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Abstract  Apart from simply connected spaces, a non-simply connected co- H-space is a typical example
of a space X with a coaction of Bmy(X) along X : X — Bw1(X), the classifying map of the universal
covering. If such a space X is actually a co-H-space, then the fibrewise p-localization of rX (or the
‘almost’ p-localization of X) is a fibrewise co- H-space (or an ‘almost’ co- H-space, respectively) for every
prime p. In this paper, we show that the converse statement is true, i.e. for a non-simply connected space
X with a coaction of Bmi(X) along X, X is a co- H-space if, for every prime p, the almost p-localization
of X is an almost co-H-space.
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1. Fundamentals and results

We assume that spaces have the homotopy type of CW-complexes and are based, and
that maps and homotopies preserve base points. A space X is a co-H-space if there exists
a comultiplication, say uX: X — X V X, satisfying 5% o u® ~ AX, where j%X: X VX —
X x X is the inclusion and AX: X — X x X is the diagonal. As with spaces, we
say that a group G is a co-H-group if there exists a homomorphism G — G % G such
that the composition with the first and second projections are the identity of G. Thus,
the fundamental group of a co-H-space is a co-H-group and the classifying space of a
co-H-group is a co-H-space.

When X is a simply connected co-H-space, the p-localization X, is also a co-H-
space for any prime p. The immediate problem is whether the converse statement holds.
In [3], the first author settles the answer in the positive when X is a finite simply
connected complex. In this paper, we extend the above result to non-simply connected
spaces in terms of fibrewise p-localization (see [1,14]) or, paraphrasing the second author,
in terms of almost p-localization (see [10]), rather than a usual p-localization, since the
only nilpotent non-simply connected co-H-space is the circle in [8].
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From now on, we assume that a space X is the total space of a fibrewise space ¥ : X —
Bmi(X), where 7 is the classifying map of ¢X: X — X, the universal covering of X.

A coaction of Bry(X) along rX isamap v: X — Bm(X)VX such that when composed
with the first projection By (X)V X — Bmi(X) we obtain 7%, and when composed with
the second projection B (X)V X — X we obtain the identity 1x. In other words, it
consists of a copairing v: X — Bm(X) V X with co-axes rX and 1x in the sense of
Oda [15]. Since the fundamental group of a space X with a coaction of Bri(X) along rX
is clearly a co- H-group, m (X) is free by [5] or [11], and hence B (X) has the homotopy
type of a bunch of circles, say B. Thus, X is a fibrewise space over a bunch of circles
B = Br(X). Let sX: B — X represent the generators of 7 (X) associated with circles.
We may assume that r~ o sX ~ 15 and so X is a fibrewise-pointed space over B.

For such a space admitting a coaction of B along rX: X — B, a retraction map
p: BVD(X) — X is constructed in [11, Theorem 3.3], where D(X) is a simply connected
finite complex. If we factorize p|,(x): D(X) — X through X, we deduce that if there
exists a coaction of B along r~, then X is dominated by B V X. The space B is a
co-H-space and, if X is a co-H -space, X is dominated by a co-H-space and is hence a
co-H-space itself. On the other hand, recall that co-H-spaces are spaces with Lusternik—
Schnirelmann (LS) category less than or equal to 1. Since the LS category of X cannot
exceed the LS category of X [6], if X is a co-H-space, then X is also a co-H-space.
Gathering this all together and taking into consideration that the almost localization is
natural, we obtain the following result.

Proposition 1.1. Let 7 : X — Bmi(X) be a fibrewise space over B = Bry(X) with
a coaction of B along r*. The following two statements then hold.

(1) The space X is a co-H-space if and only if X is a co-H -space.

(2) The almost p-localization of X for a prime p, X 5)), is also a fibrewise space over B
with a coaction of B along the classifying map of the universal covering.

Following earlier authors (see, for example, [7,9-11]), we paraphrase the fibrewise
property (see [12,13]) for a fibrewise based space rX: X — Bm(X) as the ‘almost’
property for a space X. Recall that X is an ‘almost’ co-H-space if there exists a map
pw: X — X Vp X such that, when composed with each projection, the identity of X
is obtained. Here X Vg X is the pushout of the folding map Vg: BV B — B and
sXVvsX: BV B — X VX, where s¥X is a section of the classifying map.

Our main result is the following theorem. The rest of this paper will be devoted to
proving it.

Theorem 1.2. Let 7X: X — Bm(X) be a fibrewise space over B = By (X) with a
coaction of B along rX. If X is a connected finite complex whose almost p-localization
is an almost co-H-space for every prime p, then X is a co-H-space.

