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Abstract

In this work we demonstrate that if Q < R” (n > 3)is either a half space or a unit ball,and if E = Q then E
is an ordinary thin set at a boundary point of Q (including the point at infinity if Q is a half space) if and
only if it is a full-thin set at the corresponding Kuramochi boundary point of Q. The case for
n = 2 has already been considered in an earlier work.

1980 Mathematics subject classification (Amer. Math. Soc.): 31 B 05.

1. Introduction

In an earlier paper we noticed that ordinary thin sets are exactly the same as full (or
Kuramochi)-thin sets with relation to any boundary point of the unit disk or half
plane, but that these two kinds of thin sets are in general noncomparable for a
Jordan region (see Hwang and Jackson (1978), p. 444). Because of the theory of
double Riemann surfaces it is easy to describe the Kuramochi kernel (modulo a
deleted compact disk K,) in terms of the Green kernel of the double surface (see
Constantinescu and Cornea (1963)) and comparable results can be obtained for full-
superharmonic functions (see Maeda, Ohtsuka et al. (1968), p. 4, 5, and 28). In higher
dimensions, however, it appears to be necessary to employ slightly different
techniques in order to prove that ordinary thin sets coincide with full-thin sets at any
boundary point of a half space including the point at infinity, or of the unit ball. In
fact we found it essential to use somewhat different methods for the ball as opposed
to the half space, although we were able to define Green potentials in the doubled
region in both cases which extended the full-superharmonic functions in the original
region. The reader is referred to Brelot (1971), p. 54, for basic properties of ordinary
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thin sets, and to Hwang and Jackson (1978), p. 442, 443, for full-thin sets, and the
Kuramochi kernel function.

2. The half space Q2 in R” (n > 3)

For a half space Q = {x = (x;,...,x,). x, > 0} the technique of doubling the
region about its boundary 0Q = {x: x, = 0} will give positive results provided that
special attention is given to the point at infinity. As usual we delete a compact ball
K, fromQto obtainQ - K, = Q, and let K¥ (respectively Q¥) be the reflection of K,
(respectively Q,) about dQ. If ae Q, L 0Q and ax is the refiection of a about 0Q we
shall demonstrate that the Kuramochi function for , with pole at ais of the form N,
= Suqq 00 Where S, = G,+ G+ 4, Wgiven that G, (respectively G,.) is the ordinary
Green function for the doubled region }, = Q, U 3Q U Q¥ = R"—(K, U K¥) with
pole at a (respectively a*), 1, > 0 is a constant depending on a to be determined, and
W is the harmonic measure of {0} with respect to the region {},. We recall (see
Hwang and Jackson) in the case where n = 2, S, = G, + G,. in both the half plane
and unit disk. When n > 3, however, we shall see that the term involving W cannot
be omitted for a half space. For any aeQ,, u dQ we shall choose 4, > 0 (uniquely) in
order to ensure that S, extended to R" U {00} will in fact be harmonic at oo in the
sense of Brelot (1944), p. 309.

Following Brelot (1944), p. 302, we shall let ¢, be the flux of the fundamental
function over any sphere that contains the pole in its interior, and observe that ¢,
equals (n—2) times the surface measure of the unit sphere in R”.

LEMMA 2.1. For any aeQ, U Q, S, = G, + G+ 4, Wis harmonic at oo if and only
if 4, =29, W(a)||W||=2 where || W|? is the Dirichlet integral of W over $.

