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UNIFORM HARMONIC APPROXIMATION WITH
CONTINUOUS EXTENSION TO THE BOUNDARY

M. GOLDSTEIN AND W. H. OW

1. Let G be a domain in the complex plane and F a nonempty subset of
G such that F is the closure in G of its interior F. We will say f € C'(F) if
f is continuous on F and possesses continuous first partial derivatives in
F which extend continuously to F as finite-valued functions. Let G* — F
be connected and locally connected, f € C'(F) be harmonic in F°, and E
be a subset of F N 3G (here G* denotes the one-point compactification
of G and the boundaries dF, 0G are taken in the extended plane). Suppose
there is a sequence (A, ) of functions harmonic in G such that

oh,
0x

LA BN
ay ay

2
lf — h,l =0, l—f - — 0, and 0
dx

uniformly on F as n — co. We prove that if f extends continuously to
F U E then there is a sequence m, of functions harmonic on { and
continuous on F U E such that |/ — m,| — 0 uniformly on F. Our paper
is motivated by a problem posed by Stray (cf. [1], p. 359) for harmonic
functions. The analogous problem for analytic functions was solved in
1978 by Roth [9] and Stray [11]. In the analytic case, however, no as-
sumptions are imposed on the partials of f. But the harmonic case, itself,
must be dealt with separately since if f € C‘(F) and f is harmonic in the
interior of F, f need not be the real part of a function continuous on F and
analytic in the interior F°. Finally we would like to make two additional
comments. First, such approximations as given above, where the error
J — m, can be continuously extended to certain subsets of the boundary,
prove useful when constructing functions with prescribed boundary
behavior. Secondly, our hypotheses are satisfied in specific instances. See,
for example Shaginyan [10].

2. For a subset S of the extended plane C* let S° be its interior, S its
closure in C* and 3S = § — S°. By D' we mean 3/dx and by D* we mean
d/dy. Our main tool will be the following Walsh-type fusion lemma.

LeEMMA 1. Let K| and K be compact subsets of C and let K, be a relatively
closed subset of C such that K, N K, = 0, K, U K U K, # C, and K° # 9.
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Moreover, let D be an open disk such that
D c C\(K, U K U K)).

Then there exists a constant C, such that if u, and u, are essentially
harmonic functions on C\D (for the relevant definitions, see the book by
Gauthier-Hengartner [3] ) with

”ul - u2HK < €, a}’ld HD’(U] - uz) ”K < €, i = 1, 2,
then there exists an essentially harmonic function h on C\ﬁ with
o(u; — h)

0x

<
KUK, Coe, and

Hui - h”KUKi < Cof, |
‘a(u,. — h)
ay

Remark 1. Cy depends on K|, K5, and K but is independent of u, u,. All
norms are sup norms.

KUK, < Cof, 1 = l, 2

Remark 2. In order to approximate u; on K U K, i = 1, 2, only the
assumption |lu; — ]l < € is needed (cf. Lemma 2.2.16 [3] ). But in order
to simultaneously approximate u; and its first partialson K U K, i = 1, 2,
we need, in addition, a condition on the first partials of «; on K. To see this
consider the following example:

Let

K=K, = {]lz| =1}, K, = {z]lz| = 2},
u,(z) = Re ", and v(z) = 0.

Then |lu, — v|lx = 1 but

So there is no essentially harmonic 4 such that d4/9x approximates du,/dx
and 9v/0x on X for all n.

a(u, — v)
0x

=

K

Proof. The proof is similar to that given for Lemma 2.2.16, [3] except
that Gauthier and Hengartner do not simultaneously fuse the partial
derivatives in their Lemma 2.2.16. Thus their proof needs some
modifications.

