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TOPOLOGICAL PROPERTIES OF CYCLIC
COVERINGS BRANCHED ALONG AN AMPLE
DIVISOR

ANTONIO LANTERI AND DANIELE C. STRUPPA

0. Introduction. Let 7: X’ — X be a finite morphism between two com-
plex connected projective k-folds. Since = is surjective, the Betti numbers
of X and X’ are related as follows

0.1)  b(X) = by(X").

In particular, if 7 is a cyclic covering and the branch locus A is an ample
divisor, (0.1) is in fact an equality for i = k — 1 (see 1.10 or, more
generally, [5]). It seems natural to look for such coverings satisfying

02)  b(X) = by(X).

Let us see what happens for k = 2. In this case (0.2) can be rephrased
as

0.3)  2x(0y) + K"\(X) + g(d) = 2,

where g stands for the arithmetic genus (see 1.13). This implies that X is
ruled; if g(A) = 1 this follows from [9, Section 2] while if g(A) = 2, (0.3)
yields x(Oy) << 0 and then X is ruled by the Castelnuovo De Franchis
theorem [2, p. 154]. The ruledness of X implies x(Oy) = 1 — ¢(X) and
hl"(X ) 2 2 unless X ~ P>. Assume that (X, [A]) is not a scroll: then
one can show that g(A) = 2¢(X) (see 3.2), which contradicts (0.3). When
X ~ P? or (X, [A]) is a scroll, a direct computation shows that (0.2)
cannot hold. This proves the following.

0.4 Fact. In the case of surfaces no such covering exists satisfying
0.2).

This simple result can be thought of as a variation of Buium’s result [4]
stating that for a double covering 7: X’ — X of surfaces with branch locus
A € |L*, L very ample, X and X’ have the same Picard numbers if and
only if h/°(Ky ® L) # 0. In our approach the Picard number never
plays any role, but 0.4 immediately shows that hl"(X ) = h"l(X "y implies
h°(Ky ® L) # 0. Notice that we do not make any assumption on the
degree of 7w and that L may not be very ample. On the other hand, in our
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more general context the converse does not hold, i.e., h°(Ky, ®@ L) # 0 does
not imply nl(x ) = RN(X7); this is immediately shown by looking e.g. at
case (i1) in Proposition 2.11.

As a consequence of 0.4 one is naturally led to: (i) determine the small-
est possible value of § = by(X’) — by(X) and (ii) classify cyclic coverings
for which & is small.

As to (1) we show (see Sections 2 and 3) that apart from the obvious
double covering P! X P! — P? = Sym? P!, we have 8 = 2, the equality
implying that 7 is a double covering and X is ruled (for an explicit
example with § = 2 see 1.19). Moreover 8 = 6 if Xis not ruled and § = 13
if X is of general type. As to (i1) we supply a detailed classification up to
8 = 10. In particular we show that with a single exception (a triple cyclic
covering of P? branched along a cubic) all such coverings are double. The
results are summarized in the table at the end of the introduction.

The example of odd dimensional hyperquadrics which doubly cover the
projective spaces shows that 0.4 does not immediately extend to dimen-
sion k = 3. In Section 4, however, we provide a partial generalization of it
when deg # = k + 2, under some extra assumptions.

This result cannot completely cover the case deg m# = k + 1, due to the
existence of Fano k-folds with the same integral cohomology as PX, not
isomorphic to P¥ itself.

1. Background material. Let X, X’ be two complex connected projective
k-folds and let #:X’ — X be a cyclic covering of order n (shortly an
n-cyclic covering) branched along a divisor A. As is known there exists a
line bundle L € Pic(X) such that A € |L"|.