PRrOOF. Let B be any ball of centre 0 such that its radius r > |a| and K, < int B.
The flux of S, over 0B is constant with respect to r and equals the sum of the fluxes
over 0B of the component functions. It will be sufficient to prove that S, is harmonic
at oo if and only if the flux of S, always vanishes over @B (see Brelot (1944), p. 309).
Since Wis harmonic on {3, an application of the Green formulae indicates that the
flux of Wover dB equals the flux of Wover 0K, U dK¥. Let RXo“Xo" be the regularized
reduced function of 1 relative to K, u K¥ in R” (see Helms (1969), p. 135). If we
choose a suitable increasing sequence of balls whose union is all of R” an elementary
argument involving the use of Green identities can be applied to obtain the result
that the energy of the potential R¥°“X°" equals the flux of Wover B which in turn
equals the ordinary capacity of K, U K§ in R". All of these quantities are also equal
to || W|? = || Ro“Xe"||2 where || W||? is the Dirichlet integral of Wover Q. If B{a) =
{xeR": |x—a| < &} = 8 N Bthen the flux of G, over dB equals the flux of G, over
9B,(a)+ the flux of G, over 9K, U 8K¥. The flux of G, over dB,(a)is — ¢, and the flux
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of G, over 0K, U dK2 is @, RXo"Ko'(g) s0 that — @, W(a) is the flux of G, over dB. A
similar result can be obtained for G,. and since W(a*) = W(a) we obtain the resul
that the flux of S, over 9B is 4, || W||* —2¢, W(a). The lemma follows. //

REMARK 2.1. §, is superharmonic (respectively subharmonic) at co if and only i
4o = 20, W(a) || W||72 (respectively A, < 2¢, W(a)|| W|™2).

THEOREM 2.1. If aeQ, = Q— K, the Kuramochi function for Q, with pole at a is
N,(x) = G (x)+ Gx)+20,W(a) W(x) || W||~2 for xeQ, U Q.

PROOF. Let S,(x) = G (x)+ G {x)+ 4, W(x) be defined on Q, as in Lemma 2.1. If
K < Qiscompactsuch that K, U {a} < interior K such that the divergence theorem
is applicable to (2 — K) n B for sufficiently large balls B, and if ue HD(Q2 — K) which
has a continuous extension onto 0K which coincides with S, then it is sufficient to
prove that || S, lo_x < [|#]lq- k- The fact that S,,_, € HD(Q~ K) follows from the
fact that We HD(Q,) and that Gam— «cand Ga.m- « are both restrictions to Q ~ K of G-
potentials with finite energy. If u=S,+V then || u ||34-x = | V|faz-x+| S.
||3-x +2(S,, V)q-x where Ve HD(Q — K) such that lim, . .« ..q_x V(x) = O for every
x*x€0K. It is now sufficient to prove that (S, V)q_x =0 for 1, chosen to be
2¢, W(a) || W|| =2 If Bis a sufficiently large ball of radius r an application of Green’s
first identity together with an exhaustion argument indicates that

oS
21 (Sw V)aon—x = f V( a;)da,._l
QnéB
because V=0 on dK and 0S,/0v = 0 on Q. Therefore
(2.2) (S, V)a-x = lim J V(Q&> do,_,.
r=o |g~:p ov

Since Ve HD(Q— K), V has a limit along almost every Green line issuing from a (see
Maeda (1964)). For those Green lines that approach infinity ¥ has a common limit
L, necessarily finite, called the normal extension of V at co by Brelot (1953), pp.
407-408. Furthermore,

2.3) lim f '—V“—anL‘qib ~0.
r—+a éB

which in turn implies that

lim ]V—L|<(‘jS">d(f,,_1 =0

r=o Jag ov

https://doi.org/10.1017/51446788700021352 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700021352

[4] Relationship between ordinary thin sets and full-thin sets 351

(see also Brelot (1953), p. 394, Théoréme 5). Therefore
(24) SpV)gox = %’ (flux of S, over 9B)

which vanishes by the proof of Lemma 2.1 if we choose 4, = 2¢, W(a) || W|| 2. Our
theorem follows. //

ReMARK 2.2. If HDy(Q,) is the closed subspace of HD(Q,) consisting of those
harmonic functions that vanish continuously on 0K, then there exists U, € HD(€,)
defining a bounded linear functional on HD(Q,) such that (U,, u) = ¢, u(a) for every
ue HDy(Q,) (see Maeda (1968), p. 18). If G, = G,—G,. is the ordinary Green
function for Q, with pole at a then U, =2G.+2¢,W(@)||W||">W and
N,=G,+U,

COROLLARY TO THEOREM 2.1. If dedQ then the Kuramochi function on
Q, U QU {0} corresponding to ais N, = 2G,;+2¢, W(@)||W||"2 Wand if a =
then N, =2¢,||W| 2 W

