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Abstract

A Riesz space-fractional reaction—dispersion equation (RSFRDE) is obtained from
the classical reaction—dispersion equation (RDE) by replacing the second-order space
derivative with a Riesz derivative of order B € (1, 2]. In this paper, using Laplace and
Fourier transforms, we obtain the fundamental solution for a RSFRDE. We propose an
explicit finite-difference approximation for a RSFRDE in a bounded spatial domain, and
analyse its stability and convergence. Some numerical examples are presented.
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1. Introduction

Space-fractional diffusion equations have been shown to be useful as models of
anomalous transport in many diverse disciplines, including finance, semiconductor
research, biology and hydrogeology [9, 19]. For example, they have been used in
groundwater hydrology to model the transport of passive tracers carried by fluid flow
in a porous medium [1, 22] or in financial markets to model high-frequency price
dynamics [21, 25]. Feller [4] provided a basic analytic theory for the space-fractional
diffusion processes via inversion of the Riesz potential. Mainardi et al. [17] presented
an explicit representation of the Green function for the space-fractional diffusion
equation, and provided a general representation of the Green functions for which the
fundamental solution can be interpreted as a spatial probability density. Gorenflo and
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Mainardi [6] considered random walk models for space-fractional diffusion processes.
Gorenflo et al. [5] used the method of Laplace transform to obtain the Wright function
as the scale-invariant solution of the diffusion-wave equation. Benson et al. [2, 3]
considered the space-fractional advection—dispersion equation and gave an analytic
solution in terms of the «-stable process. Mainardi [16] obtained the fundamental
solutions for the basic Cauchy and signalling problems for a time-fractional diffusion-
wave equation. Liu et al. [13] derived the complete solution of the time-fractional
advection—dispersion equation.

However, numerical methods and theoretical analyses of fractional differential
equations are still at an early stage of development. Lin and Liu [10] proposed
higher-order (2—6) approximations of a nonlinear fractional-order ordinary differential
equation with initial value and proved the consistency, convergence and stability
of the fractional higher-order methods. Lynch et al. [15] presented two different
discretization methods for fractional-order equations, but stability and convergence
was not presented. Shen and Liu [23] estimated the discretization error of the space-
fractional diffusion equation. Liu et al. [12] presented the numerical solution of a
space-fractional Fokker—Planck equation. Meerschaert ef al. [18] considered the finite-
difference approximations for two-sided space-fractional partial differential equations
and discussed their stability, consistency and convergence.

Henry and Wearne [8] considered a two-species fractional reaction—diffusion
system. Fractional reaction—diffusion equations can be used to model activator—
inhibitor dynamics with anomalous diffusion, which occurs in spatially inhomoge-
neous media [8]. To the best of the authors’ knowledge, this area has not been explored
vigorously.

In this paper we define a Riesz space-fractional reaction—dispersion equation
(RSFRDE). Using the method of Laplace and Fourier transforms, we obtain their
fundamental solutions. We then propose an explicit finite-difference approximation
(EFDA) scheme for these equations in a bounded spatial domain, and analyse its
stability and convergence. Some numerical examples will be presented to show the
application of the technique.

2. The fundamental solution of the RSFRDE

The following RSFRDE with initial and boundary conditions is considered:

du(x, t
”(axt ) w0 +xDPu(x.1). xeR. 1R,
u(x, 0) = g(x), feR @1
u(oo, 1) =0, reRT,

where ng is the Riesz fractional derivative of order 8 for 1 < 8 <2, defined by

analytic continuation in the whole range 0 < 8 <2, 8 # 1 (see [7]) as
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WDE = (P + 1I2F), 22)
1 -B _ d2x 2—-8

where c=———, [, =—I7",
2cos(Bm/2) T T dx2'E

and the Weyl integrals Iﬁ defined in [20] are as follows:
(UL p)(x) = L fx x—&pE) ds, B>0,
IF'B) J-o

| oo
1)) = 1 f & —0F &) ds. B>0,

where ¢ (x) € Lj(—00, +00).

Note that , Dg is a pseudo-differential operator with the symbol Bg (k) = —|k|#.In
particular, we have . D? = d?/dx?, but . D(l) # d /dx. Throughout the remainder of this
section we derive the fundamental solution to (2.1) by applying Laplace and Fourier
transforms to (2.1) with an initial condition with respect to the variables # and x. Recall
the following formulae proved in [17]:

L{f'(0); sy =sf(s) = FOT), FLDffx); k) = —IkIP F (k).

