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Abstract

Continental shelf waves are examined for side band instability. It is shown
that a modulated shelf wave is described by a nonlinear Schrédinger equation,
from which the stability criterion is derived. Long shelf waves are stable to
side band modulations, but as the wavenumber is increased there are regions
of instability (in wavenumber space). A change of stability occurs at each
long wave resonance, defined by the condition that the group velocity of the
shelf wave equals a long wave speed. Equations describing the long wave
resonance are derived.

1. Introduction

It has recently been established that the passage of large scale meteorological
disturbances across a coastline will generate continental shelf waves (for example,
Gill and Schumann [4]). The dispersion in these waves is due to topography. The
simplest theories neglect this dispersion and use a long wavelength approximation;
the results are generally consistent with observations (Gill and Schumann {4];
Kundu, Allen and Smith, [11]). The nonlinear effects in this long wavelength
approximation have been described by Smith [14] and Grimshaw [6]. Nevertheless,
there have been some observations of shelf waves at shorter wavelengths (for
example, Cartwright [3]). The purpose of this paper is to examine the stability of
shelf waves due to nonlinear effects.

We let L be a length scale (typical of the shelf width), f~! be a time scale where f
is the Coriolis parameter, and scale velocities by fL and the wave height by u2#h,,.
Here h, is the depth of the ocean beyond the shelf and p? =f21%(ghg)" is the
divergence parameter. Then the nonlinear shallow water equations are

w~v+ Ly =F = —uu,—vu,
u+u+l,=G=—uv,—vv, (1.1)
(h),+ (hv), + 2 & = H = — 2 ({u) . — p*({0),,-
Here x, y are the coordinates normal to and along the coast respectively, ¢ is the

time, u, v are the x- and y-components of velocity respectively and { is the wave
13
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height. 4 is the undisturbed depth, which we shall assume is a function of x only;
we choose the origin so that #(0) = 0 and we shall assume that 2— 1 as x—co (see
Fig. 1). For simplicity we shall assume that | A_|, | 1 — k| are O (exp(— Kx)) as x — o0,

Fig. 1. A description of the coordinate system.

where K is a constant. We shall restrict attention to monotonic profiles so that
h, >0 for all x>0 and A,(0) # 0. The boundary conditions associated with (1.1)
are that hu—>0 as x—0, and as x> co. Equations (1.1) have been written with the
linear terms on the left-hand side, and the nonlinear terms on the right-hand side.
If we eliminate u, v from the left-hand side, we find that

L= M, (1.2)
where L is the linear operator
o o 0 02 o 0 0 e 0
g2 2= w2 AL i) TR S
L(az’ ox ay) =K (312+ 1) ot o1 3x(h ax) hsigp gy (1.3
and M is the nonlinear expression
o> o( (OF 2 (0G
M= ((9_t§+I)H_a_x(h(a_t+6))_h5(—5t__F)' (1.4)

To obtain the linearized wave equation we replace M by zero in (1.2); then we
seek a solution of the form
{ = add(x) exp(icy —iwt), (1.5)

where A is a constant and « is a small parameter. It follows that

= 2] — w? 2h 4 -l
(hdr)y = {(p2(1 —®) +K2h+c hz}sb,] .6

where

¢ = wx~L

https://doi.org/10.1017/50334270000001417 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000001417

[3] The stability of continental shelf waves 15

It may be shown that if 4,(0))# 0, then the boundary conditions for (1.6) are ¢(0) is
finite, and ¢ -0 as x -oco0. Huthnance [10] has shown that (1.6), with the associated
boundary conditions, leads to the existence of dispersion relations (relating the
frequency w to the wavenumber ) uniquely determining the frequencies of an
infinite discrete set of shelf waves, a single Kelvin wave and an infinite discrete set of
edge waves. A typical set of dispersion curves is shown in Fig. 2, [10]; the shaded