PRrROOE. A sequence (a,) in Q which eventually leaves compact subsets of Q is
fundamental (or Cauchy) in the Kuramochi sense if and only if the sequence (N,
converges locally uniformly to a unique harmonic function on Q,. According to our
construction of N, for each aeQ,, it is clear that (a,) is (Kuramochi) fundamental if
and only if (a,) converges to a point of 8Q U {co}. Hence the Kuramochi boundary of
Q(mod K,), denoted by Ay, may be identified with dQ U {c0}. //

REMARK 2.3. All Kuramochi boundary elements of Q are extremal (or minimal)
and any full-superharmonic function on Q, of potential type (see Maeda (1968), p.
17) can be uniquely represented as Nu(x) = j N(x, y)du(y) where N is the Kuramochi
kernel on (2, U Ay) x (Q, w Ay) and u is a Radon measure charging Qg L Ay,

LEmMMA 2.2. If ae Ay (identified with 0Q U {0}) and E = Qy U Ay then E U E*
is ordinary thin at & if E is full-thin at a where E* is the reflection of E about Q.

ProoF. If E is full-thin at & and & is not an isolated point of E U {a} then there
exists a Radon measure p charging Q, u Ay such that Nue 2 and
Nu(d) < lim inli; Nu(x).
But Ny is the restriction to Q,w Ay of a positive superharmonic function S on

Q, U {0} of the form
2.5) S(x) = Gv(x)+ AW (x),
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where v = | .0+ (4]g, 0)* given that the star means a reflection about 4Q and
A= p{oo}+o,||W| ‘Z(IQO W(y)dw(y)). Hence E as well as E U E*is ordinary thin at
ae Ay because S is symmetric about 0Q (see Brelot (1944), p. 313, when & = o). The
lemma follows. //

LemMa 2.3. If ae Ay and E = Q, u Ay such that E, and hence E U E*, is ordinary
thin at & then E is full-thin at a.

PRrOOF. Case 1. ae 0Q. There is a Green potential Gu of a mass distribution y on
Q, U 8Q such that the total mass of u is finite and

Gu(a) < lim ing Gu(x).
If u* is the reflection of u about dQ and v = pu+ u=* then
Gu(a) < lim in{: Gu(x)

and since Gv is symmetric about dQ it is clear that E U E* is ordinary thin at aif E is.
Now

(26) Nu(x) = Go(x)+ 20, W||‘2<f W) du(y)) W(x) (xeQoUAy)

Qo
which implies that Nue 2 since u(Q, v 0Q) < oo. Furthermore

lim inf Nu(x)— Nu(ad) = lim inlt;(;'v(x)- Go(a) >0
which indicates that E is full-thin at a.

PrOOF. Case 2. @ = co. There exists a positive superharmonic function S, on
@, U {00} of the form §,(x) = Gu(x)+ 4, W(x) such that

S.1(@) < lim ingsl(x).

Without loss of generality we may assume that yu is supported by Qg U Ay. The
reasoning in the proof of Lemma 2.1 indicates that G, + A, W is superharmonic at o
ifand only if 4, > ¢, || W||~2 W(a) and hence S, is superharmonic at oo if and only if

A = 0, WII‘Z(f W(y)d#(y)>-
Q02

Hence Nue# and if v = u+ pu* we again have
lim inf N(x) — Npu(d) = lim ingav(x)—Gv(&) >0

which proves our lemma. //
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We can now combine Lemmas 2.2 and 2.3 to obtain

THEOREM 2.2. If de Ay, (identified with 0Q U {c0}) then E < Q, U Ay is full-thin (or
Kuramochi thin) at a if and only if E L E* is ordinary thin at a where E is the reflection
of E about Q.

REMARK 2.4. Since ordinary thin sets are not preserved by inversion maps about
spheres the same is true for full-thin sets. This contrasts with the theory of minimally
thin sets in the sense of Lelong-Ferrand and Naim which are so preserved (see Brelot
(1944), pp. 313-314, and Brelot (1971), chap. XVII). E c §},, is ordinary thin at oo if
and only if Rf is a G-potential of finite energy and hence E has finite capacity in
either the G sense or the Newtonian sense.