1.1 Remark. The branch locus A is smooth. Actually in the total space of
the bundle L — X, X" is locally defined by an equation of the form

Zn - ¢(xl,...,xk) = (D(xl,...,xk,z) :0,

where ¢ = 0 is a local equation of A. Then a singular point p of A would
define a singular point of X’ since

(grad @), = [(grad ¢),, 0].
We recall, from [1, pp. 42-43], the following basic facts:
(12) Ky = m*(Ky® L"),
(1.3) let A’ be the reduced divisor wil(A) on X', then
N ~A and #*A = nd’;

n—1 .
(14) 7,0y = ,@o L.
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1.5 Remark. We have
h°(Ky) = I°(Ky) + I°(Ky ® L) +... + h°(Ky ® L' h.
Actually, due to (1.2) and (1.4)

n—1 .
Ho(X', Ky) ~ H°|X, Ky @ L" ' ® &) L”] )
2

1.6 PrOPOSITION. The following equality holds:
X(X") = nx(X) — (n — Dx(4),
where x is the topological Euler-Poincaré characteristic.

Proof. Let V be a tubular neighborhood of A in X, and let V' = 7~ "y,
since V, V’ retract on A, A’ respectively, recalling (1.3), we have

(1.7 x(V) = x(V') = x(4).
Applying the Mayer-Vietoris theorem to the triads (X'\V’, V', oV"),
(X\V, V, aV) one gets
(1.8)  x(X") = x(X\V") + x(V"),
(1.9 x(X) = x(X\V) + x(V);

actually x(3V) = x(3V’) = 0 since 3V is an S'-bundle over A and 3V’ an
unbranched covering of it.

The assertion now follows from (1.7), (1.8), (1.9), noticing that
XX\V') = nx(X\V).

1.10 Remark. For k = 2 the above formula agrees with the main result
in [8], under the assumption that the branch locus is smooth.

Now assume that the branch locus A is ample. Then A’ is ample too,
hence X\A and X'\ A’ are both Stein and the Lefschetz duality theorem
provides

Hy(X,8) = H(X',N) =0 forg =k — L.

Then from the exact sequences of the pairs (X, A) and (X’, A’) one
immediately sees that = induces an isomorphism between H_ (X', Q) and
H (X, Q) up to ¢ = k — 2. In fact a more refined Lefschetz type theorem
has been proved by Cornalba for the morphism

meg: TL (X', x) = T (X, 7(x))

induced by 7 on the homotopy groups [5]. In particular Cornalba’s result
implies the following

1.11 ProposITION. If A is ample, then the morphism

g Hy(X") = H(X)
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induced by 7 on the integral qth homology groups is an isomorphism for
q = k — 1 and a surjection for ¢ = k. In particular

b, (X") = b,(X) for g = k — 1 and by (X') = by(X).

1.12 Remark. Since 7: X’ — X is holomorphic, it follows from the elliptic
operator theory that it induces a morphism between the Hodge structures
of X and X’. Then from 1.11 we deduce

WPIXTY = WPIX) forp + g = k — 1,
WX = hPUX) forp + g = k.
1.13 CoroLLARY. If A is ample, then m,; is an isomorphism if and
only if
b, (X) = bu(X) + by ().

Proof. By 1.11, if 7, is an isomorphism, then x(X) = x(X’) due to
Poincaré duality; hence (1.6) becomes x(X) = x(A). On the other hand,
since A is ample, b;(X) = b;(A) for i = k — 2 by the Lefschetz theorem
[12], and this immediately gives the assertion. Conversely, by the Lefschetz
theorem and Poincaré duality, one sees that b, (X’) = b, (X) and this con-
cludes the proof.

Now assume that X, X’ are surfaces, i.e. k = 2. We let
8 = by(X") — by(X).
Due to 1.11 we have also § = x(X’) — x(X) = 0. Letting

1
d=(LL) and g=g(L)=1+ (L K®L)

1.6 gives the following expression for §:

(1.14) x+2n(g—1) +nn— d=246/(n —1),
where x = x(X). In particular, (1.14) implies that
(1.15) dn* + (2g —2—dmn+x— 8 =0.

Now consider the pair (X, L). By the Riemann-Roch and the Kodaira
vanishing theorems we have

(1.16) MKy ® L) = h°(Ky) + g — q

where ¢ = h'(Oy) is the irregularity of X. The pair (X, L) is said to be a
scroll if X is a P'-bundle and Ly = Opi(1) for every fibre f of X. We recall
the following fact.

