NOTES AND PROBLEMS NOTES ET PROBLEMES

This department welcomes short notes and problems
believed to be new. Contributors should include solutions
where known, or background material in case the problem is
unsolved. Send all communications concerning this department
to W.O.J. Moser, University of Manitoba, Winnipeg, Manitoba.

ON THE ANALYTIC CONTINUATION
OF THE ¢ -FUNCTION

Ebenezer Prowse

It is well known that the Riemannian § -function can be
extended into the whole region s # 1 by means of the Euler-
MacLaurin summation formula. The author wishes to present
a proof of this fact which is rather more elementary than those
he is acquainted with.

Let ®s > 1 and put

¢(s) = S(s) - 1.

Repeated integration by parts yields

-Es—!-¢(s+1)— ‘°’—(—5—3;—1)¢(s+2) - ..

¢ (s) = ==

s(s+1)...(s+ k- 2)
- k!

d(s+k-1)

k
s(s+1)...(s+k=-1) _eo (1 x dx
o " Z o ———————————
k! 1 Jo s+ k

(n + x)

Replacing s by s+m and k by k-m
[m=0,1, ..., k-1], we obtain the following system of
equations.
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s(s + 1)

31 b (s+2) +

b(s) + 574 (s+ D)+

+ s(s +1)...(s + kb- 2)

k! ¢(S+k‘1) = RIA
6(s+1) + (—-S;”q,(safzn
(s+D...(s+ k - 2) _
k- 1) d(s+k-1) = RZ,
¢(S+k-1) = ka
Here
R = 1 _s(s+1)...(s+k-l)zoo/l xkdx
1~ s-1 k! 1 Jo s+ k
(n + x)
R _}__(s+1)...(s+k—1)2°o /1 «Lax .
2 s (k - 1) 71 Jo s+ k
(n + x)
1 ] I xdx
Rk‘_s+k-2-(s+k_l)21/ s+ k’
(n + x)
Hence
s s(s+1) s{(s+1)... (s + k- 2)
12! 3! k!
s+ 1 {(s+1)... (s+k - 2)
1
RZ 2! (k - I)!
_ (s+2)... (s+k-2)
& (s) = R3 0 1 . k- 1)
RkO 0 . 1

We now expand this determinant with respect to the first column.
This yields

s s{s+1)
s 2! 3!
ols) = By - Ry - o7+ Ry s+1 | 1o
1 =
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s s(s+1) s(s+1) ... (s+ k-3)
2! 3! (k - 1)t
k s+1 (s+1) . (s + k - 3)
+ (-1) Rk-l 1 o (k- 2)!
+ k-3
0 0 2re- o =
s s(s+1) s(s+1)...(s+k=-3)s(s+1)...{(s+k-2)
2! 3! ’ (k - 1)¢ k!
k+l s +1 (s+D...(s+k=-3) (s+1)...(s+ k - 2)
+ (-1 R, .| ]
L7 R L= k - 2)! (k - 1)t
0 0 .. 1 stk-2
2!
or
1 1
2! 3!
S — .
$(s) 2R2+s(s+1) 1 | By
Sy
1 1 1
20 3t 4
- s(s + 1)(s + 2) 1 LR R +
’ 2! 3! 4 —
1
0 1 '2—'
1 1 1
05 ss4 D). (s+k-2) |1 & l_|r
20 (k- D' Tk
1
0 0 ...E"

B

Bk

I! 2

1s(s+1)

TS

1 By
R + 77 sR t 5T

. k - .
(s + Z)Rk
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Here the B, are the Bernoulli numbers. We thus obtain the
required formulas

(1) ¢(s)='sl—+—-l+—zs+l—3-3s(s+l)+.

-1 1! 2! 3!
Br -1
— -3
+ (k_i)!s(s+1) (s +k )
1 Pk(x)dx
- s(s+1)... (s+k-1 / s+k
where
P()_Bo k Bi k1 +Bk-1 N
TR T (k-1 Y (k- )

is the k-th Bernoulli polynomial. The last term in (1)
converges for s > 1-k

Barriefield, Ontario

292

https://doi.org/10.4153/CMB-1960-035-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1960-035-2

