphism.
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Proof. 1t is enough to show the second statement, namely, that if 7jp(G(N)S) =T,E®
0(-1) ®wgp = gr' (B, log(—1), one has

OCiog = h_rr;Symk(grl @BIR,log(_l)) = hLQW;IT(Symk ON)=) = mip(O(N)).
k k

Let .# be a sheaf endowed with an integral log connection V; we denote by DR(Z, V) the log
de Rham complex of .%#. Let f: E — X be the compactification of the elliptic curve as a log
smooth adic space over X. We have a quasi-isomorphism of complexes over Epokét,

1,Gm ®2p BdR,E ~ TpGm ®2p DR(@BdR,log,E’ d) = DR(@BdR,logEv d)(1).
Taking R fprokét « one obtains by [DLLZ23a, Theorem 3.2.7 (5)] or [Sch13, Theorem 8.8]
ToE ® Bar,x = TpE ®; DR(OBR log,x, d) = DR(H @ OB4R 10g.x, V)(1). (24)
Let M:=T,E(-1) @ Big x = (T,E(=1) ® OBy 1, x)¥—* and Mo = (g ® OBig 1, x)¥ -

Both My and M are IB%:{R -lattices of T,E(—1) ® Bqr,x. The Hodge filtration of j‘fjilR is
concentrated in degrees 0 and 1, and is equal to

0 — wp — K — wg' — 0.

This implies that ¢M C Mo C M, and that (Fil'(#R ® OBJg 0, x))V " = (M. Then
Proposition 7.9 of [Sch13] implies that

Mo /EM = g’ #s © Ox = wi' © O,
M/My = gr' s © Ox(—1) = wp ® Ox(—1).
In particular,
0 — EMy/E2M — EM/E2M — EM/EMy — 0

is just the Hodge-Tate exact sequence of T,FF ® é’\X (note the multiplication by & induced by
the Tate twist in (24)), and

0 — EM/EMo — Mo/EMo — Mo/EM — 0

is the Hodge exact sequence of fffﬁg ®0 X-
Consider the map of short exact sequences

0 M M® @B(—;R,log,X 1 Me ng,log,X ® Q) (log) » 0
| | | (25)
0 My Mo ® OB 1o x —— Mo ® OBl 1o,y ® 2k (log) —— 0

and let 6 : @BIR log.X ﬁx be Fontaine’s map.
Taking the first graded piece in the upper short exact sequence, one finds

M® (ker é) i M® @BIR,log,X

M ® (ker 6)2 M ® (ker 6)

Since EM C M, taking the intersection with the image of the lower short exact sequence in (25),
one obtains a short exact sequence

_ &M Mo® (ker 0) + EM® OBy 1o, x v, Mo © OBy 1og, x
£2M My ® (ker 5)2 + &M ® (ker 5) My @ (ker 9~) + M ® @B(—;R,log,X

0 — EM/EXM — ® Q% (log) — 0.

0

® Q% (log) — 0.

(26)
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1

The quotient term of the short exact sequence (26) is equal to My/éM ® Q% (log) = wz' ®

Qﬁ( (log) ® o x. The middle term of the short exact sequence is equal to
gr' (Hyp © OBiR 1og.x) = WE @ Ox dwp' @ gr' OBiR 1og.X -
Note that the restriction of V to wg ® 7% x 1s the Kodaira—Spencer map by definition. Indeed, if
VA — A ® Q% (log) is the connection, taking the first graded piece we get the map
KS:wp — wp' @ Q% (log).
Therefore, we have constructed a short exact sequence

HT @« KSaV

O—>TE®5’\X —— wg ®ﬁXEBwE ® gr @BdeOgX—>w§1®ﬂk(log)®é’\x—>0.

Thus, as KS is an isomorphism so is «, and we have a commutative diagram

0*>w51®5x(1>H—Tv>TpE®ﬁX HT wE®ﬁx—>O

! ! e

0 —— wp' ® Ox (1) — wy' ®grt @B%QLRJ%X SN wi' ® QL (log) ® Ox — 0

which finishes the proof. O

Remark 4.1.3. The previous proposition is the key tool necessary to compute the relative Sen
operator for the modular curve in Pan’s locally analytic vectors (cf. [Pan22]).

