Glasgow Math. J. 56 (2014) 601-628. © Glasgow Mathematical Journal Trust 2014.
doi:10.1017/S0017089514000056.

ON A DIAGONAL QUADRIC IN DENSE VARIABLES

EUGEN KEIL

Howard House, Department of Mathematics, University Walk, Clifton, Bristol BS8 1TW, United Kingdom
e-mails: maxek@bristol.ac.uk
Mathematical Institute, 24-29 St Giles’, Oxford OX1 3LB, United Kingdom
e-mails: Eugen. Keil@maths.ox.ac.uk

(Received 19 June 2013; revised 24 July 2013; accepted 31 July 2013)

Abstract. We examine the solubility of a diagonal, translation invariant,
quadratic equation system in arbitrary (dense) subsets A C Z and show quantitative
bounds on the size of A if there are no non-trivial solutions. We use the circle method
and Roth’s density increment argument. Due to a restriction theory approach we can
deal with equations in s > 7 variables.
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1. Introduction. Diophantine equations with an underlying symmetry group
appear naturally in many number theoretic questions and their structure can often
be exploited to obtain solutions in situations where standard methods fail. This is one
of the main reasons why translation invariant systems have attracted so much interest.
The important special case of linear systems was approached by methods ranging from
Fourier-analysis [18] over ergodic theory [6] to (additive) combinatorics [8, 22] and gave
rise to recent amazing developments in the theory of linear equations in the primes
[12].

A first attempt to introduce non-linear terms was made by Lovasz [22]. He
conjectured that

xi—xy =y

with x1, x; € A C N and y € N has solutions for any dense set .A. This was proven
independently by Furstenberg [6] and Sarkozy [20], and a simplified proof can be
found in [9]. Generalisations of this result replace y* by more general polynomials and
consider more equations. An important result arising from this work is the polynomial
Szemerédi theorem of Bergelson and Leibman [2].

Quite remarkably, the case of higher degree in the variables x; was neglected until
Smith [21] considered a family of translation invariant quadratic equation systems,

)le% + )»zxg +...+ )\Sxf =0,

(1.1)
MX1+ x4+ ...+ Agx, =0,

where A; € Z and the x; are restricted to an arbitrary set A C {1,2,..., N}. For a
translation invariant system we expect non-trivial solutions if the set A has many
elements. We ask the quantitative question: Assume there are only trivial solutions to
(1.1), what can we say about the size of A?
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Smith [21] uses the circle method and uniformity norms to obtain an upper bound
on the cardinality of A of size CN(loglog N)~¢ for some C, ¢ > 0 aslongas s > 9. In
other words, any set with larger cardinality has non-trivial solutions. Our goal here
is to improve on his work by removing the uniformity norms from the argument and
reducing the number of variables down to s > 7. This is done under the following
natural conditions.

CONDITION 1.
DA +2r+...+2,=0,
(i))s>7and A; #Oforall1 <i <y,
(1i1) there are at least two positive and two negative coefficients A;.

The first condition ensures translation invariance of the system, which is the key
property in problems of this type, as explained above. If system (1.1) is not translation
invariant, it is easy to construct dense sets without non-trivial solutions by using
divisibility obstructions. Choose, for instance, A to be the set of numbers congruent to
1 modulo # for a natural number z > |A; + As + ... 4+ Agl.

Before we discuss the other two conditions and give a historical overview, we state
the main theorem of this work. Write | A| for the cardinality of A and call a solution
with x; = x; for some i # j a trivial solution of (1.1).

THEOREM 1.1. Assume that the conditions above hold and system (1.1) has only trivial
solutions for x; € A C {1,2, ..., N}. Then we have the bound |A| < CN(loglog N)~'/13
for some constant C, which depends on the coefficients A; of the system.

The bound s > 7 in condition (i) seems to be best possible in what can be achieved
by this type of Fourier-analytic methods. If we assume the existence of non-trivial
integer solutions of (1.1), then a qualitative version of Theorem 1.1 can be deduced
from Szemeredi’s theorem for any s > 4 as follows. First we locate an arithmetic
progression in .4 of length 2k + 1. By homogeneity and translation invariance of (1.1),
we can rescale to {—k, ..., k} without changing the shape of the system. When £ is
large enough, there are non-trivial solutions by assumption on the system and we are
done.

To see why condition (iii) is needed, we observe that conditions (i) and (ii)
imply that there is at least one positive and one negative coefficient in (1.1). But
in situations where we have exactly one negative (positive) coefficient A;, we have only
trivial solutions. To see this, we use the translation invariance. If there is a non-trivial
solution, there has to be one with x; = 0. The remaining quadratic equation is positive
(negative) definite and this forces the other variables to be zero as well. Therefore,
condition (ii7) is necessary and we use it to ensure the existence of a non-singular real
solution to (1.1) in our application of the circle method.

It is possible to derive a simple corollary from Theorem 1.1.

COROLLARY 1.2. Under the conditions above, a diagonal quadratic form
)»lx% +A2x§ +...+ )»Xxf =0

has non-trivial solutions in any set AC{l,2,...,N} of density |A|/N >
C(loglog N)~'/'3 for a constant C, which depends on the coefficients i; of the system.

It is apparent that better quantitative estimates in Theorem 1.1 lead to a wider
range of sets A which are covered by the result. One of the major (widely open) goals

https://doi.org/10.1017/5S0017089514000056 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089514000056

A QUADRIC IN DENSE VARIABLES 603

is to improve on those bounds such that they cover interesting number theoretic sets,
such as the primes. (One can handle the corollary in the case of prime numbers by
classical techniques already for s > 5.)

The general interest in quantitative estimates goes back to a conjecture of Erdds
and Turan [5] from 1936. Does every subset

A={ai <y <az < ...} C N

contain an arithmetic progression of arbitrary length & if all we know is that

o0
1
E — =o00?
— a;
i=1

The first progress was made by Roth [18], who showed that in the absence of non-
trivial arithmetic progressions of length three, the size of A in an interval of length
N is bounded by CN(loglog N)~! for some constant C > 0. There have been several
improvements on Roth’s theorem, for example by Heath-Brown [14], who obtained
an upper bound |A| < CNlog™ N for some small ¢ > 0, and later Bourgain [4] with
a bound of the form |A| < CN(log N)~*3(loglog N)*. A recent breakthrough is the
result |A| < CN(log N)~!(loglog N)* of Sanders [19], which is remarkable since an
estimate of the form CN(log N)~!(loglog N)~? would be enough to settle the conjecture
of Erd6s and Turan [5] in the case k = 3.

In the case of general k-term progressions, where the classical Fourier-analytic
approach fails, the bounds are even weaker. Szemeredi [22] proved by a complicated
combinatorial method that [A|/N — 0 as N — oo, but his method gave no useful
bound on |A|. Gowers [8] gave a quantitative bound of size C;N(loglog N)~% for
arbitrary k > 4 by using ‘uniformity norms’ and a variant of Freiman’s theorem. As
mentioned earlier, there is an ergodic theoretic approach by Furstenberg [6] (see [7] for
an exposition), who gave a simpler proof for Szemeredi’s result without any explicit
bound at all.

Our method here is essentially the one used by Roth [18]. There seems to be no
obvious generalisation of the other methods to improve on the density estimate in our
result, but it is reasonable to conjecture that the (loglog N)~!/13 is still far away from
the truth.

2. Notation and remarks. Many sections of this paper are independent of each
other and it is convenient to introduce some of the notation at the beginning of each
section, where it is needed. At this point we focus on the most important things which
are relevant throughout the paper.

