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LITTLEWOOD-PALEY CHARACTERIZATIONS
OF ANISOTROPIC WEAK MUSIELAK-ORLICZ
HARDY SPACES

BO LI, RUIRUI SUN, MINFENG LIAO anpD BAODE LI*

Abstract. Let A be an expansive dilation on R™ and ¢ : R™ x [0, 00) — [0, 00)
an anisotropic growth function. In this article, the authors introduce the
anisotropic weak Musielak—Orlicz Hardy space WHY (R™) via the nontangential
grand maximal function and then obtain its Littlewood—Paley characterizations
in terms of the anisotropic Lusin-area function, g-function or g}-function,
respectively. All these characterizations for anisotropic weak Hardy spaces
WHY (R"™) (namely, ¢(z,t) : =t for all t € [0, 00) and z € R" with p € (0, 1])
are new. Moreover, the range of A in the anisotropic g}-function character-
ization of WH? (R™) coincides with the best known range of the gi-function
characterization of classical Hardy space H? (R™) or its weighted variants, where

p € (0,1].
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81. Introduction

Weak function spaces play an important role in harmonic analysis. For
example, in order to show that a linear operator maps LP(R™) to itself for
any p € (1, 00), it is sufficient to show that it maps the (smaller) Lorentz
space LP'(R™) into the (larger) weak Lebesgue space WLP(R") for the
same range of p’s. It is now well known that Hardy space HP(R") is a good
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substitute of the Lebesgue space LP(R™) with p € (0, 1] in the study for the
boundedness of operators and, moreover, when studying the boundedness
of operators in the critical case, the weak Hardy spaces WHP(R™) naturally
appear and prove to be a good substitute of Hardy spaces HP(R™) with
p € (0, 1]. For example, if 6 € (0, 1], T is a J-Calder6n—Zygmund operator
and T%(1) = 0, where T™ denotes the adjoint operator of T, it is known that
T is bounded on HP(R™) for any p € (n/(n+ ¢), 1] (see [2]), but T' may be
not bounded on H™ ("+9)(R™); however, Liu [42] proved that T is bounded
from H™ (H0)(R™) to WH™ ("H0)(R™).

Many fields in analysis require the study of specific function spaces. In
harmonic analysis, one soon encounters the Lebesgue spaces, the Hardy
spaces, various forms of the Lipschitz spaces, the BMO spaces and the
Sobolev spaces. From the original definitions of these spaces, it may not
appear that they are very closely related. There exist, however, various
unified approaches to their study. The Littlewood—Paley theory, which arises
naturally from the consideration of the Dirichlet problem, provides one of
the most successful unifying perspectives on these function spaces (see [21]
for more details). Recall that the classical Hardy spaces, which is defined
via the nontangential grand maximal function, can also be equivalently
characterized, respectively, via the Lusin-area function, g-function or g3-
function (see, for example, [23, 53]).

On the other hand, as a generalization of LP(R™), the Orlicz spaces
were introduced by Birnbaum and Orlicz [4] and Orlicz [46]. Since then,
the theory of Orlicz-type spaces themselves has been well developed and
these spaces have been widely used in many branches of analysis (see, for
example, [3, 24, 26, 31, 43, 45]). Moreover, as a development of the theory of
Orlicz spaces, the Orlicz—Hardy spaces and their dual spaces were studied
by Stromberg [50] and Janson [27] and the Orlicz-Hardy spaces associated
with divergence form elliptic operators by Jiang and Yang [28]. A survey
on the real-variable theory of Orlicz-type function spaces associated with
operators is recently given in [15].

Let A (R™) with g € [1, 00] denote the class of classical Muckenhoupt
weights (see, for example, [22, 23] for their definitions and properties) and let
1 be a Musielak—Orlicz function (see [33]) satisfying that ¢(x, -) is an Orlicz
function uniformly in z € R” and (-, t) is a Muckenhoupt A (R™) weight
uniformly in ¢ € (0, 00). It is known that, as a natural generalization of Orlicz
functions, Musielak—Orlicz functions may vary in the spatial variables (see,
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for example, [17, 33, 38, 44]). Recently, Ky [33] introduced a new Musielak—
Orlicz Hardy space H¥(R™) via the nontangential grand maximal function.
It is worth noticing that some special Musielak—Orlicz Hardy spaces appear
naturally in the study of the products of functions in BMO(R") and H'(R")
(see [6, 7, 34]), and the endpoint estimates for both the div-curl lemma and
the commutators of singular integral operators (see [5, 6, 32, 34]). More
applications are referred to [25, 35, 39, 40, 52, 54]. We refer the reader
to [54] for a complete survey of the real-variable theory of Musielak—Orlicz
Hardy spaces.

Let A be an expansive dilation on R™ and ¢ an anisotropic Musielak—
Orlicz function satisfying some growth conditions (see Definition 2.3 below).
In order to find an appropriate general space which includes the classical
weak Hardy space of Fefferman and Soria [19], the classical weighted weak
Hardy space of Quek and Yang [48], the anisotropic weak Hardy space of
Ding and Lan [18], the classical weak Musielak—Orlicz Hardy space of Liang
et al. [41] and the anisotropic weak Musielak—Orlicz Hardy space of Zhang
et al. [55] and Qi et al. [47], we introduce the anisotropic weak Musielak—
Orlicz Hardy space WHY(R") which includes all of the above mentioned
weak spaces (see Remark 2.8 below for more details). Then the Littlewood—
Paley characterizations of WHY(R™) are obtained in Theorems 2.10-2.12
below.

Precisely, this article is organized as follows.

In Section 2, we recall some notions concerning expansive dilations,
anisotropic Muckenhoupt weights and anisotropic growth functions. Then
we introduce anisotropic weak Musielak—-Orlicz Hardy spaces WH%(R™)
via nontangential grand maximal functions and establish their Littlewood—
Paley characterizations, respectively, in terms of the anisotropic Lusin-area
function, g-function or gy-function in Theorems 2.10-2.12 below, the proofs
of which are given in Sections 3 and 4.

Section 3 is devoted to establishing the anisotropic Lusin-area function
characterization of WHY(R™). Let g € (¢(y), 00|, where g(y) denotes the
critical weight index of ¢. Here, we point out that the g-atomic characteriza-
tion of WHY%(R") (see Lemma 3.9 below) plays an important role in estab-
lishing the anisotropic Lusin-area function characterization of WH%(R")
(see Theorem 2.10 below) and the anisotropic g-atomic characterization of
WHY(R") is an anisotropic extension of Liang et al. [41, Theorem 3.5],
which is new even when ¢ € (1,00 and WHY(R") is reduced to the
anisotropic weak Hardy space WH", (R™), where p € (0, 1] (see Remark 3.10

https://doi.org/10.1017/nmj.2018.10 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.10

42 B. LI, R. SUN, M. LIAO AND B. LI

below for more details). Zhang et al. [55, Theorem 1] obtained the atomic
characterization of WH " (R™) with respect to a particular anisotropic growth
function, that is, the anisotropic p-growth function ¢ of uniformly lower type
p and of uniformly upper type p, where p € (0, 1]. In this article, motivated
by Liang et al. [41, Theorem 3.5], we obtain the atomic characterization
of WH%(R"™) with respect to a general anisotropic growth function ¢ of
uniformly lower type p and of uniformly upper type 1. Hence, we cannot
directly use the method with respect to the uniformly upper p property
of ¢ in [55, Theorem 1]. We overcome this difficulty via using a more
general superposition principle of weak type estimates (see Lemma 3.2
below) and establishing a more subtle estimate of Schwartz function on
weighted anisotropic Campanato space (see Lemma 3.5 below). Next,
using some ideas from [36], the discrete anisotropic Calderén reproducing
formula (see Lemma 3.12 below) and the method used in the proof the
atomic characterization of WHY(R™), we establish the anisotropic Lusin-
area function characterization of WHY(R") (see Theorem 2.10 below). This
characterization is new even when WH%(R") is reduced to the anisotropic
weak Hardy space WHY (R"), where p € (0,1] (see Remark 2.13 below for
more details). We point out that, since the space variant x and the time
variant ¢ appeared in (x, t) are inseparable, the dual method for estimating
the atoms in the classical case does not work any more in the present setting.
Instead, we use a method from Li et al. (see [36] for more details).

