AN INTEGRAL INVOLVING AN E-FUNCTION
AND AN ASSOCIATED LEGENDRE FUNCTION
OF THE FIRST KIND

by T. M. MACROBERT
(Received 9th October, 1950)

§ 1. Introductory. The formula to be proved is

L A =xim Tom () (1 -yt
sin (ZW)J ) XEjl+m+l,cx1, Ogy ore 5 Oyt z(l—)\)} dA
B L PL P2 o+ 5 Po

lim+n+1,l-m-—n, 0y, 09, o0y 0y 2z)

=(-1)"sin (m -1 2—’E<
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(~-1)*sin (mn)2 E(lhl,pl—l,pzfl,...,pq—l ! s eerrneeeeneraeiees (1)
where 7 is zero or a positive integer, R (m)>0, RB(x,—-1)>0,5=1,2, ..., p, p=q¢.
The following formulae are required in the proof :
B2, 8: :2)=T(x) [we—AAe—l(l Y 2
Jo
where R(8)>0, | amp z | <7 ;
J (@) sin (1m) () [ e Do ) e )~
=(-1)rsin(m -7 2~z E(l+m+n+1l,l-m-n,o: I+1: 2z)
—(=-1)rsin (mm)eieEm+n+1l, —-m~-n,a—-1: 1-=1: 22), ceoevenrnninnnn.n. (3)
where # is integral, R(l +m +n)> -1, R(a -1)>0, | amp z | <7 ;
am+i (1 . o\pm
Im+,,+,_,(z)=mj_lez (L= X T= () dA, v 4)
where # is zero or a positive integer and R(m)> ~1;
Ioe““y“p+1—1E(p; ot gy pet 2p)du=E(@+1; o,: q; psi 2), eerrrernnnnn (5)
where R(a,4,)>0;
1
%jcegg—f’qﬂE(p; o, q; ps: CRYAE=E(p; ap: g+1; pgt 2), ceenvnnnnnnn. (6)

where the contour C starts at — o on the real axis, passes in the positive direction round the
origin, and returns to — o on the real axis.
~ Formulae 2 to 6 are to be found on pages 348, 379, 377, 379, 379 respectively of the
author’s Complex Variable, third edition.
§ 2. Proof of the formula. On substituting from (4) in (3), the L.H.8. of (3) becomes

0 ’ 1
sin (i) T'(a) I ot uHm (2 4 )= dp J' (1 = X)m T=m (3) dA.
-1
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Now change the order of integration and get

1 0
sin (l'n)j (1= X)im 7=m () dA I'(oc)J. D b (4 ) dy
-1 0
1
=sin (lw)z“"f (A=A om ()1 =) =m1E{a, I +m+1::2(1 -2)} dA,
-1

by (2).
Hence

sin (lﬂ)f (L =X T=m () (1 - A)=+-m=1 B{, L +m+ 1 : 1 2(1 - X)} dA
-1
=(-1)"sin (m-D=n 2 E(l+m+n+1,l-m-n,a:1+1:22)
—(=Drsin (mm)2P Em+n+1, —-m-n,a—-01:1-1:22), ...cocveniniiiinn. (7>

where n is zero or a positive integer, R (x —1)>0, R{m)> ~1.

On replacing « in (7) by «;, z by z/u, and applying (5) repeatedly, and then replacing 2
by {z and applying (6) repeatedly, formula (1) is obtained.

If p=gq, the r.H.S. of (1) can be expressed in terms of p +1 generalised hypergeometric
functions by using the formula -

»
E(p; a,:q; ps:2)= Z'IP(a,;p—l;ocs:q;pt:z), ............... (8)
. r=
where p=¢ +1, and
. 2 q
Plars p=1; a5 q5 pei2)= I Tog —e) (U T(p, — o)}
8= =

G+1; oy ap—py+l, e, tp—pg+1:(—1)P22)

x I'(a,)z2r F { f S e {9)

Pp-1; op—ay+1, ¥ a~a,+1

here, if p=g +1, [ 2|<1.
For the coefficient of

Hm+n+1F]l+m+n+1,m+n+1,l+m+n—p1+2,...,l+m+n—pq+2; (= 1)P—a+122)

2—!
(22) 12m+2n+2,l+m+n -0, +2, ... ,I+m+n—o,+2

is

Tl +m+n+1)Tm+n+1) I (ag-T-m-n—-1)
8=1

T@m+2n+2) [T T(py~l-m—-n—1)
t=1

x(~1)*{—sin (m — )7 sin (m +n)7 +sin (mz) sin (I +m +n)7} cosec (2m + 2n) =,
where the last line has the value sin (i) ; next, the coefficient of