Write e(x) = exp(2mix) and e,(x) = e(x/q) for g € N. We use the usual notation
f = O(g) to express that |f| < Cg for some constant C > 0 and similarly Vinogradov’s
notation f* <« g. We indicate dependencies on parameters by subscripts as in O,(N*) or
< p., for example. We write? for the Fourier transform of function f : R — R. Bold
face letters such as x denote vectors with components x; and x -y is the usual scalar
product. Inequalities such as x < P or x <y should be understood componentwise.
Write (a; ¢) and (a; ¢) := (ay; az; q) for the greatest common divisor of the components
and lem(qy, . .., gx) for the least common multiple of ¢, ..., gx. A sum over natural
numbers starts at one, if not otherwise indicated and we use the following abbreviations
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in our summations:

Z::aqu: and Z::Xq:i:.

(@q)=1 (as;9)=1 a=1 a=1
( (a;9)=1

The symbol T is used to refer to the ‘circle’ R/Z with the circle norm || :=
min{|a — z| : z € Z}, the distance of « € R to the nearest integer. Let f : T — C be
a function on T? and g : B — C be a function with support inside a unit box B =
1%, i, yi + 1] € R?. The expression

/ f(a)g(er) dex
Tt/

should be understood as the integral over B. We take the notational freedom to
identify T with different specific intervals of length one, such as [0, 1] or [—1/2, 1/2],
for example. This is well defined due to the one-periodicity of f.

The parameter N € N, governing the size of variables x; in (1.1), is the most
important parameter in this paper and should be thought of as large. The parameter
0O € N is used for the major-minor-arc decomposition and we assume throughout the
paper that 64 0°> < N. It will be set to a small power of N eventually.

Now we define the main objects of our study, which are certain quadratic
exponential sums associated to system (1.1). For a function g: N — C and A C
{1,2,..., N} we define

V(o) = Zg(n)e(ozzn2 +an) and Vy(a) = Z e(ann® + an), (2.1)
n<N neA

and write V(o) for the sum without the weight function g. The local versions
N q
v(a) = / e(art® +art)dt, V(g a)= Z eg(ar® + arr) (2.2)
0 r=I1

are needed in the argument as well as the linear exponential sum L(e):=
Lsn(ay)Lsy2(a2), where Ly, is the usual one-dimensional version

Lu(e) =) e(an). (2.3)

n<m

As is common in the circle method approach, the sums V4 are used to encode the
number of solutions to system (1.1) as an integral (3.2). To evaluate it, we need to
bound I”-means of the exponential sums V, for arbitrary |g| < 1. Due to the presence
of arbitrary coefficients in (2.1), the Weyl-differencing techniques are not available and
Parseval’s identity works only for p > 8. This is the main reason why the result of Smith
[21] gives Theorem 1.1 only for s > 9. Here we use methods inspired by ‘restriction
theory’ instead to prove the following result on L”-estimates of these exponential sums,
which allows us to reduce the number of variables in our analysis down to s > 7.
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THEOREM 2.1. Let Vy(at) be defined as in (2.1) for a function g with |g(n)| < 1. Then
for p > 6, we have

/ V(@) do <, NP7,
‘[rz

Theorem 2.1 follows from a more general result of Bourgain [3, Proposition 3.114].
We give here a new proof which differs from that of Bourgain in some technical and
conceptual points and has strong parallels with the approach in [10], where similar
estimates played a major role in the proof of Roth’s theorem in the primes. In our case
we deduce it from Theorem 4.1, which is a general theorem for handling /”-means of
exponential sums.

While Theorem 2.1 is a corollary of a known result, the proof methods below also
give variants of Theorem 2.1, which are not covered by Bourgain’s work. Similarly,
Theorem 4.1 seems to be a new result and might prove useful in similar situations.

The main ingredient in the proof of Theorem 2.1 is a decomposition of the
representation function

R(m) := #{(y1, 32, 73) < N :my =y +y2 +y3,m = yi + 5 + 13}, (2.4)

where m e N?,y e N® and # denotes the number of elements in the set. This
decomposition will be achieved by using ideas from the circle method and correspond
to a major-minor-arc decomposition of the corresponding exponential sum. The main
work goes into obtaining good control on the arithmetical and analytical properties
of different parts, which appear in the decomposition of R.

For this task we introduce the triangular function

x (x) = max{l — |x|, 0} 2.5)
and a ‘continuous indicator function’ of [— P, P] with support [-2P, 2P] by
Vp(a) =2x(a/(2P)) — x(a/P).
The two-dimensional version that we use is
V() = vo/n(ar) - Yoo ne(a2), (2.6)

where Q and N are the parameters introduced before.

3. Proof of Theorem 1.1. For a set A C {1,2,..., N} write 14 for the indicator
function of A and § = N~'|A] for the density of .A. We define the balanced function f
by

S () :=14(n) — 4. (3.1

Write Z(N) for the number of solutions to (1.1) with x; € {1,2, ..., N} and Z4(N) for
the corresponding quantity with x; € A.

The proof of Theorem 1.1 uses the density increment strategy of Roth [18] and is
straightforward, once we have the necessary ingredients. Let us assume Theorem 2.1
and the estimate Z(N) > N*~3 from Proposition 7.1 to give a proof of Theorem 1.1.
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Proof of Theorem 1.1 The number of solutions Z 4(N) of system (1.1) with variables
x; € A can be written as the integral

ZA(N) = /T 2 [ ] Vathier) de. (3.2)
i=1

Use the decomposition V4 = §V + V; and expand the above product. We are led to a
decomposition into a sum of the main term

8°Z(N)=6° /1r2 li[ V(i) da
i=1

and 2° — 1 ‘error terms’ of the form

s—1

+ / Vi) [ | Ve (hi) dax,
‘[2

j=1

where g; =68 or g; =/ and A;, ..., A; is a permutation of {, ..., A;}. By Holder’s
inequality, each error term is bounded up to a constant by

H, = sup | Vy(a)|"/? /T 2 |Ve(e)*~/? da (3.3)

for some function g € {8, f}. The coefficients (A; # 0) disappeared by a change of
variables and the 1-periodicity of the exponential sums. By Theorem 2.1 and the trivial
bound | V()| < 28N, the integral in formula (3.3) is O(8*~7N*~1/273) and hence

Hg << 83‘77]\]371/273 Sup | I/f(“)|l/2
o

Proposition 7.1 provides a lower bound Z(N) > N*~3 for the main term and
Holder’s inequality with Lemma 5.1 give an upper bound Z4(N) <« 8 'N**log N
to the number of trivial solutions to system (1.1). (The number of trivial solutions is
bounded by (;) times the number of solutions to a system with s — 1 > 6 variables.)
Combining the inequalities for Z(N), Z4(N), H, and plugging them into §*Z(N) <
2°H, + Z A(N), we end up with

BA'NS73 < 5577Ns71/273 sup | Vf((!)|l/2 + 8&77Ns74 IOg N.
4

A short calculation gives the lower bound

sup | Vy(a)| > 8"N
o

aslongas N > D/8% for some D > 1 (depending on coefficients A;). This large Fourier
coefficient can be used with Lemma B.1 to find a progression P of length at least
82 N1/16 such that A has density at least § + d8'* on P, where d > 0 is an absolute
constant. Due to the translation and dilation invariance of system (1.1), we end up
with the same problem on a sub-progression, but with a slightly higher density.

Since the density is bounded by one, this procedure cannot last for more than
d~'571* steps before reaching a contradiction. This means that at some stage we have
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a non-trivial solution or the size of our progression is getting smaller than D/8®%. The
first option is not available by assumption. Therefore, we have

830]\,(1/16)4"6"14 < D/st,

where D depends only on the coefficients of the system. Rearranging for § we can
deduce that § <« 1/loglog®(N) with ¢ = 1/15, for example. ]

REMARK 3.1. A more careful analysis of the L”-estimates below can yield a better
value for ¢. We haven’t optimised because our bound on |A| is far away from the
expected order of magnitude anyway.