In Section 4, motivated by [41, Theorems 4.8 and 4.13], Folland and
Stein [20] and Aguilera and Segovia [1], the anisotropic g-function or g3-
function characterizations of WH i(R”) is established, respectively, via the
above anisotropic Lusin-area function characterization of WH%(R™), the
anisotropic weak Musielak—Orlicz Fefferman—Stein vector-valued inequality
(see Lemma 4.3 below) and the anisotropic weak Musielak-Orlicz Peetre’s
inequality (see Lemma 4.5 below). This method is different from that used
by Liang et al. in the proof of [41, Theorem 4.8], in which a subtle pointwise
upper estimate (see [41, (4.26)]) via the vector-valued Hardy-Littlewood
maximal function was used. However, such a pointwise upper estimate is
still unknown and we do not know whether it holds true or not in the
present setting due to its anisotropic structure. We point out that the range
of A in the anisotropic g}-function characterization of WHY(R™) coincides
with the best known range of the g}-function characterization of classical
Hardy space HP(R™) or its weighted variants, where p € (0, 1] (see, for
example, [1, Theorem 2] and [41, Theorem 4.13]). The anisotropic g-function
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or gi-function characterization of WH%(R") is new even when WHY(R")
is reduced to the anisotropic weak Hardy space WHY (R"), where p € (0, 1]
(see Remark 2.13 below for more details).

Finally, we make some conventions on notation. Let Z :={1,2, ...} and
N:={0}UZ,. For any a:= (a1, ..., a,) € N* let |a| ;== a1 + - - - + v, and
0% :=(0/0x1)* - - - (0/0xy)*. Throughout the whole paper, we denote by
C a positive constant which is independent of the main parameters, but
it may vary from line to line. The symbol D < F means that D < CF.
If D<F and F'< D, we then write D ~ F. For any sets FE, FF CR", we
use EC to denote the set R™ \ E, xg its characteristic function and E 4+ F
the algebraic sum {x +vy: x € E,y € F}. For any a € R, |a] denotes the
mazimal integer not larger than a. If there are no special instructions, any
space X' (R™) is denoted simply by X. For example, LP(R™) is simply denoted
by LP. Denote by S the space of all Schwartz functions and S’ the space of all
tempered distributions. For any subset E of R™, ¢t € (0, 00) and measurable
function f, let p(E, t) := [; ¢(z, t) dzand {|f| >t} := {z e R" : | f(2)]| > t}.

§2. Notions and main results

In Section 2, we introduce the anisotropic weak Musielak—Orlicz Hardy
spaces via the nontangential grand maximal function and then present their
Littlewood—Paley characterizations.

First we recall the notion of expansive dilations on R"; see [8, p. 5]. A
real n X n matrix A is called an expansive dilation, shortly a dilation, if
minye,(4) |A| > 1, where o(A) denotes the set of all eigenvalues of A. Let
A_ and Ay be two positive numbers such that

1< Ao <min{|]A|: A €o(A)} <max{|A\|: Ae€c(4)} <At

In the case when A is diagonalizable over C, we can even take A_ := min{ || :
A€o(A)} and Ay :=max{|\|: A€ 0c(A)}. Otherwise, we need to choose
them sufficiently close to these equalities according to what we need in
our arguments.

It was proved in [8, p. 5, Lemma 2.2] that, for a given dilation A,
there exist a number r € (1,00) and a set A:={z € R":|Px| <1}, where
P is some nondegenerate n X n matrix, such that A C rA C AA, and by a
scaling, one can additionally assume that |A| =1, where |A| denotes the n-
dimensional Lebesgue measure of the set A. For any k € Z, let By, := AFA.
Then By is open, By C rBj C By and |Bg| =0, here and hereafter,
b:=|det A|. Throughout the whole paper, let o be the minimum positive
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integer such that 2By C B,,. Then, for any k, j € Z with k < j, it holds true

that
(2:2) By + (Bryo)t € (By)E.

DEFINITION 2.1. A quasinorm, associated with an expansive dilation A,
is a Borel measurable mapping p4 : R” — [0, 00), for simplicity, denoted by
p, satisfying

(i)  p(x) >0 for all z € R™\ {0,}, here and hereafter, 0,, := (0, ..., 0);

(ii)) p(Ax) =bp(z) for all x € R™, where, as above, b= |det A|;

(iii) p(x+y) < H[p(x) + p(y)] for all z,y € R", where H €[l,00) is a
constant independent of x and .

In the standard dyadic case A :=2I,xy, p(x) :=|z|™ for all z € R™ is an
example of quasinorms associated with A, here and hereafter, 1,,«,, always
denotes the n x n unit matriz and | - | the Fuclidean norm in R™.

It was proved in [8, p. 6, Lemma 2.4] that all quasinorms associated with a
given dilation A are equivalent. Therefore, for a given expansive dilation A,
in what follows, for convenience, we always use the step quasinorm p defined
by setting, for all x € R",

p(z):= Z kaBkJrl\Bk (x) if x # 0y, or else p(0,) :=0.
keZ

By (2.1) and (2.2), we know that, for any =,y € R",

p(z +y) <07 (max{p(z), p(y)}) < b7 [p(x) + p(y)]-

Furthermore, (R", p, dz) is a space of homogeneous type in the sense of
Coifman and Weiss [16], where dx denotes the n-dimensional Lebesgue
measure.

DEFINITION 2.2. Let g € [1,00). A function ¢(-, t) : R" — [0, 00) is said
to satisfy the anisotropic uniform Muckenhoupt condition A,(A), denoted by
¢ € Ay(A), if there exists a positive constant C' such that, for all ¢ € (0, o0),
when ¢ € (1, 00),

q—1
sup sup {b-k [ et dy} {b-k [ tot iy dy} <c
zER™ kEZ z+ By, z+ By,

https://doi.org/10.1017/nmj.2018.10 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.10

ANISOTROPIC WEAK MUSIELAK-ORLICZ HARDY SPACES 45

and, when g =1,

sup sup {b"“/ oy, t) dy} ess sup[p(y, )] dy p < C.
xER™ kEZ x+ By, yEx+ By,

The minimal constant C' as above is denoted by C(4 An,z)-
Define Ao (A) := U ¢ycno Aq(A4) and, for any ¢ € Ax(A), let

(2.3) q(p) :==inf{g € [1, 00) : p € Ag(A)}.

If p € A(A) is independent of ¢ € [0, 00), then ¢ is just an anisotropic
Muckenhoupt Ax(A) weight in [11]. Obviously, ¢(¢) € [1,00). If ¢(p) €
(1, 00), by a discussion similar to [12, p. 3072], it is easy to know
© & Ayp)(A). Moreover, there exists a ¢ € (Ng>144(A)) \ A1(A) such that
q(¢) = 1; see Johnson and Neugebauer [29, p. 254, Remark].

Now let us recall some notions for Orlicz functions; see, for example, [33].
A function ¢ : [0, 00) — [0, 00) is called an Orlicz function, if it is nondecreas-
ing, #(0) =0, ¢(t) >0 for any ¢ € (0, 00) and lim;_,~ ¢(t) =00. Observe
that, different from the classical Orlicz functions being convex, the Orlicz
functions in this article may not be convex. An Orlicz function ¢ is said to
be of lower (resp. upper) type p with p € (—oo, 00), if there exists a positive
constant C' such that, for all ¢ € [0, 00) and s € (0, 1) (resp. s € [1, 00)),

¢(st) < CsPo(t).

Given a function ¢:R"™ x [0, 00) — [0, 00) such that, for any x € R",
©(x, +) is an Orlicz function, ¢ is said to be of uniformly lower (resp. upper)
type p with p € (—o0, 00), if there exists a positive constant C' such that, for
all z e R", t € ]0,00) and s € (0,1) (resp. s € [1, 00)),

p(x, st) < CsPp(a, 1).

The critical uniformly lower type index and the critical uniformly upper type
index of o are, respectively, defined by

(2.4) i(p) :=sup{p € (—o0, 00) : ¢ is of uniformly lower type p}
and
(2.5) I(p) :=inf{p € (—o0, 00) : ¢ is of uniformly upper type p}.

Observe that i(¢) and I(yp) may not be attainable, namely, ¢ may not be
of uniformly lower type i(¢) or of uniformly upper type () (see [38]).
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DEFINITION 2.3. [37, Definition 3] A function ¢ : R" x [0, c0) — [0, 00)
is called an anisotropic growth function if the following conditions are
satisfied:

(i) ¢ is a Musielak-Orlicz function, namely:

(a) the function ¢(z, -) : [0, 00) — [0, 00) is an Orlicz function for all
r eR";

(b) the function (-, t) is a Lebesgue measurable function on R™ for
all ¢t € [0, 00);

(i) ¢ € A (A);
(iii) ¢ is of uniformly lower type p for some p € (0, 1] and of uniformly
upper type 1.