We deduce the Eichler-Shimura decompositions for the local systems V ¢;.

THEOREM 4.1.4. Let a = (1,—1). Let k= (ki,k2) € X*(T)* be a dominant weight and
BGG(k) the BGG complex of Proposition 2.4.3:

BGG(k) : [0 = Vit — V(k) = V(wg(k) — o) — 0].

Let BGG(k) be the GLg-equivariant complex of sheaves defined by BGG(k). We have a quasi-
isomorphism of complexes over Xprokét,

Thr(BGG(r)) = [0 — Vi, ® Ox — wit™ © GC1og(k1) — Wit™ @ ECigg(ka — 1) — 0.

Moreover, let A\ : Xc,, prokét — Xc,,an be the projection of sites. Let v : Dprokst — Xprokés be the
natural morphism, and .7 = ker(ﬁx — L*ﬁD) We have

B\ (Vier @ Ox) = 0™ @ Cp(k1)[0] @ W™ ® Cplka — 1)[—1],
RA(Vegr ® Ix) = wp™ (D) ® C(k1)[0] @ ™ (~D) ® Clka = 1)[~1].
Then, taking the H'-cohomology over Xc,,an; one obtains Theorem 4.1.1.

Proof. Note that V (k) = k ® V(0) as a B-module, thus the first part of the theorem follows from
Theorem 4.1.2 and Proposition 3.1.4. On the other hand, by [DLLZ23a, Lemma 3.3.2] we know
that RA\,OCoe = @’ch and R, (OCiog ® 14 ﬁAD) = 1+Op, in particular that R\,(0Cpe ® j\) =
O(—D). Therefore,

RA(Vigr ® Ox) = [0 @ Cpllr) — Wit @ Cplly — 1)],

(27)
RM (Ve ® ) = [wp™ (D) @ Cylkr) — wi™(=D) @ Cplh — 1)),

But the arrows of (27) are 0 since the sheaf wzo(ﬁ) ® Cp (k1) already factors through Vj ¢ ® Ox
via HT\iwo(H) : wo(ﬁ) ® ﬁX(lﬁ) — Vet ® ﬁx. The theorem follows. O
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Remark 4.1.5. In [LLZ23|, Lan, Liu and Zhu gave another proof of the Eichler-Shimura
decomposition for arbitrary Shimura varieties (also called BGG decomposition; see [LLZ23,
Theorem 6.2.3]). Their proof uses the p-adic Riemann—Hilbert correspondence and the BGG
decomposition in terms of Verma modules; they then apply Faltings’s strategy to construct a
complex of D-modules quasi-isomorphic to the de Rham complex of the corresponding vector
bundle with connection. In our situation, we use the dual BGG decomposition and the associated
GLs-equivariant sheaves over .#¥ instead. Our key ingredient to compute the proétale cohomol-
ogy of Vi ® o 'x is Theorem 4.1.2, which serves as a dictionary between vector bundles over .#¥
and Ox-vector bundles over X.

We finish this section with the compatibility of the Eichler—Shimura decomposition with
Poincaré and Serre duality.

PROPOSITION 4.1.6 [LLZ23, Theorem 6.2.3]. Let Trp: H? (Yc,,Qy(1)) = Qp and Trg:

proét,c
H;n(X(Cp, QL) — C, respectively be the Poincaré and Serre traces. Then the Poincaré pairing
Tr
]J’proet(}f(C Vmét)( ) X le)roet C(Y(va V—um(n),ét) _> Hproet C(ch7@17(1)) — QP

and the Serre pairing

KSouU

_ Tr
Ho,(Xe, wg") x Hyy(Xe,, wit®(=D)) = Hy(Xc,, k) —> C,

(respectively, for wgo(ﬂ)(—D) and wy"’ H)) are compatible with the FEichler-Shimura
decomposition.