4. A general theorem for [’-estimates. Theorem 4.1 below and its proof are
strongly connected to ‘restriction theory’, a subfield of harmonic analysis studying the
behaviour of the Fourier transform under restriction to a given subset. Recent years
have seen several applications of ideas from restriction theory to number theory, which
has led to a better understanding of prime numbers.

The idea for the proof of Theorem 4.1 is inspired by the papers by Green [10] and
Green and Tao [11], where the connection to restriction estimates can be seen more
explicitly. The new ingredient in our proof is the use of recursion, which allows us
to work under slightly weaker assumptions on the involved functions. Therefore, our
result applies to a different range of functions than Proposition 4.2 in [11].

For N=(Ny,....,Ng) eN¢ define [I,N]:=][2 {neN:n<N;}. Let w:
[1,N] — [0, c0) be a positive real function and f : [1, N] - C be a ‘random’ weight
function. We study the exponential sums

W)=Y ome(@ -n) and Wia)=)_ f(mwme( - n).
n=<N n<N
Consider a general decomposition of w and W(«) into
W)=Y W) and o= o),
jeJ jel
where J is an index set and W is the exponential sum for w;. Define the ”-norms by
1/p 1/p
— P . 4
ol := (ZN wmp) " and W]l = ( /T W@ dec)

The typical function w, of interest for us, obeys ||w||; = O(N) but ||a)||§ # O(N). One-
dimensional examples are the function counting the number of representations as sum
of two squares and the von Mangoldt function.

THEOREM 4.1. For p > 2 and N € N we have the estimate

Wy = (S vwrom) (S e, )

n<N jeJ

REMARK 4.2. We reduced the estimation of an exponential sum integral with an
arbitrary weight function f to one expression which involves a weighted L?-norm of 1,
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and another one with a decomposition of w. The first factor is easily estimated in our
context and the second factor can be written as

172

2 (/d Wi da ) |wj(n)|21’/(1772))(”‘2)/f’2

jeJ n<N

where it is easier to see what kind of expressions we need to estimate.

Proof. Write as an abbreviation
H, = / [Wy(a)l? doe 4.1)
T4

for the integral which has to be estimated. Decompose | W (a)l’ = Wf(oc)m, where
h(e) = Wy(e)| Wy(ee)|P~2, and observe the identity

H, = /T ) [h(e))? de, 4.2)

where p’ = p/(p — 1) is the dual exponent of p. We expand the integral (4.1) and apply
the Cauchy—Schwarz-inequality to obtain

Hy = [ W@ da =3 fwotn) [ ae md

n<N

< (ZN mPom)”( ..2‘“(“)‘ fT el daf) "

Write F as an abbreviation for the first factor on the right-hand side, which is already
in the form we want it to be. By opening the square in the second factor and changing
the order of integration and summation, we see that

HSZNw(n)\ /T @l m)da| = A [ Hempyw e~ p)apde.

T4

This expression is bounded with Holder’s inequality by

([, mer da)" ( /T | fT B (e~ ) dp de)

By (4.2) we can write this as H;/p /|| W % h||,, where the convolution * is defined as
usual. By using the previous formulae and rearranging, we have shown that

1/p

H7VP < FP|W bl (4.3)

The decomposition into functions W; and the triangle inequality imply

I s hll, < Y11 Al
jeJ
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In the next step, we interpolate to obtain an estimate for the ”-norms from L*°- and
L2-estimates so that

W) % bl < W RIS W A3

This estimate can be seen more easily by writing the left-hand side as an integral. The
L>°- and L*-norms are more accessible and are treated separately in what follows. For
the L*°-part we have by Holder’s inequality the estimate

W) hlloo < IWllpliAl, -

For the L>-norm we apply Parseval’s identity followed by another application of
Holder’s inequality and the Hausdorff—Young-inequality, and hence deduce the upper
bound

W) hll2 = llw; - hll2 < lojll2p/p-2) 1y < Nwjllzp/p—2) 12l -

Here 7 : Z¢ — C denotes the Fourier transform of / on T¢. Putting these estimates in
(4.3) gives

_ / _ 2
HZVP < P2 Wy | &2 W by

jeJ
< F2 Y (Wl Al )2kl gl o)
jeJ
_ 2
< F2lhlly Y U122 ey l150 -

jeJ

Now we use (4.2) and 2 — 2/p’ = 2/p to obtain

172
1 -2 2/p
HP < F( Y W82 o))
jeJ

O

5. Lemmata. More notation: In this section we make use of indicator functions.
For a set B we write 15 for the function that is one on B and zero otherwise. When &
1s a mathematical statement, we write 14 for the indicator function of the set, where ®
is true.

Before we start with the technical core of this work in the next section, we collect
and prove a few useful lemmata. The reader might want to skip this section on the first
reading and proceed directly to Section 6.

The first result summarises two estimates for the function R.

LEMMA 5.1. For R(m) as in (2.4) we have

> Rmy < N'logN and |R(m)| < N°.
m<3(N,N?)
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Proof. Rogovskaya [17] showed the asymptotic formula

> Ry’ =18/7*N’log N + O(N?).
m<3(N,N?)

But the estimate may be derived from the elementary Lemma 11.2.1 in [15] as well.

For the second estimate, Lemma 11.1.1 in [15] bounds R(m) by nine times the
number of divisors of 3m, — m% By the standard divisor bound, we obtain the second
formula as long as 3my # mf In the case m% = 3m,, we can show by clementary
calculations that we have y; = y, = y3 in (2.4). This gives us at most one solution for
such a pair (my, my). O

The next lemma gives us control on the Fourier coefficients of v (a)v(a)® (see (2.2)
and (2.6)) and is a crucial tool to estimate the ‘analytic part’ in the decomposition of
R(m).

LEMMA 5.2. Form € N? and T?> = [—1/2, 1/2]? we have

f Y(o)v(a)’e(—a - m)do < 1.
T2

Proof. Recall the definition v(e) = fON e(art®> + ayt)dt and the decomposition
V() = Yo/n(a1) - Y2 n2(a2). By inserting this into the integral in Lemma 5.2 and
changing the order of integration, noting that () has finite support, we obtain

2
/[o,w [l | o tane—atom; - Kty dos .

where we used Ki(t) = ¢} + ) + £ as an abbreviation. The inner integral is the Fourier
transform and our expression can be written as

vorf le 0N m, — K(v)) dt

where ¥ = ¢p with P =1 and /W\l is its Fourier transform. Change the variables to
x; = Ot;N~! and rename y; = Q'm; N~ to get

oo Ui — Kix)¥1 (2 — Ka(x)) dx. (5.1)

The dependence on N disappeared completely and we are left with the task to bound
thisintegral independent of Q and y; € R. We use the Riemann sum approach. Consider
the level sets

={X€R3:|x’i+x§+x§—l|51/2}.

Then the integral (5.1) above is bounded by the sum

ZZM(B/ NB) sup [P — 2)l[¥(n — 2.
=0 1= lz1=h1<1/2
|z2=h|<1/2
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where u is the Lebesgue measure. The set B}l is a ‘plane’ with thickness less than
two and Bi is a spherical shell centred at the origin with ‘radius’ l;/ ? and thickness

Nh+1—yh—-1<2l 2 for b, > 1. The volume of the intersection of these two
objects is maximal for /; = 0. It is a volume around a circle with radius O(l;/ 2). The

width in the radial direction is O(/, v 2) and bounded by absolute constants otherwise.
Therefore, the volume B}l N B,z2 is bounded by a constant independent of [, or /;. We
are left with the product of two sums

o0 [e.¢]

(X sw Wimi—=20)(X swp [0z —=l).

h=0 lz1=h|=1/2 1, =0 |z2—h|<1/2

The Fourier transform of ¥; = 2x(«/2) — x(«) can be understood by using the well-

known identity X (x) = % The sums are easily seen to be convergent with an upper

bound independent of y;. ]

The idea for the next lemma is borrowed from [11] and is an arithmetic counterpart
to Lemma 5.2.