1.17 ProPOSITION ( [9, Theorem 3.2]). h°(Ky @ L) = 0 if and only if
(X, L) is either a scroll or (Pz, OpAe)), e = 1, 2.
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In the next two sections we will classify cyclic coverings of surfaces for
which § = 10. As it will be apparent (2.6, 3.8 and 3.9), if (X, L) is a scroll,
condition 8§ = 10 implies n = 2. So the following Proposition will be of
interest in the sequel.

1.18 ProprosITION. Let (X, L) be any scroll, n = 2 and 8§ = 10. Then 8 is
even, 8 > 0 and the possible cases are listed below where ¢ is a fundamental
section, [ a fibre and e the invariant of X.

8 e numerical class of L
2 e = —1,0dd B eetn?
4 e = 0, even [£] ® ]2
6 e = 1, odd [£ ® [f]etd?
8 e =2, even £ ®[f]eTd2
10 e = 3, odd [ ® [f1erd?

Proof. From 1.14 we get § = 2d. Let [¢] ® [f ]b be the numerical
equivalence class of L: then we have § = 2(2b — e), hence § is even. More-
over the ampleness condition for L [7, p. 382] shows that § > 0. Then the
above table follows from a close check using the assumption § = 10 and
the ampleness condition.

We produce an explicit example with § = 2.

1.19 Example. Let X be the P!-bundle of invariant e = —1 over an
elliptic curve and let £ be a fundamental section of it. Then L = [£] is
ample and d = (£, §) = —e = 1. Moreover, L’ is spanned by global
sections (e.g. see [7, p. 385] ). Then, due to Bertini’s theorem, |L?| contains
a smooth divisor A and the double covering #: X’ — X branched along A
satisfies § = 2d = 2.

Another useful result concerning double coverings is the following
congruence.

1.20 PROPOSITION. If a double covering m: X’ — X exists with invariants
g, d, 8, then

Ky, Ky) + 8(g — 1) + 6 — 2d = 0 (12).
Proof. By (1.2) and the genus formula, we have
(Ky, Ky) = 2((Ky, Ky) + 4g — 4 — d).

On the other hand, x(X’) = x(X) + & and then Noether’s formula both
for X’ and X gives

2x(0x) = x(X") + (Ky, Kx')
= 12x(0y) + (Ky. Ky) + 8 + 8(g — 1) — 2d.
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Finally, to justify the assertions about X’ in the table at the end of the
introduction, we need a last result. First we recall some more terminology.
Let X be a surface and L an ample line bundle on X. (X, L) is said to be a
Del Pezzo pair if L = Ky'. (X, L) is said to be a conic bundle if X is
a ruled surface and L = Op(2) for the general fibre F of the ruling.

1.21 PrOPOSITION. Let X be a surface and L an ample line bundle on it
such that L* contains a smooth divisor A. Then the double covering m: X' — X
branched along A is classified according to (X, L) as follows:

X' is a ruled surface if and only if (X, L) is either (P*, Opx(e) ),e = 1,2 or
a scroll,

X' is a K3 surface if and only if (X, L) is a Del Pezzo pair,

X' is a properly elliptic minimal surface if and only if (X, L) is a conic
bundle not in the above list,

X' is a surface of general type, otherwise.

Proof. Recalling (1.2) we have
(1.22) K(Kp) = BO(KR ® L") + KK ® L") for every n = 1.

If X’ is ruled, then 1.17 and (1.22) show that (X, L) is either a scroll or
(Pz, Opxe) ), e = 1, 2. The converse follows again from (1.22) in view of
the Enriques ruledness criterion [2]. Let (X, L) be a Del Pezzo pair: then
Ky is trivial by (1.2). Moreover, as

h(Oy) = h'(Oy) + KN(L™Y) =0,

it follows that X’ is a K3 surface. Conversely, if X’ is a K3 surface, then
(X, L) i1s a Del Pezzo pair due to (1.2) and the injectivity of

a*:Pic(X) — Pic(X").

