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Abstract We investigate the sums (1/vH) > x<n<x+n X(n), where X is a fixed non-principal Dirichlet
character modulo a prime ¢, and 0 < X < g—1 is uniformly random. Davenport and Erdés, and more
recently Lamzouri, proved central limit theorems for these sums provided H — oo and (log H)/logg — 0
as ¢ — 0o, and Lamzouri conjectured these should hold subject to the much weaker upper bound H =
o(q/logq). We prove this is false for some x, even when H = g/ log4 ¢ for any fixed A > 0. However, we
show it is true for ‘almost all’ characters on the range ¢'=°(1) < H = o(q).

Using Pélya’s Fourier expansion, these results may be reformulated as statements about the distribution
of certain Fourier series with number theoretic coefficients. Tools used in the proofs include the existence
of characters with large partial sums on short initial segments, and moment estimates for trigonometric
polynomials with random multiplicative coefficients.

1. Introduction

Let ¢ denote a large prime, and x a non-principal Dirichlet character modulo ¢. In this
paper, we will be interested in the statistical behaviour of sums

Sy, m(z) = Z x(n),

z<n<z+H

where H = H(q) is some function.
Since x has period ¢, we may restrict attention to 1 < H < ¢. The case of long sums,
where H(q) < q as ¢ — oo, has been quite extensively studied. See, for example, the
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work of Granville and Soundararajan [7] and of Bober, Goldmakher, Granville and
Koukoulopoulos [2] investigating the largest possible values of character sums, and the
recent work of Hussain [12] on the behaviour of the paths t — 3, _ . x(n). In this paper,
we focus instead on short sums, where H(q) = o(q) as ¢ — co. Our primary focus shall
be on the situation where x is fixed for given ¢, and the start point = € {0,1,...,q—1}
varies, although we will touch on what happens when x varies as well.

This problem was studied by Davenport and Erdds [5], who proved that if y = (6)
is the Legendre symbol, and if the function H satisfies H — oo but (logH)/logg — 0
as ¢ — oo, and if X € {0,1,...,¢g— 1} is uniformly random, then one has convergence in
distribution to a standard Gaussian,

SX,H(X)
VvVH

Recall this means that for each fixed w € R, we have

—d>N(0,1) as ¢ — 00.

SX,H(X)
VvH

where ®(w) := (1/v2m) [ e=2"/2dz is the standard Gaussian cumulative distribution
function. Lamzouri [14] recently extended this to more general Dirichlet characters. He
showed that if one chooses a non-real character y modulo each prime ¢ (in any way),
then under the same conditions on H as Davenport and Erdds [5], one has

P( <w) = P(w) as q— oo,

Sy, (X
L()gZﬁ—iZg as q — o9,
vVH

where Z1,Z5 are independent N(0,1/2) random variables. Lamzouri [14] also obtained a
quantitative rate of convergence (in the sense of Kolmogorov distance). We also mention
slightly earlier work of Mak and Zaharescu [15], who proved separate distributional
convergence results for the real and imaginary parts of M, and more generally for
the projections of various kinds of moving character sum onto lines through the origin.
All of these results, and many related ones (e.g., the work of Perret-Gentil [20] on short

sums of [-adic trace functions), ultimately depend on a moment method. For example, in

the case x = (;), Davenport and Erdés calculated

é 3 <sxfﬁ(x)>j:q;j/2 Z 3 (z+h1><xzh2><xzh3>

0<zg<gq—1 N~ V*H /AT ch h;<HO0<z<q—1

showing that for each fixed j € N, this converges to the standard normal moment
(1/V2m) [T 2de* */2dz as q — oo. It is well known that the normal distribution is
sufficiently nice that moment convergence implies convergence in distribution. The key
to performing the moment calculation is that for a given tuple (h1,...,h;) of shifts, if any
shift h occurs with odd multiplicity, then the sum over z is <; /g, by the Weil bound.
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Under the condition (log H)/logg — 0, all these terms together give a contribution
Hi/2

1
L —75 g 1< —0 asqg— 0.
VI 1<h, by <H, va
a shift occurs with odd multiplicity

If one drops the condition (log H)/logg — 0, then this method seems to break down.
Lamzouri [14] made the following conjecture about what happens for larger H.

Conjecture 1 (Lamzouri, 2013). Suppose that H — oo but H = o(q/logq) as the prime
q— 0. Then if x = (E) is the Legendre symbol, and if X € {0,1,...,q— 1} is uniformly
random, we have
SX,H<X)
vH

If we choose a non-real character x modulo each prime q (in any way), then on the
same range of H we have

iZ>N(071) as q — 0.

S X
L}(I)iZl—l-iZg as q — oo,

where Z1,7Zs are independent N(0,1/2) random variables.

Our goal here is the further investigation of Lamzouri’s conjecture. Prior to this, we
briefly explain the origins of the conjecture, and in particular of the condition H =
o(q/logq). For each prime p, let f(p) be an independent random variable taking values
+1 with probability 1/2 each (i.e., a Rademacher random variable), and then for each
n € N, define

fo)= 1T fw)*,
p*||n
where p®||n means that p® is the highest power of p that divides n. We shall refer to such
f as an extended Rademacher random multiplicative function and think of f as a random
model for the Legendre symbol (%) as ¢ varies. Similarly, to model a complex Dirichlet

character x(n), we let f(p) be uniformly distributed on the complex unit circle (i.e.,
Steinhaus random variables) and again define f(n) =[], f(p)*, a Steinhaus random
multiplicative function. Chatterjee and Soundararajan [4] showed that for a very similar!

kind of real random function f, one has

Zx<n§z+yf(n) ; 4 N(0,1) asz— o0
\/E (Zm<n§r+y f(n))

!Chatterjee and Soundararajan [4] studied Rademacher random multiplicative functions
summed over squarefree numbers rather than the extended functions whose support is not
restricted to squarefree n.
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provided the interval length y = y(z) satisfies z'/°logz < y = o(z/logz). Lamzouri’s
conjectured condition H = o(g/logq) is analogous to Chatterjee and Soundararajan’s
upper bound on y.

There are at least two issues that need to be understood when considering whether the
random multiplicative model is a good one for S, g (X). The first is whether a random
multiplicative function captures all of the important structure of a Dirichlet character,
which in particular has an additional periodicity property. The second is whether one
can infer things about S, i (X), where the function x is fixed (for given ¢) and the start
point X of the interval randomly varies, from things about cn<aiy) (n) where the
interval is fixed (for given z) and the function f randomly varies. One might think that
if the latter is a good model for character sums, it would rather be for the case of a fixed
interval for given ¢ and randomly varying character x mod g.

1.1. Statement of results

Our main results are negative, showing that Conjecture 1 is not correct as stated.

Theorem 1. Let A >0 be arbitrary but fixed, and set H(q) = q/ log”q. Then as q varies
over all large primes, with x = (5) denoting the unique corresponding quadratic character,
we have
Sy, 1 (X)
vH

Theorem 2. Let A >0 be arbitrary but fixed, and set H(q) = q/ log”q. Then as q varies
over all large primes, there exists a corresponding sequence of non-real characters x
modulo q for which

d
4 N(0,1) asq— oo.

Sy 1 (X)
vH

where Z1,7Z are independent N(0,1/2) random variables.

d
A 71412y  as ¢ — oo,

It may not be very illuminating just to say that something does not converge to a
specified limit object. In fact, in the real case covered by Theorem 1, we will show that
there exists an infinite sequence of primes ¢ along which SX%ISX) has properties that forbid
it from closely approaching the N(0,1) limit. This special sequence consists of primes ¢
for which (5) is ‘highly biased’, in the sense that its partial sums up to about ¢q/H are
not small. Similarly, in the non-real case covered by Theorem 2, the bad character x that
we select for each prime ¢ is such that its partial sum up to about ¢/H has large modulus.

To explain further, if x is primitive mod ¢ (so for ¢ prime, any non-principal character
is admissible), then Pdlya’s Fourier expansion for character sums implies that

=T 5 3CH

2mi
0<|k|<q/2

e(kx/q)(e(kH/q) — 1)+ O(logq).

Here, 7(x) denotes the Gauss sum, of absolute value /g, and e(-) = ¢*™ denotes the
complex exponential. When |k| < ¢/H, we have (1/k)(e(kH/q) —1) ~ 2wi(H/q), and it
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turns out that (on average over z) these are essentially the only terms that make a
significant contribution, so

~

Syu(z)  TOO)VH
VH q >

X(=k)e(kz/q). (1.1)
0<|k|<q/H

Now if H = q/logA g, and so ¢/H = logA q, we can find characters x for which
|2 0<k<q/m X(k)| >4 q/H. For such characters, we can think of Sy.m(2)/VH as having a

significant piece resembling the scaled Dirichlet kernel (7(x)vH/q) 2 0<|k|<q/m EkT/q).
The Dirichlet kernel certainly does not have Gaussian behaviour as z varies and ¢ — oc;
in fact (since it has relatively small L' norm), it converges to 0 in probability, which
suggests it is unlikely that S, g (x)/vH can converge to the desired Gaussian. This
argument can be made rigorous by subtracting a suitable multiple of the Dirichlet kernel
from S, g (x)/v/H, which makes no difference to the putative convergence in distribution
but reduces the variance of the sum.