2_l(2z)‘_m_nFﬂ—m—n, -m-n,l-m-n-p,+1,... ., l-m-n-p,+1; (-~1p-ett 2z}

\-2m-2n,l-m-n—a;+1, ..., 0-m-n—-a,+1
is :

I'2m+2n+1) IpYF(as—l+m +n)
8=1

Tm+n+1)T (1~L+m+n) [T T(p,~1 +m+n)
t=1

sin (m )= sin (mw)
sin ({ ~m —n)m  sin (m +n)m

><(~l)"1r{ }=O;
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and finally, the coefficient of

(2zaxFJ“1’ —lioay—py+ 1,y oy —pg+ 1 (—1)Pm0H 22 }
Lo, —l-m-mn,a;-l+m+n+l,a —oy+1, ..., 0 —0y+1
is
p
I'l+m+n—oy+1) II I'(ag—oy)
- e R - T(o) T'(o, = 1)
HTpg~a) Fim+n+a ~1+1)

t=1 ‘
x (= 1)* {sin (m — )7 sin («; — )7 —sin (ma) sin (o, 7)} cosec (m+n -l +«, +1) 7,

the value of the last line being sin Ir.
Hence, if R(m)>0, R(a;~1)>0,5=1,2,...,p, p=¢,n=1,2,3,...,

(1-22%) ir"‘Tmfl"n(/\)(l—/\) I-m-1
J- fl+m+l gy Opy e 5 & z2(1-A) dA
P15 P1> -+ 5 Pq f

l+m+n+1)r(m+n+1)f7 Ioy~l-m-n~1)
_ 8=1 92— l(2z)l+m+n+1

F(2m+2n+2)IqYF( ,~l-m-n-1)

Fjl+m+n+1 m+n+l l+m+n p1+2 JA+man—p,+2; (—1)p-9+12z
| 2m+2n+2,l4+m+n—a,+2,. l+m+n ap+2 }

» F(l+m+n—oc,+1)ﬂ’ o, —a,)
3“1 *r-l %y
+ 2 (o) Mo, =127
™=l I'(m +n- l+a,+1)HI'( —a,)

fot,,ozr La,—pi+1, .0 0, —p,+1; (—1)P 9+ 22 (10)
[a,—l m-—n,a,~l+m+n+1, o, —oy+1, . ¥ . a —a,+ 1)

‘where, if p=g¢, | 22| <1.
Note 1. When p=g, formula (10) can be verified by expanding the E-function in the
integral by means of (8) and using the integrals

1
j_l(l — A%)im T m Q) F{p; ariq; ps:(1 - Az} dA

I (e, ; B)I'(m +n+1)

=(=1) 5=1 9m+n+l 4n
q
II (py ; )1"(2m+2n+2)
t=1
F{m+n+l,a1+n, R A T 22} 1
O T 1)
where R(m)> -1, p§q+1,
1 (x; 0)=1, (a; B)=af(a+1)(@+n—1);uiiiiiiiiiiniannnnn... (12)'
ans :
1
[ -2 T -2 F o a5 b 0-NZ A
(=l m)Tl+m+]1) Qim1 '
I'l+2m+mn+2)
I+, 1+m+1, 0, 009, e0n 055 22 }
XF{l—n+1,l+2m+n+2,p1,p2...,pq ) eeeevetierenrranteenantecaannns (13)
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where BR(m)> -1, R(I +m)> -1, and p=q +1. ‘

Formulae (11) and (13) can be proved by substituting the extended Rodrigues’ formula
- (=yr a {1-
2m+n Fm +n + 1) dA®
in the integrals, integrating by parts » times, and then integrating term by term. If p=g+1,

| 22 |<1.
Note 2. As above, formula (3), with » =0, can be written

(L —xeyim T=m (3 = AymERY (14)

@) T@ [ et ) w4 )=
F(a l-m - 1)I"(m+1)1‘(l+m+1)2er1

zl+m—a+l
I'2m +2)
xFm+Ll+m+1; 2m+2,1+m—-a+2; 22)
Tlm—a+ Y@ M-y, a a1 ;22)
LFx+m-1+1) 2 F(a—l—m,a—l+m+l s +-(15)

where R(l+m)>—1 R(x-1)>0, ]amp7[<w
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