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Abstract
A single-shot measurement of electron emittance was experimentally accomplished using a focused transfer line with a
dipole. The betatron phase of electrons based on laser wakefield acceleration (LWFA) is energy dependent owing to the
coupling of the longitudinal acceleration field and the transverse focusing (defocusing) field in the bubble. The phase
space presents slice information after phase compensation relative to the center energy. Fitting the transverse size of the
electron beam at different energy slices in the energy spectrum measured 0.27 mm mrad in the experiment. The diagnosis
of slice emittance facilitates local electron quality manipulation, which is important for the development of LWFA-based
free electron lasers. The quasi-3D particle-in-cell simulations matched the experimental results and analysis well.
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1. Introduction

The past two decades or so have witnessed the rapid
development of laser wakefield acceleration (LWFA)
since the experimentally obtained mono-energetic electron
beam[1–3]. From the early stage of tens of percent level energy
spread and few mm mrad-level emittance, LWFA electron
beams have now achieved electron beams with nC-level
charge[4,5], few per-mille-level relative energy spread[6–9]

and sub-mm mrad-level emittance[10]. Benefitted from
the ultra-high acceleration gradient of LWFA[11–15], ultra-
compact radiation sources, such as betatron radiation[16–18],
Compton scattering[19–22] and tabletop free electron lasers
(FELs)[23–25], injectors for future colliders[26] will be
possible. Most LWFA-based applications require an
excellent 6D electron beam brightness[27,28], defined by
B6D = IP

εnxεnyσγ ·0.1% , where IP is the peak current, σγ is the
relative energy spread and εnx and εny are the normalized
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transverse emittance of the electron beam. As a critical
parameter, the transverse emittance needs to be accurately
diagnosed.

Owing to the large instability in the plasma acceleration
process, a single-shot high-resolution diagnostic method
is preferable. At present, one of commonly used single-
shot emittance measurement methods is the ‘pepper-pot’
method[29]. It uses a beam-intercepting mask to construct
the electron beam phase space distribution through the
divergence and charge of electrons passing through the hole,
in which it is preferrable to have a beam with a large charge
(higher than tens of pC level). Ref. [30] reports that this
method is not suitable for LWFA beams owing to large
divergence. The radiation-based method[31–33] measures the
transverse size of the electron beam inside the bubble and the
divergence outside the bubble. Neglecting the evolution as
the electron beam leaves the bubble will make the measured
result deviate from its true emittance[34]. In comparison,
the direct energy-dispersed measurement method using a
focused beam transfer line and an energy spectrometer has
greater feasibility, and is suitable for low-charge electron
beam diagnostics[10,35]. Unlike the early quadrupole scan-
ning method[36], the electron beam has energy-dependent

© The Author(s), 2023. Published by Cambridge University Press in association with Chinese Laser Press. This is an Open Access article, distributed under
the terms of the Creative Commons Attribution-NonCommercial-ShareAlike licence (http://creativecommons.org/licenses/by-nc-sa/4.0), which permits non-
commercial re-use, distribution, and reproduction in any medium, provided the same Creative Commons licence is used to distribute the re-used or adapted
article and the original article is properly cited. The written permission of Cambridge University Press must be obtained prior to any commercial use.

1
https://doi.org/10.1017/hpl.2023.9 Published online by Cambridge University Press

http://dx.doi.org/10.1017/hpl.2023.9
https://orcid.org/0000-0002-7151-424X
https://orcid.org/0000-0002-9738-4447
https://orcid.org/0000-0003-0430-5867
https://orcid.org/0000-0002-2716-4318
mailto:fengke@siom.ac.cn
mailto:wwt1980@siom.ac.cn
mailto:ruxinli@siom.ac.cn
http://creativecommons.org/licenses/by-nc-sa/4.0
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/hpl.2023.9&domain=pdf
https://doi.org/10.1017/hpl.2023.9


2 K. Jiang et al.

transverse deflection through the dipole, which separates the
influence of chromaticity effects[37] while measuring sizes.
This method can not only measure the emittance, but also
obtain the transverse phase space distribution of the electron
beam.

In this paper, a single-shot method for measuring the
energy-sliced emittance of the electron beam was demon-
strated experimentally. Through analyzing the evolution of
the electron transverse trajectory in the bubble, the phase
difference of the electrons with respect to the central energy
can be estimated. Phase compensation unifies the electron
beam phase, which makes the phase space present the slice
information of the electron beam. The slice emittance is
then calculated by fitting to the vertical sizes of the electron
beam sliced at different energies. In order to more accurately
reflect the whole process of the electron beam from its
inception to final measurement, Fourier–Bessel particle-in-
cell (FBPIC) simulation was also carried out. The simulation
results are in good agreement with the experimental results,
indicating the accuracy of the analysis.