LEMMA 5.3. Let g : N> — C be a function with |g(a, q)| < Cq~" for some C > 1.
Consider the function g : N — C, given by

Blm) =" " gla, g)e,(—am).
q<X a=<q

Then for k € N and X% < M one has

> IBm)* <ok MXE.

m<M

Proof. First, we insert the definition of 8 and expand to obtain

> 1B = Z > (TMe@w ) X e(mdeara). 2

m<M g <X ai,...ax<q j<2k m<M i<2k

where gi =gande; = —1fori,j <k,andgi=gand¢; = 1fork < i,j < 2k. Write ®
for the condition

( Z Eiai/%'> e”Z

i<2k

Evaluating the innermost sum in (5.2), we get the expression M1g + O(q; - - - qox)-
Together with the estimate |g(a, g)] < Cq~! this gives

dSBmr < Yy 1¢+0<X4k)

m=<M q1se g =X ai,..., azk<q
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Function 14 can now be written as exponential sum again and we gain the original
expression

3 s < 3 |3 Y euam)|” + o),

m<M m<M qg<X as<q

but now with g(a, ¢) replaced by ¢g~!. The exponential sum inside is 0, except when ¢
divides m. In that case it gives ¢ and we are left with the task to estimate

Z Tx(m)Zk,

m<M

where tx(m) = ), _y 14, 18 a restricted divisor function. By expanding again, we have

q<X

2k
Z TX(m)Zk = Z (Zlq\rn) = Z Z lql\m ----- qk|m

m<M m=<M <X q1y-s e <X m=M

M ()
= L M T

-5 q2k) et

The last inequality follows from the fact that the equation / = lem(qy, . . ., g2;) has at
most 7(/)** solutions where 7 is the usual divisor function. Using the standard estimate
t(l) <, I" in the range / < X?* and choosing n = €/5k?, we get

Z 'L'(l)2kl_1 <<k,e ((XZk)r])Zk Z l_l <<k,e X€.
ISXZ’( lSsz
Il

The slightly technical Lemma 5.4 is needed to transform a two-dimensional
exponential sum into a one-dimensional version.

LEMMA 5.4. For fixed g € N and m € N? we can write
. Vg o) e(~a-m)=q > Gu (g, a)e,(—amy), (5.3)
(a;9)=1 (a:q)=1

where

Gui(¢, @) = Y egaFs(r1,r2) + aFy , (r1,2))

r,rsq
with F5(ry, 1) = 21’% + 2rrm + 2r§ and Fy p, (r1, r2) = —2my(r1 + r2) + m%

REMARK 5.5. The exact form of the above polynomial is not very important. The
only fact we need is that F, is a non-degenerate quadratic form.

Proof. Use the well-known identity 1,_; = Zd‘,u(d) to rewrite the condition
(a; ¢) = 1 on the left-hand side £ of equation (5.3). We get

L= ) Vigaye(-a-m=>Y > wdV(ga) e(—a-m).

(a;9)=1 a=q d|(a;q)
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Next, we observe that d|(a; ¢) if and only if d|q and d|a. Rearranging gives

L= wd)) V(g.a e (—a-m).

dlgq dla

Note that the first sum is over all d dividing ¢ and the second sum runs over all a < ¢
with components divisible by d. Now we look closer at the inner sum and insert the
definition V (g, a) = Y"7_, e,(ar* + ayr). Using the abbreviation K;(r) = r} + r} + r},
we obtain identity

L= wd) Y egar(Kalr) —m2) Y ey (Ki(r) — my)).

dlgq r<q dla, d|a;

An evaluation of the two exponential sums gives

L= wddd? Y Lomga,

dlq r<q
where 1; m /4 is the indicator function with conditions
K)(r)—mp; =0 (mod ¢g/d) and Ki(r)—m; =0 (mod ¢/d).

Recalling the definitions of K;(r), we can insert the second congruence into the
first. We arrive at the relation

P44 —r—rn) —m=0 (mod q/d). (5.4)

Since r3 disappeared from the first condition, we can perform the sum over r3, which
reduces to the evaluation

Y Ki@-m=0 (mod g/ay = d-
r3=q
Therefore, by rearranging (5.4), we get
L=q) wdqgd™ Y Vgrrmm=0 mod g/a;

dlq 1,159

where H(ry, ra, my, my) = F(r1, r2) + Fi m,(r1, 12) — my. Then we can rewrite the
indicator function as an exponential sum and get

L=q) wd) Y D eaH(r. rs.my, m)).

dlgq r,1n=q dla

Changing the order of the sums and using the identity with the Mobius function again
gives the right-hand side of the equation in Lemma 5.4. ]

6. Decomposition of R and proof of Theorem 2.1. In this section, we perform
a decomposition of R(m) and give estimates for its analytic and arithmetic parts in
Propositions 6.2 and 6.3. In combining these propositions with Theorem 4.1, we are
able to deduce Theorem 2.1.
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To motivate the technical material below, let us first look at the structure of the
proof of Theorem 2.1.

Proof of Theorem 2.1. We apply Theorem 4.1 with w(m) = R(m). Let N = 3(N, N?)
and define Wj,(a) by

Vel =Y h(m)R(m)e(e - m),

m<3(N,N2)

where |2(m)| < 1 is chosen in such a way that

hmRm) = > g(x1)g(x2)g(x3).

X1,X2,03<N
mp=x1+x3+x3
mZ:x% +x§ +x§

Then we have

> hmPRm) < Y Rm)= AN

m<3(N,N?) m<3(N,N?)

for the first term in Theorem 4.1.

Let J ={1,2,4,...,2P71, 2P} with D~ log, Q. To estimate the second term,
we need a suitable decomposition of R(m). Later in this section we construct the
decomposition

R(m) =) Ry(m)+ R'(m)

YeJ

and for the corresponding exponential sum W (a) = V() similarly

W)=Y Wya)+ W(w).
YeJ

Write J' for the index set J U {0} and write Wy = W’ and Ry = R’ to simplify notation.
Since p > 6, we have b = p/3 > 2 and Theorem 4.1 gives us the estimate

/|Vg(a)|pdoc=/ | Wi(e)|” da
T2 T2

b2
(b-2)/9?
<N (S ([l da Y Ry )

YeJ' n<N

The necessary moment estimates to handle this expression are given by Propositions
6.2 and 6.3 below. (The exponent 2b/(b — 2) of Ry might not be of the form 2k with
k € N as in Proposition 6.3, but it is easily seen by Holder’s inequality to be applicable
nevertheless if we choose Q*/*=2+1 < N ) We use Proposition 6.2 and the estimate

/ |Wy(a)|” da < sup |Wy(e)]" / |Wy(a)* de
‘[[2 12

acT?
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to bound the integral over Wy. Summing over Y and singling out the term with ¥ = 0,
we get the upper bound

D
4 (b—2)/b? by \ b2
e N3b/2< Z (2(—3(b—2)/2+5)z N3b) + (0 N3h+e)( )/ )
i=0 ,

where we already absorbed the logarithms into the N€ term. For € = €(b) small enough,
the sum over i is convergent and if Q is a small power of N, depending on b = p/3,
another short calculation leaves us with the result

/ Vel do < N7 <, NP7
T2

g

To fill in the gaps in the proof of Theorem 2.1, we need to construct a suitable
decomposition of R(m). We start with an auxiliary function Uy(a), which is motivated
by Lemma A.2. Use the cutoff function y to restrict the major arc approximation from
Lemma A.2 to a (Q/N, Q*/N?)-neighbourhood of a/q. Define for ¥ < 2Q

Ur@:= Y ¢ Y Vi(g.a)vie—a/g) y(e—a/q) (6.1)
Y<¢q<2Y (a;9)=1
and consider Uy(a) as a function on
T>=RON', 1 +20N I x [20*°N72, 1 +20°N?]