Clearly,
(2.6) o(z,t) :==w(x)®(t) forallz€R"™ and t € [0, c0)

is an anisotropic growth function if w is a classical or an anisotropic
Muckenhoupt A, weight (see, for example, [11]) and ® is an Orlicz function
of lower type p for some p € (0, 1] and of upper type 1. More examples of
growth functions can be found in [32-34, 38].

REMARK 2.4. By [37, Lemma 11| (see also [33, Lemma 4.1]), without
loss of generality, we may always assume that an anisotropic growth function
¢ is of uniformly lower type p for some p € (0, 1] and of uniformly upper
type 1 such that ¢(z, ) is continuous and strictly increasing for any given
r e R™

Denote the space of all Schwartz functions on R™ by S, namely, the set
of all C'*° functions ¢ satisfying that, for any o € N® and ¢ € N,

[@llae:= sup. |0%p()|[1 + p(a)) < oo.

The dual space of S, namely, the space of all tempered distributions, which
equipped with the weak-* topology, is denoted by S’.

REMARK 2.5. By [8, p. 11, Lemma 3.2], we know that the Schwartz
function space S, which equipped with the pseudonorms {|| - [|a,¢}aenm ren,
is equivalent to the classical Schwartz function space, which equipped with

https://doi.org/10.1017/nmj.2018.10 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.10

ANISOTROPIC WEAK MUSIELAK-ORLICZ HARDY SPACES 47
the pseudonorms {| - || ,}aenn cen, where, for any a € N*, /€ Nand ¢ € S,
16115, == sup [0*¢(2)|(1 + |z[*)2.
TeR™

For any m € N, let
Snim{6eSs  sup (14 p@]" 0@ <1
z€R" |a|<m+1

Then, for any m € N and f € &', the nontangential grand mazimal function
fo of fis defined by setting, for all x € R",

(2.7) fm(@):=sup  sup |f=op(y)l,

PESm k€EZ,ycx+ By

where, for any k € Z, ¢p(-) := b*¢(A*-). When

2.9 m=mie) = | (45 ~1) togy )

where ¢(¢) and i(p) are as in (2.3) and (2.4), respectively, we denote f,

simply by f*.
Recall that the weak Musielak—Orlicz space W L¥ is defined to be the set
of all measurable functions f such that, for some A € (0, c0),

sup @({[f] > 1}, t/A) <o
te(0,00)

equipped with the quasinorm

te(0,00)

| f|lwre :=inf {/\E (0,00): sup ¢ <{|f| >t} i) < 1}.

Now, we introduce the anisotropic weak Musielak—Orlicz Hardy space
WHY, . as follows.

DEFINITION 2.6. For any m € N and anisotropic growth function ¢ as in
Definition 2.3, the anisotropic weak Musielak—Orlicz Hardy space WH ﬁ m
is defined as the set of all f €8’ such that f;, € WL¥ equipped with the
quasinorm

1l wrs = I fmllwre.
A,m

When m :=m(yp), WHY, , is denoted simply by WHY.
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REMARK 2.7. By Lemma 3.9 below, we know that, for any m € NN
[m(p), c0), WHY = WH ﬁ,m with equivalent quasinorms. For simplicity,
from now on, we denote simply by WH j the anisotropic weak Musielak—
Orlicz Hardy space WH?Y . with m € [m(p), co) N N.

REMARK 2.8.

(i) Observe that, when A:=2I,y,, p(z) :=|z|" for all z € R", and ¢ is
as in (2.6) with a classical Muckenhoupt A, weight w and an Orlicz
function ®, WHY is just a weighted weak Orlicz—Hardy space which
includes the classical weak Hardy space of Fefferman and Soria [19]
(®(t):=t for all t € [0,00) and w =1 in this context) and the classical
weighted weak Hardy space of Quek and Yang [48] (®(¢) :=tP for all
t € [0, 00) with p € (0, 1] in this context).

(ii) When ¢ is as in (2.6) with taking w =1 and ®(t) :=t* for all ¢ € [0, o),
where p € (0, 1], WH ﬁ becomes the anisotropic weak Hardy space of
Ding and Lan [18], and more generally, when ® is an Orlicz function,
the space WH?Y is probably new.

(iii) When A :=2I,x, and p(z) :=|z|" for all z € R", ¢ is reduced to the
isotropic growth function of Liang et al. [41] and WH? is just the weak
Musielak—Orlicz Hardy space of Liang et al. [41].

(iv) When ¢ is an anisotropic p-growth function with i(¢) = I(¢)=p,
where p € (0,1], WH? is reduced to the anisotropic weak Musielak—
Orlicz Hardy space of Zhang et al. [55] and Qi et al. [47].

Recall that a tempered distribution f is said to vanish weakly at infinity
if, for any ¢ € S, f* ¢, — 0 in S’ as k — —oo. Denote by S the set of all
f € 8’ vanishing weakly at infinity.

DEFINITION 2.9. Let 1 € S such that, for any a € N" satisfying |a| <
m(p), Jgn ¥(x)z® dx =0, where m(yp) is as in (2.8). For any fe S’ and
A € (0, ), the anisotropic Littlewood—Paley Lusin-area function S(f), g-
function g(f) and g3-function gx(f) of f, associated with 1, are defined by
setting, respectively, for all x € R",

(2.9) S(f)(@) = {Z 2

kEZ z+ By

1/2
|f * ok (y)]? dy} :

1/2
9(f)(z) = {Z | f = w-k(w)lz}

keZ
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and

bk A 1/2
2
Fiy =il dy} .

G5 (F)(@) = {Z bk /

kEZ R
The anisotropic weak Musielak—Orlicz Hardy space WH fl, g is defined as the
set of all f € &) such that

£ llwis . = 1S llwe < oo

Similarly, the anisotropic weak Musielak—Orlicz Hardy space WH ﬁ g
or WH% g can also be defined with S(f) replaced by g(f) or ¢i(f),
respectively.

The main results of this section are the following three theorems.

THEOREM 2.10. Let ¢ be an anisotropic growth function as in Defini-
tion 2.3. Then
WHY, = WH ﬁ, g

with equivalent quasinorms.

THEOREM 2.11. Let ¢ be an anisotropic growth function as in Defini-
tion 2.3. Then
WHY, = WH fl’ g

with equivalent quasinorms.

THEOREM 2.12. Let ¢ be an anisotropic growth function as in Defi-
nition 2.3, q € [1,00), ¢ € Ay(A) and X € (2q/p,00). Then there exists a
positive constant C:=C(, 4, depending on ¢ and g, such that, for any
fes,

1
(2.10) claaDliwee < flwag < Cllax(Hllwee

and, furthermore, WH% = WH j a with equivalent quasinorms.

REMARK 2.13.

(i) When A:=2l,x, and p(z) :=|z|" for all x € R", ¢ is reduced to the
isotropic growth function of Liang et al. [41] and Theorems 2.10, 2.11
and 2.12 are reduced to Theorems 4.5, 4.8 and 4.13 of Liang et al. [41],
respectively.
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(i) When ¢ is an anisotropic p-growth function with i(¢) = I(¢)=p,
where p € (0, 1], Theorems 2.10, 2.11 and 2.12 contain the correspond-
ing results of Qi et al. [47, Theorems 1 and 2].

(ili)) When ¢ is as in (2.6) with taking w =1 and ®(t) :=t* for all ¢ € [0, c0),
where p € (0, 1], Theorems 2.10, 2.11 and 2.12 are also new.

COROLLARY 2.14. Let ¢ be an anisotropic growth function as in Def-
inition 2.3. Then WHfl,S is well defined. Precisely, if ¢1,v2 €S are as
in Definition 2.9, then WH ﬁ’S'L/)l = WH ijQ with equivalent quasinorms,
where Sy, or Sy, is defined as in (2.9) via replacing i by 1 or g,
respectively. The above result also holds true with WH?}S replaced by Wng
or WHKQ;’ respectively.

83. Proof of Theorem 2.10

To obtain the anisotropic Lusin-area function characterization of WHY,
we begin with recalling some notation and establishing several technical
lemmas.

Throughout the whole paper, let B:={z + By: 2 € R", k€ Z} be the
collection of all dilated balls.

LEMMA 3.1. [51, pp. 7-8] Let g€ [l,00) and p € Ay(A). Then there
exists a positive constant C' such that, for any E C B € B and t € (0, 00),

LB _ (B, 1)

C|EM ™ o(E, 1)

| B
Bl

<C

The following lemma is an anisotropic variant of well-known superposition
principle of weak type estimates, the proof of which is similar to that of [14,
Lemma 7.13]. When A := 21, p(z) := |z|" for all z € R", and ¢(x, t) :=tP
for all z € R and ¢ € (0, 00) with p € (0, 1), it goes back to the well-known
superposition principle of weak type estimates obtained by Stein et al. [49,
Lemma 1.8] and, independently, by Kalton [30, Theorem 6.1].