4.2 The overconvergent Eichler—Shimura maps

Let n > 1 be a fixed integer. In this subsection we will work with ¥ = Y{(p") and X = Xo(p"™),
the modular curves of level K? Iw,,. Let € > § > n be rational numbers, (R, R") a uniform affinoid
Tate Q,-algebra and x = (x1,x2) : T — R a d-analytic character. Let w € W = {1, wp} be an
element in the Weyl group of GLg and X, (€) the e-neighbourhood of the w-ordinary locus (cf.
Definition 3.2.1). Let wy, be the sheaf of overconvergent modular forms of weight x over X,,(e)
(cf. Definition 3.2.9), and let Aiét and Diét be the pro-Kummer-étale sheaves of §-analytic
principal series and distributions over X (cf. §3.3). We can finally state the main theorem of
this section, but first we need the following lemma.

LEMMA 4.2.1. Let a=(1,-1) € X*(T). The overconvergent Hodge-Tate morphisms of
Definition 3.4.1 give rise to Galois and Ulﬁ—equivariant maps of cohomology groups (see
Definition 3.2.16 for the good normalizations)

ESA

s~
Hyovst(Xe,, Ay s ®0x) —2

s HY) (Xe,,wE )e(x2 — 1),

(28)

ESY, s A5
H117C(X(Cp ’ w;o (X))G(Xl) —= proket (X(C;ﬁ Ax,ét®ﬁx)‘
Dually, we have Galois and U)-equivariant maps of cohomology groups
1 —X ESp Y
Hwo c(X(C;ﬂwE' )5(_X2) - proket(‘X’(C Dx ét®ﬁX)7

+
Hproket(X(Cp’Dx et®ﬁX) —> Hl (X(vawEwO(X) a) (_Xl - 1)

An analogous statement holds by exchanging Ai’ét (respectively, Diét) with jprokét’!A;;Oet
), and w, with w},(—D).

(respectively, jprokét, IDX &
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Proof. Let A : X, prokét — XC,,an be the natural projection. First, let us show that

RA(w}®0x) = wk[0] @ wit™ ® Cp(—1)[-1],

. (29)
RA(wEB.7) = wi(~D)[0] & wi*(~D) © Cy(~1)[-1].

By Remark 3.2.10, the sheaf w5 is an orthonormalizable &5 , @R sheaf locally for the
étale topology of X. Let v : X, prokét — X, két be the natural projection of sites. Then, locally

étale, we can write w§’+(§>é’\x = @iﬁ;?@R*ei. We get that
~~ ~ 1
Ru, (WiB0x) = Ru(wiT®0%) [p]

= Rlim Ru.(EP (0% /p° © RT)e;) [zj

S %

~ 1
= Rlim P (Rv.0% /p* @ R )e; u

s
= wé(@R@gXRV*(ﬁX@R)-

Since R is a Q,-Banach space, it has a orthonormalizable basis over QQ,, and the same rea-
REGx RV*(ﬁX®R) —WE®(} RV*ﬁX On the other hand, by

Theorem 4.1.4 we know that Ru,Ox = Ox xét|0] @ wi(—1)[—1]. Lemma 5.5 of [Sch13] and
Lemma 6.17 of [DLLZ23b] imply that the integral structure obtained by Ruv,(07) defines the
same topology as that given by 07, [0] ® w% ™ (~1)[~1] (in fact, the lemmas cited show that

both complexes differ just by bounded torsion when evaluated at affinoids). Therefore,

soning as before shows that wE®

RV*(wE®@°X) = wl[0] @ Wi (=1)[0]

over the Kummer-étale site of Xy, (). Finally, let 41 : Xc, kst — Xc,,an be the projection map. In
order to descend to the analytic site we recall that w}, is a projective Banach sheaf over X, (¢)

