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§ 1. Introductory. The formula to be proved is

ZTT) I ^ I
1L

s i n ( M _ f Z + m + !.<*,. a « . : z ( l -A)l dX

where n is zero or a positive integer, B(m)>0, B(xs-l)>0, 8 = 1, 2, ... , p, p^q.
The following formulae are required in the proof:

where -B(/3)>0, | amp z | <TT ;

7(277) sin (lir) JT(a) fV"/m + B + i( / i )>l-*(z+/*)-«rf / i
Jo

Joo

where iJ(aj,+1)>0 ;

(1)

-. :z)=r(oL) PV^-ia+A/z)--^, (2)
Jo

= ( -1 )" sin (m-l)Tr2-lz-'E(l+m+n + l, l-m-n, a : l + l: 2z)
- (-l)n sin (mn)zl-*E(m+n +1, -m-n,a-l: l-l: 2z), (3)

where to is integral, R{l+m+ri)> —1, R(a-l)>0, | amp z \<n ;

e^(l-A^r-»M(A)dA, (4)

where n is zero or a positive integer and R(m)> -1 ;

i-iE(p ; ccr: q ; p,: z//i) dfj.=E(p + l ; <xr : 5 ; |08: z) (5)

ar: q; Ps: fr)dt-E(pi ar : q + 1; ps: z) (6)

where the contour C starts at - 00 on the real axis, passes in the positive direction round the
origin, and returns to -00 on the real axis.

Formulae 2 to 6 are to be found on pages 348, 379, 377, 379, 379 respectively of the
author's Complex Variable, third edition.

§ 2. Proof of the formula. On substituting from (4) in (3), the L.H.S. of (3) becomes

sin (Itr) / » f V v + m (2 +p)~"dli. f eA"(l -A2)*™ T-™n{X) dX.
JO ' J—X
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Now change the order of integration and get

sin (l-n) f (1 - A2)i™ T-*»n(A) dX f ( a ) f °°e-"(1-A> jxl+m(z + p)-' dp
J —1 J 0 i

= s i n (lrr)z-* f1 ( 1 - A 2 ) * ™ T ~ ™ n ( A ) ( l - X ) - l ~ m - l E { a , l + m + l : : z ( l - A ) } d \ ,

b y (2 ) .
H e n c e

s i n (In) f1 (1 - A2)*™ T-™J\)(1 - A ) - 1 - " - 1 ^ ^ , l + m + l::z(l - A ) } dA
J —1

= ( -1 ) " sin {m~l)n 2~l E(l + m+n + l, l-m -n, a : l + l : 2z)
- ( - 1 ) " sin (mir)zl E(m +n + 1, -m-n, a-l: I -1: 2z), (7)

where n is zero or a positive integer, R(oc —l)>0, R(m)> - 1 .
On replacing a in (7) by a.x, z by z/p, and applying (5) repeatedly, and then replacing z

by t,z and applying (6) repeatedly, formula (1) is obtained.
If pe^q, the R.H.S. of (1) can be expressed in terms of p + l generalised hypergeometric

functions by using the formula
v

E(p; ar:q; ps:z)= Z P(ocr; p-1 ; <xs: q ; pt:z), (8>
r = l

where p^q +1, and

P ( a r ; p-1; as : q ; ^ : z) = fi'T(*. - a , ) A{
(=1

ar-a

here, if p=g» + l, | z |
For the coefficient of

f
IS

p

r(2m + 2n+2)fir(Pt-l-m~n-l)

x ( - 1 ) " { - s i n (m —1)TT sin (m +W)TT + sin (rmr) sin (I +m +W)TT} cosec (2w +2TI)TT,where the last line has the value sin (ITT) ; next, the coefficient of

z\
f

2-i (2z)l-m-n F }l~m~n> -m-nj-m-n-pi + l, ... ,l-m-n-Pq + l ; (-l)»-«+1 2z)
[ - 2m - 2n, l-m-n-a1 + l, ... ,l-m-n-a.v + l

is

r(2m+2n + l) IIr(<xs-l+m+n)
«=i

F(m+n + l) F (1 -l+m+n) IIF(pt-l+m+n)
t=i

sin (t - m ~n)n sin
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and finally, the coefficient of

is

)

nr(Pt-ai)r(i

x ( - l)n {sin (m-l)TT sin (ax — l)n -s in (irnr) sin (a^)} cosec (m +n -I + tx1 + 1)TT,

the value of the last line being sin ITT.
Hence, if S(m)>0, R(ocs~l)>O, s = l,2, ... ,p, p^q, n=l, 2, 3, ... ,

dX
r(l-A2)i™r-^(A)(l-A)-'-™-1 -1

J l xEfl + m + l,a1,av...,ccp:z(l-X)}
" 1 L I pi>pi> •••>PQ / _ l

ifl r(as-l-m-n-l)

r{2m+2n+2)h r(Pt-l-m-n-l)
t=i

_ \l+m+n + \,m+n + \,l+m + n— p-,+2, ... ,
X J" i

+ 2; ^ r w n«r -1) 2ar-lz*

( = 1

x J / « r , a r - Z , a r - / ) 1 + lJ ... , a r - / i , + l ; (-l)»~«+12z | _ _
(ar -l-m-n, ocr-l+m+n + l,ar-a!+ 1,...*..., acr-ocp + l)' * '

where, if f>=<7, | 2« | < 1 .
Note 1. When ^S:*?, formula (10) can be verified by expanding the ^-function in the

integral by means of (8) and using the integrals

f1 ( l -
J —1

: {\-

17 (ar; n)r(m+n
= ( — 1 )n s = 1

ffl (Pt; w) T(2m + 2n + 2)
i

l.ai+w, a2+w, ... ,<xJI+n; 2z\
+ 2,Pl+n,p2+n, ... ,pq+n j ( >

where R (m)> - 1, p^q +1,

(a; 0) = l, (a; w)=a(a + l ) . . . (a+W-1) ; (12)
and

-X2)lmT-™n(X)(l-X)lF{p; ar:q; Ps:(l-X)z}dX

= (~i; n)r(i+m + i)2l+m+1

\l-n + l, l+2m+n+2, plt p2 ... , pj '
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where B(m)> - 1 , R(l+m)> - 1 ,
Formulae (11) and (13) can be proved by substituting the extended Rodrigues' formula 'j

—- ((1 -A2)m+n\ (14)
l)d\»n ' ' ( >\

in the integrals, integrating by parts n times, and then integrating term by term. If p —q +1, »
|2* |<1 . ;

Note 2. As above, formula (3), with w=0, can be written

l+m_xr(2m+2)
xF(m + l, l+m + l ; 2m +2, l+m -a+2 ; 2z)

r ( l + W a + l ) r (« ) r ( a - l ) 2 ^ l f , / »,a-l ; 2z\
r(a+ml + l) \a -l-m, a.-1+m + l J'"^

where i?(/+w)> - 1 , R(x-l)>0, | amp 2 |<TT.
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