Note that the use of Pdlya’s Fourier expansion imports information about the
periodicity of x mod ¢ into our analysis.

The characters used in the proofs of Theorems 1 and 2 are quite special, suggesting that
Lamzouri’s conjecture might be true for almost all q for real characters, or for almost all
characters for each ¢ for non-real characters. Another reason for believing this comes from
thinking more carefully about the representation (1.1). In a famous classical paper, Salem
and Zygmund [21] showed that for almost all sequences of independent +1 coefficients,
the partial Fourier series with those coefficients satisfy a central limit theorem when the
‘frequency’ (corresponding to z/q in our setup) is chosen uniformly at random. Thus, if
we believe that the values of a typical Dirichlet character are somewhat ‘random looking’,
we might expect to have a central limit theorem as the length ¢/ H tends to infinity. This
translates into a condition H = o(q) rather than the condition H = o(q/logq) proposed
by Lamzouri [14].

In this positive ‘almost all’ direction, we establish the following.

Theorem 3. Let H = H(q) satisfy % — 0 and H =0(q) as the prime ¢ — co. Then

there exists a subset Py of primes, which satisfies

#(,PHH[Q72Q]) _ — min <q<2 1o 3/4( /H)
#{QSQSQQiqPrime}Zl Ofe @sgs2Q708 7 U/E))

(say) for all Q =27,j € N, such that if x = (;), we have
iN(O,l) as q — 00, q € Py.

SX7H(X)
vH

Theorem 4. Let H= H(q) satisfy % — 0 and H = o0(q) as the prime ¢ — oo. Then

there exist sets Gg g of characters mod g, satisfying #Gq g > q(1— O(e*logg/él(Q/H))), such
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that for any choice of x € Gg 1, we have
SX,H(X)
vVH

where Z1,Z are independent N(0,1/2) random variables.

i}Z1+’L.ZQ as q — 0o,

The proofs of Theorems 3 and 4 again use the trigonometric series approximation to
Sy, m(x)/v H, which can be reworked slightly into a form (roughly speaking) like

Sutle) 2 X(k)sin(rkH/q) oo

In fact, looking at Sy g (X)/VH for X € {0,1,...,¢ — 1} uniformly random turns out to
be roughly equivalent to looking at % D 0<k<q/H wms(?ﬁkﬁ), for 0 € [0,1]
uniformly random. This latter small change is not really important, but neatens the
writing.

Since moment convergence implies distributional convergence to the Gaussian, to prove
Theorem 3, it would suffice (roughly speaking) to show the existence of a subsequence
Py of primes such that, for each fixed j € N, we have

/0 7r\/> Z ()bm:rkfl/@cos@ﬂ'/w) dg — (1/\/%) /_sze—ZZ/2dZ

1<k<q/H

J

as ¢ — 00,q € Py. To do this, we can try to calculate the average (square) discrepancy
between the actual and the Gaussian moments as ¢ varies in each dyadic interval — namely,

logQ Z

Q<q<20,
q prime

/ mfz

1<k<q/H

( ) sm(7r/€H/q)

cos(2mk0) d@——/ e 22y

If this tends to zero at a sufficient rate as Q — oo, on a range of j that grows to infinity
as @ — oo (recall that we need convergence of all fixed integer moments to guarantee
convergence to the Gaussian), then we can form Pgy from all the many primes in each
interval [@Q,2Q] where the discrepancy is simultaneously small for a suitable range of j.
Provided that (¢/H)? is small compared with @, so the periodicity of the characters

(g) does not intervene, one expects the left-hand side in the above display to be close

to the corresponding one where (g) is replaced by an extended Rademacher random

multiplicative function f(k), and the normalised sum lo gQ ZQ<q<2Q is replaced by an
g prime

expectation E. There are technical challenges in estabhshlng this because ¢/H (q) might
also vary with ¢ in the sum, and averaging over primes ¢ entails non-trivial issues with
the distribution of primes, but these problems can be overcome (see Number Theory
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Result 3 and Section 6.3 below; essentially one needs to show that the (g) for varying

¢ have similar correlation/orthogonality properties to the random f(k)). Unfortunately,

the condition that (q/H)’ is small compared with @, for each fixed j, forces the unwanted

condition logi'(Oq& — 0 in Theorem 3. This is similar to the condition (logH)/logg — 0

that appeared in the work of Davenport and Erdds [5], Lamzouri [14] and others.
Finally, we need upper bounds for quantities like

j 2

Y 2vQ f(k)sin(rkH/Q) Y
IE/O B Z (k)s ]: / cos(2mkb) d@—\/—gr/_ooz]e 12dz|

1<k<Q/H

where f(k) is a random multiplicative function. This arithmetic input can be extracted
from a nice recent paper of Benatar, Nishry and Rodgers [1]. They were interested in
almost sure central limit theorems and size bounds for random trigonometric polynomials
%ﬁan ~ f(n)e(nf) and directly calculated such expectations using a point counting
argument drawing on work of Vaughan and Wooley [23]. Ultimately, one needs to
count tuples (ni,...,ng;) satisfying a small collection of linear and multiplicative
equations.

As Benatar, Nishry and Rodgers [1] comment, one can also analyse the distribution
of ﬁzng ~ f(n)e(nd) using martingale methods, and this was done in unpublished
work of the present author (see the paper [9] for an application of martingales to a
different distributional problem for random multiplicative functions, and the recent paper
[22] of Soundararajan and Xu for various such applications, including to trigonometric
polynomials with random multiplicative coefficients). But to transfer these conclusions
to character sums, one would seem to again need moment estimates on the random
multiplicative side, not just distributional convergence. These could be obtained (e.g.,
one can use Burkholder’s inequalities [3] and some calculation to show that all moments
remain bounded as N — oo, and this combined with distributional convergence implies
they must all converge to the desired Gaussian moments), but it seems simpler to rely
on the existing calculations of Benatar, Nishry and Rodgers [1].

In the complex case in Theorem 4, one proceeds exactly similarly in studying the
square discrepancy from the moments of the complex Gaussian Z; +1iZ5, now averaging
over all x mod ¢ rather than over @ < g < 2@Q. Provided that 1 < ny,ns < ¢, say, we have
the identity q%l >y mod ¢ X(M1)X(12) = 1n,=n5 mod ¢ = 1ny=n, = Ef (n1) f(n2), where f(-)
denotes a Steinhaus random multiplicative function. This exact equality makes it much
easier to establish the connection with random multiplicative functions than in Theorem
3, but the condition 1 < ny,ne < ¢ ultimately forces the same unwanted constraint
logi‘gqg/qH) 0.

1.2. Discussion and open questions

Our results leave open several problems about the behaviour of S, g (z)/ VH, and related
issues.
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The results of Davenport and Erdés [5] and of Lamzouri [14] establish a central limit
theorem for all characters provided H — co but H = ¢°(!), and our results establish a
central limit theorem for almost all characters provided ¢!~ < H = o(q). Moreover, we
have shown that one cannot hope to prove a central limit theorem for all characters when
log(q/H)/loglogq is bounded. Given this state of affairs, one can ask the following;:

(i) How does Sy, rr(x)/vH behave on the missing range ¢°) < H < gt=°() ?

(ii) Indeed, should it be possible to prove a central limit theorem for all characters
provided H — oo and log(q/H)/loglogq — oo ?

The author tentatively conjectures that the answer to (ii) is Yes. In view of Corollary A
of Granville and Soundararajan [6], if the Generalised Riemann Hypothesis is true, then
Y <z X(n) =o(x) whenever x is a non-principal character mod ¢, and (logx)/loglogq —
0o. This means that, assuming GRH, there would be no construction along the lines of
Theorems 1 and 2 available once log(q/H)/loglog g — co. So if one believes this is the only
barrier to a central limit theorem holding, as is somewhat suggested by the representation
(1.1) together with the classical work of Salem and Zygmund [21] on random Fourier
series, then one arrives at this conjecture.

However, proving such a result seems difficult. First, the best unconditional estimates
we have of the form ) __x(n)=o(x), where x is any non-principal character modulo
a prime ¢ (one can sometimes do better for special non-prime moduli), are Burgess-
type estimates requiring that o > ¢'/4=°(") . Thus, we would need to assume results like
GRH merely to exclude the kind of construction from Theorems 1 and 2 from cropping
up. But even allowing such unproved arithmetical results, there is no clear way to go
on and establish a central limit theorem on the full range of H in (ii). The problem of
understanding the distribution of (7(x)vH/q) 20<|k|<q/u X(—k)e(kO), where § = X/q is
random but the coefficients X(—k) are deterministic, is just one example of the important
general problem of understanding the distribution of ), are(k6), where aj, are interesting
deterministic coefficients. See, for example, the work of Hughes and Rudnick [11] on
lattice points in annuli. They encounter similar sums where the aj involve the number
of representations of k£ as a sum of two squares, and the range of their main theorem
involves a similar (conjecturally unnecessary) restriction as in Theorems 3 and 4 to allow
a proof by the method of moments.