1]
4

edge waves

Kelvin wave

Fig. 2. A typical dispersion relation. The shaded region is p%(1 —w?) +x*<0. The integers m
refer to the mode numbers.

region (Poincaré’s continuum) is the region in which p?(1 —w?)+«?<0, and there
are no trapped waves in this region. Shelf waves are distinguished by the criterion
w?<1 for all «, and have negative phase velocities ¢. Typically we expect ¢ to
decrease as « increases. A useful relation that follows from (1.6) is

- f:hzsbzdx = (1 - o?) f.,m¢2dx+f:h<¢z+~2¢2>dx- (L.7)

The group velocity is ¥ = dw/dk; on differentiating (1.7) with respect to « it may be
shown that

V=c‘1fmhz¢2dx+2p2w2fw¢2dx> =2K2chh¢2dx+fmhz¢2dx. (1.8)
1] )] 0 0

Typically, for shelf waves, ¥ has the same sign as ¢ for small wavenumbers, but the
opposite sign for large wavenumbers.

In this paper we shall consider the stability of a single shelf wave mode ¢,,, of
wavenumber « phase velocity ¢,,(x), and group velocity V,,(«). Here m is a positive
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integer designating the mode number; we shall assume that w,,(x) = xc,,(«)
decreases as m increases (cf. Fig. 2). We shall consider a nearly monochromatic
shelf wave, and subject it to the influence of weak nonlinearity and frequency
modulation. Specifically we allow the amplitude a4 to depend on o?t and
a(y—Vpt).

It is now well known that in these circumstances the nonlinear Schrodinger
equation governs the evolution of the wave amplitude (Benney and Newell [1]),
and sc it is no surprise that we oblain a nonlinear Schrodinger equation in the
present case. Indeed, the theory developed in Sections 2, 3, 4 is very similar to the
corresponding theory for internal gravity waves in a channel (Grimshaw [5], [8]).
In Section 2 we develop the theory of a modulated shelf wave, and in Section 3 we
discuss the mean flows generated by a modulated shelf wave. The equation govern-
ing the evolution of 4 is obtained in Section 4, and the stability of the wave to side
band modulations deduced. We show that long shelf waves («x0) are stable to
these side band modulations, but that as | «| is increased regions of instability (in
wave number space) will be encountered. In Section 5 we discuss long wave
resonance which occurs when V, (x)=¢,(0) for some integer s; there is then an
interaction between the modulated shelf wave and a long wave of mode number s.
This interaction takes place on a time scale O(a%), and the equations describing the
long wave resonance are derived. We show that the modulated shelf wave is
unstable to this interaction with a long wave. Long wave resonance was first
observed by Mclntyre [12] for internal gravity waves in a channel, and the equations
describing the resonance for that case were derived by Grimshaw [S], [8]; the
equations are very similar to those obtained in the present case. The Appendix
contains the derivation of a compatibility condition needed in Section 2.

2. Modulated waves

In order to describe a modulated wave, we introduce the long length and time

scales
Y=¢e(y-V,t), T=_¢Lt @0

Here ¢ is a small parameter, chosen so that ¢~ is the appropriate length, or time,
scale for the modulations. In the sequel ¢ will be determined by the nonlinear
terms. We are anticipating that, to leading order, the wave travels at the group
velocity V,,. We let a be an appropriate measure of wave amplitude, and we shall
use « to measure nonlinear effects. To leading order in both ¢ and o,

{ = 0 A(Y, T) ¢, (x)exp(iky —iw, t)+c.c., 2.2)

where c.c. denotes complex conjugate. Here A is O(1) with respect to €, The
primary aim of the subsequent analysis is to find an equation describing the
evolution of A.
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We seek a solution of (1.1) (or equivalently (1.2)) of the form

c = § Cn( Y9 T, X) eXP(nie),
- 2.3)
where

0=xy—wy,t and {,=7_,.

u,v are given by similar expansions. To leading order {, is given by (2.2), and we
anticipate that {,, {, are O(e?), while £, is O(a®) for n>2.
On substituting (2.3) into (1.2) and (1.3), it follows that