LEMMA 3.2. Let ¢ be an anisotropic growth function as in Definition 2.3
satisfying I(¢) € (0, 1), where I(p) is as in (2.5). Assume that {a;}jez, is
a sequence of measurable functions and {\;}jez, C C such that there exists
a sequence {xj + By, }jez, of dilated balls, where l; € Z, it satisfies that

)\A
Z % (xj—i—Blj,‘]’) < 00.

jezy HX:EjJrsz | Lo

https://doi.org/10.1017/nmj.2018.10 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.10

ANISOTROPIC WEAK MUSIELAK-ORLICZ HARDY SPACES 51

Moreover, if there exist positive constants C and 1y, where C' is independent
of mo, such that, for any j € Z4,

)\.
B1) oAl > m}om) < Cp (a5 + By, — )
”XJJ]'-‘rBlj ”L‘P

then there exists a positive constant 5, independent of ng, such that

_ N
® > INagl>mo ¢ im0 gczgp<xj+3lj,|g|>‘

= b= X+, |l e

REMARK 3.3. It is worth pointing out that the assumption of Lemma 3.2
is weaker than that of [14, Lemma 7.13] and hence also the conclusion, but
it is just enough for later use. Precisely, we only need some constant 7y €
(0, 00) such that the condition (3.1) holds while, in [14, Lemma 7.13], the
corresponding condition must hold for any 1 € (0, co). Luckily, the proof of
Lemma 3.2 is similar to that of [14, Lemma 7.13], the details being omitted.

The following lemma is a property of anisotropic growth functions, the
proof of which is similar to that of [41, Lemma 3.3(ii)], the details being
omitted here.

LEMMA 3.4. Let ¢ be an anisotropic growth function as in Defini-
tion 2.3. Then, for any f € WL? satisfying || f|lwre >0,

oo (110 i) =1

te(0,00)

Let s € N and P, denote the linear space of polynomials of degrees not
bigger than s. Recall that a locally integrable function f on R" is said to
belong to the weighted anisotropic Campanato space Ly, o(.1),s it

11y =500 i [ 170) = Paf(@)]de < s

where P3f denotes the unique P € Py such that, for any polynomial R on
R™ with order not bigger than s, [5[f(x) — P(z)]|R(x) dz =0

LEMMA 3.5. Let ¢ be an anisotropic growth function as in Defini-
tion 2.3, po € (0,i(¥)), qo € (q(¢),00) and s €N such that s > (qo/po — 1)
log(x_y b — 1, where i(p) and q(p) are as in (2.4) and (2.3), respectively. If
P ES, then ¢ € Ly o(.1),s-
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Proof. We show this lemma by borrowing some ideas from the proof of
[40, Proposition 2.3]. For any ¢ € S, x € R" and dilated ball B := z + By €
B, where o € R"™ and k € Z, let

pe(x) = Z M(z —x0)* € Ps.

a!
a€N” |al<s

Clearly, B C By,, where ko := o + 1 + |log, (b¥ + p(z0))]. Then, by [8, p. 51,
(8.9)], there exists a positive constant C, depending only on s, such that,
for any B € B and f € L!(B),

(32) sup [Py ()] < Crgy | 111 e

zeB

From this and Taylor’s theorem, we deduce that, for any x € B, there exists
& :=¢&(x) € B such that

| 16() = Pyo(a)] do
< [ 19(2) M3|m+/ugm—>@wx

< [ 16) - pu(o)l da

N/B Z 8O‘;ﬁ!(§) (x — x0)%| dzx

a€eN? |a|=s+1

1 S
(3.3) g/B Tl e,

where the constant M is arbitrary for the moment and will be fixed later.
Now, if ko < 100, namely, B C By, C Bios, then, by Lemma 3.1, (3.3)
with taking M =0,

2| S [p(@)]°8 A yernip(y) <1y ()
(3.4) + [p(@)]2 A\ crnopy=1y () (see 8, p. 11, Lemma 3.2])
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and s> (qo/po — 1) log(y_y b — 1, we see that

T, 16w - Phote)] s

| B1go|%0 1/po 1 S
. ( ) e, o~ Pl i

< p~Ha0/po) / |z — x|t da
B

Nb—k(QO/Po)/ |x‘5+1 dx
By

< pklao/po) {[ ()] o8 )X{yeR":p(yKl}(x)

+ [P(x)]logb()‘+)X{yeRn py)=13 (@)} da
< pkliF(st1) logy(A-)=(a0/po)] 4 pkl1+(s+1) logy(A+)=(40/Po)]

35) < pl0o[l+(s+1) logy(A-)—(g0/po)] 4 p100[1+(s+1) log,(A+)—(g0/po)] <1.

If kg > 100 and p(zo) < b**+27, then |B| ~ |By,|. From this, Lemma 3.1,
|Bioo| < |Bkl, (3.2) and Remark 2.5, we deduce that

T, 16 - Phote)] s

| B, | %0 1/po 1 )
5( |B|qo > W)/BW@)PBQZ)(:U)Mm
S Bma 7 / [6(x) — Pixo(a)] da
/ ) ~ Poa)| dr
S d
N/B|¢>(a:)| x
1
(3.6) §/Rn(1_|_|x‘)mdx§1.

If kg > 100 and p(zg) > b*+29, then, for any x € B, it holds true that
b* < p(x) ~ p(x0). From this, Lemma 3.1, (3.3) with taking M = (1/po)(qo —
1/qo)+[1 + (s + 1) logy(A+) — go/po], (3.4) and s > (go/po — 1) log(x_y b — 1,
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we deduce that

S, 190~ Pho(a)l dr

| B, | 1/po 5
S< | B|2o ) W/B|¢(w)—PB¢(x)]dx

1
< (1Bl ™ (| Buoo| /0 " 1
~\ |B|® | B, |1/ 20 [p(B1os, 1)]/Po

< [ 1ota) = Piota)| da

< |Bk0|(1/P0)(QO—1/(10)‘B|—QO/P0 /B T pl(g)]M |z — mo|*t! da
1
< |B..|(1/po)(@0—1/q0) | g|—ao/po _____~ 215 d
N’ ko’ ‘ ’ [1+p(.%‘0)]M Bk’ ‘
< pro(1/po)(a0—1/a0) y—K(ao/po) ___ 1
~ [1+ plao) M
« (kark(erl)logb()\_) + bk+k(s+1)logb()\+))
< plo+1+Hog (- p(0)](1/p0) (a0-1/a0) 1
[1+ plo)M
x (pFOH(s+1) logy (A=) —qo/po] 4 pk{1+(s+1) logy(A+)=do/poly
1
< [p(za)1(1/P0)(@0—(1/q0))

% ([p(mo)](1+(8+1)10gb()\7)_q0/p0) + [,0(.%‘0)](1+(s+1) logb(>\+)‘¢10/p0))

(3.7 <1.
Combining (3.5), (3.6) and (3.7), we see that ||¢|z, .,  <1. This
finishes the proof of Lemma 3.5. [

DEFINITION 3.6. For any measurable subset E of R™, the space LL(E)
for g € [1, oo] is defined as the set of all measurable functions f on E such
that

1/q

su /|f )N9o(x, t) dx <00, q€]l,00);
Hf”LZ,(E) = tE(OOO)[ E,t)

[ £l oo () < 00, q=oc
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Recall that the Musielak—Orlicz space L¥ is defined as the set of all
measurable functions f such that, for some A € (0, o),

| st li@i/n) e <oc
R

equipped with the Luxembourg (or called the Luxembourg—Nakano) (quasi-)
norm

| flle := inf {)\ € (0,00): /Rn o(x, |f(z)]/N) de < 1} )

DEFINITION 3.7. Let ¢ be an anisotropic growth function as in Defini-
tion 2.3.

(i) An anisotropic triplet (¢, g, s) is said to be admissible, if q € (¢(¢), 00|
and s € [m(p), 00) NN, where ¢(p) and m(p) are as in (2.3) and (2.8),
respectively.

(ii) For an admissible anisotropic triplet (¢, g, s), a measurable function a
is called an anisotropic (¢, q, s)-atom associated with some dilated ball
B € B if it satisfies the following three conditions:

(a) suppa C B;
(b) llallLy(s) < lIxslze;
(¢) Jgn a(x)z® dz =0 for any a € N” with |af <s.