Indeed, even extending our ‘almost all’ results to a wider range of H would be very
interesting, and does not seem easily attackable.

Another, perhaps rather specialised, question is the following;:

(iii) What can be said about the distribution of Sy gz (X)/V H, for those characters x
and interval lengths H where it does not satisfy the expected central limit theorem?

We can also return to the random multiplicative functions f(n) that motivated
Lamzouri’s conjecture [14] and played a role in the proofs of Theorems 3 and 4. As
discussed earlier, and perhaps demonstrated by Theorems 1 and 2, the author does
not believe that Chatterjee and Soundararajan’s work [4] on >°, _, ..., f(n) provides
a natural model for Sy p(X). But the study of -, _, ..., f(n) is very interesting in its
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own right. Although Chatterjee and Soundararajan only obtained? a Gaussian limiting
distribution when z'/%logz < y = o(z/logz), they did not show that their upper bound
on y is optimal, and recent work of Soundararajan and Xu [22] extends the range to
1/5
z/?logr Ky K m.
However, it follows directly from work of the author [10] that if yivloilogx — 00 as T — 00,
then

E[>cn<ary f(1)] - E[> <. F)+EIY, <.y, f(1)]

VY - VY
This implies (by Markov’s inequality) that > _ . vyt (n) converges in probability to
0 rather than converging to a standard Gaussian, when renormalised by its standard

deviation. As Soundararajan and Xu [22] remark, by looking inside the proofs from [10],
E > e cn<aoty f(M)]
VY

— 0.

one can show that — 0 even for somewhat smaller y. Thus, there is at

least one qualitative transition in the distributional behaviour of 3° _, ..., f(n) when y
approaches z, and the exact location and nature of this remains to be understood.

As also noted earlier, the author believes that > _, ..., f(n) will be a good model for
the behaviour of 37, _, -, x(n) where z,y(z) are fixed and the character x varies mod
¢, at least provided z < /g, say (for z close to ¢, one will again need to be more careful to
account for the periodicity of x). It would be very interesting to obtain rigorous results
on the distribution of > .., x(n) for varying x.

Finally, we might wonder the following.

(iv) When f(n) is a realisation of a Steinhaus or (extended) Rademacher random
multiplicative function, what is the distribution of > _ .. .. f(n) as z varies
over a long interval?

Although the proofs of Theorems 3 and 4 use the random multiplicative model f(n)
for x(n), they do not address (iv) because they only use this after first passing to
the representation (1.2), the truth of which depends on special properties of Dirichlet
characters. Our arguments say nothing directly about the ‘model’ object >, _, -,y f(n).
Of course, a little care is required to sensibly interpret question (iv). For example, the
function f(n) that is 1 for all n on some long initial segment is a realisation of a random
multiplicative function and has rather exceptional behaviour, but it is a realisation that
occurs with extremely small probability. A natural problem might be to investigate the
distribution of Y7 _ .. 5 f(n) for ‘most’ realisations of f, somewhat analogously to
Theorems 3 and 4. Relevant work in the literature includes Najnudel’s paper [18], which

2We remark again that Chatterjee and Soundararajan [4] studied Rademacher random
multiplicative functions supported on squarefree numbers only. For the next paragraph, f(n)
should be taken to mean this model. Most things discussed will carry over to Steinhaus random
multiplicative functions as well, but extended Rademacher random multiplicative functions
may exhibit some different behaviour due to significant contributions from squares (on which
an extended Rademacher random multiplicative function is identically 1) and numbers with
large square factors.
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explores the joint distribution of the tuple (f(z), f(x+1),...,f(x+ H)) for z varying and
H fixed (or slowly growing).

Remark added in review, March 2024. Following the release of a preprint version of
the present article, question (iv) was investigated by Pandey, Wang and Xu [19]. Using
a moment method, they can show that ﬁZgKnSerf(n) typically (i.e., for most
realisations of Steinhaus random multiplicative f(n)) has an approximately Gaussian
distribution as # < X varies, provided that H = H(X) — oo but log(X/H)/loglog X — co
as X — oo.

2. Tools for Theorems 1 and 2
The proofs of Theorems 1 and 2 rest on the following simple principle.

Probability Result 1. Let 0 <7 < 1, and suppose (V;,)22, is a sequence of real or
complex valued random variables satisfying E|V,,|?> < 7 for all n. Then if Z is any real or
complex valued random variable such that E|Z|? = 1, we have

d
VoA Z asn— .

Proof of Probability Result 1. Choose a € R such that Emin{|Z|?,a?} > (1+17)/2
(such @ exists by the monotone convergence theorem). Since v +— min{|v|?,a?} is a

continuous bounded function on C, if we had V,, Ny , then we would have
Emin{|V,|%a?} — Emin{|Z|*,a*} as n— oo.

But this is impossible since clearly Emin{|V,,|%,a?} <E|V,, > <7< (1+7)/2. O

We remark that although Probability Result 1 is simple, there is a non-trivial issue
involved which it is important to recognise. Thus, the analogous statement in which for
some v > 1 our sequence satisfied E|V,|? > v for all n would be false, as can easily be
shown by examples. In general, the failure of moments to converge to the moments of a
supposed limit distribution need not, by itself, imply that convergence in distribution is
not happening since moments may be inflated by events whose probabilities tend to zero,
and which are therefore irrelevant to convergence in distribution.

As explained in the Introduction, Theorems 1 and 2 will also rely on the existence of
non-principal characters with large partial sums. In the non-real case, the existence of
such characters follows immediately from work of Granville and Soundararajan [6].

Number Theory Result 1 (see Theorem 3 of Granville and Soundararajan [6], 2001).
Let A >0, and suppose ¢ is a prime (say) that is sufficiently large in terms of A. Then
for any 2 <z < logA q, there exist at least ql_@ characters xy mod ¢ for which

1 log z(logloglog q)*
>
Z x(n)| > zp(A) <1 +0 <logx + (loglogq)2 ,

n<lx

where p(A) > 0 denotes the Dickman function.
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In the real case, Granville and Soundararajan (see Theorem 9 of [6]) also proved that
for any fixed A, if ¢ is large and = = ((1/3)logq)“, then there exists a fundamental
discriminant ¢ < |D| < 2q for which

3 <§> > z(p(A) +o(1)).

n<z

Unfortunately this is not quite sufficient for our purposes because we need to find biased
real characters (E) where ¢ is prime. But by reorganising Granville and Soundararajan’s

proof a little, and inserting information about the zero-free region and exceptional zeros
of Dirichlet L-functions, one can prove such a statement. This has been done by Kalmynin
[13].

Number Theory Result 2 (see Theorem 3 of Kalmynin [13], 2019). For any fixed B > 0,
there exists a small constant ¢(B) > 0 such that the following is true. If Q is sufficiently
large in terms of B, then for any 1 <z < logBQ7 there exists a prime @) < g < 2@Q such
that

3 (Z) > ¢(B)z.

n<x

Proof of Number Theory Result 2. Theorem 3 of Kalmynin [13] directly implies
Number Theory Result 2 provided that B> 1 and z = logB Q. However, the lower bound
for Sp(Q) obtained in Kalmynin’s proof implies that one can find primes @ < ¢ < 2@Q such

that (%) =1 for all n < logl/3 (. This means that if x < 1og1/3Q7 then one can make
2 ) maximally large. And if logl/gQ <z <log? @, then one can run Kalmynin’s
n<z \ q

proof with the sum over n < logB Q@ replaced by a sum over n < x without changing
anything, giving the desired conclusion. O

3. Proof of Theorem 1

Let K > 1. If x is a primitive character modulo ¢, then Pdlya’s Fourier expansion (see,
for example, display (9.19) of Montgomery and Vaughan [17], noting that the restriction
K < ¢'~¢ there is unnecessary if one is happy with a general error term qllo(gq rather than

Ha)lo8a) vields that

K
2 x(m) = % > @(e(kw/@ ~1)+0 <1+ql;§q),

n<z 0<|k|<K

so in particular,

Sen@ =" S~ XM gy ektifg) -1+ Oore). (31)
0<|k|<q/2

Here, 7(x) denotes the Gauss sum, having absolute value /g for primitive x.
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Recall that X denotes a random variable having the discrete uniform distribution on
{0,1,...,g— 1} (this is the randomness with respect to which we will shortly calculate

expectations E), and that H = H(q) = q/logA g, and that y = (E) is real-valued in
Theorem 1. Next let 0 < § <1 be a parameter, that will be fixed later, and define

a=a(d) eR by
Yo X(-k= > x(-k=a Y 1
1<k<sq/H 1<k<éq/H 1<k<3q/H
and define
at(x)H
Gy u(z) = ar)H Z e(kx/q).
b \<k<sq/m

As discussed in the Introduction, Gy m(z) is the scaled Dirichlet kernel that we shall
strategically subtract from S, g (x). (The small parameter § is only present for technical
reasons, to control lower order terms in Taylor expansions of the complex exponential.)