We may assume without loss of generality that u, = 0. Let u = u,. Since
K" # 8 we may assume 0 < |ju||x < ¢, for otherwise the proof is trivial.
Let 2, Q, be smoothly bounded open sets such that K, € ,,Q, € @, C
2, c C— Dand @, N K, = 6. Note that Q,, 2, depend only on K, K,
and D. Furthermore let V' be a bounded open neighborhood of K such
that
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lully = 2llullg, IDully = 2Dully, i=1,2,
IV Cl, and ¥ ¢ C — D. Introduce bounded open sets G,, G, such

that
K, C G, cQ,
Q,cG cC~—(K,—V)— D,
G, —G)N V= —Q)nV,
with

d(3G,, 82)) = (1/2)d(K,, 92,),

d = distance. Further we choose both 3G, 3G, € C' and u singularity
free on G|, 0G,.
Let H € C®(C) such that

HIQI = 1, H|C~92 = 0

and 0 = H(x) = 1 on C.
Let
H(Zu(z), z € G,
Wz) =
0 , Z (S C - Gz.

Then ¢ is C* outside the singularities of u contained in G,, and satisfies
the following inequalities:

(Ml = ullg,ux = Cllullk

) IWlkuk = Cllullk

(3) DG — w) llkux = Cllullg + 1IDullg)
@ IDYIg,ux = CCllullx + [1Dullg),

where the constant C is independent of u.

Since i, however, is not necessarily essentially harmonic in C — D it is
not the desired function, but will serve as an auxiliary function.

We show (1) first. Now ¢ = u on 2, and K, C &, imply

Il — ullg, = 0.
As for K we have
K=KnNGy) UlKn (€ — Gy]
and ¢y = 0 on K N (C — G,). Hence

”4’ - u“l{m(CfGZ) = HuHKﬂ(C—GZ) = ”u”](

https://doi.org/10.4153/CJM-1988-061-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-061-3

1378 M. GOLDSTEIN AND W. H. OW

and since ¢ = Hu on K N G, we have

”‘P - u“[(r\(;2 = ”“(H -1 ”KﬂGz = 2“””[<~

As for (2) we note that since ¢ = 0 on C — G, it suffices to show (2) on
(K, U K) N G,. Now

Wllgng, = IHullkng, = llullg.

Since K, N G, = @ we have (2).
In order to show (3) it suffices to show the inequality on K since on K|,
Y = u. As before

K=Kn(C—Gy)U (KNG
andy = 0on K N (C — G,) so
ID'W ~ W llkne-6y = IDUllgnc-c,) = IID'ullx
while on K N G,, ¢ = Hu, so
ID' — w) llkng, = ID'(Hu) — Dlullgng,
= |ID'(Hu) — D'ully.
Now H has compact support and so
ID'H|lc = M < co.
Also D'(Hu) = uD'H + HD'u implies
ID'(Hu) — D'ullx = llullxgM + || (H — DD'ullg
= lullgM + [ID'ul|,

and this proves (3).
Finally we need show (4) only on K N G,, where we have

DY knG, = ID'(Hu) lkng, = IID'(Hu) llg
= |lullgM + 1D'ullk.
We next proceed as in the proof of Theorem 2.2.9 [3] and let
W=G UVu(C— Gy,

S = set of singularities of u in G, and S, an e-neighborhood of S. We
apply Green’s formula to ¢ using the Green’s function g for C — D. For
z € W — § we have (cf. [3], (2.2.17))

Wz)

1
=50 Juos [AHQE) - 8G = ) + 2V HE) - Vgz = §) u()dsdn
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1
“;l@N®VﬂZ—D—VMMc—0

+ 2u(@) VHE)g(z — Hlds(§) — o(z),

¢ = & + in, where o(z) (cf. [3], p. 62) is essentially harmonic in C — D, Ay
denotes the Laplacian and V, the gradient with respect to {. Set

Wz) = I)(z) + Iy(z) — o(2),

‘where I(z) is the first integral and I,(z) the second in the above
representation of {. We note that the integral I, reduces to one over V'
since both AH and VH vanishon G, H =00onC — Gy,and V' N S = 0.
Similarly the integral I, reduces to one over W N G,. Hence

1
I)(z) = o /;[AH(K)g(K, z) + 2V H() - Veg(§, 2) Ju($)dédn
and

1
Iz) = o ﬁwmz () Ve g, 2) — g, 2) Ve d(§)

+ 2u(§)g($, 2) Ve H(S) lds (§).

