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Abstract. Kummer’s conjecture predicts the rate of growth of the relative class
numbers of cyclotomic fields of prime conductor. We extend Kummer’s conjecture to
cyclotomic fields of conductor n, where n is any natural number. We show that the
Elliott—Halberstam conjecture implies that this generalised Kummer’s conjecture is
true for almost all # but is false for infinitely many 7.
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1. Introduction. Let Q(¢,,) be the mth cyclotomic field, where ¢, is a primitive
mth root of unity for an integer m > 1. Let ,, denote the class number of @Q(¢,,) and
I} be the class number of its maximal real subfield Q(¢,, + ¢, ).

Kummer proved that the relative class number £, = h,,/h, is an integer, and in
1851 he claimed ([7, p. 473]) that the rule for the asymptotic growth of /1, as the prime
p — oo is given by the formula

p(p+3)/4
oo n = 6P @

Kummer never published a proof of his claim, and the modern, rigourous reading of
Kummer’s assertion, that

li —h; 1
poe G(p)

has become well known as ‘Kummer’s conjecture’.
As it stands, Kummer’s conjecture remains unproven; however, Ankeny and
Chowla [1] showed that

log(h, / G(p)) = o(log p)

as p — oco. Murty and Petridis [9] proved what they called the weak Kummer’s
conjecture. They showed that there exists a positive constant ¢ such that

—1 hP
cl<L-<c

=50 =
*Present address: School of Mathematical Sciences, University College Dublin, Belfield, Dublin 4, Ireland

https://doi.org/10.1017/50017089510000340 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089510000340

454 M. J. R. MYERS

holds for a sequence of primes p;, where the number of primes p; < x is asymptotic
to x/logx as x — oo. With the additional assumption of the Elliott—Halberstam
conjecture, they were able to prove a stronger result. This conjecture says as follows.

CoNJECTURE 1.1 (Elliott—Halberstam conjecture). For any § > 0 and any 4 > 0,

.
k) — —— 4 <54 LA,

max max
¢(k) log” x

‘ Lh=1 y=x

k<

where 7 (y, k, [) equals the number of primes p < y such that p = Imodk, and liy =
v d
f2 logft
Murty and Petridis showed that the Elliott—Halberstam conjecture implies that
for every € > 0 there exists an x, such that

l—e< 2 <1+c¢

G(p)

holds for all primes x. < p < x, with the exception of a set P(¢) such that

{p € P(e) : xe < p =< x}| = o(w(x)).

Hence Kummer’s conjecture concerning class numbers of cyclotomic fields is
related to the density of primes in arithmetic progressions. Kummer’s conjecture is
also related to pairs of primes. The Hardy-Littlewood conjecture posits the existence
of > x/log? x primes p < x such that 2p + 1 is also prime; in 1990 Granville [3] proved
that the Elliott—-Halberstam conjecture and the Hardy—Littlewood conjecture together
imply that Kummer’s conjecture is false. In that same paper Granville offered heuristic
reasoning for believing that for all primes p

(loglogp)~"/*M) < Iy /G(p) < (log log p)!/>+e)

and that these bounds are the best possible.
More recently, Lu and Zhang [8] proved that for any fixed € > 0, there is a positive
number Q depending only on ¢ such that for all primes p > Q,

Mp~<(logp)'? <y /G(p) < ¥ p(logp)'/°.

In this paper, we extend Kummer’s conjecture to composite numbers; that is, for
natural numbers » and a suitable function G(n) (see (2.2)), the generalised Kummer’s
conjecture predicts that lim,_, « &, /G(n) = 1. We prove a composite moduli analogue
of Murty and Petridis’ weak Kummer’s conjecture:

THEOREM 1.2. Let w(n) the number of distinct prime divisors of n. Then
hy,
—w(n) w(n)
K ==XKe
G(n)
holds for all but o(x) natural numbers n < x.