(see notational conventions). Functions Uy(a) arise from the main term in the
major arc approximation of V(a) for denominators ¥ < g <2Y. It is a sum of
disjointly supported pieces due to the restriction 64 Q> < N. Take the corresponding
arithmetical functions

Ry(m) = Az Uy(a)e(—am) dot, (6.2)

but restrict to 1 < m < 3(N, N?). Set Ry(m) = 0 for other values of m.
Let D be an integer between log, Q and log, Q + 1, where log, is the logarithm to
base two and set J = {1,2,4,...,2P-1 2P} We write

R(m) =) Ry(m) + R'(m).
YeJ
This is the decomposition used in the proof of Theorem 2.1.

REMARK 6.1. The part R'(m) may be thought of as corresponding to the minor
arcs, but it also contains the approximation error on the major arcs.

Write W(a) for

V= )  Rmea m)

m<3(N,N?)
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and define the corresponding exponential sums for Ry(m) as

Wy@= Y Ry(m)e(o m)

m<3(N,N?)

By inserting the definition of Ry(m) we see that

Wy(e) = /T UvB)L( —~ B)dp, 63)

where L is the linear exponential sum defined in Section 2. As in the case of R(m), we
obtain a decomposition

W)=Y Wy(@)+ W), (6.4)
YeJ

where W’ corresponds to R'. Now we are ready to give the first proposition that was
needed for the proof of Theorem 2.1.

PROPOSITION 6.2. For Y < 2Q we have the estimates

/ | Wy(a)]> do < N, / | W' () doe < N*log? N,
‘[rz TZ

sup | Wy(a)| < Y32N?,  sup |W'(a)] < N°Q 'log?> N.
o o

Proof. By inserting (6.3) into the first interal, we obtain

[ Wi@r o= [ vBT L~ BTy dpdyda.

The integration with respect to o can be performed explicitly by writing out the
definition of the linear exponential sum L and using orthogonality. Changing the
order of summation and integration, we arrive at

/p |Wy(a)) do = Z ‘/w Uy(B)e(—B -m)dB 2.

m<3(N,N?)

By the Bessel-inequality on the Hilbert space L?(T?), we can bound this by || Uy||3. We
insert Definition (6.1) of Uy(«) and recall that the functions in this sum have disjoint
supports. We obtain

1= 3 0 3 V@l [ |10 - a/0l*v(8 - a/a) dp.
Y=g<2¥  (ag=l E

This is O(N?) by Lemmas A.4 and A.5.
We proceed with the corresponding bound for W’ and observe that by (6.5) we
have

.[rz W (@) de < /W | W ()| doe + /TZ ‘ Z Wy(ot)‘zdot.

YeJ
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By Lemma 5.1, the bound for the first integral on the right-hand side is

[ W@Pda= ¥ R < N logN.
” m<3(N,N?)

To estimate the second integral, we use the estimates for Wy(a) and the Cauchy—
Schwarz-inequality for the sum over Y e J. This leads to a bound of O(N?log? N).

Now we turn to the second part of the proposition concerning the L°°-estimates.
Using (6.3) we obtain for Wy(a) the bound

W@l < [ 1UKBLe - p)ldp.

Using Definition (6.1) of Uy(«) and Lemma A.5 again, this gives the bound

W@l Y a7 Y V@l [ o6 s/l v(6 - a/olLe - Bl dp

Y<¢g<2Y (a;q)=1

<y S [ 8 - sl v - ajoiLe - plds.

Y<q<2Y (a;g)=1

It remains to estimate the inner integral in dependence on a and ¢ in such a way
that the sum is of size O(N?). For fixed a, there is at most one triple (g, a) such that
le —a/q|l < (2g)~%. Otherwise, we would get

(q9)"" <lar/q—d/q| < Qq) >+ (2q) 72,

which is impossible if ¢ and ¢’ differ by a factor of at most 2. For this triple we apply
the Cauchy—Schwarz-inequality and obtain

[ 1066~ a/arvp ~ a/oiLie — pap
- ~ 6 20 12 o 12
< ([ -6 -a/pap)"( [ 1L@—pras)”.

This is O(N?) by Lemma A.4 and orthogonality. For the other triples (¢, a) we use the
trivial estimates |L(c)| < ||| ™! and |v(B — a/g)| < N. This leaves us with the bound
for the remaining part of the form

N /mw(ﬂ—a/q)nal—ﬂlu*uaz—ﬂzn*ldﬁ_

Y<gq<2Y (a;g)=1

The * at the sum indicates that we are leaving out the (possibly existing) triple (g, a)
with |le — a/q|| < (2¢)~2. This implies that e is at least (3g)~2 apart from the support
of any remaining ¥ (8 — a/q), and ||a; — B;||~! can be bounded by O(Q?). The support
of ¥ is of size O(Q*N~3), which allows us to use the crude estimate Jof ) du <
w(R) sup,.q |f ()] for each summand. It leads to a bound of size O(Q'?) for the whole
expression, which is far better than needed.
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Now we come to the last part of the proof, the L>°-estimate for W’. Write

U'@) =) Ur(e) (6.5)

YeJ

to simplify notation. We can rewrite the identity W(a)= V3(x) in a slightly
complicated way as

W = [ VeLa-pas.

as can be seen by calculating the right-hand side explicitly.
By Lemma A.1 and equations (6.4) and (6.3), we can write

W@l < [ V6~ UBlLe=pldp < 1V = Ul log’ N,

where the L®-norm is taken over T?>=[20N~',1+20N"'1x[20°N~2, 1+
20°N72).

If we are outside the support of U*, we have |V(a)] <« NQ~'/3 by Lemma 4.6.
This leads to the bound O(N>Q~!log? N). If a is in the support of U* (major arc case),
we have an approximation o; = a;/q + B; with ¢ < 4Q and |8;| < 20'N~', where a, ¢
and B are defined as in Lemma A.2. By (6.1), (6.5) and the choice of parameter Q we
see that U* is a sum of disjointly supported functions. Using the approximation for
V() from Lemma A.2, we obtain the expression

Vo) — Ut(e) = (g V(g a(B) + A) — ¢ V(g a) v(B) ¥ (B).

The trivial estimate is O(N?) and the task is to save a factor of Q. We have A <« Q°
and can safely ignore terms involving A as long as Q3 < NQ~!, which is true by our
choice of Q. We are left with the task to estimate

g V(g a*v(B) (1 = ¥(B)) < v(B)'(1 — ¥(B)).

Thisis zero if (B) = 1. Otherwise, we have | 8;| > Q'/ N forsomei € {1, 2} by (2.6) and
Lemma A.3 provides [v(B)| < NQ~'/2. This gives an estimate of the shape O(N3Q~3/?),
which is acceptable as long as Q is a small power of N. O

The next part is concerned with arithmetic estimates.

PROPOSITION 6.3. For each k € N with Q* < N we have

Do IRy <ok YN and Y0 [R@m) <p N
m<3(N,N2) m<3(N,N?)

REMARK 6.4. Note that we can choose k as big as we like by reducing Q.

