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UNIFORM HARMONIC APPROXIMATION WITH 
CONTINUOUS EXTENSION TO THE BOUNDARY 

M. GOLDSTEIN AND W. H. OW 

1. Let G be a domain in the complex plane and F a nonempty subset of 
G such that Fis the closure in G of its interior F°. We will s a y / e Cl(F) if 
/ is continuous on F and possesses continuous first partial derivatives in 
F which extend continuously to F as finite-valued functions. Let G* — F 
be connected and locally connected, / e C](F) be harmonic in F°, and E 
be a subset of dF n dG (here G* denotes the one-point compactification 
of G and the boundaries dF, dG are taken in the extended plane). Suppose 
there is a sequence (hn) of functions harmonic in G such that 

I / - A J - 0 , 
dx dx 

0, and 
dy dy 

uniformly on F as n —» oo. We prove that if / extends continuously to 
F U E then there is a sequence mn of functions harmonic on £2 and 
continuous on F U E such that \f — mn \ —> 0 uniformly on F. Our paper 
is motivated by a problem posed by Stray (cf. [1], p. 359) for harmonic 
functions. The analogous problem for analytic functions was solved in 
1978 by Roth [9] and Stray [11]. In the analytic case, however, no as­
sumptions are imposed on the partials of / . But the harmonic case, itself, 
must be dealt with separately since if / e Cl(F) and f is harmonic in the 
interior of F, f need not be the real part of a function continuous on F and 
analytic in the interior F°. Finally we would like to make two additional 
comments. First, such approximations as given above, where the error 
f — mn can be continuously extended to certain subsets of the boundary, 
prove useful when constructing functions with prescribed boundary 
behavior. Secondly, our hypotheses are satisfied in specific instances. See, 
for example Shaginyan [10]. 

2. For a subset S of the extended plane C* let S be its interior, S its 
closure in C* and dS = S — S°. By Dl we mean d/dx and by D2 we mean 
d/dy. Our main tool will be the following Walsh-type fusion lemma. 

LEMMA 1. Let Kx and K be compact subsets of C and let K2 be a relatively 
closed subset of C such that Kx n K2 = 0, Kx U K U K2 ^ C, and K° ¥= 0. 
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1376 M. GOLDSTEIN AND W. H. OW 

Moreover, let D be an open disk such that 

D c C\(K] U K U K2). 

Then there exists a constant C0 such that if ux and u2 are essentially 
harmonic functions on C\D (for the relevant definitions, see the book by 
Gauthier-Hengartner [3] ) with 

Wu\ ~ UIWK < €> and WD\U\ - ui) \\K < €> [ = *> 2 > 

then there exists an essentially harmonic function h on C\D with 

\d(u, - h)\ 
l"i ~~ hÏÏKuK, < Q«. 

9x KUK, < C 0 £ ' and 

3(nf. - h) 

dy KUK, 
< C0€, 1,2. 

Remark 1. C0 depends on K{, K2, and AT but is independent of uv u2. All 
norms are sup norms. 

Remark 2. In order to approximate ui on K U ^z, /' = 1, 2, only the 
assumption \\ux ~ u2\\K < e is needed (cf. Lemma 2.2.16 [3] ). But in order 
to simultaneously approximate ut and its first partials onA^U Kh i = 1,2, 
we need, in addition, a condition on the first partials of ut on K. To see this 
consider the following example: 

Let 

K = K, {z\\* 

u„(z) = Re z11, and 

Then |\un — v\\K ^ 1 but 

\d(un ~ v)| 
' 8x ' U-

1}, K2 = {2 

v(z) = 0. 

2}, 

So there is no essentially harmonic h such that dh/dx approximates dun/dx 
and dv/dx on AT for all n. 

Proof The proof is similar to that given for Lemma 2.2.16, [3] except 
that Gauthier and Hengartner do not simultaneously fuse the partial 
derivatives in their Lemma 2.2.16. Thus their proof needs some 
modifications. 

We may assume without loss of generality that u2 = 0. Let u = uv Since 
0 we may assume 0 < \\u\\K < c, for otherwise the proof is trivial. 