Moreover, assuming the Elliott—Halberstam conjecture, the generalised Kummer’s
conjecture is true for almost all # and is false for infinitely many n. More precisely, we
have the following two results.

https://doi.org/10.1017/50017089510000340 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089510000340

A GENERALISED KUMMER’S CONJECTURE 455

THEOREM 1.3. Assume the Elliott—Halberstam conjecture. Then for every € > 0 there
exists an x. such that

h
l—e< 21— <1+4¢€

G(n)

holds for all natural numbers n > x. with the exception of o(x) natural numbers n < x.

THEOREM 1.4. Assume the Elliott—Halberstam conjecture. Then the generalised
Kummer’s conjecture fails for infinitely many natural numbers n.

2. Generalised Kummer’s conjecture. For the cyclotomic field Q(¢,), one may
obtain the formula (see [11, p. 42]):

o = Quvlda/di | ]‘[L(l -

n = n¢<n>/22¢<n>/2

@.1)

Here d, is the discriminant of Q(¢,) and d; is the discriminant of Q(¢, + ¢, !). Also, w
is the number of roots of unity in CX(¢,), and Q = 1 if nis a prime power p” and Q = 2
otherwise.

By Proposition 2.7 in [11],
o)

— (_1)¢m/2
= O
and by Lemma 4.19 in [11],

p(dh)? ifn=p withp # 2,
dy={4d})? ifn="2",

(d)?  otherwise.

Hence, we see that

| p $(n)/2
h, =a,| — L(1, x),
<2T[ 1_[])|np> 1_[

Fsodn

with

2p 4 ifn = p” with p # 2,

2r+1/2 ifn= 21"

ay = .

4n ifoddn # p",

2n ifevenn # 2"
Let

¢(n)/2
1 n
Gn)=a,| — [=— . 2.2)
22\ [ p

Then the composite moduli form of Kummer’s conjecture may be stated as follows.
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CONJECTURE 2.1 (Generalised Kummer’s conjecture).
h, ~ G(n)
as the natural number n — oo.

As in [10], we can rewrite the product of L-functions in (2.1) as
o
[T co0=ew(“5%).
x modn
x odd

where f, = lim,_, o f,(x) and f,(x) is the finite sum

fulx) = Z cn(r)

r

with
1 ifr=¢" = 1modn,
() =4-1 ifr=¢" =—1modn,

0 otherwise

where ¢ is a prime and m > 1.
Clearly, the generalised Kummer’s conjecture is true if and only if f;, = 0(@).

3. Lemmas. We will need the following theorems which are also used in [9].
LeEmMMA 3.1 (Siegel-Walfisz theorem). For any constant A > 0, there is a constant
c(A) > 0 so that uniformly for x > 3, 1 < k < (logx)4, (k,]) = 1, we have

nuk0—£5+o@eﬂww)

LEMMA 3.2 (Bombieri—Vinogradov theorem). Assume x > 2. For any A > 0 there
exists B= B(A) > 0 such that

Z E(x, k) <4 LA,
~, log” x
k<l:gB.\'
where
E(x, k) := max ma W, k, 1) — hy
X, k) := max x 11
V=X (k)= ok)|”

LeEMMA 3.3 (Brun-Titchmarsh theorem). Fork < x, (k, ) =1,

2x

7T(X, k, 1) < Wg(}c/k)
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LEMMA 3.4 ([6, p. 124]). Let [l be a fixed, non-zero integer, and €, A, B positive
real numbers, where A > B + 30. Then for any numbers x and X such that x'> < X <
xlog™ x and x > xy(e, B), we have

4+e)x
7T(X, k, 1) < W

foreveryk suchthat X < k < 2X, and(l, k) = 1, except for at most X log™2 x exceptional
values of k.

LEMMA 3.5 ([9, p. 298]). Fix [ andk, (I, k) = 1. The number of primes x < p < 2x
such that kp + 1 is also prime is

a4

log? x’
pilki g

uniformly for k < x?.