Before embarking on our main computations, we record some basic observations. By
expanding the square and using the fact that Ee(k1 X/q)e(—kaX/q) =Ee((k1 —k2)X/q) =
0 when —q/2 < k1 # ko < q/2, we find

a’H? o?H?
E|Gy m(X))? = El > ekX/q)?= > 1<H,
q 1<k<éq/H 1<k<éq/H
as well as
2
7(x) X(=k) q 1
Bl > NpelkX/aelk/a) 1) =gl 3 plethr/g 11
0<|k|<q/2 0<|k|<q/2

Since B[Sy, m(X)* =E[ x cpex+n x()]? is

= > Ex(X+h)X(X+ha)= Y Ex(X+h —ha)X(X)=H+O(H?/q),
1<hq,ho<H 1<hq,ho<H

is the natural renormalisation to consider), we deduce that

.. Sy, 1 (X)
(explaining why v,

q 1 2 _ 2
@) > 7z le(kH/q) = 1" =E|Sy 1 (X) + O(logq)|
0<|kl<q/2
= E[Sy, 1 (X)|* + O(log ¢E|S 1 (X)| +1og” ¢)
=(1+0(1)H
when H = H(q) = q/log” ¢ (and indeed on a much larger range of H as well).
Next, using (3.1), expanding the square, and calculating as above (and using the

Cauchy-Schwarz inequality and the above estimates of E|Gy, y(X)? and E|S, g (X)[?
to control the contribution from the O(logg) term), we find
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E|SX,H(X) - GX,H(X)‘Q
xX(—=k) (e(kH/q)—1 aH
00 Y kg (NREREOZD ol

=E
k 27 q
1<k<éq/H

2

+ y > Y(;k) e(kX/q)(e(kH/q)—1)+O(logq)

0<|kl<q/2,
k¢[1,6q/H]
(k) (e(kH/))~1) oH[ g | :
_ o ~le(kH/q) -1
B e P YO
1<k<éq/H 0<|k|<q/2,
ké[1,6q/H]
+O(VHlogq+log?q). (3.2)

Using the Taylor expansion e(kH/q) = 1+ 2mikH/q+ O((kH/q)?), the first sum here
is seen to be

S ]WW(M)MQ—H? S (k) +0() —af

1<k<&q/H 4 q q q 1<k<8q/H

S k- al o).

q 1<k<éq/H

Moreover, since we chose a to be the mean value of Y(—k)(= x(—k)) over the interval
1<k <dq/H, this simplifies to

(1—a2)H2< > 1>+O(52H),

q 1<k<éq/H

which we can rewrite (again using the Taylor expansion of the exponential) as

H? H?
q( > 1)—6a2H+O<52H+q)

1<k<éq/H
1 H2
=1 5 D ge(kH/q)—1|2—5a2H+O(52H+),
(27) 1§k§6q/Hk q

Inserting this in (3.2), and using our earlier calculation that whz > o k< q/2 wle(kH/q)—

112 =(1+0(1))H, we deduce
E|Sy, 1 (X) =Gy u(X)|? = (1 -6a*+O0(6%) +o(1)H.

In particular, note that if H(q) =q/ log” ¢, then we have 0q/H <q/H = log” ¢. Thus, by

Number Theory Result 2, there exist arbitrarily large primes ¢ for which, with y = (5),

we have
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> X(=k) > xk)

1<k<&q/H 1<k<&q/H

>c(A)dgq/H.

In other words, for such ¢, we will have |a| > ¢(A). So if we fix the choice § = coc(A)?, for
a suitably small absolute constant ¢y > 0 to neutralise the implicit constant in the O(5?)
term, we will have

=1-6a*+0(0%) +o(1) < 1—(co/2)c(A)* (3.3)

whenever ¢ is a large enough prime coming from Number Theory Result 2.
Now on the other hand, using the formula for summing a geometric progression, we
may calculate explicitly that, with ||-|| denoting distance to the nearest integer,

Elc, (0= HE| S ctrxsg)

Vi 1<k<é8q/H

7 min og 1 7 0
< Zebmin{ . < (1 log(au/ 1),

and therefore,

]E‘GX,H(X)‘<< (14log(dg/H)) _log(q/H)

< —0 asq— 0.
VI K

q/H Va/H

. o Gy 1 (X)
By Markov’s inequality, it follows that e

and so if SX%IE,X) < N(0,1), then we must also have W 4 N(0,1).
But combining Probability Result 1 with (3.3), we see this convergence in distribution
is impossible, which proves Theorem 1.

converges in probability to zero as ¢ — oo,

4. Proof of Theorem 2

The proof of Theorem 2 is extremely similar to that of Theorem 1, so we simply make a
few remarks to reassure the reader that no additional difficulties arise.
Indeed, this time, we define a = a(d) € C by

Y. X(-k=a > L

1<k<dq/H 1<k<sq/H
and again we set
at(x)H
Gy m(x) = ar)H Z e(kx/q).
q 1<k<dq/H
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Then the same calculations as in the proof of Theorem 1 show that
E[Sy, 1 (X) = Gy m (X)[?
o H? 2 q 1 2
=(1-lof)— > 1+0@°H)+ 55 > glelkH/o)—1P+

1<k<6q/H (27 0<|k|<q/2,
k¢[1,6q/H]

+O(\/ﬁlogq+log2 q)
= (1=6lal* +0(5%)+0(1))H.

Next, in place of Number Theory Result 2, we can invoke Number Theory Result 1,
which implies that for any large prime ¢, we may find a non-real character x mod ¢ (in
fact, several of them) for which

Yo XCR|=[ X xR =) Fosal)) Y L

1<k<éq/H 1<k<dq/H 1<k<bq/H

For such a character, we will have |a| > p(A4) +o05,4(1), so if we fix the choice § = cp(A)?,

where ¢ > 0 is a suitably small absolute constant, then in place of (3.3), we will get

2

Syn(X) = Gu(X) 7 —Slal*+0(6%) +o(1) <1—(c/2)p(A)*,

VH

provided ¢ is large enough.
Combining this bound with Probability Result 1, and the facts that Gx. =0 and

that E|Z; +iZs|> = EZ} + EZ2 = 1 (where Z1,Z> are independent N(0,1/2) random

E

d
variables), we conclude that indeed S"L\/ﬁ(x) A 71 +1iZy as ¢ — oo.

5. Tools for Theorems 3 and 4

As discussed in the Introduction, much of the work in the proofs of Theorems 3 and 4
will be done by some results on random multiplicative functions.

Probability Result 2 (See Theorem 1.1 of Benatar, Nishry and Rodgers [1]). Let f(n)
be an extended Rademacher random multiplicative function. Then uniformly for any large

N, any coefficients (a,)n<ny bounded in absolute value by 1, any 1 <k < c(lolg()igN)l/?’
and any 0 < j <k, we have
J k k 2
1 NItk
E / S anfmed) | | S anfmemd) | ao—r[ S lanl® | ok < <
0 \n<n n<N n<N

where 1 denotes the indicator function.
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Under the same conditions, and provided the a,, are real, we have

k k/2
2 k

1
N
/0 Z an f(n)cos(2mnb) | do— (k/? '2k/2 Z |an|? 1 even| < NIk

n<N

E

and the same when ) _ \ a, f(n)cos(27nf) is replaced by >, -y an f(n)sin(2mn8).

Proof of Probability Result 2. When a, =1 for all n, the first statement follows
immediately from Theorem 1.1 of Benatar, Nishry and Rodgers [1], after adjusting for the
rescaling of the sums by 1/v/N that they perform but we do not, and handling the easy
j =0 case that they omit. For general a,, one can check that the proof of Theorem 1.1
transfers over straightforwardly since the diagonal contribution to the integral (coming

k
when j =k, from summands in (anN anf(n)e(ne)) that are a permutation of the

k
summands in (Eng N anf (n)e(n@)) ) has the acceptable form

Y |an1|2...|ank|2+0<k! > |am|2...ank|2>

1yeey NE SN N1y, N SN,
n; not all distinct

k

> an* | +O(kIK*NETY),

n<N
and all off-diagonal contributions continue to satisfy the point-counting bounds of
Benatar, Nishry and Rodgers [1] (since the weights a, are bounded in absolute value

by 1).