Applying the Laplace transform to (2.1) produces the following nonhomogeneous
differential equation:

sii(x, s) — g(x) = —ii(x, 5) +  DYi(x, 5). 2.3)

Next, application of the Fourier transform to (2.3) with respect to the variable x taking
into account the Fourier transform of the Riesz fractional derivative, yields

siak, ) — 8(k) = —i(k, s) — |k|# a(k, 5). (2.4)
From (2.4) we obtain
= g(k)
k,§) = —————.
=T
By using the known Laplace transform
1
PPN ——, Re(s) > |c|,
where ¢ € R, we have that
(—1—[k|Byt =~ k L g(k) _7 k 25
e B0 < —— Dy = k). 2.5)

Inverting the Laplace transform in (2.5) gives

Ak, 1) = 1D ). (2.6)
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To invert the Fourier transform in (2.6), we recall the formulae
~ 1 too L
f@)=F " {fh): x}=— / e fkydk, x€eR,
27 J—_so
-~ +m .
fk) =/ ¢* f(x)dx, keR.
—00

Then,

+o00

1 +00 ) ;s
ulx,t) = / e~ ikx o(=1=1k|")1 g(k) dk =/ Ggx —y, )g(y) dy,
2 oo N
where
+
Ggx —y, 1) = ! / - e(_1_|k|‘3)t—ik(x—y) dk,

2 oo

the Green’s function of (2.1) obtained when g(x) = é(x) (the Dirac delta function).

3. An EFDA for RSFRDE

In this section, we obtain the numerical solution of a RSFRDE in a bounded
spatial domain

du(x,t) 8
” =—u(x,t) +Dyu(x,t), O0<x<b, 0<t=<T,
u(x, 0) =g(x), 0<x<b, (3.1
ou(0, t
“O0 6w =0, 0<1<T,
0x

where 1 < 8 <2, and we assume that both u(x, t) and g(x) are real-valued and
sufficiently well-behaved functions. We discretize the Riesz derivative to derive a
numerical solution for the RSFRDE.

From (2.2), using the boundary conditions du (0, ¢)/dx = 0 and u(b, t) =0,

-t~y oot ]
L= = dx21+ T dx2| T2 - 8 Jo (x—&) ""u, 1) dk
i M(O, l)x_ﬂ 1 X alu(g’ t) -
- T(1-8) + re- ﬁ) / 9E2 (x—8&) " dg, (3.2)
-8 _ d’x o B _ d? [ / i ]
I_ " = dle_ dxz 2= p) & —x) u(, r)dé

__ 1 | 1_58u(b,r>_/ ey ]
_F(2—ﬁ)[ = ax (§ —x) Pug(§,1)dé|. (3.3)

Define Ar =1t as the grid step in time, f, =nt, 0 <t, <T, as the integration
time, Ax =h > 0 as the grid size in the spatial variable x, h =b/L, L being a
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positive integer, u(x;, t,) =u(lh, nt), u; =u(b, nt) and uj denotes the numerical
solution at point (x;, t,). Using a second-order difference approximation, the resulting
discretization on I;ﬁ and I_7 takes the following form:

_ f ruld-pe-p =l
I+ﬁu(xl,tn)% |: 0 —{—ch(u?_j_H —214?_].+u?_j_1):| and
j=0

raé-2p) I
. R R A = .
I,ﬁu(xlﬁn)“ra_ﬂ)[— (L_?)/S—lL U4 Z Cj(”l+j7]_2”l+j +”l+j+1):|’

(=}

J=

where ¢; = (j + 1)*7F — j27F.
Substituting the above expressions into (3.2) and (3.3), we obtain a finite-difference
approximation for Equation (3.1) as

”;H_l —uj _ _.n h=P nq 2 1B
Tt T T Zes(Br G- B) ["0( —PEeR

-1
+ Z il = 2u_ ) — Q= BL—D'"Pw) )
j=0

L—I—1
+ Z Cj(“?+j—1 - 2”7+j + ”?+j+1):|'
=0
3.4)

The above equation together with the boundary conditions can be written as the
following EFDA:

=
ui ™ = u —vuf +diOug + kY (g —2u +u) )

j=0
L—I—-1
+k Z ¢j (”?+j—1 — 2upy; + ”?+j+1) +do(Duy_y, 3.5
j=0
forl=1,..., L —1,wherek, d;(l) and d>(l) are given by the expressions
th=h

’

T T2 cos(Br/ TG —B)
di()=k(1-p)2—-pIF <0,

() =k@2—BN(L -D'"F>0.