LEMMA 3.6 ([9, p. 298]). There is a constant ¢ such that, as T — oo,

ST(-L) ~er

k<T pilk

LEmMMA 3.7 ([10, Corollary 3.6]). The number of solutions modn to X" = 1 mod n
(or to X" = —1modn) is at most 2m®"™, where w(n) is the number of distinct prime
divisors of n.

Let A be some constant greater than or equal to e. A slight modification of Hardy
and Ramanujan’s original proof in [5] of the normal order of w(n) shows that the

number of n < x such that w(n) > 4loglogx is 0(10“; ~). More specifically, we have

LEMMA 3.8. For any constant A > e,

X
(log x)!+4log 4-4(Jog log x)1/2”

{n < x:w(n) > Aloglog x}| <«

Proof. Let

m(x.k)= Y 1 and S= > zw(x.k+]1).
n=x k>Aloglogx
w(n)=k
Lemma B of [5] gives us the uniform upper bound

Lx (logl D)~
2k 4 1) < £x doglogx+ DFf
log x k!

where L and D are absolute constants. Clearly, then

Lx Z (loglog x + D)*

<
log x k!
g k>Aloglogx
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Write &€ = loglog x 4+ D and let k| be the smallest integer greater than 4. Then

g _gh [1 Lk & ]

IRl R S R T Y e e

%-kl 1 ékl A
1 N
“ [ +A+A2+ ] ol A=1

ekl(logéflogk1+l)
ik

by Stirling’s formula. It follows, then, that

k>A&

<

gk e(A—AlogA)é
> o < —F < (log x)=A24(1og log x)~1/2.
k>dag

Thus the number of #n < x such that w(n) > 4loglogx is

b
< (log x)+4leg A-4(log log x)1/2°

as required. ]

4. Unconditional composite moduli weak Kummer’s conjecture. In this section,
we will prove Theorem 1.2, the weak Kummer’s conjecture for composite moduli. To
remove the contributions of the prime powers ¢ with m > 2 from the sum f,,, we will
use the following lemma:

LEMMA 4.1.

n(q™) _ <w(n))

Proof: Write S = 3 ime D 2 @(T0) Then, clearly,

mq"

NEDIES —_S1+S2,

q prlme m>2
¢"=E1(n)

where

Z Z 7 and S, = Z Z mq’"'

g prime  ;>2 g prime  p>>
a<n m_X1() >N =X (n)
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Recall that 7 (x) is the number of primes p < x. By the prime number theorem, we

have
1S5l < DD gk Y g7

q>n m22 q>n
q prime q prime

< lim [KZ’)} +/“ D 4y
x—o0 | f n L

n
1 © 1
< +/ ———dt
nlogn ., Plogt

=(5)
< =o|—-]).
nlogn n

We now consider S| = S3 + Sy with

1 1
S3=Z Z m—qmandS4=2; ; mq’”.

m>2 4q<n
q"=1(n) q"=—1(n)

For a fixed n, let C(m) denote the number of solutions x < n to the congruence
X" = 1modn. By Lemma 3.7 C(m) < 2m®", where w(n) is the number of distinct
prime divisors of n. This gives us the upper bound

{x<n:x'=1modn}| < Cc@) < 2i°" =: B(m).
U ‘ > Cly=) 2

=2 i=2 i=2

Observe that B(m) <« m@™+1,

Now for each solution x < nto x” = 1 mod n, write X" = u;n + 1, where each u; is
a distinct positive integer for i = A(m), ..., A(m) + C(m) — 1. Here A(2) = 1, and for
m >3, A(m) = B(m — 1)+ 1. Then

B(m) 9
a

1 1 1
=2 2= a§m)uan+1
- q"=1(n) -

where for A(m) < a < A(m) + C(m) — 1,

0 :1 if Yuyn+ 11s a prime,

0 otherwise.