To deduce the second statement, by writing cos(27nf) = w

and expanding

k
the k-th power, we can rewrite fol (anN anf(n) cos(27m9)) df as a weighted sum of
k+1 terms of the form
J k—j

/0 Z an f(n)e(nd) Z an f(n)e(nd) do.

n<N n<N

Here, we use the fact that a, and f(n) are real valued, and so 3, -y an f(n)e(—nb) =
> n<n @nf(n)e(nd). If k is even, then the term with j =k/2 is

k/2 k/2

(i) [ (gs) () o

n<N n<N

7

and from the first part of Probability Result 2, we obtain a corresponding ‘main term
k/2 k/2

1/ k 9 k! 1 9
5 () 2 Sl | = s (5 5 )

n<N n<N
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as desired. No other values of j produce any main terms. So using the first part of
Probability Result 2, along with Minkowski’s inequality, we obtain

k k/2 9

anf )cos(2mnd) | df — (k/? '2k/2 Z |lan|? 1k even
7

) j k—j i 5
/0 Z an f(n)e(nd) Z an f(n)e(nd) — ! Z lanl? | 1j=k—;

n<N n<N n<N

Nk Nk
<<22k< ) N1/15k — \| N1/15k

Squaring both sides yields the second part of Probability Result 2.

To handle )", 5 anf(n)sin(27nd), one proceeds in the same way writing sin(27nf) =
e(nf)—e(—nbh) N

x |E

5 , and noting that if & is even, then the term with j = k/2 again produces a
main term
k/2 k/2
5 (o) 022 | Sl ) =5 ()2 X lan?
(2i)F \k/2 == k/2 =%
k/2

2
(k/? 'Qk/2 Z [an|

O

In the Steinhaus case, the estimates we require cannot be read so immediately out
of the work of Benatar, Nishry and Rodgers [1], but we can extract suitable results by
adapting their proofs.

Probability Result 3. Let f(n) be a Steinhaus random multiplicative function. Then
uniformly for any large N, any coefficients (a,,),<n bounded in absolute value by 1, any
1<k < log N )1/3 and any 0 < j <k, we have

Toglog N
) j k k 2
1
E an f(n)cos(2mnd an f(n)cos(2mnd do—k!'| = an|*] 1,2
/()%f()()%f()() P
NItk
< R

where 1 denotes the indicator function.
The same is true when >,y an f(n)cos(2mnf) is replaced by >, -y an f(n)sin(2mn0).
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The proof of Probability Result 3 will rest on the following three Claims.

Claim 1. Let N € N be large, let 0<j < J and 1 <k < K, and let A denote the set of
all tuples (my,...,myzni,...,ng) € {1,...,N}+E satisfying

J J k
Zmi - Z mi = Z”z Z ni, and Hmz an is a square.
=1 i=j+1 i=1 i=k+1
Given such a tuple, let m¥ denote the weighted set obtained from (my,...,my) by counting

each element m with weight w(m)=#{1<i<j:m;=m}—#{j+1<i<J:m;=m}
(and discarding any elements whose weight turns out to be zero). Let n* denote the

analogous weighted set obtained from (nq,...,nk).
Then the number of tuples in A that do not satisfy m* = n¥ (i.e., equality of the
elements of the sets and of their weights) is
< NUHE) 2 oxpy __loglV +O((J + K)*(log(J + K) +loglog N))
3(J+K) '

Proof of Claim 1. We can rearrange the conditions defining A into the form

J
E m;+ E n; = E n; + E m;, and l_ImZ an is a square.
i=1

1=k-+1 1=7+1
And the relation m" =n" is equivalent to saying that the tuple (m1,...,m;,ng41,...,7K)
now occurring on the left is a permutation of the tuple (ni,...,n%,m;j41,...,my) on the

right. So by Lemma 3.2 of Benatar, Nishry and Rodgers [1] (writing the bound in the
slightly more precise form from display (3.10) in their proof), the number of tuples in A
with m® # n" is indeed

log N
NUTE)/2 ———=——+0((J+K)*(log(J + K) +loglog N)) ¢ .
< exp |~ 507 gy + O+ K)*(08(J +K) + oglog )
O
If we replace the condition that H;’Zl my - Hfil n; is a square by the stronger condition
that HZ:l m; = Hfil n;, then we can obtain another relationship between (mg,...,m;)
and (ni,...,ng) (for all except a small collection of tuples).

Claim 2. Let N € N be large, let 0<j<J and 1 <k < K, and let B denote the set of
all tuples (my,...,myzni,...,ng) € {1,..., N} +E satisfying

; Z mz—an Z ng;, and l_Imz—l_[n2

i=j5+1 i=k-+1
Then the number of tuples in B for which (my,...,my) is not a permutation of (ny,...,nk)
is < NUHE)/Zexp{— 3(13%:}[() +O((J + K)?(log(J + K) +loglog N))}.

Proof of Claim 2. Since any tuple in B also belongs to the set A from Claim 1,
we may restrict attention to tuples satisfying m"™ = n". We shall analyse these by
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investigating the number s of common elements (counted with multiplicity) between

the multisets {m1,...,m;} and {m;y1,...,m s}, and the number ¢ of common elements
between {ni,...,ng} and {ng41,...,nx}. Iif s=1¢=0, then the relation m* = n" implies
that (ms,...,my) is a permutation of (n1,...,nk), so we may ignore this case and assume
that s+t > 1.

After possibly reordering some of the m; and n; (which at worst will multiply our
final bounds by an acceptable factor of (J+ K)!), we may assume that m; = m;, for
all 1 <i<s and that n; = ng4,; for all 1 < i <t This leaves J+ K —2(s+t) other
components of (my,...,my,ny,...,nk). The relation m* = n® implies these J+ K —2(s+
t) latter components must consist of (1/2)(J+ K —2(s+t)) components m,; (for which
there are < N/ +K)/2=s=t pogsibilities), and (1/2)(J + K —2(s+t)) components n; that
are a permutation of the m;. Meanwhile, note that

J K s t s t
m"¥ =n" and HmZ:Hm = Hmfznnf = :l_ImZ:]__[nZ
i=1 i=1 i=1 i=1 i=1 i=1
Then standard calculations with iterated divisor functions d,(-) (see, for example,

Section 3.1 of Benatar, Nishry and Rodgers [1]) show the number of possibilities for
My eee Mgy M1,y . ., Ny 18

< min Z di(my...myg), Z ds(ny..ny)

M1,y ms<N MN1yeney n:<N
s t
< min Z di(m) | Z ds(n)
m<N n<N

2

< Nmin{s,t}(2logN)st < Nmin{s,t}(210gN)(J+K)
So for given s and t, our total number of possible tuples is

S (J+K)' _N(J+K)/2—s—t _Nmin{s,t}(2logN)(J+K)2
< N(J+K)/27max{s,t}60((J+K)10g(J+K)+(J+K)210g10gN).

Summing over all s+¢ > 1 gives a more than acceptable final contribution. O

We shall also require a slightly more complicated ‘doubled up’ version of Claim 2.

Claim 3. Let N € N be large, let 0 < j<J and 1 <k < K, and let C denote the

set of all tuples (mgl),...,mgl),ngl), ... ,n%),mgz),...,m?),n?), ... ,n(lg)) € {1,...,N}2(J+K)
satisfying
J J
Sl 3
i=1 i=j+1
k K J K J K
= anl) - Z nl(»l) vie{1,2}, and Hml(»l) . an(?) = Hml@) . Hnl(»l).
i=1 i=k+1 i=1 i=1 i=1 i=1
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Then the number of tuples in C for which (mgl), mgl)) 18 mot a permutation
of (ngl), ng)) or (mg ), .M (JQ)) is mot a permutation of (ng ), n(;)), s <
NI+K exp{ 6(13‘3_]}[() +O((J+ K)*(log(J + K) +loglog N))}.

Proof of Claim 3. With an obvious adaptation of the notation from Claim 1, we may
restrict attention to tuples in C that satisfy m(M* = n(M® and m®® = n(»®_ For if there
is some element whose weight is (say) greater in m® than in n, and whose weight is
at least as great in m® as in n®, then (adding our equations® for [ = 1,2), we get

J J J J k k K K
Zm§1)+2m£2) — Z mgl)— Z ml@ :anl)—i—anz) — Z ngl) — Z ngz)’
i=1 i=1

i=j+1 i=j+1 i=1 i=1 i=k+1 i=k+1

J J K K
and ngl) : Hm§2) -Hnl(.l) 'an(.z) is a square,
i=1 i=1 i=1 i=1

where the weighted set corresponding to the concatenated tuple of m terms on the left
will be unequal to the weighted set corresponding to the n terms on the right. Thus,
Claim 1 implies that the number of such ‘bad’ tuples is < N7+ exp{— 6(13+1}/() +O((J+
K)?*(log(J 4+ K) +loglog N))}.

For those ‘good’ tuples where mM®* = n(M* and m®* = n®*  we may conclude
similarly as in the proof of Claim 2. Thus, if s(!) denotes the number of common elements
(counted with multiplicity) between {m( ) (1)} and {mJ 1 m(Jl)}, similarly for
t™M 52 ¢(2) | then we may ignore the case Where all of these are zero, and otherwise our
total number of possible tuples is

< (2(J+K))!_N(J+K)/2—s(1>—t(1)N(J+K)/2—s(2)—t(z)
'Nmin{8(1>+t(2)’5(2)+t(l)}(2logN)(S(1)+t(2))(5(2)+t(1))

< NJ—Q—K—max{s(l)+t(2),s(2)+t(1)}60((J+K)log(J+K)+(J+K)210glogN).