Some notation is required. For a set of primes P, the almost P-localization of
: X — B (in other words, a fibrewise P-localization of X) is a map Z(P) X - X(P)
that commutes with projections to B. The map [2 y induces an 1somorphlsm of funda-

mental groups and acts as a standard P-localization on the fibre X, so X (B P) = X( P)-
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Most of the proofs in this paper follow by induction on the dimension of the space.
Henceforth, it will be useful to work with the almost localization introduced by the second
author in [10].

2. The ‘almost’ version of Zabrodsky mixing

To show the main result, we need a fibrewise version of a result of Zabrodsky [16,
Proposition 4.3.1]. Let II denote the set of all primes, and let P and @ denote the
disjoint sets with P LI Q = II. We first give a lemma.

Lemma 2.1. Let M = BV My be the wedge sum of B, a bouquet of one-dimensional
spheres, and let My be a simply connected finite CW-complex. Let X be a fibrewise
pointed space over B. Then,

[M, X]p = pullback{[M, X (p]5 = [M, X{}]5 < [M, X[, }.

Proof. Since we have the following equivalence between homotopy sets,

[M, X (1|8 = [BV Mo, X (b8 = [Mo, X (] = [Mo, X{})] = [Mo, X (p),
it is equivalent to prove that
[Mo, X] = pullback{[Mo, X p)] = [Mo, X(0)] < [Mo, X(q)]}-

This is clear by the fracture square lemma of Bousfield-Kan [2, 6.3.(ii)], since My is finite
and X is simply connected. O

Proposition 2.2. Let M satisfy the conditions of the previous lemma and let
f: M — X be a fibrewise pointed rational equivalence of fibrewise pointed spaces over
B = Bm (M) = Bmi(X) commuting with coactions of B along the classifying maps of
the universal coverings v and rX, respectively. We then have the following.

(1) There exists a unique fibrewise pointed space M (P, f) over B and fibrewise maps
WP, f): M — M(P, f) and ¢(Q, f): M(P, f) — X such that (P, f) is a fibrewise
P-equivalence, ¢(Q, f) is a fibrewise Q-equivalence and the following diagram is
homotopy commutative:

M X

Y(P,f) %;

M(P, f)

(2) The fibrewise pointed space M (P, f) over B and the fibrewise maps (P, f) and
#(Q, f) are natural with respect to f, i.e. for a homotopy commutative square

M1L>X1

M2 — X2
f2
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with f1 and fo fibrewise rational equivalences, there exists k(P; f1, f2): M(P, f1) —
M (P, f2) such that the following diagram is homotopy commutative:

M, (P, f1) M(P7 fl) $(Q,f1) X,

sl J{k(P;fhfz) lt

M. M (P, X
2W (7f2) 2

9(Q,f2)

(3) If, furthermore, M and X have the integral homology of a finite space, then M (P, f)
has as well.

Proof. We define
a(P,f) = L3 o flby = [{y o tB: M{py — Xy and B(Q,f) =5: X (G = X[,

where by (8:Y — Y5 we denote the almost rationalization of a fibrewise based P-local
space r¥ : Y — B. With the above maps, we obtain the following commutative diagram:

B
flo)

B B B
Mgy — X(o) =—X(0)
egl ﬁ(Q,f)l egi
f5)
mp O xp —xp (2.1)

zf;T a(P,f)T e}B;T

B B B
Mipy == Mp) —>X(p)
(P)

Now, taking the universal covering spaces, we get pullback diagrams by using the
Bousfield-Kan fibre square of localizations [2, p. 127]:

. by -~ . b 5

M — M X— X

Z(P)l lf?Q Z(P)J/ lZQ

M(P) = M(O) X(P) = X(O)
eP lp

Then, by Theorem 6.3 in [4], we obtain that the following square diagrams are fibrewise
homotopy equivalent to fibrewise pullback diagrams:

B B
e Ue)

B B
M —— Mg, X ——X{
efmi les e?p)l les
B B B B
Mip) == Moy X =5~ X0
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Let the pair of maps &(P,f): M(P,f) — X[ and B(Q,f): M(P,f) — M}

(P)
be the fibrewise pullback of a(P,f) and B(Q, f) so that M(P, f)g,) = Mg,) and
B _ yB .
M(P. Fig) = X(oy .
M(P, f) — X%
B(Q,f)i lB(Q,f)
B B
My — ey 0

Taking the fibrewise pullback of the vertical arrows in diagram (2.1), we immediately
obtain the existence of maps ¥(P, f): M — M (P, f) and ¢(Q, f): M(P, f) — X, which
fit within the following commutative diagram:

B
fio

B B B
Mgy —— X(q) X
l?@)T &(Pvf)T ZFQ)T
W(P.f 5(Q.f
PP e, gy 2L

26 i B(Q,f)l 26 l

B B B
Mip) Mipy — 7= X(p)
(P)

We then have that f and ¢(Q, f) o ¥(P, f) have the same almost P-localization and
Q@-localization, hence they are equal by Lemma 2.1. Since f is a rational equivalence,
f(]%) is a Q-equivalence and, hence, so is ¢(Q, f). Similarly, we obtain that (P, f) is
a P-equivalence. Thus, Proposition 2.2 (1) is proved. The verification of (2) and (3) is
straightforward and we leave it to the reader. |

Proposition 2.3. For any prime p, we have M (p, f) = M (p, Eg) o f).
Proof. By the unique existence, Proposition 2.2 (1), the proposition follows from

M M(p, f)

XB
(p)
since ﬂgg) is a p-equivalence. O

We now give a result that will be used in the proof of the main theorem.

Proposition 2.4. Let f: M — X be a fibrewise pointed rational equivalence sat-
isfying the conditions of the previous proposition. If f is a fibrewise co-H-map, then
(P, f): M — M(P, f) is a fibrewise co-H-map.

Proof. We consider the following diagram, where p} is the projection onto the kth
factor. Then the compositions of the vertical arrows on the left and of the vertical arrows
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on the right are the identity of M and X, respectively. The existence of the dotted arrow
is given by Proposition 2.2 (1):

»(P,f) #(Q.f)
M M(P, f) X
VM\L VM(P,f) lVX
v
MvVgM— > M(P, f) Vg M (P, —>X\/ X
s M = ey M BN Ve M) = e ey ’
l i M(P,f) l
Pk
(P, f) #(Q.f)
M(P, f)
In order to see that M (P, f) is a fibrewise co-H-space, it is sufficient to show that
inI(P’f ) ovp(p,y) is a fibrewise homotopy equivalence for k& = 1,2. By the commu-

M(P,f)

tativity of the diagram, we can easily see that p vam(p,s) induces both a homol-

ogy Zpy-equivalence and a homology Z(Q) -equivalence on the fibre. Since the fibre of

M(P,f)

M(P, f) — B is simply connected, p, v (p,fy induces a homotopy equivalence on

the fibre. Then, by a theorem of Dold [4], we can conclude that pkM(P’f )I/M( py) is a
fibrewise homotopy equivalence. Thus, M (P, f) is an almost co-H-space and the differ-
ence between pi\/I(P,f )UM( p.s) and the identity of M (P, f) is defined as a fibrewise map
d: M(P, f) — M(P, f). Again using P and @ localization, we see that d is trivial and,
hence, p, M(Pf) Var(p,f) is homotopic to the identity. Thus, (P, f): M — M(P, f) is a

fibrewise co-H-map. O

From now on, we fix a space X that is a finite complex with a coaction of B = B (X)
along 7X: X — B, the classifying map of the universal covering of X. Hence, X is
a fibrewise pointed space as we mentioned in §1. From [10], a co-H-space X has a
homology decomposition {X;; ¢ > 1} such that

B=X,CX,C---CX,=X,

together with a cofibration sequence .S; LN X; = Xiy1, © = 1, where S; stands for a
Moore space of type (H;1(X),1).

3. Fibrewise co-H-structures on almost localizations

By the assumption on a finite complex X, X7 » is an almost p-local co- H-space, which
also implies that X2 o) is an almost rational co-H-space. An almost rational co-H-space
X B) is a wedge sum of B and finitely many rational spheres of dimension not less than
2 [7]. Hence, the k’-invariants are all of finite order and we can prove the following lemma.

Lemma 3.1. There exist a fibrewise pointed space M = M (X) that is a wedge sum
of a finite number of spheres and an almost rational equivalence f = f(X): M — X
that satisfies, for any prime p, that there are fibrewise co-H -structures on M such that
657) of: M — X(E;) is a fibrewise co-H-map.
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Proof. We construct M and f by induction on the homological dimension of X. When
X = X; we have nothing to do. We may therefore assume that X = X;;; and that we
have constructed M; = M (X;) and a fibrewise rational equivalence f; = f(X;): M; — X;
that satisfies the lemma. Let d; be the order of the k'-invariant h;: S; — X; and M;1q =
M; Vv XS?, where SY C S; is the Moore space of type (H;41(X;Z)/torsion, i). We denote
the multlphcatlon by d; by d;: S’ — S;. Let v, X( )y — X(p) VB X( ) be the given
co H-structure on X2 29) and let V : M; — M; Vp M; be the co-H-structure such that