For any A(m) + C(m) < a < B(m), let 6, = 0 and u, = 1. Thus

1 1 B(m) 9

Sy <-S 1 ba

3 n Z m Z U,
m=>2 a=A(m)

Let d,, be the inner sum Zf(:";)(m) %, and write the partial sums

Dy=d,,Ds=dr+ds,Dy=dcdr+ds+ds,....
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Notice that for any two indices a # «’ such that 6, and 6, are both non-zero, we must
have u, # u,, which implies that D, < Zf('f al.
Now,

X —1

Z Zl(r—f-l)’

m= 2 =2

and we get

1 D,
0<8;=- _
=3 nngzm(m+l)

mem+1
1
<u mgm(m+ 1) ; a
w(n) logm)  _ (w(n)
<7 ,;m(m—i—l)_O( n )

Similarly, we can express the sum Sy = ), ., m(Zf("g(m) - ‘ﬁ" 1), where the values

of v, are positive integers and ¢, = 1 or 0. Since

B(m) B(m)
¢a Z ¢ -2
Z = + 0(n™),
Py v — 1 Ny v+ 1
it follows that Sy « @ as well. O

Define the sum

am= Y 9

¢ prime q
q<x
and
= lim g,(x).
X—>00

By Lemma 4.1, f, = g, + O( #). An application of the Siegel-Walfisz Theorem
(Lemma 3.1) reduces the infinite sum g, to a finite one.

LEMMA 4.2.

8n = gn(zn) + 0(7[72).

Proof. For x > y > 3, Riemann-Stieltjes integration gives

n n * xAn
a - g0 = 3 A0 _[20] o [" A0y, 3
vy

y<qsx
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where 4,(f) = n(t,n, 1) — n(t n, —1). Using the Siegel-Walfisz theorem and taking
x > 2", we obtain A4,(x) L = and SO

) — )] <<[ ”(’)} + f A0 4,
Ry

2

< 1 1 n 1 1 7°
nlog?x  n(log2"? = n[logt |,

1
< el

We have shown
fo=gnt 0( il )) — g2+ 0(“’(”))

and have reduced the problem to one of studying the finite sum

a= Yy MO

q prime, q
5152”

We will now find bounds on g,(2") by using (4.3) to partition this sum into terms on
which we may apply our various estimates for 7 (¢, n, 1) — 7 (¢, n, —1). We are now in a
position to prove Theorem 1.2.

Proof. Note that
|An(D)] = |7 (2,0, 1) — 7 (1, n, =1)| < 2E(t, n)

as defined in Lemma 3.2, the conditions of which are satisfied for x < n < 2x and
n*log?®n < ¢ < 2". Hence,

. o E(tn 2 2 . E(tn
Z Z Cn(q) < |:Z,\<n_2x ( ):| +/ Zx<n_2; ( )dl
q 4 n2log”® n n t

210028
x<n=2x p2 Jog?® n<gq<2" log™* n

[ e 1
<<[ y } + / —dt
log” 1 Joioge s Ji210g28 v tlOg” 1

—A+1

< log

If we set D(n) = g,(2") — g,(n* log®® n), then we have shown

1
D L —F
> D) g T

x<n<2x

Thus for any constant ¢ > 0,
#{x<n§2x . |D(n)| > E} L —
n (o)

Take 4 > 3 in Lemma 3.2.
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By dyadic decomposition we discard at most x log=#*! x natural numbers, and now
we restrict our attention to primes ¢ in the range n>/4 < ¢ < n*1og®® n. By Lemma 3.3,

eu(q) 1 /”% " 1
4
> <swban s woosm®

n?/4<q<n*log*8 n
log(log?8 n))
&L —log <1 + ——
¢( ) log(n/4)

(50)

=o—].

¢(n)

Thatis, g,(n* log*® n) — g.(n*/4) = o(1/n), and now we consider the range 24nlog? n <
g <n*/4.