Summing this over all s(V) +¢(1) 4 5(2) 4¢(2) > 1 gives an acceptable contribution. O

Proof of Probability Result 3. Writing cos(2mnf) = w, and attempting to
mimic the proof of the Steinhaus case of Theorem 1.1 of Benatar, Nishry and Rodgers [1],
one finds that in place of the linear equations > 7_, m; = Zf;l n; that they encounter, we
must handle the more general situation where some of the m; and n; come with negative
signs (arising from the e(—n#) terms). Using Claims 2 and 3 in place of Lemma 3.3 and
Corollary 3.5 of Benatar, Nishry and Rodgers [1], one can bound all the ‘off-diagonal’
contributions with the same quality bounds as Benatar, Nishry and Rodgers [1]. Thus,
it only remains to check that the diagonal contribution to the integral in Probability

k
Result 3 (coming when j =k, from summands in (anNanf(”) cos(27rm9)) that are

3Note that in general, we might need to swap the roles of m® and n(z); in other words, add
the left-hand side of our [ =1 equation to the right-hand side of our [ = 2 equation.
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k
a permutation of the summands in (ZnSN an f(n) cos(27m6‘)) ) is acceptably close to

1
kl(i ZnSN ‘an|2)k'
But we can write that diagonal contribution as

1
oY |an1|2...|ank|2/0c0s2(27m10)...0082(27mk.0)d0

Ny, N SN

+O<k! > an1|2...ank|2>.
ni,..

5nE<N,
n; not all distinct

Since cos?(2mnf) = 1 + @ + w, we have fol cos?(2mn10)...cos?(2mn.0)dd = 1/2F

(coming from the term 1/2 in the expansion of all the factors cos?(27n;0)) except for

tuples nq,...,n; satisfying additional linear relations (producing additional contributions

e(2n;0) e(—anO))
1 T 4

from a product of terms . The total of all such additional contributions,

together with the ‘big Oh’ term O(k‘lz sk <N, |an12...|ank2>, is < klk2NF-L,

n; not all distinct

O

In order to bring Probability Results 2 and 3 to bear, we must show that averages
of Dirichlet characters behave similarly to averages of random multiplicative functions.
When averaging over all characters mod ¢, this will be straightforward (provided we keep
sufficient control on the lengths of the sums being averaged) thanks to orthogonality
of characters. When averaging only over Legendre symbols (E) with ¢ prime, matters
are more subtle, and connected with the distribution of zeros of Dirichlet L-functions.
Nevertheless, there are various approaches that can be applied — for example, using the
explicit formula for character sums over primes along with results of Siegel and Linnik
type on exceptional zeros and (log-free) zero density. Since we will arrange our arguments
so that only upper bounds (rather than asymptotic equalities) for character averages
are needed, we instead proceed in a different way using the sieve, which will allow
quantitatively stronger conclusions about the density of Py in Theorem 3.

Number Theory Result 3 (See Lemma 9 of Montgomery and Vaughan [16], 1979).
Let f(n) be an extended Rademacher random multiplicative function. Then uniformly
for any large @, any N < @, and any complex coefficients (a,,)n<n, we have

2 2
T I | 50| <E e

Q<q<2Q, [n<N n<N
q prime

~—

+ Ql( ) |an¢s<n>>

n<N

2

<E Z an f(n

n<N

~—

2
N
+QO,99<Z|%> )

n<N
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say, where s(n) denotes the squarefree part of n (i.e., n divided by its largest square
factor).

Proof of Number Theory Result 3. This result is very close to Lemma 9 of Mont-
gomery and Vaughan [16], and would follow by tweaking the argument in Lemmas 4-9
of their paper. For convenience, and since it is neat and fairly short, we outline a self-
contained proof here.

Note first that if ¢ is prime and n < ¢, then (%) = (#), where s(n) denotes the

squarefree part of n. So we can rewrite > o (%) =3 <N, (2) > <N, ap. We

s squarefree s(n)=s

also always have f(n) = f(s(n)), so it is easy to see that

2 2 2
n<N s<N, n<N, s<N, n<N,
s squarefree s(n)=s s squarefree s(n)=s

To execute the proof, the only (possibly) non-obvious step is the introduction of upper
bound sieve weights in place of the sum over primes ¢. At the level of precision we
are seeking, we have much flexibility in our choice of sieve. For example (following
the notation of Section 3.2 of Montgomery and Vaughan’s book [17] with 2z = Q°-09°
and P =[] ines p<go-oos ), we can use Selberg sieve weights Ao = A\l satisfying A\e =0

0.01
whenever e > Q%% and Y |\.| < fgg—QQ, and >°. 1 Ae = 1pjg=p>ooos for all g, and
Q
>0<q<2q 2aelg e K Tpig- Thus, we have

2

o2, 50

Q<q<2Q n<N
q prime

< Y N

2

> ()X

Q<a<2Q, elq s<N, n<N,
q odd s squarefree s(n)=s
10gQ 3182
= 2 () e} a)=5" D, (DA
s1,82<N, n<N, n<N, Q<q<2Q, e|q
squarefree s(n)=sy s(n)=sa qodd

Here, (3) should be understood to mean the Jacobi symbol, which is well defined for all

odd ¢ and all s, and agrees with the Legendre symbol when ¢ is prime. See Section 9.3
of Montgomery and Vaughan’s book [17], for example.
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The contribution from the diagonal summands s; = s3 is

ST (2)(7)

s<N, n<N, Q<q=L2Q, \ elq
q odd

squarefree s(n)=s
log @
Q Z Z Ae

< Z Z an
Q<g<2Q \ e|q

s<N, n<N,
> anf(n)

squarefree s(n)=s
n<N

2

2

2

< > 1) anf’=E

s<N, n<N,
squarefree s(n)=s

)

which is acceptable.
If s1 # so are squarefree, then s;so is not a perfect square, and so the mapping g —

(%) is a non-principal Dirichlet character of conductor at most 4s1s2. Hence, we can

bound the contribution from s; # sy by

1
BT E Yl ol T (%)
< Q<q=52Q,

e<@Q01, s1#s2<N, n<N, n<N, q
“e odd squarefree s(n)=s1 s(n)=sa q odd,
elq
log@Q
< Q § |>\e| E | § an” § an|mlog(3132),
e<QV-01, s1#82<N, n<N, n<N,
e odd squarefree s(n)=s1 s(n)=sz

where the second line follows using the Pdlya—Vinogradov inequality (see, for example,
Section 9.4 of Montgomery and Vaughan [17]) and a little manipulation. (Note that
because we switched to sums with sieve weights rather than sums over primes, here we
finally obtained character sums over (essentially) all integers ¢ in an interval, for which we
have the strong Pélya—Vinogradov bound.) Since our weights A, satisfy > |Ac| < %,
one can check that this expression is also acceptably small.

6. Proof of Theorem 3

In this section, we shall prove Theorem 3, our positive ‘almost all’ result for real
characters. The proof splits into four parts: first, we shall reduce the problem to one about
the distribution of sufficiently short exponential sums (this part will also be applicable
when handling the complex case in Theorem 4); second, we show that it will suffice to
bound mean square averages (over characters) of moment related objects involving those
exponential sums; third, we perform a technical ‘netting’ step allowing us to treat ¢/ H (q)
as constant on dyadic ranges @ < ¢ < 2@, so that we can perform the desired averages
over ¢ (this is only needed in the real case); and finally, we complete the analysis using
Probability Result 2 and Number Theory Result 3.
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6.1. Reduction to short partial Fourier series

If x is an even non-principal Dirichlet character mod ¢ (so that x(—1) =1, and therefore
x(—k) = x(k) for all k), then we can rewrite the Pélya Fourier expansion (3.1) in the

form

Sy 1 (X)

vH

_ ™ X(k) (kX T, STV _ logg
“mom 2 (e ettt fa) 1) === el =kt f0) - 1)) + O
_ () X(k) . . logq

W\/ﬁlgkzq/z . (51n(27rk(X+H)/q)fsm(27rl<:X/q))+O(ﬁ)

_ 27(x) X(k)sin(wkH/q) logq

= > Tcoa(wk@X—i—H)/q)—kO(\/ﬁ).

1<k<q/2

The sum over k here would be too long for our subsequent calculations, in particular
to allow the computation of its high moments. However, if 1 < kj,ke < ¢/2 and if X €
{0,1,...,¢ — 1} is uniformly random, then we have Ecos(mk,(2X + H)/q) cos(mk2(2X +
H)/q)=(1/2)1k,=k,, and so

2 (k) sin(rkH
E 700 Z —X(k)bml(:k /4) cos(mk(2X + H)/q)
mVH (a/H)log(a/H)<k<q/2

_2q sin?(rkH/q) 1
T2 2 k? < log(a/H)

(q/H)log(q/H)<k<q/2

which tends to zero as ¢ — oo under the conditions of Theorem 3 (or Theorem 4). Tt
follows that the part of the sum with k > (¢/H)log(q/H) tends to zero in probability, for
any choice of x, so may be ignored in our investigation of the limiting distribution.