First note that

”II(Z) “Klul(zul( = C““”[(,

where the constant C is independent of u. This holds since

1@ = el [, 8

= 2l fo_p E = 2l fy g E

where
E=T11AH®) | Ig(z — O + 2IVH() | Vg(z — §) | 1dédn.

Forz € K; € @, C Q, both g and Vg are bounded for { € @, — £ (cf.
3], p- 72). So :

”11(2) HKI = C““”}(,

where C is independent of u. On K, the same reasoning applies since if U
is a bounded open neighborhood of @, — &, such that U N K, = 0 then
for all z € K, we have

|lg||K2x§z}Tz, < oo and HVg”szszQl <
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(cf. [3], p. 72-3). For z € K we note that

oo DA gt — 01 + 29H(©) | Vs — §) | = €

for a constant C depending only on D, K|, and K, since the integral is a
continuous function of z. So

I Ilx = Cllullg, C independent of u.
Hence
(5) H[1||[(U]<1U1(2 = C“””[(,

where the constant C is independent of u.
Rewrite I,(z) as

1
©) ILiz) = o ﬁ,[AH(f)g(Z, §) lu(§)dédn

1
t /;,[ng(f) " Veg (2, §) Ju(§)dédn.

Now I,(z) € C 1(V) by Lemma 4.1 [4]. Furthermore by this same lemma
we have

D fV[AH(s“)g(z, §) Iu(§)dédn = fVAH(f)[Dgg(z, $) Ju($)dtdn,

for z € K, where D' is the first partial with respect to the ith coordinate
of z = z(x, y). Now

8z ) =Tz — O + Q)

where
Iz — ) = —loglz — I,
and A($) is the harmonic part of g. Then

/V AH(Gu($)Dig(z, Ddédn”x

= fswm v AHGu()Digl(z, §)d§dn' o
where S(H) = support of H

= ./S(H)nV {AHG)“({)Dig(Z, $)dédn| «

= Cllully,

= Cllullg, C = constant,

using the estimate
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DTG - )] = 21,2 —y
v

(cf. [4]), where C is independent of u. For the second integral in (6) we
need only worry about the logarithmic terms in

2
u®) Ve HQ) - Veg(z, §) = § [DLH - Diglu(?).

Since
DIz — ) = —DiT(z —{) and 3V e C'

(i.e., the divergence theorem applies to V') we have by Lemma 4.2 [4] that
for z € K,

(1) D] fV[D;LH(o - DTz ~ §) Ju(S)dédn

l

D/ /V [=DiT(z — H N DHE)) - u() ldédn
= _/;/[Dijl“(z — ONWDHE)) - u®) — (DLH(z2)) - u(z) ldédn

+ DIH(G) - u(z) |, DiTGE — §w({)dsg
where

DY = D(D)),
v, denotes the jth component of the outer unit normal, and ds; is the
differential of arc length.

Applying the Taylor’s formula and Cauchy inequality to « and noting
that D¢H satisfies a Lipschitz condition we have

| (DeH (&) - u@) — (DLH(2)) - u(z) |

< IDLH@E) | [u®) — u(z)| + lu() | ID:HE) — DLHE) |
= IDeH|lylz — ECID ull, + 11D%ully) + llully Cylz — &
Cylz — &(IID ully + [ID%ullx + llullx)

forz € K, £ € V, and a constant C, is independent of u.
This last estimate together with the inequality

L — g

b

lIA

DTz — )| =

cf. [4] implies the first term in (7) satisfies

fV[D?F(z — O IDHEu() — DiH(2)u(z) ldédn
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= C(lullg + IIDullx + ID%ullg),

where C is independent of u.
As for the second integral in (7), we again see that

DTG ~ 8 = |z — ¢~
2

implies that for z € K and { € 3V,

D.H(z) - u(z) AV DiT(z — Ow;(§)ds;

= ID{H Nl llull € = Cllullg
where C is again independent of u. Thus

1Dk = CCllullg + ID"ullx + [1D%ullk),
where the constant C is independent of u.