Take X < n < 2X and let 24nlog? n < t < n?/4. The conditions of Lemma 3.4 are
satisfied in this range, and so

n(q) 1
Z < ¢(n)logn +

24nlog! n<q<n?/4 q

1A 1

—dt
$(n) 24nlog? n tlogt?

1
L —
p(n)
This holds for all natural numbers X < n < 2X with the exception of a set of size
< Using dyadic decomposition, we see the number of exceptional n < x is

<

log e ¥ X
log x’
To estimate g,(24nlog? n) — g,(nlogn), we apply Lemma 3.3 again to get

Z Cn;Q) < m [log (log t)]zAnlogAn

nlogn
nlogn<q<24nlog n €

1 log(241og?~! n))
— 1o Dels s W
< o) ( T logllogn)
1
< g

Using Lemma 3.3 one more time:

Y nlogn dt
Z cn(q) <<f

enlogn loglogn<g<nlogn q nlogn/loglogn ¢(n)tlog(t/n)

< 1 10( log(logn) )_O(L)
o) \log(ogn/loglogn) ) ~ “\p(m) )

Finally, we need to analyse the sum

gn(enlogn/loglogn) = 3
q

n<q<enlogn/loglogn
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This sum is # 0 when there are summands; that is, when at least one of n + 1, 2n &
I,...,kn+1 is prime for k < elogx/loglogx. Hence we use the prime number
theorem for arithmetic progressions and we see

Z kK x < X €logx < ex o(x)
e d(k)logx  logx loglogx  loglogx
<loglogx

The number of n < x such that g, (enlogn/loglogn) # 0 is o(x), and Theorem 1.2 has
been proved. ]

5. Conditional composite moduli weak Kummer’s conjecture. We now prove
Theorem 1.3 that Kummer’s conjecture holds for almost all n. We will need natural
numbers analogues of Proposition 1 and Proposition 2 from [3].

PROPOSITION 5.1.
1 1 <1>
o X w=ls
m q" n

m=2  ¢"=xlmodn
q prime

for all but 0(102 <) natural numbers n < x.

Proof. For any prime g > n,

1 1 /1 1 1
Zm_q’”ﬁz S+t )=

2
m=>2 q q

Also, for any prime g < n,

Z 1 - 1 1_|_l+l+ <1
mqm—zn2 q q2 —n2'

m>2

Thus, if we list the primes ¢; in order so that g, < n < g1,

1 1 1 1 1 1
)IF D DFLED S R SRS D Dy E3
m>2 m ¢"=x1modn q m>2 mq,In m>2 qu’ m=>2 mql’C”_H m=>2 qui"‘z
qm>n2
IR N S S
n? "Gy G

1 n 1
=0|— - ——)=0
<n2 logn) (nlogn)

by the prime number theorem.
Again, using Lemma 3.7, we have <4(2)“" solutions mod # of the congruence
x™ = +1mod n. Also, by Lemma 3.8, the number of » < x such that w(n) > 4loglog x

is o(lo';x). (Here we choose e < 4 < 2/log2.)
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Hence

1 1 1 2(20m) 1
—_ R — ] < = 0| — 54
RD D D DY e <n) G

g*=+1modn g¢*=lmodn

nlog® n<q?<n?

for all but 0(102 ~) numbers n < x.

Now if ¢" < n?, then m < 4logn. Let

1 1
Si= X . X o
m
3<m=<4logn ¢"=x1modn q
q”’inlogzn

Then
s« X oo T o X
X m q
x<n<2x 3<m<logn xlog? x<gm<x2 x<n<2x
nlg"+1
DD St
2
3<m<logn m q<x2/’” XIOg x
¢ prime
logl aa 1
O O . .
< loglogx log(x2/3) " X1 logzx
loglog x
Yxlogd x’
because the number of divisors of ¢” + 1 or of ¢" — 1 is o(x®) for any § > 0 (see [2,
p. 296)).
The number of x < S, < 2x such that S, > €/n is < x*/4, since otherwise
1 1
S, — XM=
Z n > T X \4/}

x<n<2x

By dyadic decomposition together with (5.4), we see that

1 1
YIS SR
m q"
m>2 ¢"=x1modn
nlog® n<q”<n?