Let Bj, 22 be smoothly bounded open sets such that ^ , c 8, , 2] c 8 2 c 
0 2 c C - D and Û2 C\ K2 = 0. Note that Ql9 fl2 depend only on A',, AT2, 
and Z). Furthermore let F be a bounded open neighborhood of K such 
that 
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UNIFORM HARMONIC APPROXIMATION 1377 

\\u\\y ^2\\u\\Ki \\Dlu\\y ^l\\Dfu\\K, i= 1,2, 

9F G c\ and V c C — D. Introduce bounded open sets G1? G2 such 
that 

Kx c G, c Q„ 

Q2, c G2 c C - (K2 - V) - D, 

(G2 - GX) r\ v = (02 - Qx) n v, 

with 

rf(3Gj, 30!) ^ (l/2)rf(A'1, 30,), 

d(3G2, 302) ^ (1/2)J(Â2 - F, 3Q2), 

d = distance. Further we choose both 3Gj, 3G2 e C and w singularity 
free on 3G,, 3G2. 

Let H e C°°(C) such that 

# lo, - 1. # l c - o 2 - 0 

and 0 ^ i / (x) ^ 1 on C. 
Let 

(H(z)u(zl z G G2 
iftz) = 

I 0 , z e C - G2. 

Then ^ is C°° outside the singularities of u contained in G2, and satisfies 
the following inequalities: 

(1) M - u\\KiUK ^ C\\u\\K 

(2) U\\K2UK g ciMl* 

(3) HZ)'^ - u) \\K^K S C( \\u\\K + \\0u\\K) 

(4) ||ZfyllK2uK ^ C(\\u\\K+ \\&u\\K), 

where the constant C is independent of u. 
Since i//, however, is not necessarily essentially harmonic in C — D it is 

not the desired function, but will serve as an auxiliary function. 
We show (1) first. Now \p = u on Oj and ^ c 8, imply 

M - u\\Ki = o. 

As for K we have 

K = (K n G2) U [K n (C - G2) ] 

and i// = 0 on K n (C - G2). Hence 

M ~ u\\Kn(C-G2) = Hwlltfn(C-c2) = N I * 
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and since \p = Hu on K n G2 we have 

U~u\\KnG2= \\u(H- l)\\KnG2^2\\u\\K. 

As for (2) we note that since \p = 0 on C - G2 it suffices to show (2) on 
(K2 U K) n G2. Now 

l l ^ l l ^ ^ = \\Hu\\KnG2 Si | |K| |*. 

Since K2 n G2 = 0 we have (2). 
In order to show (3) it suffices to show the inequality on K since on Kh 

\p = u. As before 

# = K n (C - G2) u ( # n G2) 

and ^ = 0 on K n (C - G2) so 

H W - «Oll*n<C-G2) = H^lkn(C-G 2 ) ^ H ^ H * 

while on K n G2, ^ = Hu, so 

I T O - «) ll*nc2 = H^'(^") - Dlu\\KnCi 

â \\D'{Hu) - £>'M||K. 

Now H has compact support and so 

\\D'H\\C ^ M < oo. 

Also £>'(77w) = MD' / / + HD'u implies 

||Z>'(//«) - Dfu\\K ^ \\u\\KM +\\{H- \)D'u\\K 

^ \\u\\KM + \\D'u\\K, 

and this proves (3). 
Finally we need show (4) only on K n G2, where we have 

\m\\KnG2 = \\D?{Hu)\\KnG2 ^ \\D\Hu)\\K 

^ \\u\\KM + \\Dlu\\K. 

We next proceed as in the proof of Theorem 2.2.9 [3] and let 

W = Gx U V U (C - G2), 

S = set of singularities of u in Gl5 and S€ an €-neighborhood of S. We 
apply Green's formula to \p using the Green's function g for C — D. For 
z G ^ - S we have (cf. [3], (2.2.17) ) 

= Y fiv-s [A//(f) * g(z ~ ° + 2 V ̂ (f) * Vg(z " f) MO**! 
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1m JZV lm nw MS") v z(z " f) ~ W)g(* - 0 

+ 2«(f) V H(Og(z - £)]&(£) - a(z), 

f = £ + /T], where a(z) (cf. [3], p. 62) is essentially harmonic in C — Z), Â  
denotes the Laplacian and V^ the gradient with respect to f. Set 

ftz) = 7,(z) + 72(z) - o(2), 

where ^ (z ) is the first integral and 72(z) the second in the above 
representation of \p. We note that the integral Ix reduces to one over V 
since both A# and Vi/ vanish on Gb H = 0 on C - G2, and F n 5 = 0. 
Similarly the integral 72 reduces to one over 3W n G2. Hence 

/|(z) = i -̂  [ A H ( J ) g ( f> z ) + 2 v^//(f) ' v^(f> z) M****»» 
and 

W = - ^ i^ n G 2 WO V? gtf, z) - gtf, z) Vj ̂ (0 

+ 2«tf)g(£, z) Vf tf (£) ]<fc(f). 