The form of the function cos(nk(2X + H)/q), with X € {0,1,...,¢ — 1} uniformly
random, is a bit ungainly. However, under the conditions of Theorems 3 and 4, it turns
out we can replace this by cos(27k@), where 6 € [0,1] is uniformly random. Indeed, if
X €{0,1,...,g—1}, then for any 6 € [X+f/2 — L X4H/2 1

] mod 1, we get

27(x) X(k)sin(rkH/q)
=t~ (cos(mk(2X + H)/q) — cos(2mk0))
mVH 1Sk<<q/§log(q/m g
Vi |sin(wkH/q)| k _ (¢/H)*?log(q/H)
<va k ¢S q ’

1<k<(q/H)log(q/H)

which tends to zero (deterministically) as ¢ — oo. Here, we mildly use our assumption

that % — 0 as ¢ — oo. Since choosing X € {0,1,...,¢— 1} uniformly at random, and
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then choosing 6 € [X+H/2 — 71(1, X+f/2 + Qiq] mod 1 uniformly at random, is exactly the

same thing as choosing 0 € [0,1] uniformly at random, we only need to consider the latter
process.

In summary, for even characters x, it will suffice to prove Theorem 3 (and Theorem 4)
with S, s (X)/vH replaced by

27(x) X(k)sin(rkH/q)
™/H

cos(27k6), 6 ~ Uni[0,1].
1<k<(q/H)log(q/H)

For odd characters ¥, where x(—1) = —1 and therefore x(—k) = —x(k) for all k, one
k)sin(rkH .

similarly ends up with 2 f Zl<k<(q/H)10g(q/H) w sin(27k#). The treatment

of either sum will be exactly similar, so for simplicity, we shall focus on the cosine case.

Note that we need not distinguish between even and odd characters in our subsequent

calculations because if ?:—\}XH) D 1<k<(q/H)log(a/ H) MCOS(2TH€9) has the desired

Gaussian limiting distribution for ‘almost all’ choices of x (in the sense of Theorems 3

and 4), then, in particular it has the desired limiting distribution for almost all choices
7"(@5‘“]&”’“{1/‘1) sin(27k0).

7_

of even x, similarly for ——X Zl<k<(q/H)log(q/H)

Note also that when y = (5) is real, one has 7(x) = /g if x is even (which occurs when

¢ =1 mod 4), and one has 7(x) =14,/q if x is odd (which occurs when ¢ =3 mod 4). See
chapter 9.3 of Montgomery and Vaughan [17]. Inserting these expressions above, we see
that when proving Theorem 3, we can work with

2 X(k)sin(rkH
Va ) X(R)sn(rkH/) o omkd), 0~ Unifo,1] (6.1)
/H k

1<k<(q/H)log(q/H)

and with %Zl§k<(q/H)log(q/H) wsin(%ﬂsﬂ). These sums are visibly real-
valued when x is real. And, in fact, we are free to work with these sums when
proving Theorem 4 as well, where we know that |7(x)| = /g, but it is harder to
say a lot about the argument of 7(x). That is because in Theorem 4, the target
distribution Z; +iZ5 is rotationally invariant, so if this is the limiting distribution of,

for example, (6.1) for ‘almost all’ choices of x, then it remains the limiting distribution
27’()(
of

k)sin(mk
Zl<k<(q/H)log( /) wcos@ﬂk@) for the same Y.

6.2. Working with moments

The method of moments for proving distributional convergence is discussed in a general
context in, for example, chapter 5.8.4 of Gut [8]. In particular, our N(0,1) target distri-
bution is determlned by its moments, which are EN(0,1)7 = (1/v2m) [*_zle* 2y =

]-j evenma
Theorem 3, it would suffice to show that there exists a subsequence Py of primes, with

where 1 denotes the indicator function. So in view of (6.1), to prove
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the density claimed in the theorem, such that for all j € N, we have

J
1 &) sin(rkH /q) iy
2 11
/ v —<q) cos(2mkd) | df — J 2] even
0

(172)123/2
wH 1<k<(q/H)log(q/H) K (j/2)127

as ¢q — o0, q € Py.

&) sin(r
(Actually, we must also prove this for %Zlgk<(q/H)log(q/H) Msin(%rkﬂ),

but this will be exactly similar to the cosine case, so we shall only discuss the latter.)
Rewriting slightly, if we set ax = ag g5 := %, then we want to show the

existence of Py such that, for each fixed j € N, we have

J

4H J/2 1 k ]|1 q .
-_ - omkl) | df— LY (=_)i/2
( q ) ./0 2 ak<q>cos( ko) G )| 70

k<% log(q/H)

as ¢ — o0, q € Py.

Here, the coefficients ay are real, bounded in absolute value by 1 (thanks to the estimate
|sinz| < |z|), and satisfy

| 2 sin? (A1)
9 Z jax|* = Z 2 Z zq
2 2m2 H k
k<(q/H)log(q/H) 1<k<(q/H)log(q/H)
_ ¢ Z sin® (=71)
A2 H? k2 ’

1<|k|<(q/H)log(q/H)

since w is an even function of k. Using the fact that [sin(mkH/q)| =
(1/2)|e(kH/2q) —e(—kH/2q)| = (1/2)|e(kH/q) — 1|, we can rewrite this further as
7 le(B) —1]?

1672 H2 Z 12
1<|k|<(q/H)log(q/H)

s le(B) —1? 1
167T2H2< > k2 +O((q/H)10g(q/H))

1<|k|<q/2
_ a4 L
~ i (”O(log@/H)))’

where the final equality uses the calculation of # 2o0<|k|<q/2 = le(kH/q)—1|* that we
performed in Section 3.

https://doi.org/10.1017/51474748025000039 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748025000039

A note on character sums over short moving intervals 1421

To finish the proof, for each Q =2",r € N, we would like to show that the averages

2

i/2
! k 1] even 1 2

log(q/H log(q/H)
k<qog; ) k<qogh<rz

are ‘small’, implying that the number of ‘bad’ primes @ < ¢ < 2@Q) where the summand is
large is also small. Unfortunately, as Q < ¢ < 2Q) varies, it is not only the character x (k) =
(%) (which we expect to behave like an extended Rademacher random multiplicative
function f(k)) that varies here, but also many other terms like \/g/vH, sin(rkH/q), and
the length of the sum over £. In other words, the coefficients ar = a,q, 7 may depend
a priori on ¢/H(q) as well as on k. Notice this issue will not arise in the non-real case

of Theorem 4, where we can average over all characters xy mod ¢ whilst holding ¢, and
therefore H(q) and everything else, fixed.

6.3. Controlling the behaviour of ¢/H

To get around the problem just discussed, we will apply a ‘netting’ argument to the given
function H (g ) Given @ =2",r € N, let us define the small quantity n =nu,g > 0 by

7= me<q<2Qlog(q/H( 77, say, and then define a family of functions H, : [@,2Q] — R in
the following way:
H,(q) = —— 0<n<i log(q/H !
@)= 7y 0Sns E(Qmag og(q/H(q)) ——)

cos(2mkf)—

2

For each Q < ¢ < 2Q, there exists some n = n(q) for which ¢/H,(q) < q/H(q) <
/1 24 Z (%) sin(rkH/q)

/' H k

24 (%) sin(rkH,,/q)
~ Z ; do

eq/Hy(q), and then
1<k<(q/H)log(q/H)
1<k<(q/Hn)log(q/Hn)

cos(27k6)

_ 2 —i sin(m — V4 sin(m 2 _

1<k<(q/Hn)log(q/Hy, )

1 . [ (nk)? 1
€ S g il o <

1<k<(q/Hn)log(q/Hn)

where the final line uses the fact that % tsin(mk/t) < 3 /2 for large ¢. The assumptions
of Theorem 3 imply that n — 0 as @) — oo, and so the difference between (6.1) and the
analogous sum involving H,, tends to zero in probability, uniformly for Q < g < 2Q.
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Consequently, when proving Theorem 3, it will suffice to work with the particular
functions H,(q), which have the property that ¢/H,(¢) = Q/H,(Q) is constant for all
Q < q <2Q. More precisely: it will suffice to prove that for each

and for all

log"/*(Q/H,(Q)) log Q
50 "4log(Q/Hn(Q))

1 <j <min{

b

say, we have

log@ Z
Q Q<q<2
<q<20,
q prime

2

J /2
1 k‘ ]'13 even 1 2

1 Hn 1 Hp
k<‘1 Oggy/L ) k<fl Og;;lé )

(9 ’ o—2108*/ 1 (Q/Hn(Q)) (6.2)
4H,(Q)

Note that the coefficients a here also depend on n, via the value of ¢/ H,(q).
For if (6.2) holds, then the proportion of ‘bad’ primes @ < g < 2@Q for which

()

! k ’ j!]-jeven 1 2 "
/O< > ak<q>cos(2ﬁk9)> da—W<2 > ak)

log(q/Hn) log(q/Hn)
k<q°g§’n n k<qog;n n

2

> e 0-110g®/*(Q/Hn(Q))

must be < 6_1‘91°g3/4(Q/H"(Q)), and so the proportion for which this holds for some

§ < mind et (Q/HA (@) log Q
1< g < min{ =55, aroeQ | must be

< 10g1/4(Q/Hn(Q))e—l.910g3/4(Q/Hn(Q)) < 6_1'81083/4(Q/Hn(Q)).