for all but o(x/ log x) natural numbers n < x. It now suffices to show that

1 1
S"ZZE Z — =o(l/n)

m
m>2 ¢"=+1modn q

2
q"<nlog™n

for all but o(x/ log x) numbers n < x.
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Note that

an<<Z% > % Yoo

xX<n<2x m=>2 x<gq"<xlog? x x<n<2x
¢"=+1+kn
1 log? x
<X
m q
m=2 " y<gm<xlog® x
log? x
<y b
¢ prime X
g<x'?logx
< logZx  x'"?logx log? x
x  log(x'/21logx) x1/2

by the prime number theorem.
Thus if s, > €/n for > x'/?1log? x natural numbers x < n < 2x, then

log? x

1
Z sp > —(x"*log’ x) = 12"
X X

x<n<2x

a contradiction. By dyadic decomposition, s, = o(1/n) holds for <« x!/2log®x =
o(x/log x) numbers n < x. ]

Recall g, = lim,_, o g,(x), Where

1 1
= Y -- > -
q prime 4q ¢ prime 4q
q=x q=<x
g=lmodn g=—1modn

Then by Proposition 5.1 we have f,, = g, + o(1/n) for all but o(x/ log x) numbers n < x.

PROPOSITION 5.2. Assume the Elliott—Halberstam conjecture is true, and fix § > 0.
For a constant C > 3, the equation g, — g,(n'™®) = o(1/n) holds for all but <« x/log® x
natural numbers n < x.

Proof-Set S(t, x) =Y
conjecture gives

D g — &) < [S(tt’ x)} +foo Sy,

|7 (2, n, 1) — (2, n, —1)|; then the Elliott—Halberstam

x<n<2x

RETR,

< ! + /oo dr < !
log>x  Juw tlog®t — log"~'x’

x<n<2x

Take A > 3 in the Elliott—-Halberstam conjecture.
If the inequality

€
Z 1gn _gn(nl+5)| > Z

x<n<2x
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holds for > x/log?~2 x numbers x < n < 2x, then

1 X 1
Z 1gn _gn(nl+8)| > ; : logA—2 = logd=2 %’
x<n<2x 0g X 0g X
a contradiction. The result follows by dyadic decomposition. O

COROLLARY 5.3. Assume the Elliott—Halberstam conjecture. Then for any § > 0 and
C >3,

Jo = &) + o(1/n)
for all but o(x/log x) numbers n < x.
Proof. This follows from Propositions 5.1 and 5.2. O
We will also need the following result.

LEMMA 5.4 ([4, Theorem 5.7]). Let g be anatural number, andleta;, b;(1 =1, ..., g)
be integers satisfying

g
E:=[]a [] (@bi—ab)#o0.
i=1 1<r<s<g
Let p(p) denote the number of solutions of
g
H(ain + b;) = 0modp,
i=1

and suppose that p(p) < p for all p. Let y and x be real numbers satisfying 1 < y < x.
Then

{n:x—y<n<x,an+b;primefori=1,...,g}

_ —g+1
Szgg!n(l_M)<1_l) L
) r—1 » log?y

logl loglog 3|E
X{1+0(0g og 3y + loglog 3| I)}
logy

where the implied constant depends at most on g.
We are now ready to prove Theorem 1.3.