Proof. We plug in Formula (6.1) into (6.2). This gives an expression for Ry which
we transform by changing the order of summation and integration and the change of
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variables & = a/q + § into

1
Rym= Y — 3 Viga) e (-a-m /F V(BY(BYel—~pm) d.

Y<g<2Y (a;9)=1

This form is more suitable for estimates because the arithmetic and analytic parts
are separated. By Lemma 5.2, the integral, appearing in the formula for Ry, may be
estimated by a constant. Using Lemma 5.4, we can write the arithmetic part in the
form

1 1 &
= D V(g a) e (—a-m) = 7 Y G (g, ) ey(—amy).

;q)=1 =1
@) (@)=

Lemma A.5 provides the estimate ¢ G, (¢, a) < ¢~' if (¢;q) =1 and we set
G, (g, a) = 01if (a;9) > 1. By Lemma 5.3, we have

Y IRy(m)* e YN?

my<3N?

as long as 0* < N, which implies the first result by summing over m;.

For the second estimate, we observe that R'(m) = R(m) — ), _; Ry(m). The result
follows from an application of Holder’s inequality, part one of this proof and Lemma
5.1 ]

7. Finding integer solutions of the system. This is the part of our paper which
has not changed significantly compared with the work of Smith [21]. We use the
circle method to prove the following proposition, which together with Theorem 2.1
concludes the proof of Theorem 1.1. Write Z(/N) for the number of solutions to (1.1)
with x; € {I,..., N}.

PROPOSITION 7.1. Assume that the conditions of Section 1 hold. Then Z(N) > N*73,
where the implied constant is only dependent on the coefficients \; of the system.

By orthogonality, we can rewrite Z(N) as the integral
Z(N) = / [[Vhiw) de. (7.1)
T

Define the major arcs 9t C T? to be the (disjoint) union of
M(q, a) = {e € T : lloy — ai/qill < O'N7,
where g < Qand a < g with (a;¢) = 1. The minor arcs are the complement m = T>\t.
We decompose the right-hand side of (7.1) into an integral over 9t and one over

m. By using Lemma A.2 and the crude estimates |V(g, A;a)| < ¢, |v(a)] < N, |A] < Q3
and the bound u(9(q, a)) < O°/N? for the Lebesgue measure of M, we obtain by a
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standard calculation
/zm [TV de = J(Q/NIS(©Q) + OQ° N,
i=1

with the truncated singular integral

Hem = /Otl|<Q/N >/.012|<QZ//V2 E ve) der

and the truncated singular series

8@ =) q" Y [V ra. (7.2)

q<0 (a;9)=1 i=1

It follows from Lemma A.5 and the condition s > 7 that the limit & := limg_, ., &(Q)
exists and we have G(Q) = & + O(Q~'/?). Similarly, we complete J(Q/N) to an integral

J= /[R@ lli! v(re) do (7.3)

over R?. Convergence and the formula J(Q/N) = J + O(N*~*Q~!/?) follow by Lemma
A.3. This gives a major arcs contribution of

/ [V da = &7 + 0PN + N3 07172
M

For a € m we observe the bound O(NQ~!/3) for the L>®-norm of ¥ (a) by Lemma A..6.
The actual exponential sums V(X&) can be bounded similarly by O(NQ~'/3), where
the implied constant is now dependent on the fixed coefficient A; € Z. Using Holder’s
inequality and the bound from Lemma 5.1 for the sixth moment of the exponential
sum, we obtain

/ [ [V e de < (NQ™17y 0 / V(@) da < N30,
m_y T2

Setting Q = N*" for a small > 0, the number of solutions is given by
Z(N) = &J + O(N*737).

If we can show that & > 0 and J > N*73, then Proposition 7.1 is proven. These are
the remaining tasks for this section.
LEMMA 7.2. We have & > 0.

Proof. We denote the summand in (7.2) by

Vig=q" Y [[ Vg ra).

(a;9)=1 i=1

https://doi.org/10.1017/5S0017089514000056 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089514000056

A QUADRIC IN DENSE VARIABLES 621

It is not too difficult to check that V(gqt, A;ta + A;gb) = V(q, A;a)V (¢, A;b) as long as
(t;¢) = 1. This implies that V'(¢) is multiplicative by another short calculation. For
details, the reader is referred to [23, p. 20]. Furthermore V(g) < ¢/ by Lemma A.5
and s > 7. If we define

T(p):=) V("
k=0

as the part corresponding to the prime p, then T(p) = 1 + O(p~/?) and we can write
G as an absolutely convergent product & = ]_[p T(p). Therefore, we have [ | o0 T(p) =
1/2 for some py. To show that 7'(p) > 0 for the finitely many remaining factors, we
relate T(p) to the number of solutions modulo p* and the result follows from the
following two lemmata. U

LEMMA 7.3. We have
T(p) = lim p(27s)kS(pk)
k—00

where S(q) is the number of solutions to system (1.1) modulo q.

Proof. By orthogonality and a direct calculation, the number of solutions S(¢g) can
be written as

S(g) = Z q_z Z eq(al()»lrf + ...+ )»Srf))eq(az(klrl + ..+ Ary)).

Iy ls=q ap,ar=q

Here we are in the special situation of ¢ = p*. We can introduce another parameter
[ and sort according to the condition (a;;ay) = p'. After rearrangement, we have the
intermediate form

k K
Spry=p* Z Z 1_[ VX, har, Aiaz).
1=0 (ay;a2)=p' i=1

The change a; =p'b; and the corresponding change of V(pX, Aiar, Aiax) to
PPV (pF=!, A;by, Aiby) together with some elementary transformations give us

k
Z V(pl) :p(Zfs)kS(pk).
=0
Taking limits on both sides gives the statement of the lemma. ]

The next task is to bound the number of solutions modulo p* from below.

LEMMA 7.4. For each prime p there is an u = u(p) € N such that

S(pk) > p(k—u)(S—Z) )

For the proof we need a version of Hensel’s lemma rewritten in the language of
p-adic valuations. Denote by Z,, the p-adic integers and let | - |, be the standard p-adic
valuation.
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LEMMA 7.5. Suppose that Fi (X1, X2), Fa(X1, X2) € Zp[ X1, X»], and that ay, by € Z,
satisfy

max{|Fi(ao. bo)lp. |F2(ao. bo)lp} < [Aol,

_ _ (3F aF, _ 3F, oF, . A .
where Ag = A(F1, F2)l(ag,by) = (ﬁﬁ - 3_Xla_XZ>(a N is non-zero, g3- etc. being formal

derivatives. Then there is a unique (a, b) € Z, x Z,, such that Fi(a, b) = F5(a,b) = 0and

max{|a — dolp, |b — bol,} < p~" - |Agl,.

Proof. This is Proposition 5.20 in [13]. O

Proof of Lemma 7.4 The first step is to obtain a non-singular p-adic solution.
System (1.1) can be written as a quadratic equation in s — 1 variables by inserting the
linear equation into the quadratic one,

)\S()\le + ...+ )»X_le_l) -+ (Alxl +...4+ )\S_lxx_l)z =0.

By Meyer’s [16] well-known theorem, a quadratic form has a non-trivial (not all x; = 0)
p-adic solution as long as the number of variables is at least five. We have s — 1 > 6,
so we have one variable ‘left’. We use this variable to ensure that our solution is not
only non-trivial but also non-singular. A solution of (1.1) is non-singular if one of the
2 x 2 matrices (7 21’/“*") has a non-zero determinant. This is the case if and only if
x; # x; for some i # j. To achieve this, we fix x, = 0 and use Meyer’s theorem with the
remaining s — 2 > 5 variables. Since x; = 0 and x; # 0 for some i by non-triviality, the
result follows.