Now, via anisotropic (¢, q, s)-atom as in Definition 3.7, we introduce
the definition of anisotropic weak Musielak—Orlicz atomic Hardy space as
follows, which is motivated by Liang et al. [41, Definition 3.7].

DEFINITION 3.8. For an admissible anisotropic triplet (¢, q, s) as in
Definition 3.7, the anisotropic weak Musielak—Orlicz atomic Hardy space
WH%T? is defined as the space of all f €&’ satisfying that there exist

a sequence of anisotropic (i, ¢, s)-atoms,{a¥}rcz;, associated with dilated
balls { B¥} ez, and a positive constant C such that >, x gx () < C for any

rER" and k€Z, and f =3, .5, > Aal in &', where A := C2F | x g |l e

for any k € Z and i with C being a positive constant independent of f.
Moreover, define

2k
a5 :=1inf < inf ¢ A € (0, c0) : sup (Bf, > <1 ,
£l WH L { { ( ) ey {zl: ¥ N\

where the first infimum is taken over all decompositions of f as above.
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The following is the atomic characterization of WHY.

LEMMA 3.9. Let (p,q,s) be an admissible anisotropic triplet as in
Definition 3.7. If m € [m(y), 00) NN, where m(p) is as in (2.8), then

(P JR— <P7q’s
WHA,m - HA,at
with equivalent quasinorms.

Proof. Step 1. In this step, we prove, for any m € [m(p),oc0) NN,
WH ﬁ”i’f Cc WH ﬁ,m'

The argument presented in this step partly follows the proof of [41, The-
orem 3.5]. For any f € WH ﬁ’l’f, by Definition 3.8, we know that there exist
a sequence of multiples of anisotropic (¢, g, s)-atoms, {f¥}rez.i, associated
with dilated balls {B@k}kez,i’ where BF € B, such that f = D okez i fFin
s, HffHLg(Bf) <2k forany k€ Z and i, Y, XBf('T) <1 for any z € R" and
k €7Z, and

: 2"
(3.8) HfHWHﬁ:‘;f ~ inf {)\ € (0, 00) : sup {Z ® (sza A)} < 1} .

keZ i

Thus, to show WH ﬁ";’ts C WH% m it suffices to prove that, for any a, A €
(0, 00) and m € [m(p), 00) NN,

(3.9) o <{fiz > a}, %) < sup {Z ¢ (Bf, 2;) } :

where f is as in (2.7).
To show (3.9), we may assume that there exists some ko € Z such that
a = 2k without loss of generality. Write

ko—1 0o
f: Z fo+zz:fik::F1+F2.
k=—o0 1 k=ko 1

For Fi, by repeating the estimate of F} in the proof of [41, Theorem 3.5]
with b; ; and 2% replaced by fik and 2% respectively, we have

w0 ({2 s {5 (5. 2))

)
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Let BF := a2k 4+ By with 2 € R" and If € Z, and Ay, ==, U;(aF +
Bk ). Now we are interested in (F3);,. To show that

(3.11) o <{(Fz)i‘n>2k°},2§0> < sup {Zi:so (Bf, 2;)}

we cut {(Fy)¥, > 2%} into Ay, and {z € (Ag,)C: (Fo)%, (z) > 2k},
Since ¢ is of uniformly lower type p and, by Lemma 3.1 with ¢ € A (A),
o(zf + By, 2% /X) < o(BF, 2K /)), it follows that, for any A € (0, 00),

()2 B X ()

k=ko i

= (ko—Fk)p g 2 g 2
(3.12) <Z20 ng(Bi,)\)SiuIZ) Z@(Bi,)\) ,

k=ko i € i

which is wished.
By Definition 3.8, we assume that ka = \ral, where ak for any k € Z and

)

i is an anisotropic (g, g, s)-atom and \F := CQkHXBk || L. Since x € (A, )b C

zh + (Bl’?+a)[:7 it follows that there exists some j € N such that x € 2% +
Bk opj \Bl§+o+j' By repeating the estimate of (100) in [37, p. 12], we
obtain that

(@)m(@) SO llaf |l o 55)-
From this, A= C2||xg|lLe, (b) of Definition 3.7(ii) and p(z — ) =

bli+o+i | we deduce that
(@) S O A 0| o ot

. M
(3.13) < ALY < 2k [blk)] ,

where M := (s + 1) log,(A—) + 1.

Since s = m(p) = |(q(¢)/i(p) — 1) log(x_y b], it follows that there exist
q0 € (q(p), 00) and po € (0, i(¢)) such that s > (go/po — 1) log(n_y b — 1 and
hence poM — gy >0. For any k€Z, i and )€ (0,00), by (3.13) and
Lemma 3.1 with ¢ € Ay (A), we have
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« 2o
o (e ()b () > 200, %)

ko
(3.14) <o <{x ER": pla — o) < 20—kl /My, 2A> .

Notice that b > 1, then there exists some ke Zy such that bk~ 21/M By
Lemma 3.1 with ¢ € Ay (A) and uniformly lower type py property of ¢, we
see that (3.14) is bounded by a positive constant times

kT 2ko
w(meR%pm—xb<wﬁ“k%n,A)

k 2ko
Se <5'3z + BlerE(kfko)’ >\>

k
(3.15) < (2k—k0)(QO/M)_pO(p <BZI€7 2/\) )

Therefore, we know that, for any A € (0, 00),

- <{x c (Ako)[;  (fF)E () > 20}, 2;“\0> < (2F—ko)(a/M)=po, <Bf5, 2;) .

Because ¢ is of uniformly upper type 1, we cannot use the superposition
principle of weak type estimates directly. Instead, we introduce an auxiliary
function @. For any z € R” and t € (0, 00), let 3(x, t) := p(x, t)t(d0/M)=po,
then ¢ is an anisotropic Musielak—Orlicz function of uniformly lower type
qo/M and of uniformly upper type 1+ q0/M — po.

Let )‘f = QkHXBf lLe /A,

~ 1k M k
af(z) := ! o and 7= 2—0
= el | — o9 )

Then, by (3.14) and (3.15), we have
P({IMFaf| > o}, mo)

oko oko q0/M—po
= ({:U ER™: p(x — 2F) < 2(k_k°)/Mbl§}, )\> <)\>

2k 2k q0/M—po 2k
1 <o (BF, =) (= ~3(BF, ).
o1 <o (2 (2) s (52)
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By qo/M — pp < 0 and (3.8), we see that

>y (s )

2z Ixllze

- oko qo/M—po i ok
1 B’ — .
a2 (5) (e (e F) e

Thus, from (3.13), Lemma 3.2 with (3.16), (3.17) and I(¢) € (0, 1), and
qo/M — pg < 0, it follows that, for any \ € (0, c0),

¥ Ako ZZfz m >2k0 72;6\0

k=ko ¢
£ye k 2ko
— 0
k=ko 1t
2k;0)p0 QO/M

2k0 >p0<10/M

~ @ ZZIXE%DHO 10 <A

k=ko 1
o0 B B\V‘ oko \ Po—d0/M
< Bk ’7 il
~§,§Z@( s m)(A)

(3.18) < sup {Z © (Bf, 2j> } .

Combining (3.10), (3.12) and (3.18), we finally obtain (3.9). This finishes
the proof of Step 1.
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Step 2. In this step, we prove, for any m € [m(p), oc0) NN, WHjm C
WH%%? Since, for any q € (¢(¢), o), an anisotropic (¢, 0o, s)-atom is also
an anisotropic (¢, q, s)-atom, it follows that WH%* € WHRL’. To show
the desired conclusion, we only need to prove that WH flm’c WHY".
Since the proof of WHY ,~C WH¥%> is similar to that of [5’5, Theorem 1],
we use the same notation as in the proof of [55, Theorem 1]. In [55,
Theorem 1], ¢ is an anisotropic p-growth function which is of uniformly
lower type p and of uniformly upper type p, but in our situation, ¢ is
an anisotropic growth function which is of uniformly lower type p and of
uniformly upper type 1. Here we just give out the necessary modifications
with respect to the uniformly upper type p property of ¢ in [55, Theorem 1].
Without loss of generality, we may assume | f|| wr# =1 and the general

case follows at once by the homogeneity of || - || WH?, By checking the proof
of [55, Theorem 1], [55, (25)] can be replaced by, for any A € (0, 00),

Z@ Bkg <Z<p z¥ + By ﬁ < Qkﬁ
- TA) YA . DN )

S aﬁ(%% @ ({fi% > al, %) :

which, together with taking A = || f||yz+ ~and using Lemma 3.4, further

> (Bf 2k> <1.