(3.6)

The EFDA (3.5) can be written in the matrix form U"t! = BU", where U" =
(wh,uy, ..., u'i_])T and B = (b;j)(L—1)x(L—1) is a matrix of coefficients.
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4. Analysis of stability

Let U represent the exact solution of the partial differential equation (3.1), and let u
be the exact solution of the EFDA, then the error e = U — u. To prove the stability
and the convergence, we need the following lemmas.

LEMMA 4.1. Let A € C™*" and let p(A) be the spectral radius of the matrix A, then
p(A) < ||A|l for any matrix norm.

PROOF. See [24]. O

LEMMA 4.2. Let ¢;=( 4+ )P — 1278 (1>0), and let k, di(l) and d»(]) be as
defined in (3.6). Then:

M c—1>c1>0,¢c1-1—2c;1+c141 >0, 1> 1;

2) do() + k(=2cp—j—1+c1—1—2)>0,0<I<L-1;
3)dy(l) —cr_1-1k<0,0<I<L-—1;

@) di()) +k(cj—2 —c1—1) > 0,1 =2.

PROOF. (1) Let f(I)=c;=(+ 1)>7# — 1?8 Then for any [ > 0,
fO=Q=-plt+n""F -1""1l=-pa-ps? <0, @D

FfO=2=-pU-Pld+D P —17F1=2 =B - (P! >0, 42)

where &, n € (I, [ + 1). It follows from (4.1) and (4.2) that
c1>¢>0, -1 —2c+c41 >0, [>1.
(2)Owingtoc; =+ 1> P -2 P =02 - p)e!=P £ e (,1+ 1), it follows that
Q-PU+D"FP<c<@-pi'7

Hence,

do(l) + k(—2cp—1—1 + crL—1-2)
=kQ—-B)L —D"P +k(—2cr_1_1 +cr_i-2)
=k[Q—B)YL —-D"P —cr 1+ k(cr1 —2cL1-1+cL—1-2) > 0. (43)

(3) From (4.3), da(l) — kep——1 =k[2 — BY(L = D'P —c 1] <.
(4) Owing to

coa—co1=fA=2)—fl -1
= —Q2-BlE+DF —g!=F
=—Q2-BU-pnP>—-2-p0a-pI?r,

where £ € (I —2,1—1) and n € (£, £ + 1), we obtain (1 —B8)(2 — B)I P + (c1—»

—c¢j—1) > 0. Noting that k>0 and d;(l) =k(1 — B)(2 — ,B)I*ﬁ, we have di(l)
+ k(cj—2 —¢j—1) > 0. o
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THEOREM 4.3. Suppose that

th=P

_ 2—-pB
T esBrprGop ot =t

then the explicit finite-difference method (3.5) for Equation (3.1) is stable.
PROOF. Noting that k > 0, d;(I) <0, d2(I) > 0 and

L—1
D bl =11=1 +di(1) = 2k + key| + |k + k(co — 2c1 + )|
j=1
L—4
+ ) k(e = 2¢j1 + cjp)| + lda(1) +k(—2cp 2 +cp-3)|,  (44)
j=1

applying Lemma 4.2, we conclude that, if 1 — 7 4+ d;(1) — 2k + kcy > 0O, then by
> 0. Thus,

L-1
Zlbljlz1—r—|—d1(1)+d2(1)—kcL_2< 1. 4.5)
=1

Similarly, if 1 — t + 2k(—2cp + c1) > 0, thenwhen2 <i < L — 2,

L—1
D o Ibijl=1—1 +di() +dali) —kep—i—1 < 1, (4.6)
j=1

andif l —t+dpy(L — 1)+ k(—4co+c1) >0,

L-1
ZIbL,Ul =l—t+di(L-1)4+dr(L—-1)+k(c1 —2)<1. 4.7
j=1

Combining (4.5)—(4.7), we easily conclude that, if 1 — 7 4 2k(—2co + ¢c1) > 0,
that is,

th=P

_ 2-B
“tesGrra_p o =l

then ||Bllco = maxi<j<r—1 Zf;ll |bij| < 1. Furthermore, using Lemma 4.1 and
according to the Lax—Richtmer definition of stability [24], we obtain that the
EFDA (3.5) is conditionally stable. O
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5. Analysis of convergence
In order to prove convergence, we introduce the following propositions.