Lety € Z, be the non-singular solution we have found above. We switch back to
the representation of (1.1) as two equations and assume for simplicity that y; # 0,
which may be achieved by renaming the variables. Define for x” = (x3, ..., x;) the
binary polynomials

Fixr(x1, X2) i= MiX) + daxh + A3xh 4+ ...+ Ax, (e {1,2)).

For the point (ag, by) = (y1, 0) we set Ay = 2A1A2)1, as in Lemma 7.5. For vectors x”
with |x; — |, < |Ao|} for 3 <j < s, we have

|Fixr (1. O)lp = [Fir(31. 0) — Fiyr (31, 0|, < | Aol

by an elementary calculation, and, therefore, the condition of Lemma 7.5 is satisfied.
This means that, as long as x” is close enough to y”, we can extend x” in a unique way
to a solution x.

Looking at this from the congruence point of view (by using the definition of
the p-adic valuation), we have to ensure that x” is congruent to y” modulo p“, where
u is defined by |A¢|> = p~*!. The number of choices for x” modulo p*, which are
congruent to y” modulo p* for k > u, is (p*~*)*2. For each such choice x” we have
by Lemma 7.5 a unique (x1, x2) € Z, with Fjy(x1, x2) = 0. This leads to a unique
solution modulo p* and the lemma follows. ]

Now we get to the second main task, the lower bound for J.
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LEMMA 7.6. Under the usual assumptions for system (1.1), we have J > N°=3, where
the implied constant depends on the coefficients \,.

Proof. Similar to the p-adic case, we first show the existence of a non-singular real
solution. This is a solution with x; # x; for some i # j, as observed in the proof of
Lemma 7.4. We will perform a pertubation argument and create a non-sigular solution
from a singular one. This is where condition (iii) for system (1.1) comes into play. We
know that there are at least two positive and two negative coefficients A;. We sort and
rename the coefficients and variables according to their signs and obtain

A]x% +...+ A,x,z = mxfﬂ +...+ ,U«zfo,
AXL o AX = U Xy e WX

where r+ ¢ =s with r, 7> 2 and X; > 0, u; > 0. By condition (i) for (1.1), there is
always the trivial solution x = (1, ..., 1). Now fix all the variables x; to be 1 except
X1, X2 and y; = X,11, 2 = Xs42. Then we are in the situation

X4 00X3 + ¢ = iyt + uayi,

(7.4)
AX| + Aaxo 4+ ¢ = uy1 + naya,

for some suitable constant ¢c€ Z. Put x; =14+ 10, x,=1—2116 and y; =1+
wa@, yo = 1 — 1. System (7.4) is satisfied with & = ¢ = 0 and the linear equation
for all choices of 6 and ¢. This simplifies (7.4) to

MAr(h + A2)0% = pwipa(pr + pa)e™.

Hence, there is a solution with 6 > 0, ¢ > 0, which is non-singular.

Now we prove the lower bound on J by connecting it to the manifold of real
solutions around a non-singular point. By (7.3), the dominated convergence theorem
and (2.5), we have

J = lim [R x(@N?/Px(@N/P) 1;[ v(at) da.

Inserting Definition (2.2) of v and interchanging the order of integration (A has finite
support) leads to

P—o0

J = lim / / x(aN?/P)x (a} N/ Pe(ar Kr(X) + o1 K (X)) dadx,
[0,Np JR?

where Kj(x) = Y _; A;x} (with coefficients A; as in (1.1)). The change of variables
Xx; = Ny; and B; = N'«; separates parameter N and we obtain

= tim [ [ P PIB KA + 1K) ddy
—o0 Jio, 1 JR2

The two inner integrals are Fourier transforms and we get

J=NT fim | PRCPRADIPI(-PKI) dy.
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sin(zry)?
(my)?
sin(rry)?

this integral from below by estimating or from below by 1/2 when |y| < 1/10, for
example. We obtain the lower bound

The Fourier transform ¥ is given by and is positive. Therefore, we can estimate

47 P2 u(ly € [0, 17 : [Ka(y)] < (10P)7L, |Ki(y)] < (10P71)), (7.5)

where u is the Lebesgue measure. By the above argument, the quadric has a non-
singular real solution x (let x| # x;). By translation and dilation invariance of system
(1.1), we can assume that x lies in (0, 1)*.

We use the implicit function theorem. This allows us to write y; = ¢1(y”) and
V2 = ¢(y’), where y' = (y3,...,ys) and ¢1, ¢ are differentiable functions such
that Ki(¢1(y"), ¢2(y"),y") =0 (i € {1, 2}) for all y” in the neighbourhood of x" =

(x3, ..., x5). If we fix one of these points y”, then we can vary y;- and y,-coordinates
by at least |¢;| = (40P|x;)~! (i € {1, 2}) without leaving the set in (7.5). Therefore, its
volume is > P2, O

Appendix A. Collection of various estimates for exponential sums.

LEMMA A.1. For the linear exponential sum Ly in (2.3) with M > 2 we have

/ |Ly(@)| da < log M.
-

Proof. The standard estimate | Ly, ()| < min{M, ||a||~'} follows by an application
of the finite geometric sum formula. Now decompose the integral into two parts:
|l < 1/M and ||| > 1/M. The result is immediate. Il

The next three lemmata are specialised versions of results from [23]. First we have
an approximation to V() by the local versions (2.2) on the major arcs.

LEMMA A.2. Let o; = b;i/q; + Bi (i =1,2) with b;, q; € Z and suppose that q =
lem(qi., ¢2) and a; = biqq;™". Then

Vi) =q " V(g a)(B)+ A,
where

A < q(1 4+ |B1IN + |BIN?).

Proof. This is a special case k = 2 of [23, Theorem 7.2]. ]
Now we give an estimate for the local function v(e).

LEMMA A.3. We have the estimate

[u(e)] < N(1 + |a|N + |aa| N3~

Proof. This is a special case k = 2 of [23, Theorem 7.3]. O

The next result is an easy corollary of the previous lemma.
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LEMMA A.4. For p > 4 and T?> = [—1/2, 1/2]* we have
/ v (@) (@)l dor < N7,
'H'Z

where ¥ (a) is defined in (2.6).

Proof. Use (1 +lon|N + |02l N*) 72 < (1 + |er |[N)~' (1 + e N*) ™! and (@) <
O

The following result gives a well-known estimate for Gaul3 sums. It allows us to

bound V'(gq, a) and the quadratic exponential sum G, (¢, @) appearing in Lemma 5.4.

LEMMA A.5. Let F5(x) = X' Mx be a quadratic form with M € 7% a symmetric
matrix of determinant A # 0 and F((X) an arbitrary affine linear polynomial. Let

Gg. a) =) _ ey(aFy(x) + Fi(x)).

x=q
Then for (a; q) = 1 we have
1G(q. @) <a.a ¢"*
uniformly in F\. In particular, this implies
V(g, a)l < ¢'".

Proof. Let F| be the linear part of F;. By squaring G(qg, a), a change of variables
and the ¢-periodicity of ¢, we obtain

G(q. @) =) efa(Fa(x) — Fa(y) + (Fi(x) — Fi(y))

X=q y=q
=" eyalFa(y +h) — F(¥) + (Fi(y + h) — Fi(y)))
h<q y=q
= e,(aFa(h) + F{(h)) ) ey(a2h’ My)
h<q Y=g
=q' Z eq(aFy(h) + F{(h)1gam < ¢ Z 1y 2anm.
h<q h=<q

Since (a; g) = 1 the number of vectors 2aMh divisible by ¢ componentwise is bounded
by 2¢A and the estimate follows. O

We need a good estimate for V' («) on the minor arcs as well.