3. The case of the unit ball Q = R" (n = 3)

IfxeR"—{0} welet x* = t(x) = | x| % x denote its inverse with respect to the unit
sphere 0Q where we also understand that 7 interchanges 0 and the point at infinity.
For convenience we choose K, = {xeQ: | x| < 4}, Q, = Q—K,, QF = 1(Q,) and
Q, = Q, v UQEis the annulus {xeR": } < |x| <2} If aeQ, the Kuramochi
function N, for Q, with pole at the point a is a mixed Green function for Q, with pole
at a of order |x—a)*~" which vanishes continuously on 9K, and whose (inner)
normal derivative vanishes on Q. We shall construct a positive superharmonic
function S, on {3, whose restriction to Q, U dQ is N, even in the case where
a = aedQ. Such an extended function shall be obtained by applying to N, the
Kelvin transformation (see Helms (1969), p. 36) about 0Q. If aeQ,, the extended
function S, is a positive superharmonic function on Q, v Q& with poles at a and a*
and if a = a€ 0Q then S, is harmonic on Q, U Qf. Furthermore, S, is continuous on
@, except at the poles (respectively pole) a and a* (respectively a = a) if acQ,
(respectively a = ae 0Q). More precisely we define the Kelvin transformation of N,
to be

3.1 V(x)=|x|*""N,(x«(x)) if1<]|x|<2

It is clear that N, and V, coincide on 4Q so that we may define S, on {3, such that
Sunuon = Noand Sy - 00 = V. Weknow that S, is superharmonic on Q, U QF but it
remains to demonstrate that S, is also superharmonic on 0Q as well. If X € 6Q, a # %,
we shall denote the outer (respectively inner) normal derivative of S, at X by the
symbol 8S,/0v(X) (respectively 0S,/0v{(X)).

LemMa 3.1 If $€0Q, a # %, then 8S,/dv (%) = (2—n) N (%).
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x*===X+hx (h>0,4<r<1l)

Then S (X +h%)— S (X) = V(x*)— N &) = | x|* 2 N(x) — N (%). Since r = | x|,

h=1_1=1——r
r r

therefore

S(X+hx)—S(%)
- =

(32) o (" = DNLR+ (N %) — N3}

Now h — 07" if and only if r - 17 so that

D) = Q- mNB)+

N, -
6v.a (X)-
Since
ON, o 08, o
a—vi‘(x) = El_—(x) =0
the lemma follows. //

REMARK 3.1. In the higher dimensional case (that is n > 3) we have

gf: ®) = 2—mN %) <0

08, »

=2(x

B+
whenever a # x. This introduces a complication that was not present in the two-

dimensional case where this quantity always vanished.

LEMMA 3.2. If%,€0Q,a # %oand B, = {xeR": | x —x, | < &} then the outer flux of
S, over 0B, is always negative if € > O is sufficiently small and therefore S, is
superharmonic at X, and hence on 0Q.

ProoOF. Since S, is harmonic on the region Qy N B, to which the divergence
theorem is applicable we can employ Green’s first identity to obtain

(3.3) (as")da,,_ | = f <2—S“-> do,_, (which vanishes in this case).
Q6B B.~o\ OVi

A\ OVe

Similar reasoning can be applied to S, . 5 to obtain

oS N
3.3) aldg,_, = < \do,_,.
G j;:; r\a&(av8> ' Lméﬂ(avf-’> '

Since 6,_,(6B) = 6,_,(Qy n 0B+ 0,_,(Q& nB,) we can add (3.3) and (3.3) to
obtain
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s, _ ., 08,
(3.4) Ly,(ave>d0"_l = an(av + 6"6)d¢7,,_1 < 0.

In order to see that S, is superharmonic at %, we let .45 (X,) be the mean value of S,
over the sphere 0B, of centre X, where 0 < r < ¢ with the understanding that
Sd(Xg) = M5 (Xo).