Li{= X exp(nif)L,l, = M,
—00
where 24
. /] o o o)
Ln = L( —inw,;— SVmﬁ-*_ezﬁ’ an+8a—Y,Ex).
We may write the nonlinear term in the form

M = 3 M, exp(in6), @.5)

and we anticipate that M, M, are O(o?), My, M, are O(o3) and the other M,, are of
higher order in «. It follows that
L.{,=M,. 2.6)

Consider first the case n = 1. It is shown in the Appendix that a necessary and
sufficient condition for (2.7) to have a solution is the compatibility condition (A.9),

f: b Ly Lydx = f: M, ¢, dx. @7

Since, as we shall verify a posteriori, M, is O(c®) it follows that ; satisfies (2.6)
within an error of O(c?); it may then be shown that

B A,
zl = aA¢m+ leaﬁa—K + 0(8 o, (!3). (28)

We let
D(w, k) = J: & L(— i, ir) b, dx. 2.9)

From (1.6) it may be shown that

D) = iofui(at—a) [ gt i —anfed [Thgas]. @10)
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Putting D = 0 recovers the dispersion relation & = w,,(x). It may be shown that
(2.7) becomes

0 J 0 @
P AL A A Y
ocD(wm ieV,, 3 Y+ ie? o K —le o Y) A fo M, ¢, dx. 2.11)
Expanding (2.11) it may be shown that
0A [0°A [ A
«e? D { o AaXz} = Jo M, ¢, dx,
where (2.12)
Ao LV 18w,
20k 2 0k

The second group of terms on the right-hand side describes the effects of frequency
modulation. From (2.10) it follows that

Ry o N T B

Comparing (2.13) with (1.8) we see that D, can vanish only when the group
velocity V,, is infinite; since typical dispersion curves (Fig. 2) have finite group
velocities for all «, we shall assume that D, is not zero. It remains to evaluate the
nonlinear term M. Since we require M, only to O(c?), it will be sufficient to consider
only the contributions from the interactions of the harmonic n = 1 ({; etc.) with the
harmonics n =2 and n = 0.

In the remainder of this section we shall calculate {, and its contribution to M,.
First we note that, from (1.1).

uy = inAg,+O0(ag), vy = adh,, + O(xe),
gm(l-w}) = (Wm bmz— Kbm) (2.14)

hm(l - wﬁ) = (¢mx— wWn K¢m)

Now to O(a?) M, may be calculated using &;, u,,v; ((2.2) and (2.14)). We find that,
using (1.1) and (1.4),

where

and

M2 = iOL2 Aquz, (2.15)
where

My=(1 —4w$,,).9f2+2k(h.9;—2+2wmhgz)+(Zwmh.”/'rz—hgz)z,
and
F 2= 8m8mzt K&mhms (2.16)
Gy = — g hpme— xh,

'%2 = 2(gm¢m)z_2f"'2 K¢mhm
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Provided there is no second harmonic resonance (c,,(x) # ¢,(2«) for any integer ),
it is shown in the Appendix that we may solve (2.6) uniquely for {, and we find that

{2 = a2 Azzz,

where 2.17)

(hZgp)p — p(1 — 402 ) Zy — 42 hZy~ ;1 hy Zy = (R y) M.

Also, py =ic? A2, and v, = o®> 42¥", where %, and ¥, are real expressions
defined in terms of Z,, #, and ¥, (see Grimshaw [7], where further details of these

calculations are given).
We shall use a superscript “2” to denote the contribution to M; due to the

interaction of the harmonics # = 2 and #n = 1. We find that

M® = i3| AP AMAD, (2.18)
where #{? is a complicated real expression involving ¢,, and Z, (see [7]). Finally,
the contribution of (2.18) to the right-hand side of (2.12) is

D23 [* M = AP A,
where 2.19)
= Dot f CiMD $,,dx.
0

Since #{? is real (all quantities in script variables are real) and D,, (2.13) is pure
imaginary, it follows that v, is real.