(cf. [BP22, §5.5.2]). Thus, it is a direct summand of an orthonormalizable Banach sheaf @iﬁ X
over Xy (€). But we know that the Kummer-étale cohomology of 6"; in affinoids admitting a
Kummer-étale map to a torus T = Spa(Q,(T*!), Z,(T*!)) or a disc D = Spa(Q,(U), Z,(U)) has
bounded torsion (by computing the cohomology via the pullback of the perfectoid torus or disc,
and using Lemma 5.5 of [Sch13] or Lemma 6.1.7 of [DLLZ23b] again). An argument similar to
that before using derived limits shows that Rm(@iﬁ X két) = @iﬁ Xan, Whence Rp,wk = wp,.
Flnally, to prove the second equality of (29), it is enough to show the analogous property for
wE®L* ﬁD, which follows from the previous argument applied to the log adic space defined by
the cusps (notice that even if D is a disjoint union of points, the log structure is not triviall).

Next, we construct the overconvergent Eichler—Shimura maps; we only explain the procedure
for the sheaf A;ét and the pro-Kummer-étale cohomology; the case of Diét or the cohomology
with compact support follows the same steps. Consider the overconvergent Hodge—Tate maps of
Definition 3.4.1,

HTY  wpW&ay (x1) — AS &0 over Xi(e),

0(0)
HT{ : A9 (®0x — wi®0x (x2) over Xy, (e).
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Taking the projection from the pro-Kummer-étale site to the analytic site, one gets maps
wEO(X)é\@R)\*ﬁAX(Xl) — R)\*(A;ét@ﬁx) over X1 (e),
R)\*(Af(,ét@?ﬁx) — w%@R)\*gX(XQ) over Xy, (€).
Taking the overconvergent cohomologies of Definition 3.2.12 and using (29), we obtain maps

RTyo(Xe,, w0 ™) (x1) = RT1o(Xc,, RA(AS 4 80x)).,

IS (30)
RT o (Xe,, RA(AS 4®0x))e = RTuy(Xe, wp™))e(xe = D[-1]-
On the other hand, we have restriction and corestriction maps
~ = Cor Res ~ =
RFI,C(Xva R)‘*(Af(,ét@’ﬁ)())e - RFprokét(XCpa AX et®ﬁX) — Rl (XC , R (Ai,ét®ﬁX)>e-
(31)

Taking H'-cohomology in (30), and composing with the morphisms of (31), one obtains the maps
n (28). The Galois equivariance is clear as the Hodge-Tate maps are defined over X,,(¢) C X.
The compatibility with respect to the good normalization of the Uy-operators follows from

Lemma 3.4.2 and the fact that US2Y = U, for the correspondence associated to w$ (see
Definition 3.2.16). O

THEOREM 4.2.2. Let € > 6 >n, (R,R") be a uniform affinoid Tate Q,-algebra and x : T =
T(Z,) — RT* be a d-analytic character. The following assertions hold.

(i) The composition of the Eichler-Shimura maps ES4 o ESY is zero. Consider the following

sequence:
0— H (Xp ,w@oW BSAH  (Xe A 86
- 10( CprWE )E(Xl)—) rokét( Cp> X,ét® X)
ES
=4, 7Y (ch,w§+a)€(xz—1)—>0. (32)

(ii) Assume that V = Spa(R, R™) is an affinoid subspace of the weight space Wr of T, and let
k = (k1,k2) € V be a dominant weight of T. Let oo = (1,—-1) € X*(T) and let x = xj"* be
the universal character of V. The following diagram commutes.

ESV = ESA

H} (Xe,, 0™ ) (1) —2 Hl e Xc,, A2 80x) =3 HY (Xc,,wk ™ )e(xz — 1)

Hi (X, wie™)e(k) — HY e

(Xc,, A% (®Ox) — HY (Xc,,wit®)e(ks — 1)

Cor Res

HY (X, w2 ) (k) 25 HY e (Xeys Veer) © Cp 25 HY (X, wf) (ky — 1)

(iii) The maps of (ii) are Galois and U}-equivariant with respect to the good normalizations
of the Hecke operator (Definition 3.2.16). In particular, the diagram above restricts to the
finite slope part with respect to the action of Uzﬁ.