Then

(3.5)

Op- 1(631) "”ga(io)) = rl " J‘ Sa(io + rﬁ) dO',,_ 1= J‘ Sa(&o + ra) dO'"_ l(ﬁ)’
0B, 0B,

where # is designated as any point on JB,. Furthermore, we can take the first
derivative with respect to r to obtain

d - 0 o s N N
(- l(aBl)d-r‘/l{.rS,(xO) = J;B a_rsa(xo +ru) dO'"__ 1(“)

(3.6)
=rl- J‘ (g‘j )do',l . <0.

It follows that .#% (%) is a decreasing function of r on [0, ] so that S(X,) > #5 (%o)-
Since X, €0Q is arbltrary it follows that S, is superharmonic on 0Q as well as on
QuQ3. //

REMARK 3.2. If ae 0Q we have only shown that S, is superharmonic on 3,-{a}.
Since S, has a pole at a, however, it is clear that S, is superharmonic at a as well. It is
also clear that S, is a Green potential on §, of a mass distribution which charges
only 0Qif ae 0Q and charges 0Q U {a} U {a*} if ae Q,,. This results from the fact that
S, is harmonic elsewhere on §, and vanishes continuously on 88,

LEMMA 3.3. If aeQ, v 0Q then
(3.7) S (x)=G,x)+|a "G x)+K, f G(x,2) N (2)da,_ (2),
Q
where K, is a nonnegative constant that depends only on the dimension n.

PRrOOF. We first suppose that ae Q,. We assume that N, and G, both have poles at
aof the form | x —a |?>~" so that the canonical measure for S, that is cancentrated on
{a} is the unit measure. In order to find the canonical measure for S, that is
concentrated on {a*} we find the Kelvin transformation of G, to be denoted by (G )*.
Now (G,)*(x) = |x|* "G ,(x*) is a harmonic function of x on Q,—{a*} and is
therefore of the form y, G,.(x) where 7, is a constant to be determined. If we let x = a
and take advantage of the symmetry of the Green kernel G we obtain y, = |a|* ™"
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which is the total mass of the canonical measure for S, that is concentrated on {a*}.
By reasoning as in Kellogg (1929), p. 164, who treats the case n = 3 we obtain the fact
that the density function with respect to g,_, of the canonical measure for S, that is
concentrated on dQ is a constant multiple of (S,/dv, + 8S,/0v;) where the constant
only depends on the dimension ». In light of Lemma 3.1 this density function can be
written as K, N,(z) for any ze dQ where K, > 0. Therefore

S/x) = C,,(x)+|a|2""G,,,(x)+K,,J G(x,2) N (2)do,_,(2) if aeQ,
Fi;¢]
and by a continuity argument we obtain

Sa(x) = 2Ga(x)+K,,f G(x,2)N{z)do,_,(z) if GedQ. //
o0

REMARK 3.3. By using Green’s third identity one can compute the value of the
constant K, to be (n—2)/¢p, which vanishes when n = 2 and equals (s,_,(0B,)) "
when n > 3. The surface measure of the unit sphere, written as o,_(dB,), is given in
Landkof (1972), p. 18, to be 2x"*(I'(n/2))~!. For example K; = (4n)"!. We also
remark that the ordinary Green function G, for €, with pole at a is
G, = G,—|a]* "G, restricted to Q,. Again we can say that N, = G,+ U, where
U, e HDy(),) such that the Dirichlet inner product (U, u) = ¢,u(a) for every
ue HDy(Q,). In this instance we can explicitly find

U,=2|al* "G.+K, f G(x,z) N (2)do,_ (2)
N
restricted to Qg U 0Q. We again identify the Kuramochi boundary Ay of Q with 6Q.

THEOREM 3.1. If E = Q, L 0Q is full-thin at X,€ Ay then E and hence E U E* is
ordinary thin at X.