3. Wave-induced mean flow

The equation which determines ¢, is (2.6) with n = 0. However, it is preferable to
observe that this equation is just that obtained by averaging with respect to the
phase 8, and an alternative procedure is to average (1.1).

To leading order, the nonlinear terms may be evaluated using only {;,%, and v,.

We find that
52%)—8Vmg%3 0+%= 2| ARF,, \
82;—17)?— szl’}%uﬁsai‘;—mz |49, G.1)
(huo)+£hav0 VmZC;+82/L2Z§? sz—lAIZW
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Here, to leading order, the nonlinear terms are given by, using (2.2) and (2.14)
(with the terms of O(ag) included),

Fo=—28mn8maz+2xgm N, W
G, = _Vm PPzt K8m) +(¢mhmz_wgm Pnz) yx
0 1 —w? 1 —w? "

—gmd’m Qpien, V., +2ch+h, o ’-”—-V f‘_l“+ Z,

tl—wry ms
3.2)
2 Vm m +2wm m — 2
Hy= - Vil ¢’m:c1_w2 Pm&m) ('b"'}z—?.,uzqsmhm-i-h%,
m
and
_ @ P OP sl 3K) ¢>mx(3¢m/ oK)}
Ho= h1—
Eliminating u,, v, from (3.1) it follows that
0 0 0 ago 0y ., 0 .
(o Tmgm)le bl )| ez = gyl AP Ao
(3.3)
where 2
My = f0+h.”/0—gc(h%—th9"o).
Note that _g, does not occur in .#,. Hence we find that, to leading order,
b= 2| A F Dy(x),
where
o/ ob (3.9
a(h a—xo) - }Lz (DO_ V;ll hz(DO = V;‘l-//{o.
Consider the homogeneous equation
345 4
8x( )p.chth 0, 3.5

with the boundary conditions that ¢ is finite at x = 0 and ¢ — 0 as x - co. This is the
equation for long shelf waves, and has a complete set of long wave modes ¢,
with long wave speeds ¢!® = ¢,(0). Using a procedure similar to that used in the
Appendix to solve (2.6), it may be shown that (3.4) has a unique solution @,
provided that V,,, # ¢,(0) for any s = 1,2, 3, .... Alternatively, let

(Do = E a, ¢(0)
where 3.6)
a, f “h () dx = f " 1, 0 @, dx.
0 0
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9] The stability of continental shelf waves 21

Here we have used the orthogonality relation
jwhz PV p0dx =0 fors#r. 37
0

Then, on multiplying (3.4) by ¢'® and integrating with respect to x from 0 to oo, it
follows that

1 1\ (= O

Hence (3.6) gives the unique solution for @, provided that V,, # ¢!, for any
s=1,2,3,.... The long wave resonance which occurs when V,, =c!® will be
discussed in Section 6. Finally, it follows from (3.1) that

2
Uy = £o 8_)_’| APV O — Do+ Gy~ Vi F o} } (3.9
Yy = 2|AI2{(D0,;—.9'0}.

Note that u, (the mean onshore velocity) is O(e) smaller than v, (the mean along-
shore velocity).

We shall use a superscript ““0” to denote the contribution to M; due to the
interaction of the harmonic #» = 1 with the mean flow (the harmonic » = 0). We
find that

MO = io3| AP AMD, (3.10)

where #{% is a complicated real expression involving ¢,, and @, (see [7]). Finally,
the contribution of (3.10) to the right-hand side of (2.12) is

T
1]
where (3.11)
vo= D! fw i"/{{m ¢m dx.
0

Since #\? is real, and D, (2.13) is pure imaginary, it follows that y, is real.