PROPOSITION 5.1. Letuj =u(jh, t),

—B -
IPute. 1) h [ ad-82-8)

= +ZC](MZ ]+]—2M[ ]+M[ ] 1)]
rG-8) 18 o

and assume that u(x,t) is a smooth function. Then I;ﬂu(x, t) — I:ﬁu(x, t)
= O0Mh*P), wherex =1h,1=1,..., L — 1.

PROOF. Considering the standard central difference formula, we have

——— ) cju—j1 —2u—j+u—j1)
1—1(3 —‘B) Jgo J Jj+ J J

nF S 82— jht) CxP P 2

5.1
TTe-p g a2 rG-4) oD
The mean value theorem of differential calculus then yields
1 x 2u(E, 1)
— / (x =8P —=—dk
r2-p) Jo 9§
=1 i+1)h 2
1 /(1 ) Zlfﬁa u(x —z,t) dz
) B = dz2
n=p 82 —O1h, 1
u(x —6; ) (5.2)
TrG- p) 4 9z2

where 61 € [, j + 1].
From (5.1) and (5.2),

du(€, 1) o
‘F(Z ‘3)/ ( )1 B L;%_Z éf 1_,(3_/3) ZCj(Ml_j+1 —2u1_j+ul_j_1)

j=0
n2p =L 82u(x —6ih, 1) 9%u(x — jh, 1) cx>F
TG = B < 972 972 re-p
RS a3u(x O2h D) g Cx* P ot
TITG-p £ 823 YTTTe-p)
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Mn3F ! IC|b>F
<— it
“IrG-p8) iz r'c-s)

Mx2P |C|b2—ﬂ ,  Mb*h |C|b%—F
= h+ < +

INCE)) INCEY?) reé-ps INECEY))

where 6, € [j, j + 1].
Hence,

h2

2=0() (5.3)

)I_:ﬁu(x, ) — I:ﬂu(X, l‘)‘

(uy + C' R~ Pp=F uE, 1)
= + / (= &) P —2 ds
ra-g re-a) &
h=F (1-82—-p8)
_]"(3_‘8)[ 17 +X(:)Cj Up—j+1 — 2u;_ jtu—j— 1)]'
C'x P c
<|—— R +Ch< ‘— h>P 4 Ch=0m*P). (5.4)
‘F(l—ﬁ) INQRE:))
Od
PROPOSITION 5.2. Let
_p u'(b, t)(b — x)! P / - ﬁa u(, 1)
I "u(x,1)=— + & —x) ,
re-a) F(Z B) : 9&2 <
- & Q2= B)(uL —ur_y)
IZPuex, 1) = F(3——ﬁ)[ ;) cj(uigjo1 = 2ugj + uigji1) — L 1 }
-B _ 7B _ 2-8 _ _ _
Then I, "u(x,t) —I1_"u(x,t) = O(h“"F), wherex =1lh,l=1,..., L —1.
PROOF. The proof is similar to that of Proposition 5.1. |
From Propositions 5.1 and 5.2, we obtain the following result.
PROPOSITION 5.3. Let
Dﬁu(x 1) = —;[i_ﬁu(x t) + i_ﬂu(x t)] and
O 2cos(Bm/2) T ’ - ’
DPut )= —— Pt )+ 1 Pucx 0],
0 2cos(Br/2) T -
Then (Dfu(x, 1) = Dfu(x, 1) + O(h2P), wherex =1h, 1 =1, ..., L — 1.

REMARK 1. The explicit finite-difference scheme (3.5) has a local truncation error of
e=0(t) + O(h*7P).
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THEOREM 5.4. If
thF
+
cos(Br/2)I'(3 — B)
then the explicit finite-difference method (3.5) for the RSFRDE (3.1) is convergent.

(=3+2° P <1,

PROOF. At the mesh points (x;, ,,), uj = U]' — e]'. Substituting into (3.4) and using
the Taylor theorem and Proposition 5.3, we obtain

n+1

e h—ﬂ
4T g (1~ B2 — B
T 2cos(Br/2) T3 — B)
-1
+ Z cj(efji1—2e j+e ;) —Q2=B(L~- D'"Pe —e}_))
j=0
—I—1
+ cjlefyj1 —2efy; + e?+,~+1)} +om* Py +o0(m), (55
j=0

and the initial and boundary conditions are
e)=0, (1=0,...,L), ef=e}+0Mh* and e} =0, neN.
Equation (5.5) can be rewritten in matrix form as

E,y1=BE,+R, Eo=O0u-1nx1,

where E, = (e}, €5, ..., e’z_l)T, R = r(O(hzfﬂ) + 0(‘())(1, ..., DT Thus,
we have
Eni1=BE,+R=---=B"+B" '+...+ B>+ B+ )R and

1Ent1lloo < (1B oo + I1B"lloo + - - - + 1 Blloo + [ loo) | Rl co-

According to Theorem 4.3, if T + th™# (=3 +227#) /cos(Br/2)T'(3 — B) < 1, then
|Blloo < 1. We thus obtain

Entilloc < (n+ 1)‘L’|O(h2_'8) + 0(1)| < C(hz_ﬁ + 7).