Assume (X, L) is not as before; then X’ has Kodaira dimension £(X') = 1
and

(Kyn Ky) = 2Ky ® L, Ky ® L) Z 0,

with equality if and only if (X, L) is a conic bundle [9, Theorem 2.5]. Then
X’ is of general type if (X, L) is not a conic bundle, while, if (X, L) is a
conic bundle with ruling projection p:X — B, then the map

xZx4p

exhibits X’ as a properly elliptic minimal surface with base curve B.

2. Surfaces: x = 0. From now on, up to Section 3, we assume that
7: X’ — X is an n-cyclic covering of surfaces. In this section we will estab-
lish some facts on 8 when x = 0.
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2.1 LEMMA. If g = 2, then either x < 0 or
8 2

d= - .
nn—1) n—1
Proof. Since n = 2, (1.14) implies that
2 — —
_2 -8, 8-x_
n—1 nn — 1)

Then the assertion follows from the assumption on g.

2.2 LEMMA. Assume x = 0 and n = 3.
(i) If g = 3, then 6 = 18;
(i) If g = 2, then § = 12.

Proof. (i) Let g = 3; by (1.15) we have
dn* + @ —dmn + x — 8 = 0.

Therefore

n=(d—4+ V- 4 + 446 — x)/2d,
and due to the assumption n = 3, we conclude that
d= (6 — x — 12)/6.
Since d Z 1, this gives § = 18. Case (ii) is dealt with in the same way.
23 LEMMA. Let x = 0. If n = 2, then § = 4g — 2.
Proof. Letting n = 2 in (1.14) one gets
d=24g—1D+2+x=4g — 2.
Lemmas 2.2, 2.3 immediately imply the following.

2.4 PROPOSITION. Let x = 0. If g = 3, then either § Z 18 orn = 2 and
8 = 10, equality implying that x = 0,d = 1, g = 3.

So, in order to study what happens when § = 9, we can assume g = 2.
Moreover, in case g = 2, we have n = 2, by 2.2, and then 2.1 implies
d = 2. So, for § = 10 we have only to consider the following cases.

Case(a) g = 1; ,

Case (b) g = 2 withn =2,d =1 or 2

Case (c)g =3 withn =2, x =0,d = 1.

As to case (a) we recall the following facts.

2.5 PROPOSITION ( [9, Corollaries 2.3 and 2.4]). If g = O, then (X, L) is
either (Pz, Ope)), e = 1, 2 or a rational scroll; if g = 1, then (X, L)
is either an elliptic scroll or a Del Pezzo pair.
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2.6 Remark. Let (X, L) be a scroll, g = 1 and n = 3, then (1.14)
implies

§=16 ifg =0,
§=12 ifg=1.

Since we are interested in the case 8 = 10, then n = 2 when (X, L) is
either a rational or an elliptic scroll, and so 1.18 applies. These cases will
be cumulated in the study of scrolls in the next section.

As to Del Pezzo pairs, we have the following.
2.7 ProposITION. If (X, L) is a Del Pezzo pair, then § = 13.

Proof. Actually, recalling the structure of Del Pezzo surfaces, (1.14)
gives

§=m—Dnxrn — 1d + 12 — d) = 13,
sincen = 2,d = 1.
Now we consider the case X ~ P*. We have

2.8 PROPOSITION. Let X =~ P? and assume 8§ = 10. Then only the follow-
ing cases can occur.

n =2 withL = OpAe), e =12,
n =3 with L = Opo(]).

Proof. Let L = Op(e); then (1.15) and § = 10 imply
e’n? —3en — 7= 0;

hence en = 4: since n = 2 it can only be (n, ¢) = (2, 1), (2, 2), (3, 1), (4, 1).
However for (n, e) = (4, 1), we get from (1.14), § = 21.

Now we come to case (b). The polarized surfaces (X, L) with g = 2 are
classified in [3]. First of all we show the following general fact:

2.9 ProproOSITION. If X is of general type, then 8§ = 13. Equality implies
that 3n =2, x =3,d =1, g = 3 and that Ky is numerically equivalent
to L°.

Proof. Let

S(n g, d, x) = (n — D{x + 2n(g — 1) + n(n — Dd}.