)
i 1T

implies that

Hence, we obtain

S o (85 2) <l
SO 7 )\ ~ WHA,m‘

i

On the other hand, we need to prove that, for any [ € Z,

(3.19) Z fl =0 (N —=o0) in8 uniformly,
|k|>N

where fl:=3". Bllk For any k € Z, let Q, := {f* >2*}. Then Q is open
and, by the assumption || f|| wre, =1, we further see that

(3.20) sup p(Q, 28) < 1.
keZ
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Since s = m(¢) = [(q(p)/i(¢) — 1) log(y_y b] and p € (0, i(¢)) can be chosen
close enough to i(y), then we can choose pg € (0, p) and go € (¢(p), 00) close
to p and ¢(¢p), respectively, such that s > (go/po — 1) log(,_y b — 1. By [55,
(24), (26) and (27)], we see that

supp ﬁf’k C xf + Blf+4a =: Bf, where lf e,

5f’k(:c)P(x) dex =0 for any P € P;
Rn

and

187l < 2%,
From this, Y, xgr(z) S1 for any k€Z and ze€R" (see [55, (9)]),
Lemma 3.5 with s > (go/po — 1) log(y_y b —1, o(BF, 1) < p(ak + By s 1)
(see Lemma 3.1), 3. p(zF + Bp_o,, 1) < p(Q, 1) (see [55, (8)]), the uni-

formly lower type p property of ¢ and (3.20), we deduce that, for any ¢ € S
and l € Zy,

<Z f,i,¢> < > S 1Bt o)

|k|>N |[k|I>N ¢
~N-1
k=—co i
+ Z Z [6(z) = Ppio(w)] do
k=N+1 i
~N-1
S 3 2 [ e
k=—o00 Q
+ Z ZQk/ z) — Pp(a)| dx
k=N-+1 i
S 27Vl + Z sz 1/p0‘|¢||£p0 P11,
k=N+1 i
[e%e) 1/po
<27V 4 Z 22]“”090(36?—%31?,20,2_'“2]“)
k=N+1 i
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[e%¢) 1/po

S2 Ve | Y 2,2
k=N+1

< 27N 4 o7 NP=P)/Po 5 0 (N — o),

which implies that (3.19) holds true.
Finally, by repeating the rest proof of [55, Theorem 1], we can obtain
fe WHZ " and ||f|lwaeoes SIIflwae - This finishes the proof of Step 2

and hence Lemma 3.9. N

REMARK 3.10.

(i) Lemma 3.9 is an anisotropic extension of Liang et al. [41, Theorem 3.5],
namely, when A :=2I,,.,, and p(z) := |z|" for all z € R", our result is
reduced to Liang et al. [41, Theorem 3.5].

(i) When ¢ is an anisotropic p-growth function with i(¢) = I(¢)=p,
where p € (0, 1], Lemma 3.9 gives the g-atomic characterization of
WH?, with q € (q(), co] which includes the co-atomic characterization
of WHY in [55, Theorem 1].

(iii) When g € (1, 0o] and ¢ is as in (2.6) with taking w =1 and ®(t) ;=P
for all t € [0, 00), where p € (0, 1], Lemma 3.9 is also new.

LEMMA 3.11. [13, Lemma 2.3] Let A be a dilation on R"™. Then there
exists a collection
Q:={Q*CcR":keZ acl}

of open subsets, where 1y, is some indez set, such that:

(i) |R™\ UaQE| =0 for each fized k and Q% N QE =0 if a#pB;
(ii) for any a, B, k, £ with £ >k, either QX N Qé =0 or Qt, C Qg;

(iii) for each (£, B) and each k < ¢, there exists a unique o such that Qg -
k.

(o)
(iv) there exist some negative integer v and positive integer u such that, for

any QF with k € Z and o € 1y, there exists TQr € QF satisfying that,
for any x € QF,

Zok + Buk—u C Qb C & + Bypgu-

In what follows, for convenience, we call k the level of the dyadic cube
QF with k € Z and « € I}, and denote it by £(QF), and call Q of Lemma 3.11
dyadic cubes.
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For any ¢ € L' and € € B, let (&) i= [y, 1(x)e 27 d.

LEMMA 3.12. [13, Proposition 2.14] Let A be a dilation on R™ and
s € N. Then there exist 0,1 € S such that:

(i) supp® C By € B, [gu 0(x)x? dx=0 for any v € N" with |y|<s, and
5({) >C >0 forany§ € {xeR":a< p(x) <b}, wherea,be (0,1) are
constants;

(ii) supp 121\ is compact and bounded away from the origin,

(i) > ez D(ANIEO((A*)E) =1 for any £ € R™\ {0,,}, where A* denotes
the transpose of A.

Moreover, for any f €S}, f= ZjeZ fx1;x0; inS.

By Lemmas 3.1 and 3.11, we have the following lemma.

LEMMA 3.13. Let g€ [1,00) and ¢ € Ay(A). Then, for any Q € Q and
t € (0, 00), it holds true that

o(cq + Bup(@)—ur t) ~ 0(Q, 1) ~ p(xq + Buy(@)+us 1),
where the implicit constants are independent of Q and t.

The proof of the following lemma is a slight modification of the proof of
[41, Proposition 4.2], the details being omitted.

LEMMA 3.14. Let ¢ be an anisotropic growth function as in Defini-
tion 2.5. If f € WHY, then f vanishes weakly at infinity.

LEMMA 3.15. Let ¢ be an anisotropic growth function as in Defini-
tion 2.3, s € NN [m(p), 00), q € (¢(¢), ) and g € (q(v), q), where q(¢) and
m(p) are as in (2.3) and (2.8), respectively. For a sequence of multiples of
anisotropic (@, q, s)-atoms, {a;}i, associated with dilated balls {x; + By, }i,
where {1;}; C Z, satisfying that there exists some k € Z such that, for each i,
HaiHL&(IﬁBli) < 2% and, for anyx € R, Y, Xoi+B, (¥) S 1, then there exists
a positive constant C, independent of {a;}i, such that, for any t € (0, 00),

/]R" [Z S(ai)(m)] oz, t)de < C Z 2Kz + By, t).

Proof. For any multiple of anisotropic (¢, ¢, s)-atom, a;, associated with
some dilated ball z; + By,. Since ¢ € Ay(A) and g € (¢(p), o), it follows
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that ¢ € Ag(A). Let Up(x; + Bi,420) := x; + By, +25. By the boundedness
on LI(R™, ¢(-,t)), uniformly in ¢ € (0, 00), of the anisotropic Lusin-area
function S (see [13, Theorem 3.2]), Lemma 3.1 with ¢ € Ay(A), and
||a’i||LZ;($i+Bli) < 2F we see that, for any i,

[[S(ai) ||L$(Uo(xi+Bli+za))

1
< sup
te(0,00) LPWUo(Ti + Bi1a0), )

1
< sup
te(0,00) LP(Uo(wi + Bl 425),t)

[ seoeire e

[ et o

1 1/q
< swp |t / las() %z, 1) da
te(0,00) | P(xi + By 1) Joivm, '

(3.21)  ~llaill L (w;1m,) S 2%,

Let Uj(wi + Bi+20) := % + (Bli+j+20 \ Bli+j-1+20), where j€Zy. By
(36, (2.11)], we know that, for any j € Zy, i and = € Uj(x; + Bj,425),

S(ai)(@) S llaill 2 (o4 5, [BO-) 7.
From this and Haz‘HLg(xiJrBl_) < 2% we deduce that, for any j € Z and i,
(3.22) 1S (@)l 0 o By S 2 OO .
By repeating the proof of [41, pp. 660-661] with [41, (4.1)] and [41, (4.6)]

replaced by (3.21) and (3.22), respectively, we know that, for any ¢ € (0, co),

q
/” [Z S(ai)(m’)] o(z,t)de < C Z 2Kz + By, t).

This finishes the proof of Lemma 3.15. [

Proof of Theorem 2.10. Suppose (¢, q,s) is an admissible anisotropic
triplet as in Definition 3.7.

Step 1. In this step, we show WHﬁ g C WHi. By Lemma 3.9, it suffices
to prove WHY ¢ C WHYL?.
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Assuming that f € S and S(f) € WL?, we prove that f € WH ﬁ’;’f and
1l wisas < ISC) e For any k€ Z, let @ = {S(f) > 2} and
Ri:={Q € Q:1QN|>1Q|/2,|Q N Q11| <|QI/2}.

Then, for each dyadic cube @ € Q, there exists a unique k € Z such that
Q € Ry. For any Q € 9, let

Q:={(y;m) ER" xR:y € Q,m~vl(Q) +u},
and, here and hereafter, m ~ v¢(Q) + u always means
vl(Q)+u+o<m<ol(Q)—1+u+o,

where ¢(Q), v and u are the same as in Lemma 3.11.