(iv) Let h < ki — ko + 1. There exists an open affinoid V' CV containing k such that the
(< h)-slope part of the restriction of (32) to V' is a short exact sequence of finite free
Cp®q, 0 (V')-modules.
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(v) Retain the hypothesis of (iv), and let x be the universal character of V'. Let X = x1 —
x2+1:25 — R™* and b = d/dt|;=1X(t). Then we have a Galois equivariant split after
inverting b:

=5 h
HY et (Xc,, 80X = [H (Xc,,wi ™) ()]s @ [HY, (Xe,r w2 — D

Analogous statements hold for the cohomology with compact support and for the sheaf
6

DY e

Proof. Part (i) follows from the fact that the composition of the restriction and corestriction

maps (31) is zero.

Parts (i) and (iii) follow from Lemma 4.2.1, and the compatibility of the formation of A°

&t
and w}, with the character x. The commutation of the lower diagram is a direct consequencg of
the constructions and Corollary 2.4.5.

For part (iv) we follow the same arguments as [AIS15]. The finite-slope theory (cf. [Urbll,
Buz07]) implies that there is an affinoid open subspace V' CV containing x such that the
(< h)-part of the sequence (32) restricted to V' is a sequence of finite free C,®g, @ (V')-modules.
Moreover, by classicality (Theorems 3.2.17 and 3.3.7) and the classical Eichler-Shimura decom-
position (Theorem 4.1.1), we can take V' such that the (< h)-slope of the sequence (32) is short
and exact.

Finally, we briefly sketch the argument for part (v). Let V' be as in (iv), let R = 0()V'),
and consider the short exact sequence of the (< h)-slope of (32). Taking basis of the finite free
Cp®R-modules of (32) and tensoring with the Tate twist R(1 — x2), we are left to prove that

the localization by b of H'(Gg,, C,®R(x1 — X2 + 1)) vanishes. By almost étale descent one has
H'(Gg,,Cp@R(x1 — x2 + 1)) = H'(Gal(Q¥/Q,), Q¥ ®g, R(x1 — x2 + 1)) (33)

We identify Gal(Qj"°/Qp) with Z) via xcyc. By Sen theory, to show that (33) is of b-torsion it
is enough to prove that H'(Lie Z), R(x1 — x2 + 1))s = 0, but this is clear as H'(Lie Z, R(x1 —
x2+1)) = R/bR. O

4.2.1 Previous works in the literature. Here we briefly discuss some previous works and their
connection with Theorem 4.2.2. Our main result is the complement of the work of Andreatta,
Tovita and Stevens; they constructed the map ESp from Héroét(YCwD)d(,ét)@(cp to the space
of overconvergent modular forms of weight —wg(x) (cf. [AIS15, Theorem 6.1]). Our theorem
constructs a new map from the overconvergent H'-cohomology with supports of higher Coleman
theory [BP22], to the space of modular symbols defined by the distributions. In addition, we
have discussed the dual picture with the principal series, and with the proétale cohomology with
compact support instead.

On the other hand, the first work on the subject which uses the perfectoid modular curve to
construct the £ Sp map goes back to Chojecki, Hansen and Johansson. Additionally, they con-
structed the map for Shimura curves, and they translated a theorem analogous to Theorem 4.2.2
in terms of the eigencurve (see [CHJ17, Theorem 5.14]).

The work of Sean Howe [How21] studies natural pairings between some local cohomologies
attached to the flag variety F¢ = I%p and overconvergent modular forms; these take values
in the locally analytic vectors of the completed cohomology of the modular curve. The local

. . . 1
cohomologies are the cohomology with supports lim_ HUw @l (IP’QP,Z (x)) or the overconvergent

cohomology lim_ HY(Uy(e), Z(x)) (see [How21, Lemma 4.3.1 and Remark 1.2.12]; in the notation
of [How21] one has 0 = [0 : 1], which is represented by 1 € GLg). It is expected that these pairings
provide a more geometric interpretation of the ESY map of Theorem 4.2.2, namely, they are
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closely related to the description the of completed cohomology of Lue Pan that we briefly explain
next.