First note that 

l l ^ ) l k u J f 2 U A T ^ C | | « | | ^ 

where the constant C is independent of u. This holds since 

|/,(z)| g I M I , , / ^ 

where 

£ = [ |Atf(0 | |g(z - 0 | 4- 2|V//(f) | |Vg(z - f) | ]dtdn. 

For z e Kx ç Qj c S22 both g and Vg are bounded for J e fi2 — Sj (cf. 
[3], p. 72). So 

117,(2)11^ ^ C\\u\\K9 

where C is independent of u. On AT2 the same reasoning applies since if U 
is a bounded open neighborhood of B2 — Bj such that U n K2 = Û then 
for all z G /v2 we have 

IISII*2XBF5; < °° a n d Hvslkx*v^; < °° 
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(cf. [3], p. 72-3). For z e K we note that 

j[2_fii [ iAff(o i \g(z - n i + w m o I ivg(z - n i I^T] ^ c 
for a constant C depending only on D, Kx, and K2, since the integral is a 
continuous function of z. So 

||/ill# = C||w|l# C independent of u. 

Hence 

(5) I I / J IATU*,^ ^ C||M |b 

where the constant C is independent of u. 
Rewrite Ix{z) as 

(6) 7,(z) = — Jy [AH(Ç)g(z, f) ]«(£)d&ft| 

Now ^(z ) G C ](F) by Lemma 4.1 [4]. Furthermore by this same lemma 
we have 

D\ jv [A//(0g(z, n MOdtdn = fv A//(n[^g(z, n M O ^ , 
for z ^ K, where Z)̂  is the first partial with respect to the z'th coordinate 
of z = z(.x, >>). Now 

g(z, n = r(z - o + *(0 
where 

T(z - J) = - l o g k - ?l, 

and /i (f ) is the harmonic part of g. Then 

- l l lwoK M(0u(!;)D'2g(z, MM, 

S (77) = support of 77 

A:' 

C\\u\\v 

^ C||w||^, C = constant, 

using the estimate 
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nw-oiâ-Liz-rr1 

(cf. [4] ), where C is independent of u. For the second integral in (6) we 
need only worry about the logarithmic terms in 

2 

u(S) v̂  H(S) • vrg(z, n = 2 t 4 # • 4*Mn-
/ = i 

Since 

D\T(z - f) = - I» ; r (z - 0 and 3 F e C1 

(i.e., the divergence theorem applies to V) we have by Lemma 4.2 [4] that 
for z G K, 

(7) D/ / ^ [ 4 ^ ( n • D\T(z - f) Mfldfrft, 

= D{ jv[-D'2T(z - 0 I (D\H(0 ) • «(f) ]#<*, 

= - / , [2>fl\z - 0 ][ (D\H(0 ) • ««") - {DzH(z) ) • n(z) ]dèdV 

+ D'zH(z) • u(z) jwIfzT{z - &j(Ç)dst 

where 

£>f = Di(D% 

V: denotes the jth component of the outer unit normal, and dsç is the 
differential of arc length. 

Applying the Taylor's formula and Cauchy inequality to u and noting 
that DlçH satisfies a Lipschitz condition we have 

\{D\H{Ç))-u(Ç) - (Dl
zH(z))u(z)\ 

^ \D\H(0 | \u(è) - u(z) | + \u(z) | \D\H{i) - Dl
zH(z) \ 

fk \\D\H\\v\z - m\DXu\\v + \\D\Wy) + \\u\\vCx\z - & 

^ C2\z - &(\\Dlu\\K + \\D2u\\K+ \\u\\K) 

for z e K, £ G V, and a constant C2 is independent of u. 
This last estimate together with the inequality 

\&Y(z - n i ̂  -iz - s r 2 

77 

cf. [4] implies the first term in (7) satisfies 

\fv[D%T(z - S)][tyH(Ou(S) - D\H(z)u(z)]d^\ 
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1382 M. GOLDSTEIN AND W. H. OW 

^ C(\\u\\K + \\D*u\\K + \\D2U\\K), 

where C is independent of u. 
As for the second integral in (7), we again see that 

\Dl
zT(z - !)\ ^^-\z ~ JT 1 

implies that for z e K and f G 3F, 

|Dli/(z) • u(z) JwBfzY{z - D " / ? ) ^ | 

fk | |4// | |S( / / ) | |M | |KC =i CUttll^, 

where C is again independent of u. Thus 

IU^ / , 11^ c( | |« | |K + l|i)1
M||^+ IU)2t/||„), 

where the constant C is independent of u. 