Proof. We are left to deal with the finite sum

ey _ y @@ nlq) anlq)
gnn' ™)=Y > + > -

q<n'ts g<(148)nlog> n 1 (1+8)nlog? n<g<n!+
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For X <n < 2X, and (1 +8)'nlog?n < x < n'*?, the conditions of Lemma 3.4
are satisfied, and

+4

e " (i
> <</(

2
(148)4nlog" n<q<n'+s q 1+8)*nlog" n ¢(ﬂ) 10g nt

|
< %) Togn
5

< m

Now we put bounds on the sum

[§logn — Alog(l 4 &) — Alogn]

cn(q)
2. T

g<(1+38)4nlog” n

For the range (1 4+ 8)nlog’>n < ¢ < (1 + 8)*nlog? n, we use the Brun-Titchmarsh
theorem:

cn(q) (148)4nlog” n dt 1
> < / L —.
(somtoeneg (+smlog2n  @M)tlog(t/n) — ¢(n)
<(1+8)*nlog” n

For enlogn < ¢ < (1 + 8)nlog® n,

ca(q) 1
P D DR

enlogn<q 1 en<t<(148)log’ n,
<(1+8)nlog’n nt£1 prime

On average,

1 1
E § — < E — E 1
nt , Ix
x<n<2x ¢logn<t<(148)log’n, elogx<t<(14+8)log” x x<n<2x,
nt£l prime nt+1 prime

1 X
< Z Lo x
elog x<t<(14+8)log? x tx ¢(t)log x

loglog x
logx
Therefore the number of n < x such that

1
D

nt

elogn<t<log®n,
nt+1 prime

S|Im

is « Xogloex — ,(v) That is, |g,(enlogn) — g.((1 + 8)nlog? n)| = o(n) for all but o(x)

log x
natural numbers n < x.
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Finally, for the range ¢ < enlogn, we will use Lemma 5.4. Fix some ¢ < € log x.
Then the number of n < x such that nt+1 or nt—1 is a prime is < x/logx +
O(—xﬁggl;;gx), and so

log1
Z #n < x: nl:l:lprime}fex+0<w>.
log x

t<elogx

So the number of n < x for which

Z C”(q);éo

g<enlogn q

is o(x), and we may assume g,(enlogn) = 0 for almost all #, and the proof of Theorem
1.3 is complete. O

6. Conditional disproof of generalised Kummer’s conjecture. Recall that
_ ¢(n
by = Gvexn (2521,

and that the generalised Kummer’s conjecture predicts that s, ~ G(n) as n — oo. In
this section, we will prove Theorem 1.4, that the Elliott—-Halberstam conjecture implies
that the generalised Kummer’s conjecture fails for infinitely many natural numbers 7.
Here we wish to show that f,, = o(1/¢(n)) fails for infinitely many #.

By Corollary 5.3, the Elliott-Halberstam conjecture implies that for any § > 0 and
C >3,

Jo= &' ) + o(1/m)

for all but o(x/log x) numbers n < x. We wish to find bounds on g,(n'*?) —
so estimate the contribution of the primes ¢ of the form n + 1.

n+1 and

LEMMA 6.1. Fix A >0 and € > 0. There exists some 8§ > 0 such that for all
sufficiently large values of x, there are < F natural numbers n < x such that n+ 1 is
prime and

1+5)_L s €

&nln n+1| = 2n

Proof. Define
N,:f(x) =|{x <n<2x:n+1andkn =+ 1 both prime} |.

Then for k > 2,

X
N < | T -5 ]z (6.5)
pikte-1 P o8 ¥
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and
X
N;o<| 1 %1 = (6.6)
plkter ) P o8 X

by Theorem 3.5.

Thus

(2xy (@2xy
148y _ N
D nlgan'™?) '<< > 3 = +Zk

x<n<2x x<n<2x g=xlmodn
n+1 prime n+1 prime g<n'*®

q prime, g#n+1
(2x)

> I 55

)
log”x k=2 plk(—1)

X 1 P
2 Z I H _
log”x k=2 plk(k+1)p
< X 5logx — §x
log? gx= log x

by Lemmas 3.5 and 3.6.
Hence there exists a constant ¢; > 0 such that

1 A
Yo len ) - —| = —as o = = 2
= n+1 n logx 2n logx
nt1 p_ri{ne

Ax

for § = “ . By dyadic decomposition, there exists < Toax numbers n < x such that

n+1is prlme and

€
>2—,

143
‘ () = n+1

as required. ]

PROPOSITION 6.2. Suppose the Elliott—Halberstam conjecture is true. Then for a
fixed € > 0 there exist > x/log x natural numbers n < x such that f,, = (1 + 6)%.