4. The amplitude equation

We have now shown that the amplitude equation (2.12) is the nonlinear
Schrédinger equation

0A 32A
i—+As=y|4A4,
where
Y = Yot Ye
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Here we have put € = « so that the nonlinear terms exactly balance the frequency
modulation terms. The properties of this equation are well known (Zakharov and
Shabat [15]). In particular, (4.1) has the plane wave solution

A4 = Cexp(~iy|CPT), @.2)
where C is a constant, which is unstable to side band modulations (Hasimoto and
Ono [9)) if

Ay <0. 4.3)

Indeed, if the plane wave (4.2) is perturbed by terms proportional to exp(iL Y+ pT),
then the growth rate p is given by

PP =—AL22y| C 2+ ALD). 44

The instability, considered for fixed x, has a maximum growth rate given by
p =|v|| C]2 when AL? = —y|C]. It is apparent from the typical dispersion curves
(Figure 2), for positive frequencies w,,, that A = 13V, /0« (2.16) will be negative for
the range of « of most interest (that is, values of « ranging from zero to the vicinity
of the turning point of the dispersion curve). Hence the waves will be unstable for
positive values of .

We have been unable to obtain any general result concerning the sign of .
However, for long waves (that is, x—0), it will be shown below that v is always
negative (for positive frequencies), and hence long shelf waves are stable to side band
modulations. Of course, the assumptions of the present theory prohibit the limit
r->0; nevertheless, it is useful to use the approximation «~0 in order to obtain
some information about the sign of y. The theory appropriate to the limit x—0 was
developed by Grimshaw [6]. When «x0,

$n(2) = B2 (2)+ O(<?)

Cm = O+ 12l + O(xY),
where 4.5

and

cH

clo f hy 3% dx = f (h—p2 %) g2 dx.
m 0 0

Here ¢{9 is the mth long wave mode and !9’ is the mth long wave speed. Also, from
(2.14) it follows that

£ (2) %KD HE~ 42) +0(), } “o

hy(2) b+ O(c®).

We shall now proceed to use these approximations to evaluate y.
First consider the calculation of Z, from (2.17). From the procedure outlined in
the Appendix it may be shown that

K2 Zyxad® + O(x2). @.7
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Indeed, it is apparent that when «->0 in (2.17) the homogeneous part of the
equation for Z, becomes the long wave equation and hence Z, takes the form given
by (4.7). Further, it may be shown that

(1)
Qmj'hwma~@%)f.ﬂ¢ma “8)

Using (4.5) in (2.15) and (2.16), it follows that

My = Hy—(hFp),+ O(),
where
Gy = — g g — 2, + O(S), (4.9)

Hy = — P28 $D)e— 2012 $ b+ O().
Substituting (4.9) into (4.8), we find that
a= W,

where

8 [ T = o | " o 4en 40— 40 4040
0

—p2 0 B2 ON g 2 (2[00 F(OV] (4.10)
Indeed, § is identical to the coefficient obtained by Grimshaw [6] (equation (3.12))
in another context. Next it may be shown that

e MP = adly+ O(d), 4.11)
and hence it follows that

(1) ;2
6c“+0() (4.12)

Yo = —

Here we have also used (2.13) to evaluate D,,. Since « is negative for shelf waves of
positive frequency, we see that the second harmonic is destabilising as the contribu-
tion of v, to y is positive.

Next we shall use the approximations (4.5) in the calculation of the mean flow.
It is apparent from (3.8) that

@, = a,, 4 +0(1), (4.13)
where a,, is O(x~%). Also it may be shown that
My = k2 My+ O@3). 4.149)
Hence it follows from (3.8) that
k*a,, = —2a+ O(x?). 4.15)
Also it may be shown that
MO = a, M,+O(x), (4.16)
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and hence it follows from (3.11) that

_ 12c0 g

Yo= +0(x). @.17)

K
Finally, since y = y,+y,, we find that
82

r= 6t

@.18)

where we have used (4.10). Since « is negative, v is negative and long shelf waves are
stable to side band modulations. Using (4.5) in (2.12) we see that A = 3xc{ + O(«®),
while (4.18) shows that y is O(k™) as x— 0. Thus nonlinear effects are enhanced as
the wavenumber becomes small; the present theory remains valid provided that
a< «?, which is the criterion for ignoring the higher harmonics #» = 3, etc. Grimshaw
[6] computed values of & for various profiles. In particular it was shown that for a
profile used by Buchwald and Adams [2] to model the East Australian coast
8 = 2.2 for the first shelf wave mode, with larger values of § for the higher modes;
for the same profile c{’ = 1.3, while ¢{® = —-0.4.