Let 8 and ¢ be as in Lemma 3.12 and let each 6 be of the vanishing
moments up to order s with s > m(p). We use {Q%}, to denote the set of
all maximal dyadic cubes in Ry. For any @ € Ry, by Lemma 3.11(ii), there
exists a unique maximal dyadic cube Qi such that Q C Qﬁ.

For any f € WHZS, by the Step 1 of the proof of [36, Theorem 2.14], we

know that f=Y",., >, af in &, where a := ZQch,QeRk eq, where

Q@)= [ F+0n)n (e ) dy do(m)
and o(m) is the counting measure on R. Notice that
14 14
Qy C Tt + Bv@(czi)ﬂ C By = ot + Bv[e(Qg)—1}+u+30-

Then, from this and [|af || Lagn o0 S 25[@(QF, 8)]V/9 (see [36, p. 297)), it
follows that, for any ¢ € (0, 00),

1/q
S P
{w(B,‘;,t)/B |aj,(2)|%(2, t) d }

4
k

1 ‘ 1/(1 k
< {SD(QZJ)/R" |ag(2)]|Tp(z, 1) de} <25,

which implies that ||ag|| L9.(BY) < 2%, By this and the Steps 3-5 of the proof of

[36, Theorem 2.14], we know that af, is a multiple of an anisotropic (¢, g, s)-
atom associated with B,‘;.
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By Lemmas 3.13 and 3.1 with ¢ € Ay(4), |Qf N Q| > |Q%|/2 and the
disjointness of {Qi}g, we conclude that, for any A € (0, c0),

su Z <B€ 2k> < su Z ( ¢ 2k>
ver | T \TE N f 2R 15T A
oo )
< A7 0. =
Niﬁ%{?(!@émkl 2@

2k
< sup ¢ <Qk ) :
keZ A
which implies that | f||wgecs S S(f)lwre. This finishes the proof of
Step 1. ’
Step 2. In this step, we show WH“D C WH g- Suppose f € WH‘p By
Lemma 3.14, we see that f € §. It remains to show IS()llwre S HfHWH¢>
By Lemma 3.9, we know that, for any f€ WHY = WHT’ with g€
(q(p), 00) and s € [m(p), 00) NN, where ¢(p) and m(go) are as in (2.3) and

(2.8), respectively, there exist a sequence of multiples of anisotropic (¢, ¢, s)-
atoms, {ff}kez,u associated with dilated balls {Bf}kez,u such that f=

Shez 2 [FinS, Y XBk (z) S lforany z € R" and k € Z, ”fikHLZo(Bf) S 2k
for any k € Z and 4, and

2k
f e.as ~inf ¢ A € (0, 00) : sup (Bf, > <1p.
11w 0.0 sup | Lo (B

Thus, it suffices to prove that, for any «, A € (0, 00),

(3.23) ¢ <{5(f)>a}7%) §zgg{;¢ (Bf, 2;)}

To show (3.23), we may assume that there exists ko € Z such that a = 20
without loss of generality. Write

ko—1
f=> ka+22fk LR+ By
k=—o0 1 k=ko 1

For F1, by repeating the estimate of F} in the proof of [41, Theorem 4.5]
with [41, Lemma 4.4] replaced by Lemma 3.15, we know that, for any
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A€ (0, 00),

(3.24) o (ts0) > 21, f) Ssup {Z o (L, 2;)} .

Let us now deal with F,. By repeating the estimate of (3.11) in the
proof of Lemma 3.9 with (F»)’, replaced by S(F3), we know that, for any
A€ (0, 00),

a3 (15> 201 5 ) s {Z o (2t 2;)} .

kEZ i

Combining (3.24) and (3.25), we finally obtain (3.23), which implies
that ||S(f)llwre S|l wreas. This finishes the proof of Step 2 and hence
Theorem 2.10. ’ il

84. Proofs of Theorems 2.11 and 2.12

To obtain the anisotropic g-function characterization of WH%, we begin
with recalling some notation and establishing several technical lemmas.

For any j€Z and k€Z", let Q;r:=A([0,1)" +k) be the dilated
cube, zq,, = A7k be its “lower-left” corner, Q;:={Q,x:k € Z"} and
0:= UjeZ Q;. Obviously, for any k1, ko € Z™ with ki # ko, Qjk, N Qjk, = 0.

DEFINITION 4.1. Let r, A € (0, 00). For any sequence s := {SQ}QGQ cC,
its majorant sequence s \ = { (s} A)Q}Qeé is defined by setting, for all Q €

1/r

T
se=| 3 [or]

- 1+1Q[p(xg — zp)A
PEQ,\P|=|Q\[ @ (7 )

Recall that the anisotropic Hardy—Littlewood mazimal function Ma(f)
of any locally integrable function f is defined by setting, for all x € R",

(4.1) Maf(x)= sup ‘;, /B £ @)l dy.

reB,BeB

LEMMA 4.2. [9, Lemma 6.2] Letj€Z, a,r € (0,00) witha <7 and \ €
(r/a,00). Then there exists a positive constant C' such that, for any sequence
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s:= {SQ}QEQ cC,

1/a

> (i exe <C [(Ma| D Isol*xe
|Q|=b7 |Q|=b7
The following lemma is an anisotropic version of the weak Musielak—
Orlicz Fefferman—Stein vector-valued inequality, whose proof is also an
obvious modification of the proof of [41, Theorem 2.8], the details being
omitted.

LEMMA 4.3. Let r € (1,00], ¢ be a Musielak—Orlicz function of uni-
Jormly lower type p, and of uniformly upper type p(‘; and let q(p) be as in
(2.3). If q(p) < p, <p} < oo, then there exists a positive constant C' such
that, for any {f;}jez € WL¥({",R"),

1/r
sup DIMA| >t
te(0,00) jez
1/r
<C sup o SIS >t t
te(0,00)

JEL

LEMMA 4.4. [10, p. 423] For any f €S’ and ® €S satisfying supp @
is compact and bounded away from the origin, the sequences sup(f):=

{sup(f)Q}Qeé and inf(f):= {inf(f)Q}Qeé are defined by setting, respec-
tively, for any Q € Q with Q| =b"7,

sup(f)q = sup |f * ®;(y))
Y

and

Yy

(7)o i=sup { nf 78,0 [Pl #0,1Q1/1P| =07},

where ®(-) := &(—) and v € Zy. Then, for any \,r € (0, 00) and sufficient
large v € Z, there exists a positive constant C' such that, for any Q € Q,
(sup(f)r )@ < C(nf(f)7\)e-

LEMMA 4.5. Let ¢ be an anisotropic growth function as in Defini-
tion 2.3. For any r € (0,00) and X € (max{1,r/2,rq(¢)/i(p)}, 00), where
q(e) and i(p) are as in (2.3) and (2.4), respectively, then there exists a
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positive constant C' such that, for any s := {SQ}QEQ,

1/2
sup ¢ dlsiel’xe|  >tgt
te(0,00) 0co
1/2
<C sup ¢ Z|5Q]2XQ >ttt
te(0,00) 0co

Proof. We show this lemma by borrowing some ideas from the proof
of [36, Lemma 3.7]. Let r € (0, 00) and A € (max{1,7/2,rq(¢)/i(p)}, o). If
r <min{2, i(¢)/q(¢)}, we choose a :=r. Otherwise, we choose a such that
r/A <a<min{r,2,i(¢)/q(e)}. It is possible to choose such an a, since A >

max{1,7/2,rq(¢)/i(¢)} implies /X < min{r, 2, i(¢)/q(v)}. In both cases,
we find that

5 .
0<a<r<oo, /\>I, ->1 and @>q(cp).
a a a

For the above last inequality, by choosing p € (0,i(y)) close to i(¢), we
further obtain p/a > q(¢). Next, let @(z,t) := p(z, t'/%) for all z € R™ and
t € (0, 00). From the fact that ¢ is of uniformly lower type p and of uniformly
upper type 1, it follows that ¢ is of uniformly lower type p/a and of uniformly
upper type 1/a. Therefore, since 1/a > p/a > q(¢), Lemmas 4.2 and 4.3 yield

1/2
sup ¢ dolsi el xe|  >tp.t
te(0,00) 0co
[- 9-1/2
~ sup o |4 (D (six)axq >t t
te(0,00) jez \|Q=b—
r q12/a 1/2 )
< sup g diMal D Isol"xe >tot
t€(0,00) jez 1Q|=b—7 |
\
( r q2/a a/2 )
~ sup @ Z My Z lso|"x0 >t ,t
t€(0,00) jeL Q|=b—i |
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2/a a/2
< sup @ Z Z lsol“xqQ >te,t
t€(0,00) jez \|Q|=b—7
1/2
~ sup ¢ DD lsePxe| >tp.t
t€(0,00) JEZ |Q|=b—7
1/2
~ sup ¢ > lsel’xe | >ttt
te(0,00) 0o
This finishes the proof of Lemma 4.5. [

Proof of Theorem 2.11. Suppose (¢, q, s) is an admissible anisotropic
triplet as in Definition 3.7. By repeating the proof of Theorem 2.10 with
a slight modification, we easily obtain WH ﬁ C WH 2 g with continuous
inclusion, the details beings omitted. Conversely, to prove WH fl, ¢ C WH?,
by || llwag ~ Il - ”Wfo,s’ it is sufficient to prove that, for any f € WHY ,
IS(Hlwre S llg(Hllwre-

Since the proof of Wng C WH? is similar to that of [36, Theorem 3.1],
we use the same notation as in the proof of [36, Theorem 3.1] and here we
just give out the necessary modifications.