Finally, the proportion of primes @ < g < 2@ that are ‘bad’ for some n will be

<3 B @/ H(Q) N 18 ! <<ni2671.8<1/n>3/4 < e~/
n n

—e ming<g<2qQ 10g3/4(q/H)
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So if we define our subsequence Py of primes by discarding all the bad primes (in the

above sense’) in each dyadic interval [Q,2Q], then Py has the density required in Theorem

3. And since the assumptions of Theorem 3 imply that
og'(Q/Hn(Q)) log Q

. . 1/
min{ 0 ,410g(Q/Hn(Q))} > min {log “(q/H(q))

logq
"log(q/H(q))

}— o0
J
as (Q — oo, the range of j for which the j-th moment of Zk< atoxy/ 1) ak ( ) cos(27kd)

approaches the desired Gaussian moment will grow to infinity as ¢ — oo with ¢ € Py.

6.4. The punchline

It now remains to establish (6.2). Recall that for the functions H,(q) from Section 6.3,

the quantity q/H,(q) is constant (depending on n) for all Q < ¢ < 2@, and the coefficients

W depend only on k£ and n. Furthermore, by expanding the integral

/01 ( > )ak (’;) cos(27rk0)>Jd0

qlog(q/Hn
k< Hy

- 3 (’Z) Z / Hak cos(2mk;0)d6

mS(qloggT/LHn))j ki,... qlog(q/Hn

A =

kieokyj=m
we see the left-hand side in (6.2) is of the form treated in Number Theory Result 3. (The

11, even ]/2 3
subtracted term d/;)w (% Zk<qlog%{H”) |flk|2) in (6.2) may be thought of as part

of the coefficient «a; of the trivial Legendre symbol (%)) Note also that provided @ is
large enough, we have
(qloggr]/Hn))j < (qugS/Hn))ﬁ < Q026

on the range of j required in (6.2). So we may apply Number Theory Result 3, and deduce
(with a little manipulation of the error term) that

10gQ Z

Q<q=L20,
q prime

2

1 i J " 1 il2

J+Ljeven 2

E ap | — ) cos(2mk0) | dd — ———=| = g a

/0 ( T k(fz) ( )> (3/2)127/2 (2 o )I “ )
k,<¢l Ogl-[q,n n k<q OSI_?n n

4Again to be completely correct, we must also discard those primes that will be bad for the

corresponding sine series Zk< qlog(q/Hm ak ( ) sin(27k0).
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2
1 /2
<<]E/0 ( Z ak-f(k:)cos(27rk6’)> d@(j/;%(l Z Iak|2>

log(q/Hnpn) log(q/Hn)
k,<‘1 g}-?n n k<‘1 g}{‘lﬂ n

Q026 ’ j!ljcvcn 1 2 7
Qo D A A G :

log(q/Hp) log(q/Hnp)
k<‘1 g]j,n n k<q g[—?n n

where f(k) is an extended Rademacher random multiplicative function. As we noted in
Section 6.2, the aj, are bounded in absolute value by 1, so the error term on the third line
is < (qlog(q/Hn))j 4+ 5i/2 qlog(q/Hn)\j/2 2 Qo8 BRI -
Q 59 ( i FEEEE) ) < &oog, which is negligible.
Finally, we apply the second part of Probability Result 2 to handle the expectation in
the above display. Since the ay are real valued, bounded in absolute value by 1, and we only

need to establish (6.2) for 1 < j < min{ 10g1/4(Q5(/)H”(Q)), 410g(5§;§n(@)} < log1/4(Q5éH”(Q))7

we see all the conditions of Probability Result 2 are satisfied. Recall once more that
q/H,(q) = Q/H,(Q) is constant for all @ < ¢ <2Q. So our expectation is

Jj—1/15;5 . J log Hp
<(akg) R @m@) = (e ) ¢ dowe @)
log!/4(Q/Hn (Q))

J 1010g3/4(Q/Hp, -
< () e sy

which is more than good enough to imply (6.2).

7. Proof of Theorem 4

The proof of Theorem 4 is very similar to, but simpler than, the proof of Theorem 3.

Recall the reductions from Section 6.1, and that our target distribution in Theorem 4
is Z1 +1Z5 with Z1,22 independent N(O 1/2) random variables, having moments E(Z; +
iZ:)9(Z +iZy)k =L f_ ffo (21 +iz2) (21 —zzg)ke_Z%_ZSdzldzg = k!1j—j. (This is easy
to check after rewrltlng the double integral in polar coordinates.) Then it will suffice to
show the existence of sets G, g of characters mod ¢, with the sizes claimed in the theorem,
such that for any choice of x € G, i and all j,k > 0, we have

) X(m)sin(mmH g
/(W\\/[% Z X(m) 751 /Q)cos(27rm0)>~

1<m<(q/H)log(q/H)

nH m

1<m<(q/H)log(q/H)

. ( NG S X(mysn(rmH]q)

k
cos(27rm0)> df — k1= as g— oo.

(As for Theorem 3, we actually need to show this with cos(2rm#é) replaced by sin(27wm6)
as well, but that case will be exactly similar so we shall not discuss it further.)
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If we set @y = Ay, g, 1 i= % as in Section 6.2, then we can rewrite our goal as

being that for any choice of x € G, x and all j,k > 0, we have

4AH (j+k)/2
()

1 J k
/0 ( Z amx(m)cos(me9)> ( Z amx(m)cos(Zﬂ'mH)> de

m<qlog(}?/H) m<qlogg/H)

1 (j+k)/2
— ko, (2 > Iaml2>

log(q/H)
m< TloE(a/ )

—0 asqg—oo.

) . - . . . . rlog/*(q/H(q)) lo,
To establish this, it will suffice to show that for all 0 < j,k < min{ 28—~=4 4log(q§?{(q)) I3
say, we have

1
12

1 J k
( Z amx(m)cos(27rm9)> ( Z amx(m)cos(27rm0)> de

x mod ¢ m<q10g‘(qq/H) m<qlogg/H)
(3+k)/2)2
1 q Jj+k 3/40, /5
—k!lj_k< > |am|2> <<( ) e~ 2loe” " (a/H) (7.1)
2 qlog(q/H) 4
m< 20

For if we have (7.1), then the proportion of x mod ¢ for which
4H itk 1
(q) /0

x <
m<(q/H)log(q/H)

1 (J+k)/2
—k!]-j:k (2 Z am2>

log(q/H)
m< Hos(a/ )

amx(m) cos(27rm0)>

m<(q/H)log(q/H)

k
amX(m) cos(27rm9)> de

2
s> o~ 0-1log™*(q/H)

must be < e 19log™*(a/ H) and so the proportion for which this holds for some

pair of 0 < j,k < mln{l‘)g (q/H)74log)é‘}H)} must be < 10g1/2(q/H)e—1.9log3/4(q/H) <

/1), Excluding any such characters mod ¢, our remaining set G, i of ‘good’
characters will satisfy #G, g > q(1— 0(6—1.810,;3/4((;/1{)))7 which is more than good enough
for Theorem 4. And under the hypotheses of the theorem, we have e=0-1og™*(a/H) _;
as well as min{ log1/4(5qo/H(q))’410g23§?{(q))} — 00 as ¢ — 00, so for any fixed j,k and for
X € Gg, g the moment will tend to the desired Gaussian moment.

Now it only remains to verify (7.1). But expanding the square on the left hand
side there, using multiplicativity of x and the condition that j,k < W we
see the resulting expression only involves x and X applied to numbers that are

e—l.Slog
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< ((q¢/H)log(q/H))I** < ¢*3! say (for large enough ¢). Since this is < ¢, the orthog-
onality of Dirichlet characters implies that the left-hand side in (7.1) is exactly equal to

E

1 J k
/0 ( Z G f (M) cos(27rm0)> ( Z apm f (M) cos(27rm9)> de

m<qlog§_;1/H) m<qlog§_;z/H)

1 (G+k)/2
—k!lj:k <2 Z |am|2>

; log(q/H)
m<4 g;

2

)

where f(m) is a Steinhaus random multiplicative function. The desired bound now follows
immediately from Probability Result 3 and a small computation.
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