The theory appropriate for the limit x>0 was developed by Grimshaw [6]. It
was shown there that in this limit

L~Z () P (x), 7 =y—ct, 4.19)
where Z satisfies the Korteweg-de Vries equation
~Z+oZZ,+cPZ,, =0. (4.20)

Here if the length scale is O(c™Y) (that is, « is O(g)), then the time scale is O(e~3),
and the amplitude is O(e?) (that is, the amplitude « is comparable with «2?). If, in
(4.20), we seek time harmonic solutions,

Z = aA(T, Y)exp(ixy —iwt)+c.c., @.21)

then it may readily be shown that A4 will satisfy the nonlinear Schrédinger equation
(4.1) with y given by (4.18) and A = 3kc{l). Thus the long wave theory agrees with
the present theory in their common region of validity.

As | k| is increased from zero, it is clear from (3.8) that @, will be approximately
given by (4.13) until the first long wave resonance occurs. Since V,, decreases as «
increases, this occurs at that value of « for which V,,(x) = ¢,,,(0). In the vicinity of
this value of «, @, will be approximately given by a,,,; ${), where, from (3.8),
@, is proportional to (V,(k)—c,,;1(0))71; also y, will then be approximately
proportional to a,,,;, and is infinite at the long wave resonance. As | «| increases
through the resonant value y, will change sign and become positive. Since y will be
dominated by y, for « near the resonant value, v will also change sign and become
positive. Thus as |«| increases through the resonant value, the wave becomes
unstable to side band modulations. As |«| increases further, other long wave
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resonances will be encountered, and at each such encounter there will be a change in
stability behaviour. Similar remarks may be made about the second harmonic
resonance (c,,(k) = ¢,(2«)). At the first such resonance encountered as || is
increased y, will change sign and become negative. Thus if the first second harmonic
resonance is encountered before the first long wave resonance y will remain
negative, and there will be no change in the stability behaviour. Finally, we note
that for the Buchwald and Adams [2] model of the East Australian coast, the long
wave resonance between the modes m =1 and s =2 occurs at x =—1.7; this
corresponds to a dimensional wavelength of 300 km, a group velocity of 110 km/
day, and a period of approximately 2 days.

5. Long wave resonance

When V,,(«) = ¢,(0) there is a resonant interaction between the wave, of wave-
number « and mode number m, and a long wave of mode number s. This resonance
was observed by Mclntyre [12] for internal gravity waves, and the equations
governing this resonance were obtained by Grimshaw [5], [8]; recently Plumb [13]
has discussed a similar resonance for Rossby waves. For typical dispersion curves
for a shelf wave (Fig. 2), as « varies from zero to the value at the turning point,
V() varies from ¢,(0) to 0, and hence an infinity of long wave resonances are
possible with s = m+1,m+2, .... Once « has passed the value at the turning point,
no long wave resonances are possible. To leading order there are now two free
waves present; one is the wave of wavenumber « and is described by (2.2), while the
other is the long wave

Ly = 2y 4y pV(x) + 0(c?), (5.1
where o, is a parameter measuring the amplitude of the long wave. Both A4, 4,
depend on Y, T, equation (2.1). The equation governing the evolution of 4 is again
(2.12). Now, however, the contribution of the second harmonic to the right-hand

side is O(a?) as before, while the contribution of the long wave is O(acy). Thus (2.12)
becomes