Proor. The Kuramochi kernel N(x, y) is the restriction to (€2, U 0Q) % (, U Q)
of the kernel S(x, y) on 3, x (Q, L /Q) where

S(x,y) = G(x, y)+ Glx, y*) |y "+ K, .[aa G(x,2) N(z, y)do,_ ()

If 4 is a mass distribution on Q, U dQ so that NusE 4+ oo then Nu is the restriction of
the potential Sy to Qg U 0Q. Now

(3.8) Sp(x) = Gu(x) +(Gu*(x) + K, J‘m Glx,2) Nu(z) o, (2)

which is the G-potential of a mass distribution on §},. Furthermore, Sy is invariant
under the Kelvin transformation so that if E < Q4 L 6Q then
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liminf Su(x) = liminf Su(x),
x—*i’o,er x—%p,xeE*

where E* = 1(E). If E = Q, v 0Q is full-thin at X € Ay, then there exists a Kuramochi
potential Nu of a mass distribution u on , U 0Q such that

Nu(xe) < xlllglo 1’2fE Nu(x).
Hence

Su(ky) < liminf o Su(x)

x—+xg,xeEV

and since Sy is a G-potential of a mass distribution on {3, the theorem follows. //

REMARK 3.4. In order to prove the converse of Theogem 3.1 we shall require some
estimates for the order of the pole at dedQ for N, The next three lemmas will
demonstrate that the order of the pole for N at & is a constant multiple of | x —a|* ™"
and therefore coincides with the order of the pole for G at a. Iff> 0and g > Oona
set X we shall say that f ~ g (on X) or fis comparable to g on X provided that there
exist constants C, >0, C, >0 (depending on X in general) such that
C,f<gs<C,fon X. We also let f(x)=|x| * where a >0 and notice that
1, ~ k,_, where k,_, is the M. Riesz kernel defined in R" (see Landkof (1972), p. 43).
We shall only include a proof for Lemma 3.4. Similar arguments can be used for the
proofs of Lemmas 3.5 and 3.6 respectively.

Lemma 34. If

do,_,(2)
(x, Y)Eﬂo X Qo and .fa,ﬂ(xa y) = L)l_x:ﬂlzfyf”
wherea >0, > 0 and o+ B +1 < n then f,, is bounded on Oy x Q. The same result
holds true if | x — z|~* is replaced by max{log1/|x—z|,0} = log* 1/|x —z| provided
that 0 < f<n—1.

Proor. Let
A, ={zedQ: |x—z|<|z—y|}, A, ={z€dQ:|x—z|>|z—y|}.
Then

do,-,(2) da,_,(2)
e < [ e [ 7

— ot — o |at
Xz Y=z

In relation to R", f, is comparable to the M. Riesz kernel k,, _, (see Landkof(1972), p.
43) and therefore

(3.9 fa,ﬂ(x’ y) < (k:—(a+ﬁ) Op— 1)(x)+(k:—(a+ﬁ) 6,-1)()
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Since the surface measure ¢,_,; is locally absolutely continuous with respect to
(n—1)-dimensional Lebesgue measure on the tangent space at any point X, € 6Q
such that the density function is bounded, therefore

do,_ (2) P 2dr
(3.10) (k:—(a+ﬂ) Un—l)(xo) = aslio—zl[ﬁﬁ = J; et

which converges because a+f+2—n < 1. Hence the potential k¥_ .4 0,-, is
bounded on 6Q and by the weak maximum principle (see Landkof (1972), p. 66,
Theorem 1.5) it is bounded on all of R" and in particular on §},,. This implies that Sus
is bounded on §, x Q,. For the second part we notice that for any a > 0 there exists
& (depending on «) such that log*(1/r) < r"*on (0, 5]. Since f+ 1 < n we can define
20 > O such that 26+ + 1 = nand therefore a + B+ 1 < n. If xe ), is given and B,
is the ball of centre x and radius J then

S U YR
(311) LQ(lOg F‘Z—[) l z y, dO'"_ l(Z)
sj [x—z|“°‘|z—yl'”dan_l(z)+5_“f |z—y| #do,_(2).
QN B, Q~B,

The lemma follows because both terms on the right of the inequality are
bounded. //

LEMMA 3.5. Ifa >0, 8> 0,0a+8+1 =n and yedQ then
1
X,y) = x—z|™*y—z| #do,_(z2) ~ 1o
Ja 6%, ) J:m| |7 y—z] 1(2) g]x——y[
provided that xe$, such that |x—y|< }.
LEMMA 3.6. If a > 0, 8 > 0, max {&, 5} <n—1 and a+B+1 > n then

fa,u(X, y) =~ ,”xj'alnrwfn

if ye0Q and xeQ,.