( ) fi is a fibrewise co- H-map. Since (X )(p) glves the homology decomposition of X(p)
vp induces a fibrewise co- H-structure v}, on (X )5 (p) by the arguments of [10]. Recall that
the k’-invariants are all of finite order hence h; o d;] i|lso = *, and thus we obtain the
following commutative diagrams:

vM
disgl Lf zfp)ofiJ/ ll([;)ofivf([;)ofi
B B
Si hi Xi (X3) () v (X )(p) Ve (Xi) ()

By taking cofibres of the horizontal arrows of the left-hand square, we get the following
commutative diagram:

M; € M;qq xs?
le J/fi,Jrl izd?ES?
X; € Xit1 XS;

where M1 = M; V X¥S{ and f/,, is a rational equivalence, since f; and XdY|5g0 are
rational equivalences

M

Let /2% be a fibrewise co-H-structure defined by v/2] |y, = v and

S
v
vithlzso: 2S) == £S)V XS0 € Mi1 Vp My,

where v denotes the standard co-H-structure of XS?. Consider the following (not nec-
essarily commutative) diagram:

/M
Vit1
M2+1 _— M7,+1 \/B Mz+1

eﬁw)"fﬂli J/?p)o LaVBLlGyofin
B
Xit1(p) Xisi(y) VB Xit1(y)

- >
i1
Vp

The difference between (€7 o fi, Vi €0 o fl11) o/} and vyt o £f o fl,, is given by
a map

Di-‘,—l(p): ES? — QB(XZ(B;))*B.QB( l(p)) C .QB( z-‘,—l(B;,))*BQB(Xi-‘rl(';)).

https://doi.org/10.1017/50013091514000078 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091514000078

330 C. Costoya and N. Iwase

Since fi,, is a rational equivalence, a multiple a;41(p)D;i11(p) can be pulled back to
2p(M;)*xp25(M;). Now, the k’-invariants are of finite order, so X;11 and M;;; have
the same almost p-localization except for primes in P, a finite set of primes. Let a;41 be
the multiple of the a;41(p) for all p € P. Let fiy1: M;11 — X;+1 be a map defined by
fivil, = fi and by fig1]S) = a1 fi1]sso: £S) — Xit1. We then choose a map

DM (p): £SY — Qp(M;)*p25(M;)

as a pullback of a;+1D;11(p) onto Q2p(M;)xp25(M;). The co-H-structure defined by
vMi|m, = vM and by

M M M 0
Vitilzse = viti|oso + Difty: 28 — Miy1 Vi Miya
along with v, verify that Eg) )© fit1 is a fibrewise co-H-map at any prime p € P. For

a prime g ¢ P, we may define comultiplication of (XiH)Z) by that of (Miﬂ)g), since
([l

(Xiﬂ)g) = (Miﬂ)g]). Hence, the induction holds and we obtain the lemma.

4. Proof of Theorem 1.2

Let P; and P, be disjoint sets of primes. We then have a commutative diagram

Y(Py,f)

S

M(P;, f)

Y(Pz,f)

| <

iw(PlﬁPm(f)(Pl,f)) (41)

M s — M P 015,

(P2, f) Y(PiNP2,¢(P2,f)) (P 2 /)

where the vertical arrows are Pj-equivalences and the horizontal arrows are Ps-equiva-
lences.

Proposition 4.1. Assume that M and the spaces M (P;, f), for i = 1,2, admit fibre-
wise co-H-structures v, v for i = 1,2, respectively, such that 1)(P;, f) are fibrewise co-
H-maps for i = 1,2. Then, M(P; N Py, f) is a fibrewise co-H-space (Py U Py)-equivalent
to X.

Proof. The commutativity of the diagram (4.1) gives a map from the pushout W
of M(Py, f) and M(Py, f) to M(P; N Py, f) that induces an isomorphism of homology
groups. It therefore follows that W and M (P, N Ps, f) have the same fibre homotopy type.
Since a fibrewise pushout of fibrewise co- H-structures is also a fibrewise co- H-space, we
obtain that M (P, N Py, f) is also a fibrewise co- H-space such that (P N Py, f): M —
M(Py N Py, f) is a fibrewise co-H-map.

Now, it suffices to consider ¢(Py, f): M(Py, f) — X and ¢(Pa, f): M(Ps, f) —
X, making the diagram commutative, to conclude that the fibrewise pushout is
(P1 U Py)-equivalent to X.