2. Theory and experiment setup

While accelerated in the nonlinear plasma wake (the so-
called bubble), the electrons experience transverse oscilla-
tion[38], which causes the evolution of the beam emittance.
Considering a relativistic electron accelerates and oscillates
in the bubble, the transverse trajectory can be expressed as
r = Rr · cos

(
kβz− ct

)
in a linear focus field. It is thereby

obtained that an electron with energy γ rotates with a
frequency of ωβ = ckβ = ckp/

√
2γ in the phase space

(r,pr), where kβ is the betatron oscillation wave number
and kp is the plasma wave number. Figures 1(a) and 1(b)
show the phase space trajectories of the low-energy part
and the high-energy part in one electron beam within the
same duration. The energy-dependent rotational frequency

Figure 1. The phase space trajectories of the low-energy part (a) and the
high-energy part (b) in one electron beam; the electron beam transverse
phase space distribution without (c) and with (d) phase compensation.

of electrons in the phase space results in different phase
advances (�φH �= �φL). According to Refs. [39,40], the
phase advance of the electron can be obtained by the integral
formula φ = ∫

dtωβ . The energy gain per unit length can be
regarded as a constant γ ′ = eEz/mc2 in the case of ignoring
the phase slippage. Therefore, the electron phase advance
can be denoted as follows:

φ =
√

2kp

γ ′
(√

γ (0)+γ ′l−√
γ (0)

)
, (1)

where γ (0) and γ (l) = γ (0) + γ ′l represents the initial
energy and the energy of the electron after acceleration
length l, respectively. Considering the initial phase differ-
ence �φ0 in the injection stage, the phase difference of the
electrons can be expressed as follows:

�φ(l) = φH(l)−φL(l)+�φ0, (2)

where φH(l) and φL(l) following Equation (1) represent the
phase advance of high-energy and low-energy electrons,
respectively. Therefore, the phase difference of the electrons
owing to the energy spread in bubble is inevitable. Through
the electron beam transverse oscillation analysis[41], different
energy slices can be phase compensated to the same phase by
matrix N (�φ).

In the framework of beam optics, the single-electron state
can be characterized by a 6D vector. In the case of ignoring
the second-order effect, the trajectory of the single electron
through the transfer line can be expressed as follows:

(
r
r′

)
=

(
M11 M12

M21 M22

)(
cos (�φ) sin(�φ)/kβ

− kβ · sin(�φ) cos(�φ)

)(
r0

r′
0

)
,

(3)

where r and r′ represent the transverse position (horizon-
tal or vertical) and divergence of the electron at the end
of the beamline, respectively and r0 and r′

0 represent the
transverse position (horizontal or vertical) and divergence
of the electron with phase compensation at the beginning of
the beamline, respectively. The first term on the right-hand
side of the equation represents the beamline transfer matrix
M, and the second term N (�φ) is the phase compensation
term for the electron relative to the reference one with central
energy. Figure 1(c) shows the transverse energy-dependent
phase space distribution of the electron beam. When the
phase is compensated with respect to the central energy,
as shown in Figure 1(d), electrons with different energies
have the same phase and the slice emittance diagnosis can
be feasible. The vertical size of the beam at the end of the
beamline can be represented by the statistic σ 2

y = 〈
(y− yc)

2〉,
where yc is the vertical center position of the electron beam,
which generally defaults to zero considering that the electron
beam transports along the main optical axis. According to
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Figure 2. (a) Schematic diagram of the experimental setup for single-shot measurement of electron emittance by using a focused beamline; (b) shock wave
in the shadow graph; (c) statistics of the spot center position of the consecutive 62-shot electron beam on profile; (d) typical spectra of electron beams from
the LWFA for 10 consecutive shots[24].

Equation (3) and the above equation, the vertical size of the
electron beam can be expressed by the transfer matrix and
the initial parameters of the electron beam as follows[42]:

σ 2
y = R2

11εβ0 −2R11R12εα0 +R2
12εγ0, (4)

where α0, β0 and γ0 are the initial Twiss parameters of
the electron beam in the vertical direction and satisfy the
equation α2

0 + 1 = β0 · γ0 and R11 and R12 represent the
elements in the total matrix R = M · N (�φ) with the phase
compensated. It is noted that the transfer matrix elements
of the quadrupoles are correlated with its focus strength
K = eB/γ mac, where e and m are the charge and mass
of the electron, respectively, B/a represents the magnetic
field gradient, γ is the Lorentz factor and c is the speed of
light in vacuum. For a given beamline, the transfer matrix
is determined only by the electron energy, which means that
the vertical size of the electron beam at the end of the beam
line is related to the electron beam energy. The vertical size
of the electron beam at the focal point is the smallest and
increases with the energy shift. The initial transverse slice
emittance can be determined by the direct measurement of
such energy-resolved beam size.