In his recent work [Pan22]|, Lue Pan gives an exhausting description of the x-isotypic part
of the locally analytic vectors of the completed cohomology for the action of the Borel algebra
LieB (see [Pan22, Theorem 1.0.1]). His method uses a new tool in p-adic Hodge theory which
is the geometric Sen operator; then, using the dictionary between representation theory over
ZL and proétale sheaves over the modular curve provided by myr, he shows that the completed
cohomology can be decomposed in terms of overconvergent modular forms. The intersection
between locally analytic vectors of completed cohomology and Theorem 4.2.2 lies in the fact
that the cohomology group Hproet(Y@ Ax «) 1s a subspace of the locally analytic completed
cohomology, consisting on those d-analytic cohomology classes admitting an action of Iw,,, such
that B(Z,) N Iw, acts via —y. Finally, the maps ES and ES, are instances of the spaces M, 1
and M, ,, appearing in [Pan22, Theorem 5.4.2].

4.2.2 The pairings. We end this section with the compatibility of the overconvergent
Eichler—Shimura maps and Poincaré and Serre duality. Let € > § > n, and let (R, RT) and x
be as in previous sections. By definition there is a natural pairing between the J-principal series
and distributions

1) 0
AL x DY, — R.
It is easy to see that it induces a Poincaré pairing

T
<_7 _>P : Hproet C(Y(C DX et( )) X Hproet(Y(c AX et) - ngoet c(YC;ﬂR(1>) l R7

where the first arrow is a Yoneda pairing, and the last arrow is induced by the Poincaré trace

Tr
Hproet C(Y(C Z ( )) — p-

On the other hand, in [BP22] the authors have defined overconvergent Serre pairings in
families

(= =)s : Hy o(Xc,,wiX(—=D))e x H)(Xc,,wi*)e — C,ER

compatible with the classical Serre pairings. The pairings are constructed by taking the Yoneda’s
product

_ ~ KS ~
U:H,, (Xc,,wz(=D))e x H)(Xc,,ws ™) Y, H) (Xc, ,wi(~D)®R)e = H,, (Xc, U BR).

and composing with the Serre trace map of X,

Cor Trg

H,, (Xc,, Qx®R). = Hy(Xc,, Qx®R) == C,®R.

THEOREM 4.2.3. Retain the notation of Theorem 4.2.2. The following assertions hold.

(i) The Poincaré and Serre pairings of overconvergent cohomologies are compatible with the
good normalizations of the Uy-operators (Definition 3.2.16). Moreover, they are compatible
with the classical Eichler—-Shimura maps of Theorem 4.1.1.

(i) Let Wr be the weight space of T' = T(Zy,), let V C Wy be an open affinoid, and let x = xj*
be the universal character of V. Let k = (k1,k2) € V be a classical weight and fix h <
k1 — ko + 1. There exists an open affinoid V' C V containing x such that we have perfect
pairings of finite free C,®0 (V')-modules

<_7 _>P : Hproet C(Y(C DX et( )) X Hproet(Y(C Ax et) - ﬁ(V)
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and

€

<_7 _>S : H&),c(XvawEX(_D))eSh X Hg(XCp’w§+a)Sh - Cpéﬁ(]},)v
(= —)s : HL (Xc,, 00N = 5 HO (Xe,,wy T (=D)EM — C,00(V),

w,c € €

compatible with the overconvergent Fichler—Shimura maps.

Proof. The Hecke operators are compatible with the pairings by their definition via finite flat
correspondences (see Definitions 3.2.15 and 3.3.6).

In the following we forget the Galois action. Let A : X¢, prokét — Xc,,an be the projection of
sites. We have the following commutative diagram of Yoneda’s products.