Now, given that ¢(Py, f): M(Py, f) — X and ¢(Ps, f): M(Ps, f) — X ensure the
commutativity of the diagram, we conclude that the fibrewise pushout is (P U Ps)-
equivalent to X. O
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Lemma 4.2. Let f: M — X be the map constructed in Lemma 3.1, where M is a
wedge sum of a finite number of spheres. Suppose that X 531) and X 532) are fibrewise
co-H-spaces with fibrewise co-H-structures v, and vs, respectively, such that 6531) of
and E?Pg) o f are fibrewise co-H-maps with respect to co-H-structures on M, v and v",
respectively. There then exist fibrewise co-H-structures v° on M, v on X 531) and v
on ngz) such that Kfpl) o f and 8532) o f are fibrewise co-H-maps with respect to %, vt

and v72, respectively.

Proof. Firstly, remark that, assuming that there exist fibrewise co- H-structures on M
such that Efpl)Of: M — ngl) and Efp2)0f: M — ngz) are fibrewise co-H-maps is
equivalent, by Proposition 2.4, to assuming that there exist fibrewise co-H-structures
on M such that ¢¥(Py, f): M — M(Py, f) and (Ps, f): M — M(P,, f) are fibrewise
co-H-maps. To simplify notation, we refer to them as v* on M(P;, f) and v on
M(P, f).

Now, since M has the homotopy type of a wedge of spheres, there is a standard
fibrewise co-H-structure v on M induced from the unique co-H-structure map on each
sphere. We denote by d(v,v"): M — Qp(M) xp 25(M) the fibrewise difference of the
fibrewise co-H-structure maps v, v/ and v".

The proof will follow by induction on the homological decomposition of M. Since the
fibrewise differences d(v,v’), d(v,v") and d(v/,v") are trivial on My = M(X;) = B, we
set vy =v, vy =V, v =1, lel =™ and VfQ =,

Secondly, we assume that there are fibrewise co-H-structures v} and v/ on M, v]* on
M(Py, f) and z/ipz on M (P, f) such that (Py, f) and ¢(P;, f) are fibrewise co- H-maps.
We also assume that d(v, v}) and d(v, v}') coincide on M; = M(X;) as induction hypothe-
ses. Since ¥ (P, f) is a Pi-equivalence, for some integer s, there are extensions d (v, v/)
and dF1 (v, v!) of sd(v,v}) and sd(v,v)') on M (P, f) such that (s, P;) = 1. Similarly, for
some integer t, we have extensions d2(v,v!) and d (v, ) of td(v,v]) and td(v,v!') on
M (P, f) such that (t, ) = 1.

Since P, N P, = (), we can choose integers n and m such that ns + mt = 1.
Let I/ﬁl = v —nd" (v, v) + nd™ (v,v)) and Z/ipjl = v £ md”2 (v, 1)) — md"2 (v, V),
where the sum is taken by I/iPI and Vl»Pz on M(Py, f) and M(Py, f), respectively. Then,
Vip_ﬁl and Vﬁfl give fibrewise co- H-structures on M (Py, f) and M (P, f).

Similarly, let vj  ; = v{ —nsd(v,v{)+nsd(v,v]') and v}, | = v]' +mtd(v,v;)—mtd(v,v]’),
where the sum is taken over v/ and v}’ on M, respectively. By construction, (P, f) and
1(Py, f) are fibrewise co- H-maps with respect to the fibrewise co- H-structures v/ 11 and
v’y on M, and Vﬁll and VZ-le, respectively. Now, using the fact that ns + mt = 1, and
also by classical arguments of connectivity, one can prove that d(v,v;, ) coincides with
d(v,v}, ;) over M; ;. Thus, by induction on i, we obtain the lemma. a

By Lemma 4.2, we inductively obtain that X is a fibrewise co-H-space, and therefore
X is a co-H-space. Hence, by Proposition 1.1, we obtain that X is a co-H-space. This
completes the proof of Theorem 1.2.

Remark 4.3. Note that Theorem 1.2 cannot be directly obtained from [3, Theo-

rem 1.1]. Indeed, following along the lines of the previous paragraph, as X 5) ) is a fibrewise
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co-H-space, X (p) 18 a co-H-space for every prime p. Since we are now in the simply con-
nected case, one could be tempted to use [3] to conclude that X is a co-H-space (and
therefore X is as well, by Proposition 1.1). Unfortunately, results in [3] are obtained for
finite-type spaces, while X is not.
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