Proof. By the prime number theorem, there are > ¢;x/log x numbers n < x such
that n+ 1 is prime. Fix € > 0 and let A = ¢;/2 in Lemma 6.1. Then there exist >
¢2x/2log x numbers n < x such that n + 1 is prime and

€

148y .
) < P

gn(n p—

By Corollary 5.3, there exist > ¢,x/2log x numbers n < x such that n + 1 is prime
and
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We have shown that with the assumption of the Elliott—Halberstam conjecture,

-
G(nn) = exp (@ﬁ,) = exp <%(1 + e))

for > 10“; ~ numbers n < x. We now wish to prove that for infinitely many of these n, @

is bounded away from 0. This must be verified, of course, because lim inf,,_, oo @ =0.

LEMMA 6.3.

¢(n) cx
Z — ~ , asx — oo,

— n log x

2n+1 prime

where ¢ = 3 podd<1 - ﬁ) # 0.
Proof. Since
()~ md)
e
dln
we have

é(n) (d) (d)
I DD IE D I D D

n<x n<x din d<x t<x/d
2n+1 prime 2n+1 prime 2dt+1 prime

The inner sum is 7 (2x + 1, 2d, 1).
Thus we need to evaluate

> @n(zm L2, )= Y @n(2x+ 1,2d, 1)

d=x d<log" x

+ Y %d)n(bc—i— 1,2d, 1).

log? x<d<x

For the second sum, we have the estimate

u(d) X X
log” x<d<x d>log” x

For the first sum, we use the Siegel-Walfisz theorem 3.1 to get

w(d) u(d) .. X

d<log! x d<log” x

. = u(d) 1
(1li2x) (d:l aod) " o (—logAl x)) :
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Since
w(d) u(d) u(d)
_l’_
Z dgd) Z dg(2d) d%; dg(2d)
dl odd

) wd) 1 ) ()
= 2 3dpd) T 2 dpd) — 4 e ded) T A A

d odd

:'nggzl) _ZZ ()H< )

d odd d odd pld

B ‘pl;[d( PP - 1))

and

li2x ~
1x1 ,

this completes the proof of the lemma. ]

LEMMA 6.4. Let § > 0and x > 1. Then

3 o) o O (6.7)

pod n log x

n+1 prime
kn=x1 both prime for some
2<k<élogx

where the implied constant is absolute.

Proof. Since @ < 1, we have that the sum in (6.7) is bounded by

> N,

2<k<é§logx
where
N,f(x) =|{n<x:n+1 and kn £ 1 both prime} |.

By dyadic decomposition and equations (6.5) and (6.6),

X
N (x) <« l_[ L 5
sy ? 1 ] log"x
and
_ V4 X
No<| [l — :
k _ 2
plk(k+1)p ! log X
Inserting this estimate into the sum, we get the sum is <« k;% as claimed. ]
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We now prove Theorem 1.4.

Proof. By Proposition 6.2, the Elliott—Halberstam conjecture implies that

-
G(nn) = exp (%n) ,,) = exp <%:)(l + e))

for > 10“; - numbers n < x. By Lemmas 6.3 and 6.4, for a sufficiently small § we have
p(n) x
) oy X
. n log x
'75}’[5)(
n+1 prime
neither kn+1 is prime for any
2<k<8§logx

From this we deduce that there are infinitely many » such that

n

G(n)

> exp()

for some fixed n > 0. Thus if the Elliott-Halberstam conjecture is true, then the
generalised Kummer’s conjecture (2.1) fails for infinitely many natural numbers. [
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