By (1.14) 8 = f(n, g, d, x). Since x is of general type, Noether’s formula
and Miyaoka’s inequality imply x = 3. Moreover, due to 2.5, we can
assume g = 2. We have

f(2,2,1,x) = x + 6;
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however from [3, Theorem 1.4] it follows that if g = 2, then (K, Ky) = 1
and x = 11. Hence § = 17 (which in turn, implies § = 19, in view of 1.20).
On the other hand, if g = 3 we have

8= f(2,3,1,3) = 13.
Note that if g = 3, then (L, Ky) = 3 and the Hodge index theorem
implies

Ky, Ky) = 9/d = 9.

On the other hand x(Oy) = 1, hence (Ky, Ky) = 9. So, if § = 13, it has to
ben =2, x =3,d=1,g =3 and (Ky, Ky) = 9; this implies that Ky is
numerically equivalent to L.

In view of 2.9, to deal with case (b) we can assume that X has Kodaira
dimension k(X) = 1. Since n = g = 2, (1.14) reads

(210) 8 =x + 4 + 2d.

First we consider the non-ruled case.

2.11 PROPOSITION. Assume that X is non-ruled and that n = g = 2. If
6 = 17, then either
(1) 8 = 8,d = 2 and X is either an abelian or a hyperelliptic surface.
(i1) 8 = 7,d = 1 and X is the blow-up at a single point of a surface as in
(i), or
(iii) 8 = 6, d = 1 and X is a minimal elliptic surface with base P' and
h(Ky) =0,q9 = 1.

Proof. If k(X) = 0, then either: (j) d = 2 and X is a minimal surface
or (jj) d = 1 and X is the blow-up at a single point of a surface X, as in (j)
[3, Proposition 2.1]. Note that in case (j) x = 0 if X is abelian or hyper-
elliptic and x = 12 otherwise; in case (jj), x = x(X,) + 1. Then (i) and (ii)
follow from (2.10): otherwise § = 19. Now assume k(X) = 1; thend = 1
and X is a minimal elliptic surface, the base of the elliptic fibration is P',
h°(Ky) = 0 and ¢ = 0 or 1 ([3, Theorem 1.5]). Thus, by Noether’s
formula, (2.10) implies § = 6 or 18 according to whether ¢ = 1 or 0 and
this gives (iit).

Note that in all cases above, if X’ exists, it is a surface of general type in
view of 1.21.

In case (ii) the pair (X, L) has a reduction (X, L) (in the sense of [13])
as in (i). Some restrictions on the position of the point of X, one has to
blow up for obtaining X are needed in order to insure the ampleness of L
(see [3]).

In case (i), if X is an abelian surface, (X, L) can only be one of the
following pairs [3, Theorem 2.7]:

(«) X 1s the jacobian of a smooth curve C of genus two and L = [C] is
the line bundle corresponding to C embedded in X;
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(B) X = E X F is the product of two elliptic curves and L =
[E + F].

In both cases, by using Reider’s method [11] one can see that L’ is
spanned by global sections: hence |L*| contains a smooth divisor and
therefore a smooth surface X’ giving a double covering as in (i) does
exist.

Where X is hyperelliptic, the possible numerical classes of L are
described in [3]. Reider’s method can be used again to show that in many
cases L* is spanned by global sections; hence double coverings with X
hyperelliptic and § = 8 exist.

Finally we have

2.12 ProPOSITION. Let X be ruled, x = 0,n = g = 2, d = 2 and assume
8 = 10. Then g = 1, X is gotten by blowing up a P'-bundle of invariant
e=0o0r —1ats(l = s = 3) points (possibly infinitely near if s = 2).
The possible values of 8 and the corresponding invariants are listed below,
where t is the degree of the restriction of L to the general fibre of X.

) s =X DPls- s Ds d t
7 1 2 3
8 2 distinct or infinitely near* 1 3
9 1 1 5
9 3 on distinct fibres* 1 2
10 2 on distinct fibres* 2 2

*For further restrictions on the position of p,, . .., p, on X, see [3].