04 [ *A
20 ;= — | =
oE (l 8T+ A 3 Y2) S+ 0(c?),

where (5.2
1
S= Dot f M© $,, dx.
0
We note that
Uy = %Ao gg) + 0(“2 y (53)

while u, is O(eoy). Clearly S is O(aog), and so we choose o = £2. The equation
governing the long wave is (3.3). To leading order, {, is a free solution of (3.3). We
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determine « by requiring that, at the next order, (3.3) describes a balance between
the time derivatives of {; and the right-hand side. Hence ey = o2, and it follows
that

a=¢h oay=2é. (5.9)
We seek a solution of (3.3) of the form

bo=Z a ¢,
r=1
where 5.5
a, = f h, O £ dx.
0
Here a, is O(o?) for r # s, while a, = oy 4,. We put

V,, = c,0) (1 +02), (5.6)

so that o is a measure of the amount by which the resonance is tuned. On multiply-
ing (3.3) by ¢!, and integrating form 0 to oo, it follows that

0 5 O &\ 9\ mege— a2 g (0)
(ea77mo9)(~5) 55, Hetimma = ol [ stopoax

X))
For r # s, this equation confirms that 4, is O(«?). However, for r = s, it becomes

104y, 04y 9|
v-ar 0%y — Faylal
where (5.8)
p f hy 0% dx = f Mo $© d.
0 1]

Next, substituting (5.1) and (5.3) into M{? we find that (see [7])

S = Vavo,A
where
= DG [ Lot O Gt 42+ (1= 02) B (B ) b= k] .
0
(5.9)

Hence, equation (5.2) for 4 is

04 (%4

15-]‘.,+A-a—Y—2 = VAOA. (5.10)

The equations describing the long wave resonance are thus (5.8) and (5.10). They are
identical in form to those obtained by Grimshaw [5], [8] for long wave resonance
for internal gravity waves.
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We have been unable to obtain the general solution of (5.8) and (5.10). However,
there is an envelope solution for which

A= Rexp:;%(Y— yT)} sech{k(Y—BT)}, } (5.11)
vdy=m| AP
where
2Mk? = —mR?
2
m:£+a} = uv, (5.12)
and

y—38=—20k2pL,
If we regard R, k as given, then these equations determine m, 8 and y. Of course this
solution requires that A(2BV ;1 + o) uv be negative. This condition should be com-
pared with the instability condition (4.3), which, using (5.6), requires that Aouv be
negative (as when (5.6) holds, it may be shown that eoy = uv). For example, at the
first long wave resonance, s = m+ 1, the argument at the end of Section 4 indicates
that we expect y to be negative when o is positive, and so uv is negative. Thus, as A
is negative, the envelope solution requires that (28V;1 + o) be positive. In particular,
when o is negative (so that the wave is unstable to side band modulations), 8 and
V,, have the same sign, and the envelope solution propagates in the same sense as the
wave.
Equation (5.8) and (5.10) have the plane wave solutions

A =Cexp(—ivCyT), Ay=C,, (5.13)

where C, C, are constants. If this plane wave is perturbed by terms proportional to
exp(iLY+pT), then the growth rate p is given by

(p—ioLV,) (p®+ N LY+ 2iuv AV, | CRL? = 0. (5.14)
This has purely imaginary solutions for p, indicating stability, if and only if,
2uvdV,,| CR2EAoV,,)2 — 0V, P L2 F F(o® V2, + 3N LA, (5.15)