REMARK 3.5. In the last three lemmas we have demonstrated that, in general, the
growth order of f,  is strictly less than that of f, or f;. In order to find the growth
order of N, at its pole @ € dQ we initially let « = f = n—2 and then apply Lemma 3.5
if n=3, because oa+f+1=n or Lemma 36 if n>4, because
a+f+1—n=n—-3>0.

LEMMA 3.7. If 3€ 0Q then N(x,3) ~ | x—a|* " in a suitable neighbourhood of & in
Qo U Q.
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ProoF. Since G(x,4)~|x—a|*™" in a neighbourhood of 4 and since
N(x,a) = 2G(x, &) (see Lemma 3.3) we have the inequality going one way. In order to
obtain the inequality in the other direction we employ an iterated kernel theory (see
Kellogg (1929), p. 288). Let G = G, on 3, x ), and then define

Gj+ (%) = J‘

b

G(x,2)G(z,y)do,_(z) forallj>0.
Q
From Lemma 3.3 we have

N(x,4) = 2G(x, &)+ an G(x,2)N(z,a)do,_ (2)
=2G(x,a)+ K, J G(x,2)
aQ

x {2G(z, a+K, J G(x,Z)N(z,a)da,_ 1(f)} do,_,(2)
[3[¢]

(3.12) ~ Go(x,a)+ G, (x, )+ j G,(x,Z)N(z,a)do,_ ().
a0

By an inductive argument we obtain

(3.13) N(x,3) =~ J:_;_; G x.8) + L G- 1(x.2) N(z, 3) do, _ ().

If0 < j < n—3then G{(x,a) ~ |x—al/*2~" by an inductive application of Lemma
36. Ifj=n~—2so that a =1, f =n—2 then a+p+1 = n so that we can apply
Lemma 3.5 in order to obtain G,_,(x,4) ~ log(1/{x—a|). If j = n— 1 then we apply
the second part of Lemma 3.4 to obtain the fact that G, _, is bounded on Q, U dQ by
a constant M > 0. Therefore

(3.14) N(x,a) < const.|[x—a|* "+ M j N(z,a)do,_ ,(2).
a0

Since the mass distribution on 0Q whose density function is N(z, ) with respect to
0,-, has compact support therefore its total mass must be finite and therefore
N(x,a) < const.|x—a|*~" in some neighbourhood of & in Q, U Q. The lemma
follows. //

THEOREM 3.2. If E < Q, L 0Q is ordinary thin at x,€0Q then E is full-thin at
X0 €Ay

Prook. If E is ordinary thin at X, then there exists a G-potential of a mass
distribution u whose compact support is contained in Q, U dQ such that
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Gu(%) <+ and lim ECu(x) =+ 0.

xX—*Xx ,XE
0

Since G < N on (Q, U dQ)x(Q, U dQ) therefore Gu(x) < Nu(x) everywhere on
Qo v 0Q. Therefore

lim EN,u(x) =+

XX ,X€
1]

and it remains to show that Nu(Xo) < + co. If B, is a suitable é-neighbourhood of X,
in Q, L 0Q then

(3.15) Nu(%o) = f N(%o, y)di(y) +J; N(%o, y)du(y).

B, -B,
In B; we have N(%o, y) = | %o —y |> " = G(%,, y) by Lemma 3.7 and in Q — B;, N(%,, y)
is bounded by a constant M; > 0. Therefore

Nu(xy) < Gu(Xg) + My u(Qo L 0Q) < + 0

which proves our theorem.
We now combine Theorems 3.1 and 3.2 to obtain our main result for the unit ball.

THEOREM 3.3. If E = Qg L 0Q and X, € 0Q then E L E* is ordinary thin at X, if and
only if E is full-thin at X, €Ay.
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