Proof. We have ¢ = g = 2. However it cannot be g = 2 since otherwise
(X, L) would be a scroll and then x = 4(1 — g) < 0, a contradiction. On
the other hand, if ¢ = 0, then X is rational, hence x = 8 and (2.10) implies
8 = 14. It remains to consider case ¢ = 1. In this case, the allowable pairs
(X, L) are to be found in [3, Theorem 3.3] using the assumption d = 2.
A close check using 1.20 immediately proves the assertion.

Note that, by 1.21, if X’ exists in the cases above, it is an elliptic surface
with h°(Ky) = 0, ¢ = 1 when ¢ = 2, while it is of general type in the re-
maining cases.

As a last thing let us deal with case (c). Since x = 0, in view of the
Enriques-Kodaira classification [1, 2] X can be either

(i) a ruled surface with ¢ > 0,

(ii) an abelian or a hyperelliptic surface, or

(iii) a properly elliptic minimal surface with x(Oy) = 0.

If (i) holds, we have ¢ = g = 3 and if ¢ = 3, then (X, L) is a scroll
[9, Theorem 3.2]. But in this case x = 4(1 — ¢) = —8 < 0, a contradic-
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tion. It thus follows that ¢ = 1 (see 3.2). This implies that X is a P'-bundle
over an elliptic curve; since g # ¢, (X, L) is not a scroll and this
contradicts the equality d = 1 (see 3.5). So, case (i) cannot happen. Case
(i1) cannot happen as well; actually, the assumptions g = 3, d = 1 imply
(L, Ky) = 3 by the genus formula, but this contradicts the numeri-
cal triviality of Kj. It remains to consider case (iii). Since X is minimal
we have (Ky, Ky) = 0 and then x(Oy) = 0 by Noether’s formula. Let
Y: X — B be the elliptic fibration of X and let b = g(B) be the genus of the
base curve B. In view of the canonical bundle formula, Ky is numerically
equivalent to

(2b — DF + 2 (m; — 1)}5],

where F is the general fibre of y, f; is the reduced component of a fibre of
multiplicity m; and the sum involves all multiple fibres. Since (L, Ky) = 3
and F ~ m,f;, we get

3 = [2(b D+ X (m - 1>/m,}( [F]. L).
and therefore, since (L, [F]) = max{m,}, we see that b = 1.

Taking into account 1.21, what we said proves the following

2.13 PROPOSITION. Let n = 2, x = 0, g = 3,d = 1 and assume § = 10.
Then 8 = 10 and X is a minimal elliptic surface with base P' or an elliptic
curve; moreover X', if it exists, is a surface of general type.

3. Surfaces: x < 0. In this section we study the case x < 0. First of all
we recall the following fact:

3.1 ProrosiTiON. If x < 0, then X is a ruled surface of irregularity
q = 2.

Proof. X is ruled by the Castelnuovo-De Franchis theorem [2, p. 154].
Let X, be a minimal model of Xj since

X0 = 1) 3 if X, ~ P?
X = XA = 4(1 — g) otherwise
the assumption x << 0 implies ¢ = 2.

3.2 LEMMA. Assume that X is ruled, but X #* P’ and (X, L) is not a
scroll. Then

(33) q=hKy®L)+ 1 — d/4,

with equality if and only if X is a P'-bundle and (X, L) a conic bundle. In
particular, g = 2q.
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Proof. Due to the assumptions, we have [9, Theorem 2.5]
(Ky® L, Ky ®L) =0,

with equality if and only if (X, L) is a conic bundle. Moreover, since
X % P2, we have

(Ky, Ky) = 8(1 — q)

with equality if and only if X is a P'-bundle. Putting together these in-
equalities and recalling that

WKy ®L)=g—q
by (1.16), we get (3.3). The last assertion is obvious.

3.4 PROPOSITION. Assume that x < 0 and that (X, L) is not a scroll. Then
8 = 10, equality implying thatn = 2,d = 1,g = 4 and that X is a P'-bundle
of irregularity q = 2.