H} (Xc,, RA (w0 WE0x)). x HE(Xc,, RA(wp ™ W8.7)). — HL (Xc,, RA(RE.T)).

| | Jcor

(X(cp’Af(,ét@ﬁX) X H};l)rokét(XvaDf(,ét@f) E— ngokét(XCp’R@)ﬂ)

| | Jeor

HL (Xe,, RA(wi®0x)) x HE (Xe,, RA (w5 ®.7)). — HZ, (Xc,, RA(RD.7)).

wo,c wo,¢

1
H prokét

On the other hand, we also have compatible pairings provided by the Faltings extension (cf.
[Sch13, Corollary 6.14])

H}, (Xc,, w5 (=D))e x HY(Xc,,wit®)e — == H (Xc,, ROQY)

! [ [z

X3 7 S5 Cor o ~ =X
HY, (Xe,, RA(wg*®.2))e x HY (Xc,, RA(wE®0x))e === H2 s (Xc,, RB.Z)
The compatibility of Poincaré and Serre traces [LLZ23, Theorem 4.4.1(4)] implies part (i). Part
(ii) follows along the same lines of the proof of Theorem 4.2.2 using the fact that the pairings
are perfect for the classical Eichler—-Shimura decomposition. O

ACKNOWLEDGEMENTS

None of this work would have been possible without the support of my advisor V. Pilloni, and
I want to express my deep gratitude for the many hours he dedicated to explaining to me the
theory of overconvergent modular forms. I want to thank Professors A. Iovita and F. Andreatta
for very fruitful exchanges during the spring of 2020, and the opportunity to give a talk on this
subject in the workshop on higher Coleman theory in December of the same year. I want to
thank G. Boxer, D. Junger, J. R. Jacinto and J.-F. Wu for corrections to and comments on
an earlier version of this paper. Finally, I want to thank the anonymous referees for the many
suggestions and corrections that improved the presentation of this paper. This work was written
while the author was a PhD student at the ENS de Lyon.

REFERENCES

Al21 F. Andreatta and A. Iovita, Triple product p-adic L-functions associated to finite slope p-adic
families of modular forms, Duke Math. J. 170 (2021), 1989-2083.

Al22 F. Andreatta and A. Iovita, Overconvergent de Rham FEichler-Shimura morphisms, J. Inst.

Math. Jussieu (2022), https://doi.org/10.1017/51474748022000548.

1248

https://doi.org/10.1112/S0010437X23007182 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000548
https://doi.org/10.1112/S0010437X23007182

AIS15

AS08

BP21
BP22

Buz07

CS17

CHJ17

DR73

DLLZ23a

DLLZ23b

Fal87

FC90

How21

Hub96

LLZ23

Pan22

Sch13

Sch1b

Sch17
SW13
Sta20
Tat67

Urbl1l

p-ADIC EICHLER—SHIMURA MAPS FOR THE MODULAR CURVE

F. Andreatta, A. Iovita and G. Stevens, Owverconvergent Eichler-Shimura isomorphisms,
J. Inst. Math. Jussieu 14 (2015), 221-274.

A. Ash and G. Stevens, p-Adic deformations of arithmetic cohomology, Preprint (2008),
http://math.bu.edu/people/ghs/preprints/Ash-Stevens-02-08.pdf.

G. Boxer and V. Pilloni, Higher Coleman theory, Preprint (2021), arxiv:2110.10251.

G. Boxer and V. Pilloni, Higher Hida and Coleman theories on the modular curve, Epijournal
Géom. Algébrique 6 (2022), No. 16.

K. Buzzard, FEigenvarieties, London Mathematical Society Lecture Note Series (Cambridge
University Press, Cambridge, 2007), 59-120.

A. Caraiani and P. Scholze, On the generic part of the cohomology of compact unitary Shimura
varieties, Ann. of Math. (2) 186 (2017), 649-766.

P. Chojecki, D. Hansen and C. Johansson, QOverconvergent modular forms and perfectoid
Shimura curves, Doc. Math. 22 (2017), 191-262.