Let g(¢) be as in (2.3). Choose M € Z, large enough and r € (0, 1]
such that r € (1/M,p/q(¢)). Let @(x,t) :=@(z, t'/") for all z € R* and
t € (0, 00). From the fact that ¢ is of uniformly lower type p and of uniformly
upper type 1, it follows that ¢ is of uniformly lower type p/r and of uniformly
upper type 1/r. Then, since 1/r > p/r > q(¢), Lemma 4.3 gives

1/2
sup ¢ SAMAUHNP| >t ot
te(0,00) jez
1/2
S sup oo | S IDDIAP] >tpat],
t€(0,00) jez
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which, together with

r 2/r 1/2
S(H@) SID Ma | | DD 1F+®i@ollxe| | (@)
JEZ QEQ;
(see [36, (3.7)]),
further implies that
sup p({S(f) >t} 1)
te(0,00)
r 2/r 1/2
S osup o SoAMal | D0 1F x25(z)Ixe >to.t
t€(0,00) jez QeQ;
1/2
S sup @ ST 0(xq) xel? >to,t
t€(0,00) JEZ QEQ;
(4.2)

Notice that sg < (3;)\)62 for any r, A€ (0,00) and Q€ Q. Then,
from this, (4.2), Lemmas 4.4 and 4.5 with r€(0,00) and X€
(max{1,7/2,rq(p)/i(¢)}, 00), it follows that, for some v € Z large enough,

sup ({S(f) > 1}, t)

te(0,00)
[ - 1/2
< sup @ o sup(Nielxe| >ty .t
te(0,00) 0co
- 1/2
< sup @ o lf(Niael’xe| >ty .t
te(0,00) 0co
- 1/2
(4.3) S osup o > linf(folxe| >tp.t
te(0,00) 0cd

Moreover, for any P € Q with |P|=b"" and sp := infyep |f * ;Iv>i,7(y)|, by
checking the proof of [10, Lemma 8.4], we find that inf(f)g =sup{sp:
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1Q|/|P| =b", P € Q} and, for any = € R",

> inf(foxel@) SYMT Y (sha)pxp().

lQI=b—7 |Pl=b=7—7
Combining this, (4.3) and Lemma 4.5, we find that

sup p({S(f) >}, 1)
te(0,00)

1/2

Sosup oo |4 (D0 DD AsiaelPxe|  >tpt

t€(0,00) | J€Z |P|=b=i—

i€Z |Q|=b—"?

1/2
< sup ¢ Z Y splPxp| >t .t
t€(0,00) | i€Z | P|=b—i
1/2
< sup @ { Z Z |f*<i>,-\2XQ >tp,t
te(0,00)

S osup p({g(f) >th ),
t€(0,00)

which implies that ||S(f)|lwre S |lg(f)|lwre. This finishes the proof of
Theorem 2.11. [

Next, we consider the anisotropic g}-function characterization of WH?Y.
To this end, we need to introduce the following variant of the anisotropic
Lusin—area function S. Let 1 € S such that, for any o € N" satisfying || <

©), Jgn ¥(x)xz® dz =0, where m(yp) is as in (2.8). For any kg €N, f e &’
and r eR”, let

1/2
Sko(f {Zb (o) / f*w_k<y>|2dy} .
keZ 2+ Btk

The following technical lemma plays a key role in establishing the
anisotropic gy-function characterization of WH %, whose proof was moti-
vated by Folland and Stein [20, p. 218, Theorem 7.1], Aguilera and Segovia
[1, Theorem 1] and Liang et al. [41, Lemma 4.11].
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LEMMA 4.6. Let g€ [1,00), ¢ be an anisotropic growth function as in
Definition 2.3 and ¢ € Ag(A). Then there exists a positive constant C such
that, for any ko € Z4 and f €S/,

sup  p({Sko(f) > A}, \) S CHUP/Dkosup o({S(f) > A}, ).
A€(0,00) A€(0,00)

Proof. For any X € (0, 00), ko € Z4 and f €8, let
Bk = {S(f) > Abko/2}

and
UA,ko = {MA(XEx,kO) > b7k072a}’

where M, is as in (4.1). Since ¢ € Ay(A), from the boundedness on
LYR"™, ¢(+, A)), uniformly in A€ (0,00), of M4 (see, for example, [11,
Theorem 2.4]), it follows that, for any A € (0, 00), ko € Z4 and f €S/,

(44) SO(U)\,kov )‘) S bqko ||XE>\,k0 ||%q(]Rn7<p(.7>\)) ~ bqkoso(Ek,koa )‘)

and, by [36, Lemma 3.12], we know that, for any X € (0, ), ko € Z+ and

fes,
pro(i=a / (ko (f) ()2 2, ) da
(Unk)®
2
(15) </ . S ol )

Thus, from ¢ € [1, 00), the uniformly lower type p and the uniformly upper
type 1 properties of ¢, (4.4) and (4.5), it follows that, for any A € (0, c0),
ko€Z, and feS§’,
©({Sko (f) > A} A)
<@(Unsos N) + ((Unig)¥ N {8 (f) > A}, A)

< B0 (B gy, A) + A2 / (ko (1) (@) 0(, A) do
(Uxip)®

SHMp({S(f) > AbF0/2}) )

pyrn [ S @) Pl N) do
(Ex k)t
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< pla—p/2)ko o({S(f) > )\bko/2}’ /\bko/Q)

AbFo/2
+ pla—Dko 2 /O Lo({S(f) > £}, A) dt

P Abko/2 A\ P
< {b(qm)ko 4 pla—Dko y 2 [ / Nt + / t() dt]}
~ t

0 A

x sup o({S(f) >}, 1)

te(0,00)
SRR sup o({S(f) >t} ).
te(0,00)
This finishes the proof of Lemma 4.6. [
Proof of Theorem 2.12. The proof of Theorem 2.12 is similar to that of
[41, Proposition 4.12]. To prove Theorem 2.12, by [ - [ yge ~ || - HWHﬁSv
it suffices to prove |- |lwmg  ~ - lway o . For any f € 8 and x € R, by

S(f)(z) < gx(f)(z), the inequality ||S(f )||WL¢ lgx(f)llwre is obvious. It
remains to show that, for any f € S', ||gX(f)llwre SIS(F)lwre-
For any f € S’ and z € R", we have

bk A
bk 0 2 {] J
gz /ka froWl \prm—y]
+ 3 bk
; l% /95+(Bk+j\3k+j1)
(4.6) < ST h IOV () @)
=0

Since \ € (2q/p, ), it follows that there exists € € (0,1) such that
A —2¢ € (2q/p, 00). Let C(,) :=1/(1 — b~¢). Then, from (4.6), the uniformly
lower type p and the umformly upper type 1 properties of ¢, Lemma 4.6,
and A — 2¢ € (2¢/p, ), we deduce that, for any « € (0, 00),

o({g3(f) > a},0) S Z b0/, (s

e 11y i
§Z¢<{Sj(f)>%b]()\ WZJOZ}’OZ)

Jj=0
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~ Y 0({S(f) > B}, Cpb= D2
j=0

e}

N

BIPEA2H/2) 515 £) > B}, B)

<
Il
o

pIPEA2H2p P2 qup o({S(f)(z) > B, B)
BE(0,00)

p )@({S(f)(fv) > B}, B),

which implies that ||g3(f)|lwre S|IS(f)|lwre. This finishes the proof of
(2.10) and hence Theorem 2.12. [

24N
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