Proof. By 3.1 we have ¢ = 2 and x = 4(1 — g) the last being an equality
if and only if X is a P'-bundle.
Since n = 2, (1.14) gives

41 —q) +2n(g — 1) + n(n — d = 8§,
and by using 3.2 we get
d§=nn— 1)d+ 4q(n — 1) + 4 — 2n.

Then the assertion follows from the inequalities ¢ = 2, n = 2,d = 1 and
from 3.2.

However we have the following fact.

3.5 REMARK. Let X be a P'-bundle. If (X, L) is not a scroll, it cannot
happen that d = 1.

Actually, let ¢ and f be a fundamental section and a fibre of X respec-
tively and let e be the invariant of X. Then L is numerically equivalent to
[£° ® [f]” and in view of the ampleness conditions [7, p. 382] it cannot
happen that

1 = (L, L) = a@b — ae)

unless @ = 1. This means however that (X, L) is a scroll.
Since we are looking for surfaces with § = 10, it follows from 3.4, 3.5
that in case x << 0 we have only to consider scrolls.

3.6 LEMMA. Let (X, L) be a scroll. Then

WKy ®L) =(r — I)(g — 1) + (;)d.
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Proof. By the Riemann-Roch and the Kodaira vanishing theorems we
have

Ky ® L) =gl — q.
On the other hand, the genus formula gives
U~ g=¢ =g~ +[5fa
and then the assertion follows recalling that g = ¢ as (X, L) is a scroll.
3.7 LEMMA. Let (X, L) be a scroll. Then
8Z(n— Dn—2)(¢q— 1+ d).
Proof. We have, in view of the Hodge decomposition
8 = nxy — V(X)) + 200°(Ky) — BO(Ky)).
Then, by 1.12, 1.5 and 3.6 we get

n—1

§=2 2 KKy ®L")
r=0

=2l(q—1)(1+2+...+n~2)

+d(1+(;)+...+(”;1)}

v

2{(”;1)((1- 1 +d)].

An immediate consequence of Lemmas 3.1, 3.7 is

3.8 CorROLLARY. Let (X, L) be a scroll with x < 0: if n = 4, then
= 12

The above inequality is probably rough. In fact, as to the case n = 3, we
have the following

3.9 PROPOSITION. Let (X, L) be a scroll with x < 0; if n = 3, then
§ = 16.

Proof. Since (X, L) is a scroll, Ky ® L*is numerically equivalent to some
power of [ f], where f is a fibre of X. Recalling (1.2) this implies

(Ky» Kx) = 0.
In addition, by 1.5 and by 3.6 we have
K(Ky) = h°(Ky) + h°(Ky @ L) + h°(Ky ® L%
— KKy @@L =q—1+d,
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and since ¢(X’) = g(X) we get x(Oy) = d.
Now, Noether’s formula for X’ gives

§ = x(X') — x(X) = 12x(Ox) — (Ky, Ky) — 41 — q)
= 12d + 4q — 1) = 16,

in view of 3.1.

The study of cyclic coverings for which & = 10 is therefore completed in
view of 1.18. The complete list of such coverings can be found in the table
at the end of the introduction.

4. Higher dimension. In this section X, X’ are projective k-folds, k = 3.
Throughout this section we shall also assume that

(4.1) L is ample and spanned by its global sections.
We recall the following result by Sommese [13].

4.2 PROPOSITION. Assume that (4.1) holds. If
WKy ®L') =10 forsomet=k — 1,
then either
(@) t=kk—1 and (X,L)= (P Opx(1)),
(b) r=k—1 and (X,L)=(QX Oy1)),

where Qk c P*"is a smooth quadric hypersurface, or

(¢)t = k — 1 and X is a P*~ -bundle over a smooth curve. Lf = Opr-1(1)
for every fibre f of X.