P. Deligne and M. Rapoport, Les schémas de modules de courbes elliptiques, in Modular
functions of one variable, IT (Proc. Internat. Summer School, Univ. Antwerp, Antwerp, 1972),
Lecture Notes in Matematics, vol. 349 (Springer, 1973), 143-316.

H. Diao, K.-W. Lan, R. Liu and X. Zhu, Logarithmic Riemann-Hilbert correspondences for
rigid varieties, J. Amer. Math. Soc. 36 (2023), 483-562.

H. Diao, K.-W. Lan, R. Liu and X. Zhu, Logarithmic adic spaces: some foundational results,
in p-adic Hodge theory, singular varieties, and non-abelian aspects (SISYPHT 2019), Simons
Symposia (Springer, Cham, 2023), 65-182.

G. Faltings, Hodge-Tate structures and modular forms, Math. Ann. 278 (1987), 133-149.

G. Faltings and C.-L. Chai, Degeneration of abelian varieties, Ergebnisse der Mathematik
und ihrer Grenzgebiete. 3, vol. 22 (Springer, 1990).

S. Howe, Overconvergent modular forms are highest weight vectors in the Hodge-Tate weight
zero part of completed cohomology, Forum Math. Sigma 9 (2021), el7.

R. Huber, Etale cohomology of rigid analytic varieties and adic spaces, Aspects of Mathemat-
ics, vol. E30 (Friedr. Vieweg & Sohn, Braunschweig, 1996).

K.-W. Lan, R. Liu and X. Zhu, De Rham comparison and Poincaré duality for rigid varieties,
Peking Math. J. 6 (2023), 143-216.

L. Pan, On locally analytic vectors of the completed cohomology of modular curves, Forum
Math. Pi 10 (2022), e7.

P. Scholze, p-adic Hodge theory for rigid-analytic varieties, Forum Math. Pi 1 (2013), Paper
No. el.

P. Scholze, On torsion in the cohomology of locally symmetric varieties, Ann. of Math. (2)
182 (2015), 945-1066.

P. Scholze, Etale cohomology of diamonds, Preprint (2017), arxiv:1709.07343.
P. Scholze and J. Weinstein, Moduli of p-divisible groups, Camb. J. Math. 1 (2013), 145-237.
The Stacks project authors, The Stacks project, 2020, https://stacks.math.columbia.edu.

J. T. Tate, p-divisible groups, in Proceedings of a Conference on Local Fields (Springer, Berlin,
1967), 158-183.

E. Urban, Figenvarieties for reductive groups, Ann. of Math. (2) 174 (2011), 1685-1784.

Juan Esteban Rodriguez Camargo rodriguez@mpim-bonn.mpg.de
Max Planck Institute for Mathematics, Vivatsgasse 7, 53111 Bonn, Germany

1249

https://doi.org/10.1112/S0010437X23007182 Published online by Cambridge University Press


http://math.bu.edu/people/ghs/preprints/Ash-Stevens-02-08.pdf
https://arxiv.org/abs/2110.10251
https://arxiv.org/abs/1709.07343
https://stacks.math.columbia.edu
https://doi.org/10.1112/S0010437X23007182

	1 Introduction
	Notation

	2 Overconvergent sheaves over the flag variety
	2.1 GL2-equivariant sheaves over the flag variety
	2.2 Overconvergent line bundles over the flag variety
	2.3 Analytic principal series and distributions
	2.4 The dual BGG complex and the weight vector maps

	3 Overconvergent sheaves over the modular curve
	3.1 The Hodge–Tate period map
	3.2 Overconvergent modular forms
	3.2.1 Hecke operators

	3.3 Overconvergent modular symbols
	3.4 Overconvergent Hodge–Tate maps

	4 p-adic Eichler–Shimura maps
	4.1 A proétale Eichler–Shimura decomposition
	4.2 The overconvergent Eichler–Shimura maps
	4.2.1 Previous works in the literature
	4.2.2 The pairings


	Acknowledgements
	References