We next estimate Di], for z € K; U K,, using Leibnitz’s rule.
Now

(8) DLI(2)

1 A .
= /V AH(§)D3g(z, Hu(¥) + 2D (VeH () - Veg(z, §))u(d)

T

1 . '_
= _/V[AH (ODg(z, Hu(§) + 2u(§) Ve H(S) - VeD g(z, §) Jdédn.

The integral in (8) reduces to one over V' N (£, — ), since H = 0
outside 2, and H= 1 on £,. Now |V,g(z, {) | is bounded by M say, for
(cf. [3], p- 73). Applying the Poisson formula one gets

1D Ve gllx, vy x@=ay = M < oo,

where M is independent of u. Hence for z € K, U K, we have

IDiI,(z) | = fm o= AH()Dig(z, $u() '

+

ﬁ/n(m) 2u(§) Ve H(S) - D/ Ve gl

= MllullylAH llg=g + 2llull, - [IVHIlg,=g, - M
= Cllullg

where C is independent of u.
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This together with our estimate of DI, on K gives
9 DIk, ux,ux = CCllullg + [ID'ully + ID?ullx)

as desired, where the constant C is independent of u.
If we set hy(z) = I,(z) — o(z) then from (5) and (9) we have

“h()(z) - ‘l’”]{u[{lukz = ||11l|]{ul{]u[(2 = CHM”K
and
1D'(hy = ¥) llxux,uk, = D lIkuk, Uk,
C(llullg + ID'ullx + 1I1D%ullg).

Furthermore because of inequalities (1), (2), (3), and (4) we deduce

lIA

”ho - u“KUK, = C“””](,
”h()”KU1<2 = C}lu“K,
1D (hy — w) lIxkuk, = CCllullx + [ID"ullx + [ID%ully),
and
ID'Rgllkux, = CCllullx + 11D"ullg + 11D%ullg).
Finally, if we approximate A, by a Riemann sum, we get our desired
essentially harmonic approximation 4 (cf. [3], p. 64 and p. 76).
3. We shall now turn to the result alluded to in Section 1.

_ THEOREM 1. Let G be a domain in the complex plane C such that C —
G # O contains the closure of an open disk D,. Let F be a relatively closed
subset of G such that F = F® and G* — F is connected and locally con-

nected. Let E be a subset of OF N 3G. Let f € CY(F) be harmonic in the
interior of F. Suppose that there are functions h, harmonic in G such that

Wf = hllp—=0 and ID'(f = k) lp—0, i=1,2.

If f extends continuously to F U E, then there is a sequence m, of functions
harmonic on Q and continuous on F U E such that

If — mnl|F — 0.

Proof. We may without loss of generality assume that G is bounded, for
if z is the center of an open disk in C — G, then the general case can be
reduced to this one by inverting with respect to this disk. Let {G, } denote
a canonical exhaustion (cf. [8] ) of G. Foreachn = 1,2, 3, ..., we choose
a positive number a, associated with K, = G,, K,, = (C — Dy) — Gy+1,

and K, = F, = F N G, sothat 1 < a; < a, < ....Since F' N
G,,, = 0 for at most a finite number of n, we may assume K° # @ for
each n. If € > 0 is given, we select positive €|, €,, . .. so that
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oo
€ >¢ > ... and > €, < €/2.

n=1

From our hypotheses we have

€
4a

n

_ ¢
(an D'(f = )l < 4;’, i=1,2,

n

for all k sufficiently large. By relabeling the subscripts of (/) if necessary
we may assume (10) and (11) hold for 4, itself. By Lemma 6 [2] there exist
functions ¢, essentially harmonic on C such that