Proof. In view of (4.1) the cohomology sequence of
0K, ®L '5K®L K, ®L, ' >0
(Y € |L| a general element) shows that #/°(Ky, ® L") = 0 implies
KKy @ LK1 = 0.
Then the assertion follows from [13, Corollary 3.6.1].
Now, if our n-cyclic cover m: X’ — X would satisfy the condition
(4.3)  b(X') = br(X),
then by Remarks 1.5 and 1.12 it would follow that
KKy ® L") = 0.
Hence Proposition 4.2 implies the following

4.4 THEOREM. Let m: X' — X be an n-cyclic covering of projective k-folds,
n =

= k = 3, branched along A € |L"|, where L is ample and spanned by
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global sections. Then
b (X") > b (X)),

unless, possibly, either
() n = k and (X, L) is as in (a), (b), (c) of 4.2, or
(i)n = k + 1 and (X, L) = (P, Opx(1)).

A classification of pairs (X, L) for which A°(Ky ® L") = 0 for small
values of ¢t would allow to extend Theorem 4.4 to cyclic coverings of degree
n < k. Such coverings satisfying (4.3) do really exist, as the following
example shows.

4.5 Example. The k-dimensional hyperquadric X’ doubly covers X = pk
with branch locus A € |Op#(2)|. When k is odd this covering satis-
fies (4.3).

An obvious corollary of Theorem 4.4 is the following partial extension
of 0.4.

4.6 COROLLARY. For n Z k + 2 no n-cyclic covering with L ample and
spanned satisfies (4.3). '

A close inspection of cases (i) and (ii) in 4.4 provides more information
on X’.

4.7 PROPOSITION. Let n = k + 1. If (4.3) holds, then X’ is a Fano k-fold
of first kind of index r = 1 and degree d = k + 1 and with the same integral
cohomology as PX.

Proof. We get from (1.2)
le = W*OPk(—l).

This shows that X’ is Fano. Moreover 1.10 and (4.3) say that X’ is a
homological P In particular, since b,(X") = bz(Pk) = 1, X" is of the first
kind. Finally, from

() + 1) = (Ky)* = (—)rka,

we deducer = 1,d = k + 1.
On the other hand, recalling that

HYX') = [H(X")]* © Tors H, _(X')
and Poincaré duality, from 1.11 we see that

HIY(X') = HYP*) forq=k — landq = k + 1.
Moreover, since H, _(X’) is torsion free, from 4.3 we also get

H*(x") = H*P).
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4.8 Remark. Note that H*(P*) and H*(X’) are isomorphic as graded
groups and not (at least “a priori”) as rings. Note also that this iso-
morphism is not induced by 7. Actually, by Poincaré duality and 1.11, the
Gysin map

e HI(X") — HI(PY)

is an isomorphism for ¢ = k + 1; however 7,7* is the multiplication by n
and so 7* cannot be an isomorphism in this range.

The same argument used for proving 4.7 shows

4.9 PROPOSITION. Let n = k and assume that (4.3) holds.

() If (X, L) is as in (a), then X' is a Fano k-fold of first kind of index

= 2 and degree d = k and with the same integral cohomology as Pk,

(B) If (X, L) is as in (b), then X' is a Fano k-fold of first kind, withr = 1,
d = 2k and with the same integral cohomology as Q.

(Y) If (X, L) is as in case (c) then X’ is a bundle (over the same base curve
as X) of Fano (k — 1)-folds of first kind, withr = 2, d = k — 1, having the
same integral cohomology as P* !,

Proof. (a) follows in the same way as 4.7. As
KX/ = W*Opk(—?.)

We get r = 2 and k2¥ = r*d. Since k = 3 one easily sees that the only
solution is r = 2, d = k. Similarly, in case (B) one gets 2k = r*d. In case
(y) note that 7 acts fibrewise and then apply the argument to prove (a) to
each fibre of X".

Fujita [6, Theorem 1] showed that a Fano k-fold with the same integral
cohomology ring as P¥ is P¥ itself if k = 5. However, even for k = 4,
Fano k-folds with the same integral cohomology groups as PX, but
different from P* exist (see [10] for k = 3 and [14] for & = 4). So, even for
low values of & = 3 we cannot exclude that there exist (kK + 1)-cyclic
coverings with L ample and spanned, satisfying (4.3). “A fortiori”, the
situation appears more intricate for k-cyclic covers, in view of the above
and 4.9.
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