We next estimate Dl
zIx for z e A'1 U i£2, using Leibnitz's rule. 

Now 

(8) D[Ix{z) 

= ^fv *H(S)Dfzg(z9 f)n(f) + 2D [̂ (V^(f) • V^g(z, 0 )u(f) 

= ^ X [A//(n^g(^ n«(?) + 2tt(n vr //(?) • v^g(z, o ] ^ . 
The integral in (8) reduces to one over V D (Q2 "~ ^i), since H = 0 
outside fi2

 a n d i?= 1 on flj. Now |Vzg(z, f) | is bounded by M say, for 

J e F H Œ2 - Qj and z G ^ U # 2 

(cf. [3], p. 73). Applying the Poisson formula one gets 

\\Di vf *!!(*,UJ^XCÔFÔO ^ M < oo, 

where M is independent of u. Hence for z ^ Kx U K2 we have 

iw^)i^|Xnff i=B;)A»«)i)ig(z,n«(n| 

ë M||M||K||Atf 1 ^ + 2||«||K • IIVHllgpâ; " # 

where C is independent of u. 
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This together with our estimate of D\IX on K gives 

(9) WMK^K^K = C( \\u\\K + \\Dxu\\K + \\D2u\\K) 

as desired, where the constant C is independent of u. 
If we set h0(z) = 72(z) ~~ °(z) t n e n from (5) and (9) we have 

I M Z ) - M À T U ^ U J ^ = I I ^ H A - U ^ U ^ = C\\u\\K 

and 

^ C(\\u\\K+ \\Dxu\\K + \\D2u\\K). 

Furthermore because of inequalities (1), (2), (3), and (4) we deduce 

HAo "" UWKUK, = C\\u\\K, 

\\h0\\KuK2 Si C\\u\\K9 

I W o ~ u) \\KUKi ^ C( \\u\\K + \\Dlu\\K + \\D2u\\K), 

and 

W&^WKUK, = C(\\u\\K + \\Dlu\\K + \\D2u\\K). 

Finally, if we approximate h0 by a Riemann sum, we get our desired 
essentially harmonic approximation h (cf. [3], p. 64 and p. 76). 

3. We shall now turn to the result alluded to in Section 1. 

THEOREM 1. Let G be a domain in the complex plane C such that C — 
G ¥= 6 contains the closure of an open disk D0. Let F be a relatively closed 

subset of G such that F = F* and G* — F is connected and locally con­
nected. Let F be a subset of dF n dG. Let f e C (F) be harmonic in the 
interior of F. Suppose that there are functions hn harmonic in G such that 

ll/-MF-»o and IIW-A^llf-o, ,-=i,2. 
Iff extends continuously to F U Ey then there is a sequence mn of functions 
harmonic on fi and continuous on F U E such that 

I I / - » I J I F - » O . 

Proof. We may without loss of generality assume that G is bounded, for 
if z0 is the center of an open disk in C — G, then the general case can be 
reduced to this one by inverting with respect to this disk. Let {Gn} denote 
a canonical exhaustion (cf. [8] ) of G. For each n = 1, 2, 3 , . . . , we choose 
a positive number an associated with Kln = Gn, K2n = (C — D0) — Gn + \, 
and Kn = Fn = F n Gn+X so that 1 < ax < a2 < . . . . Since F° n 
Gn+X = 0 for at most a finite number of «, we may assume tf° # 0 for 
each n. If £ > 0 is given, we select positive e(, e2> • • • s o that 
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ex > €2 > . . . and 2 £n < */2. 
n = \ 

From our hypotheses we have 

(10) \\f-hk\\F<-^- and 

(11) W{f-hk)\\F<-^, ' = 1.2, 
4a„ 

for all & sufficiently large. By relabeling the subscripts of (hk) if necessary 
we may assume (10) and (11) hold for h„ itself. By Lemma 6 [2] there exist 
functions qn essentially harmonic on C such that 

(12) \\hn - q j ^ < ^- and 

(13) I W „ - , „ ) | | c - n + i < ^ - , ; = 1'2' . 
4flw w = 1, 2, . . . 

Hence from (10), (12) we have 

(14) | | / - qn\\F fk | | / - A„||F + \\hn - qn\\Fn < ^-, 

while (11) and (13) imply 

(15) \\D>(f - q„) \\F ^ \\D'(f - h„) \\F + \\&{hn - q„) ||^ < ^ - . 