€
(12) lh, = g,llg ,, <-— and
" 4a

; €
13 D'(h, — o< .
) W = adlle, < g0 _ 1o
Hence from (10), (12) we have

g €

hn

while (11) and (13) imply

. , ; €,

n

Now (14) implies
Wgws1 = gullg, = lgysr = fllg, + 1S = q,llg,

Gt G _ &

2an +1 2an a,

while (15) similarly yields

i €
||D,(qn+l - qn) ”1«:) < a_"

n

Let D be a disk such that D ¢ C — G. Applying Lemma 1 to the
functions g,, g, relative to C — D and to the sets K,,, K;,, and K,,, we
obtain essentially harmonic functions r, on C — D such that

(16) Ir(2) = q,(2)| <¢, z €K, UK,

|7'”(Z) - qn+l(z)l < €, Z € K2n U Kn’
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ar, — q,)
0x
ar, — q,)
dy

0, — Gui1)
0x

<e¢, z€K;,VUK,

n

<e, z€XK, UK,

<e¢, z€K, UK,

n

a(rn - qn-H)
ay

<e¢, z€K, UK,

n

Let
n—1

L) = 2 ()~ 4a2)
Since

(C—D)—GS(C—Dy)—G, n=12 ...

the sequence {,} converges uniformly in (C — D,) — G by the second
inequality in (16). In particular, if we set

t(§) = lim7,(), ¢ € 9G,

then ¢ is continuous on 9G.
Consider { € 3G € K,,and z € K,,. Let{ = & + in,z = x + iy.

Then
5(2) = g41(2) — () = g1(5)
_ M T ) e e —
0x
# ML) = ) + 8 = )+ 8kn — )
where

8f,8{—>0 as|¢é — x|—0 and |y — y|—0.
Hence from (16) we have

n—1

() — 1= 2 (1§ = x|+ In— y)

j=1

n—1

+ > 8l — x| + 8ln — ¥l
j=1
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=28 — zle + [ — 2| Z: (6] + 8)).
j=
For fixed n, we may choose z close to { so that
M +d<eg 1=j=n—1,
whenever |z — {| < 8(n). Then for k = n, consider
2 € By — K S Ky
where k is chosen sufficiently large, say k = N(n) so that
[z — ¢ < 8(n).
Then for
z€ (Fyy —EB)n{zlz — ¢ <dn)}

we have

I, (2) — 1, ] = 2z — e + [ — z|§

I

5
—€lz — N
2€I §l
while the second inequality in (16) implies

1) — 1] < 2,
Hence, we have

5 < -

AN () = 1) | < ez = g1 + 2. z€FE . — F. k=Nn.

Let

k+1

mz) = 2 () = 41(@) + Gial)

+ X L)~ 4.).

v=k+
Note that m(z) is independent of k. Then forz € F,, |, — E, k = N(n),
we have by (14), (16), (17) and the fact z € K,,,n = » = k + 1, that

https://doi.org/10.4153/CJM-1988-061-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-061-3

UNIFORM HARMONIC APPROXIMATION 1387

Im(z) = f(z) — 1(§) |

k+1
= 16@) = 11+ 2 15 = 4,01@) |
Tl — ST+ 2 InE) = |
k+1
é—clz—{l-!— 2( + 2( + €4y t+ E €,
v=n v=n v=k+2

Hence the difference between m(z) — f(z) and ¢({) converges to 0 if n = k
increases and z € K, N (K4, — F) converges on F to a point { of
F — F. Note m is essentially harmonic on G. Also

Im(z) — f(z)| < e forallz € F

(cf. [2], p. 181). So if we define g(z) = m(z) — f(z)forz € Fand g(z) =
t(z) forz € F — F, then

lgz)| =€ forz € F.

Thus the approximating functions m can be extended to F U E. Finally,
since G* — F is connected and locally connected, we can apply a pole
pushing argument (cf. [2], p. 181) to the poles of m to complete the proof
of Theorem 1.
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