Figure 2(a) shows a schematic diagram of the experimental
setup for the emittance diagnostic of high-quality electron
beams produced by the LWFA. The experiments were per-
formed on a Ti:sapphire chirped pulse amplification laser
system with 30-fs pulse duration, 200-TW peak power and
1 Hz repetition rate at the Shanghai Institute of Optics and
Fine Mechanics (SIOM)[43]. An 800-nm laser pulse with an
on-target power of approximately 120 TW was focused onto
a gas target by an f /30 off-axis parabolic mirror, and the vac-
uum beam radius ω0 was measured to be 32 µm full width
at half maximum (FWHM). The fractional laser energy

contained in the laser spot was measured to be approximately
61% at 1/e2, and the peak intensity was estimated to be
4.3 × 1018 W/cm2, corresponding to a normalized amplitude
of a0 ≈ 1.3.

The pure helium gas was sprayed from a supersonic gas
nozzle to the metal target to conduct a structured gas flow
with a shock front. The longitudinal density profile can be
adjusted by varying the relative position between the nozzle
and the target and the gas back pressure. A Michelson-type
interferometer with a 4-f optical imaging system was used
for measuring the plasma density, as shown in Figure 2(b).
The shock front has a peak density of (4 ± 0.5) × 1018 cm–3,
following which is a 3-mm-long plateau with the density
of (2.2 ± 0.4) × 1018 cm–3. The beamline is composed of
three quadrupole magnets, where the first two are permanent
quadrupoles with a magnetic field gradient of 250 T/m,
and the third one is an electromagnetic quadrupole whose
magnetic field gradient is tunable in the range of 0–80 T/m.
The accelerated electron beam is deflected onto a Lanex
phosphor screen (Y3Al5O12:Ce3+) by a 90-cm-long tunable
dipole magnet. The energy spectrometer has an energy
resolution of 0.011% at 500 MeV. The total beamline has
a length of approximately 2.4 m from the gas target to the
electron spectrometer, and the components in the beamline
were aligned within ±100 µm of coaxiality with the main
optical axis.

3. Experimental results

It is noted that only the linear beam optics are applied in
the aforementioned theoretical model for simplification. The
transport effects up to the second order and the space charge
are considered in the simulation. By adjusting the relative
position between the two permanent magnetic quadrupoles
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Figure 3. (a) Single-shot image for the energy spectrum of a focused electron beam and (b) the corresponding energy-resolved sizes (blue line) and fitted
curve (red line); (c) the phase difference of the energy offset relative to the center energy immediately after injection (red solid line) and acceleration (blue
solid line) from FBPIC, and the calculated value of the final phase difference (pink dotted line).

and the magnetic field gradient of the electromagnetic
quadrupole, the focused beamline was optimized with
a cancelling term M12 for the central energy electrons
(~500 MeV) to a waist[10,35]. The element M11 in the
transfer matrix then represents the magnification of the
transverse beam size, which is estimated to be –11 in the
presented beamline and is sufficient for the high-precision
measurement of the energy-resolved sizes. Under optimized
conditions, Figure 2(d) shows a typical electron beam energy
spectrum with a center energy of around 500 MeV, a relative
energy spread of 0.5% and an average charge of about 30 pC.
The energy fluctuation of the electron beam measured by 10
consecutive shots is less than 3%.

Figure 3(a) shows a typical energy spectrum of the focused
electron beam deflected by the dipole, with the intensity
corresponding to the relative charge density. The root-mean-
square (RMS) energy-resolved beam size can be obtained
by weighted counting of the distance of the electrons from
the beam center in the vertical direction. Intensities lower
than 10% of the peak intensities in each energy slice are
set to zero to avoid overestimation of the sizes. The blue
line in Figure 3(b) represents the vertical size corresponding
to different energy slices in Figure 3(a), and the red line is
the fitting curve. Quasi-3D particle-in-cell simulations were
performed using the FBPIC code[44–46] to estimate the initial
phase difference after injection, which cannot be directly
measured in the experiment. The simulation parameters
were chosen according to the experiments. The initial phase
difference was estimated to be 34.2◦ after injection, as shown
in Figure 3(c), where the horizontal axis represents the
final relative energy of the tracking electrons. The range
from Ec − 2σγ to Ec + 2σγ was used in the estimation of
the phase difference, where Ec and σγ represent the center
energy and RMS energy spread, respectively. The maximum
phase difference between each slice of the electron beam is
approximately 107◦ (blue solid line), which is very close to
the calculated value of 105.6◦ (pink dotted line) according
to Equation (2). The small deviation between the simulation
and the calculation is mainly caused by the non-constant
acceleration field. The normalized energy-sliced emittance
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Figure 4. Electron beam slice emittance statistics at 1.5 bar (red) and 2 bar
(blue) back pressures.

of the electron beam can then be calculated to be approx-
imately 0.27 mm mrad after the compensation of the total
phase difference. Ref. [24] shows the full FBPIC simulation
results with vertical slice emittances ranging from 0.18 to
0.48 mm mrad. The simulation shows that the electron beam
average slice emittance is approximately 0.26 mm mrad in
the vertical direction, which is in good agreement with the
experiments and analysis.