Now (14) implies 

lki+1 ~ «nlk = Il9n + 1 ~ / I k + HZ _ ?» I If. 

S I + I C «„ 

2< 

while (15) similarly yields 

2an+x 2an a„ 

\\D'(qn+x - 9 n ) | | < X 
a» 

Let D be a disk such that D c C — G. Applying Lemma 1 to the 
functions q,„, g n + 1 relative to C — D and to the sets Kin, K2„, and K„, we 
obtain essentially harmonic functions rn on C — D such that 

(16) |r„(z) - <?„(z) | < e„, z e #,„ U K„, 

\r„(z) ~ qn+](z)\ <€„, z G K2„ U *„, 
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d(rn - %) 
dx 

d(rn - q„) 

dy 

d(r„ - qn+\) 

dx 

d(rn - qn+i) 

dy 

< e„, z e Kln U K„, 

< «„, ^ e KXn U *"„, 

< e„, z e tf2„ U tf„, 

< €„, z G tf2„ U * „ . 

Let 

n-\ 

t„(z) = 2 (r£z) - qv+x{z)). 

Since 

(C - .Do) - C ç (C - Â0) - <?„, « = 1 , 2 , . . . 

the sequence {tn} converges uniformly in (C — D0) — G by the second 
inequality in (16). In particular, if we set 

/(£) = lim t„(Ç), S e 8G, 

then / is continuous on dG. 
Consider f G 3G ç £"2H and z e AT2„. Let f = { + z'77, Z = x + (y. 

Then 

(rj(z) - qj+x(z)) - (ç-tf) - qj+x(Ç)) 

3(9 ~ 9j+\) 

+ 

dx 

dy 

(0 -G-x) 

(0 -(v- y) + m -*) + H(v - y) 

where 

8{,8{->0 a s | £ - x | - * 0 and fo - y\-> 0. 

Hence from (16) we have 

n - 1 

\tn(z) - tn(0\ ^ 2 € , ( | { - * | + k-y\) 

n-\ 

+ 2 s{\s -x\ + Hk - y\ 
7 = 1 
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n-\ 

^ 2\S ~ z\e + |£ - z| 2 (8{ + SJ
2). 

For fixed n, we may choose z close to f so that 

S{ + 8{ <€j9 \ ^ j ^ n - 1, 

whenever |z — f| < S(«). Then for k = n, consider 

z e Fk+l - FkQ K2n, 

where k is chosen sufficiently large, say k è N(n) so that 

\z - SI < «(*). 

Then for 

z e (Ffe+1 - /£) n {z: |z - c| < «(«) } 

we have 

KM - U O I S 2lz - fie + If - z | | 

- f * - A. 
while the second inequality in (16) implies 

oo 

Hence, we have 

^ oo 

(17) \tn(z) - t{t) I < -£|z - f| + 2 e„ z e J£ + 1 - Fk, k g AT(n). 
2 « 

Let 

/c+l 

w(z) = 2 OvO) - tf„+i(z)) + qk + 2(z) 
v=\ 

oo 

+ 2 W:)-ftW). 

Note that m(z) is independent of &. Then for z e Fk + X — Fk, k ^ iV(w), 
we have by (14), (16), (17) and the fact z e K2V, n ^ v ^ k + 1, that 
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\m(z) - f(z) - /(f) | 

^ \tn(z) - t(0\ + 2 |r,(z) -qw+x(z)\ 
v = n 

oo 

+ l** + 2(*) - / (*) I + 2 k,(z) - qv{z) | 
*> = & + 2 

r OO k+\ OO 

^ -£|Z - fl + 2 £, + 2 £, + £, + 2 + 2 V 
^ *> = « ? = « v = k + 2 

Hence the difference between m(z) — / (z ) and /(f) converges to 0 if n ^ k 
increases and z e K2n ^ (Fk+} — Fk) converges on F to a point f of 
F — F. Note m is essentially harmonic on G. Also 

|m(z) - / ( z ) | < e for all z G F 

(cf. [2], p. 181). So if we define g(z) = m(z) - f(z) for z e F and g(z) = 
t(z) for z G i7 - F, then 

|g(z) | ^ c for z G F . 

Thus the approximating functions m can be extended to F U £. Finally, 
since G* — F is connected and locally connected, we can apply a pole 
pushing argument (cf. [2], p. 181) to the poles of m to complete the proof 
of Theorem 1. 
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