For large values of | o, (5.15) requires that Aouv be negative for instability, which
agrees with (4.3) (as when (5.6) holds, it may be shown that sy = uv). However, for
moderate values of | o], it may be shown that there is always a range of values of L
for which (5.15) is not satisfied, and so the plane wave (5.13) is unstable. Indeed, as
A2I2 > oo for fixed o (>0), (5.15) is satisfied. But if A2 L2 is decreased the upper term
on the right-hand side of (5.15) (i.e. the term with the negative sign) has a maximum
of zero at A2L2 = ¢? V2, while the lower term has a minimum of zero at A2L2? = 0.
If Auvo is negative, it is the latter term which determines the stability behaviour, and
the wave (5.13) is unstable for L2 < L2, where A% L2, is the value of A%L? for which
equality holds in (5.15) between the left-hand side and the lower term on the
right-hand side. If Auvo is positive, it is the upper term which determines the
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stability behaviour; the wave is unstable for L2<IL?<L%,, where Ly=0 if
2uvdo | CE>F5 |V, [2 o4; otherwise A2LE and A2L2, are the values of A2L? for which
equality holds in (5.15) between the left-hand side and the upper term on the right-
hand side. For fixed o (< 0), a similar analysis leads to the same conclusions regarding
stability, but the role of the upper and lower terms in (5.15) is interchanged.

Appendix
Derivation of the compatibility condition
In this Appendix we shall sketch the procedure for solving equation (2.6) for

n # 0. Expanding the operator on the left-hand side in powers of ¢, (2.6) may be
written in the form

. .0
L(—mwm, znx,a) L =F, (A.D)

Here &%, contains M, and terms of O(e{,) arising from the expansion of the
operator. If {,, is expanded in powers of € (and «), we obtain a sequence of problems
of the type (A.1) in each of which %, may be regarded as known. Although we
shall not carry out such an expansion explicitly, we may nevertheless proceed to
solve (A.1), regarding &, as known. Consider the homogeneous equation

L(—inwm, ink, -ai) =0,
X (A.2)
or

inw{(hp)e— (1 — (nw)) h— P hp— gl = 0.
We let i, be that solution of (A.2) which is finite at x = 0 (say ¥,(0) = 1), and let ¢,
be an independent solution of (A.2). Frobenius theory shows that we may put
o = Py log x+fy, (A3)
where f, is finite at x = 0. Then the general solution of (A.1) is

inon W = Cott Cott s [ Ftads— i [ Fuhax. (a4)

Here W = h(p 1, — 1 ¢o,) is the Wronskian and is a non-zero constant (/,(0)),
while C; and C, are arbitrary constants. Now %, is finite at x = 0, and since we
require {,, to be finite at x =0, it follows that C, = 0.
We must also impose a condition as x—o0. Let
¥ = pE(1 = (w0, )D) + ()2, (A.5)
Huthnance [10] has shown that for shelf waves p?c% <1, and so y is real and
positive. Hence, as x - co,

= BuxitBieXxes ¥2= Bax1+Be2xo J (A.6)

X1~exp(—yx), xz~exp(yx), asx—>co.

where
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Here By, etc. are constants, and forming the Wronskian it may be shown that
(B11 Ba2— B2y P12) is not zero. Substituting (A.6) into (A.4) it follows that

inw, Wi, = Ci(By x1+ Pre X2) + (Bura Baa — Bea Bro)
X :le:%m dx—xs J:% X1 dx}. A7)

Now &, vanishes as x—+oo, and we require that {, should vanish as x—oo. It
follows that

CiBre= (ﬁu Bas—Ba1 Br2) f: Fp X1 x. (A.8)

If B,, is not zero, then this equation determines C; and hence {,, uniquely; also, if
M, is O(a®), it follows from (2.6) and (A.8) that ¢, is O(a®). However, if By,
vanishes, then (A.8) becomes a compatibility condition on &%,. For n=1, ¢ is
clearly ¢,(x) and B,, is zero. Then (A.8) is the compatibility condition

j " Fy bmdx = 0. (A9)
0

Without any loss of generality, we may put C; equal to zero and then (A.7) is the
required solution. For n>2, we are not free to impose a compatibility condition
and so we must assume that B,, is not zero. Indeed, if B,, is zero, then ¢, is a shelf
wave for the wavenumber (n«) and c,,(x) = ¢,(n«) for some integer s and n>2. We
shall assume that such #th harmonic resonances are absent and then (A 7) and (A 8)
determine £, uniquely for n>2.
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