Figure 4 shows the measured normalized emittance for
various beam charges with the back pressures of 1.5 and
2 bar, respectively. Each data point represents 20 consecutive
shots. The electron beam emittance is lower at the back
pressure of 1.5 bar and fluctuates in the range of 0.27–
0.34 mm mrad. Most of the emittance fluctuates in the range
of 0.28–0.36 mm mrad, and the highest value can reach
approximately 0.45 mm mrad under the condition of 2 bar
back pressure. In general, the energy-sliced emittance shows
no significant correlation with the beam charge. Compared
with the back pressure of 2 bar, the electron beam emittance
fluctuation is smaller when the back pressure is 1.5 bar. In
particular, when the charge amount is higher than 20 pC, the
electron beam emittance fluctuates greatly.

The assumption that the electron beam transports along the
main optical axis is made in the aforementioned theoretical
model. However, positional deviation occurs due to the shot-
to-shot pointing fluctuations of the electron beam from the
LWFAs. An initial pointing deviation of P will result in
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Figure 5. (a) A typical electron beam spectrogram with initial pointing jitter, with two dashed-dotted lines perpendicular to the electron beam (red line)
and at the same horizontal distance from the main optical axis (white line). (b) Corresponding relationship between the electron beam size and energy of the
two slicing methods (the blue line corresponds to the white line in Figure 5(a)) and (c) the relative intensity distribution of electrons in the slice where the
dotted line is located (the dashed line is the fitted Gaussian curve). (d) The relationship between the initial electron beam pointing jitter and the slope of the
electron distribution on the Lanex phosphor screen (red line) and the change in the emittance (blue line).

a positional offset M12 · P at the end of the beamline.
Figure 5(a) shows a typical electron beam imaging on a
phosphor screen with an initial vertical pointing deviation.
The position of the electrons at the beam waist does not
shift due to the zero transfer term M12 at the focal point.
Near the focal point, the transfer term M12 is approximately
linear with the energy, which is in good agreement with the
measured result.

The red dashed line in Figure 5(a) is a slice perpendicular
to the electron beam distribution, and the white dashed line
is a slice with the same horizontal offset relative to the main
optical axis. The red and the blue curves in Figure 5(b)
indicate the RMS energy-resolved beam size by weighted
counting of the distance of the electrons from the beam
center along the dashed red and white lines in Figure 5(a).
Although the design ensures that the horizontal focal point
locates at the end of the beamline, the coupling of the
horizontal position deviation and the deflection angle in
the dipole means that any slice on the screen with the
same horizontal offset is not absolutely mono-energetic. The
measured sizes increase as electron beams with different
energies generate additional vertical offset, owing to point-
ing jitter. Figure 5(c) shows the relative charge distributions
of the two profiles corresponding to Figure 5(a), in which
the subgraphs are locally enlarged graphs. The dashed line
represents the Gaussian fitting profiled by the red line, with
a fitting threshold of 50% of the peak value. It can be seen
from the Figure 5(c) that the electron beam is approximately
Gaussian in the vertical direction. The greater weight of
the background noise in the low-intensity signal and the
transverse divergence of the electron beam owing to space
charge effects make the beam profile slightly larger than
the Gaussian curve. Figure 2(c) shows the center position
of 62 consecutive electron beams, and the vertical RMS
pointing jitter of the electron beam is 0.52 mrad (the point-

ing fluctuation was measured by a beam position monitor
located 4 m from the gas target, where the quadrupoles
were turned off). Considering the effect of the pointing
jitter within the double-RMS range, the red and blue lines
in Figure 5(d) represent the imaging beam slope and the
measured relative emittance derivation for different pointing
jitters, respectively.

4. Conclusion

We experimentally performed single-shot measurements of
electron beam slice emittance using a focused transfer line.
The electron beam significantly follows envelope oscillations
in the bubble owing to the linear focusing field. The coupling
of the longitudinal acceleration field and the transverse
focusing field results in an energy-dependent electron beam
phase. Each slice phase is unified by means of phase com-
pensation based on the relationship between the electron
phase and energy. The emittance can be obtained through
fitting the energy-dependent size calculated by weighted
statistics. Electron beams with an average slice emittance as
low as 0.27 mm mrad are currently experimentally available.
Based on the transfer matrix, the pointing jitter can be
obtained from the energy-dependent electron beam centroid
offset, and the corresponding emittance derivation can also
be measured. The simulation results based on the experi-
mental parameters are in good agreement with the actual
measurement results.
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