This inequality completes the proof. O

6. Numerical results

In order to demonstrate the efficiency of the RSFRDE, the method of lines (MoL.)
for RSFRDE is now presented. This method was introduced by Liu et al. [11, 12, 14] to
solve fractional partial differential equations successfully. The MoL for the RSFRDE
can be written in the following form: for 1 < 8 <2,l=1,...,L —1,
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35 — 2.5 —
o EFDA o (a) o o4 (b)
3 . + =06
2 ® 20 « ~os / N
25 x =10 S N
2, 2 ~ 15 . :
! : 5 © L0
< 1S o | = ° N \
bt \ y . . s
1 . A A
' 0.5 2 . > T, .
0.5 o ‘ ¥ o <. ‘\
0k . ot .
0 05 1 15 2 25 3 35 0 05 1 15 2 25 3 35
Distance x Distance x

FIGURE 1. (a) The numerical solutions obtained using the MoL and the EFDA for 8 = 1.7 and T = 0.3;
(b) the evolution result using the EFDA with f =1.7(0<7<1,0<x <m).

L — L 1-p2—pu?
ar " T 2cos(Br/OTG - B) [“0( —PC=$)
-1
+ Z ¢j(i—jsr = 2u—j +u—j—1) — Q= BYL = D" P(up —up—y)
=0

L—I—1
+ Z cj(ursj-1 —2M1+j+uz+j+1)],
j=0

with ug = u(, uy =0 and u; = u(xy, t).

To test the numerical scheme, it is preferable to use a simple analytical model.
In this section we present an example in a bounded domain to demonstrate that the
RSFRDE can be applied to simulate the behaviour of a fractional reaction—diffusion
equation. Such a numerical technique overcomes the problem of not being able to
evaluate the analytical solution for 1 < < 2 owing to the nature of the Mittag—Leffler
function. We consider the system

ou(x,t
u(axt )z—u(x,t)-i-ngu(x,t), O<x<m 0<t<T,
u(x, 0) = g(x) =x?sin x, 0<x<m,
3u(0. 1)
—a :0, M(T[,[):O, OStST.
x

REMARK 2. We take L = 100, that is, h = /100, T =0.0001 and g =1.7. Then
T+ th P (=3 +2%P)/(cos(B/2)T'(3 — B)) =7.936 x 1072 < 1. Thus, 7, h and B
satisfy the convergence condition.

Figure 1(a) shows the numerical solutions using the MoL and the RSFRDE with
h =m/100 and T = 0.0001 for B = 1.7 and T = 0.3. It is seen that the EFDA is in
good agreement with the MoL.
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1.6 beta=12 07 beta=1.2 B
== beta=1. _ N == beta= P
Laf o et A @ o6 mmi| & ®
o beu-l8 4 o : + betus18 ~ Lo
P 1.2 (,' :‘\ 05 /, i‘\
S 1 3 © 3 |
I ,’ * C”> 0.4 K L
0.8 . a - . Y
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= 06 " = , 3
0.4 3 ' 0.2 3 “\
02} . R \“ 0.1} \
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FIGURE 2. Comparison of the response of the RSFRDE for real orders g =1.2, 1.4, 1.6 and 1.8 at:
(a)T=04;(b) T =0.8.

Figure 1(b) shows the evolution result using the EFDA with &4 = /100, T = 0.0001
and =17, 0<tr<1, 0<x <m. Itis apparent that the order 8 = 1.7 exhibits
diffusive behaviour for different times.

Figures 2(a) and (b) compare the response of the RSFRDE equation for different
orders 1.2 < B <1.8atT =0.4 and T = 0.8, respectively.

7. Conclusions

In this paper we have given the fundamental solution for a RSFRDE and have
provided an EFDA in a bounded domain. The difference approximation has been
proved to be conditionally stable and convergent.
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