LEMMA A.6. Assume that |V(a)| > NO™'/3 for N > Ny(e) with N* < Q. Then
there exists ¢ < O and ay, a» € Z such that (q;a1;a2) = 1 and |aiq — a;) < QN7 for
ie(l,2)

Proof. This is a special case of Theorem 5.1 in [1]. Choose the parameters in [1] to
be M =1,P=NQ '3 k=2and e > 0 such that N> < Q. O
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Appendix B. From exponential correlation to a density increment.

In this appendix we are going to prove the simple but crucial Lemma B.1. It enables
us to transfer a correlation estimate for exponential sums into a density increment on
a sub-progression.

Let f be the balanced function as defined in (3.1) and consider the corresponding
exponential sum V; as defined in (2.1).

LEMMA B.1. If | Vy(et)| > nN for some a € T?> andn > 0, then there is an arithmetic
progression P C {1,2, ..., N} of length |P| > n*N''° with

|ANP| = (8+n/4)|P].

Results of this kind are well known (see [8], for example), but in the current
literature usually given in the Z/NZ-setting. We give here a proof for completeness and
use the following classical result of Heilbronn in diophantine approximation.

LEMMA B.2. Leta € Rand Q € N. Then thereis q < Q such that |aq’| <. Q~'/2*.
Proof. A proof can be found in [1, p. 26]. O

REMARK B.3. Zaharescu [24] got the exponent —4/7 instead of —1/2. But for our
purpose the result of Heilbronn is sufficient and we even fix € = 1/6 for simplicity.

Proof of Lemma B.1. Theidea is to cover {1, 2, ..., N} by long progressions in such
a way that the function / : n — e(a;n> 4 asn) is almost constant on each progression.

By Lemma B.2 we can find ¢ < N34 such that |Jay¢*|| < CN~!/4 for some absolute
constant C > 1. We can assume that N > (28C/»?)!°. Otherwise, the lemma is true for
a singleton P = {n} with n € A. We decompose {1, 2, ..., N} in congruence classes
modulo ¢ and split those into progressions {m + kq : 0 < k < K} of length K between
274C~1'yN'® and 273C~'yN'/®. Expression asn®> + ajn varies on such a progression
by at most

[(@a(m + gk)* + a1(m + gk)) — (ea(m + ql)* + a1 (m + ql))||
= Qoamg + a1q)(k — 1) + crg*(k* — )|
< QRoamg + a1q)(k — DIl + lleag* |1K* < 1Bk — DIl + 27577,

where 8 := 2aymq + a1q. For a given progression from the above decomposition,
expression j is constant and we have reduced our quadratic problem to a linear one.
By Dirichlet’s approximation theorem we can find a value r < K'/2 with || 8r|| < K~1/2.
We partition the given progression into congruence classes modulo r and then further
in sub-progressions P; (i € I, where I is a set of indices) of length between 2~y K!/?
and 27°nK'/?. This leads to

1Btk = DIl = lBerll < 27n.

Observe that for ||x; — x|l <y we get |e(x)) — e(xz)| < 2mwy. Therefore, the
function h(n) = e(a;n® + apn) varies at most 1/2 on each of these progressions.
Now write A(n) = h(m;) + (h(n) — h(m;)) on each progression P;, where m; € P;. Since
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|h(r) — h(m;)| is bounded by n/2, we have

N = V@) = | Y2 fonnon| = | 32 3 i)

n<N iel neP;
< | D hem) Y s+ N2 < 30| f| + N2
iel neP; iel  neP;

The average } ;.; >, p.f (1) is zero by the definition of /. We can add it to the right-
hand side and use the identity |x| + x = 2max{0, x}. This gives

> max {0, 3" 1)} = /4.

iel nep;

It follows that there has to be at least one i € / with ) _p f(1n) > n|P;|/4. The result
follows from rearranging and using formula f(n) = 1 4(n) — 6. ]

ACKNOWLEDGEMENTS. This paper is part of the author’s PhD thesis and he would
like to express many thanks to his supervisor Trevor Wooley for his time, support and
motivation. The author also would like to thank the referee for comments that helped
to improve the exposition. The author’s doctoral studies were partially supported by
EPSRC.

REFERENCES

1. R. C. Baker, Diophantine inequalities (Clarendon Press, Oxford University Press, New
York, NY, 1986).

2. V. Bergelson and A. Leibman, Polynomial extensions of van der Waerden’s and
Szemerédi’s theorems, J. Amer. Math. Soc. 9(3) (1996), 725-753.

3. J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and
applications to nonlinear evolution equations. I. Schrodinger equations, Geom. Funct. Anal.
3(2) (1993), 107-156.

4. J. Bourgain, Roth’s theorem on progressions revisited, J. Anal. Math. 104 (2008), 155-
192.

5. P. Erd6s and P. Turan On some sequences of integers, J. London Math. Soc. 11 (1936),
261-264.

6. H. Furstenberg, Ergodic behavior of diagonal measures and a theorem of Szemerédi
on arithmetic progressions, J. Anal. Math. 31 (1977), 204-256.

7. H. Furstenberg, Y. Katznelson and D. Ornstein, The ergodic theoretical proof of
Szemerédi’s theorem, Bull. Amer. Math. Soc. (NS) 7(3) (1982), 527-552.

8. T. Gowers, A new proof of Szemerédi’s theorem, Geom. Funct. Anal. 11(3) (2001),
465-588.

9. B. Green, On arithmetic structures in dense sets of integers, Duke Math. J. 114(2) (2002),
215-238.

10. B. Green, Roth’s theorem in the primes, Ann. Math. (2) 161(3) (2005), 1609-1636.

11. B. Green and T. Tao, Restriction theory of the Selberg sieve, with applications, J. Théor.
Nombres Bordeaux 18(1) (2006), 147-182.

12. B. Green and T. Tao, Linear equations in primes, Ann. Math. 171(3) (2010), 1753-1850.

13. M. J. Greenberg, Lectures on forms in many variables (W. A. Benjamin, New York, NY
1969).

14. D. R. Heath-Brown, Integer sets containing no arithmetic progressions, J. London Math.
Soc. (2) 35(3) (1987), 385-394.

15. M. N. Huxley, Area, lattice points, and exponential sums (Clarendon Press, Oxford
University Press, New York, NY, 1996).

https://doi.org/10.1017/5S0017089514000056 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089514000056

628 EUGEN KEIL

16. A. Meyer, Uber die Auflésung der Gleichung ax? + by? + ¢z + du* + ev? = 0in ganzen
Zahlen, Vierteljahrsschr. Naturforsch. Ges. Ziirich 29 (1884), 209-222.

17. N. N. Rogovskaya, An asymptotic formula for the number of solutions of a system
of equations, in Diophantine approximations, Part II (Russian) (Moskov. Gos. Univ., Moscow,
Russia, 1986), 78-84.

18. K. F. Roth, On certain sets of integers, J. London Math. Soc. 28, (1953), 104-109.

19. T. Sanders, On Roth’s theorem on progressions, Ann. Math. 174(1) (2011), 619-636.

20. A. Sarkozy, On difference sets of sequences of integers, I. Acta Math. Acad. Sci. Hungary
31(1-2), (1978), 125-149.

21. M. Smith, On solution-free sets for simultaneous quadratic and linear equations,
J. London Math. Soc. (2) 79(2) (2009), 273-293.

22. E. Szemerédi, On sets of integers containing no k elements in arithmetic progression,

Acta Arith. 27 (1975), 199-245.
23. R. C. Vaughan, The Hardy-Littlewood method, 2nd ed. (Cambridge University Press,

Cambridge, UK, 1997).
24. A. Zaharescu, Small values of 7’ (mod 1), Invent. Math. 121(2) (1995), 379-388.

https://doi.org/10.1017/5S0017089514000056 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089514000056

