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ABSTRACT

The goal of this note is to show that in the case of ‘transversal intersections’ the ‘true
local terms’ appearing in the Lefschetz trace formula are equal to the ‘naive local terms’.
To prove the result, we extend the strategy used in our previous work, where the case
of contracting correspondences is treated. Our new ingredients are the observation of
Verdier that specialization of an étale sheaf to the normal cone is monodromic and
the assertion that local terms are ‘constant in families’. As an application, we get a
generalization of the Deligne—Lusztig trace formula.

Introduction

Let f: X — X be a morphism of schemes of finite type over an algebraically closed field k, let
¢ be a prime number different from the characteristic of k, and let F € D2(X,Q,) be equipped
with a morphism w : f*F — F. Then for every fixed point = € Fix(f) C X, one can consider the
restriction u, : F, — F,. Hence, one can consider its trace Tr(u,) € @g, called the ‘naive local
term’ of u at x.

On the other hand, if z € Fix(f) C X is an isolated fixed point, one can also consider the
‘true local term’ LT, (u) € Q,, appearing in the Lefschetz—Verdier trace formula, so the natural
question is when these two locals terms are equal.

Motivated by work of many people, including Illusie [SGA5], Pink [Pin92], and
Fujiwara [Fuj97], it was shown in [Var07] that this is the case when f is ‘contracting near
2’, by which we mean that the induced map of normal cones N.(f) : Ny(X) — N (X) maps
N, (X) to the zero section. In particular, this happens when the induced map of Zariski tangent
spaces dy(f) : Tp(X) — Tp(X) is zero.

A natural question is whether the equality LT, (u) = Tr(u,) holds for a more general class of
morphisms. For example, Deligne asked whether the equality holds when x is the only fixed point
of dy(f) : Tu(X) — Ty(X), or, equivalently, when the linear map d,(f) —Id : T,(X) — T(X) is
invertible. Note that when X is smooth at x, this condition is equivalent to the fact that the
graph of f intersects transversally with the diagonal at x.

The main result of this note gives an affirmative answer to Deligne’s question. Moreover, in
order to get an equality LT, (u) = Tr(u,) it suffices to assume a weaker condition that z is the
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only fixed point of Nz(f) : Ny(X) — Nz(X) (see Corollary 4.11). In particular, we show this in
the case when f is an automorphism of X of finite order, prime to the characteristic of k, or,
more generally, a ‘semisimple’ automorphism (see Corollary 5.6).

Actually, as in [Var07], we show a more general result (see Theorem 4.10) in which a mor-
phism f is replaced by a correspondence, and a fixed point x is replaced by a c-invariant closed
subscheme Z C X. Moreover, instead of showing the equality of local terms we show a more
general ‘local’ assertion that in some cases the so-called ‘trace maps’ commute with restrictions.
Namely, we show it in the case when ¢ has ‘no almost fixed points in the punctured tubular
neighborhood of Z’ (see Definition 4.4).

As an easy application, we prove a generalization of the Deligne-Lusztig trace formula (see
Theorem 5.9).

To prove our result, we follow the strategy of [Var07]. First, using additivity of traces, we
reduce to the case when F, ~ 0. In this case, Tr(u,) = 0, thus we have to show that LT, (u) = 0.
Next, using specialization to the normal cone, we reduce to the case when f : X — X is replaced
by Nx(f): Nx(X) — N,(X) and F by its specialization sp,(F). In other words, we can assume
that X is a cone with vertex x, and f is G,,-equivariant.

In the contracting case, treated in [Var(07], the argument stops there. Indeed, after passing
to normal cones we can assume that f is the constant map with image z. In this case, our
assumption F, ~ 0 implies that f*F ~ 0, thus v = 0, hence LT, (u) = 0.

In general, by a theorem of Verdier [Ver83], we can assume that F is monodromic. As it is
enough to show an analogous assertion for sheaves with finite coefficients, we can thus assume
that F is G,-equivariant with respect to the action (t,y) — t"(y) for some n.

As f is homotopic to the constant map with image = (via the homotopy fi(y) :=t"f(y)) it
suffices to show that local terms are ‘constant in families’. We deduce the latter assertion from
the fact that local terms commute with nearby cycles.

The paper is organized as follows. In § 1 we introduce correspondences, trace maps, and local
terms. In § 2 we define relative correspondences and formulate Proposition 2.5 asserting that in
some cases trace maps are ‘constant in families’. In §3 we study a particular case of relative
correspondences, obtained from schemes with an action of an algebraic monoid (Al,-). In §4 we
formulate our main result (Theorem 4.10), asserting that in some cases trace maps commute with
restrictions to closed subschemes. We also deduce an affirmative answer to Deligne’s question,
discussed earlier. In § 5 we apply the results of §4 to the case of an automorphism and deduce a
generalization of the Deligne—Lusztig trace formula. Finally, we prove Theorem 4.10 in §6 and
prove Proposition 2.5 in § 7.

Notation

For a scheme X, we denote by X,.q the corresponding reduced scheme. For a morphism of
schemes f:Y — X and a closed subscheme Z C X, we denote by f~'(Z) C Y the schematic
inverse image of Z.

Throughout most of the paper, all schemes will be of finite type over a fixed algebraically
closed field k. The only exception is § 7, where all schemes will be of finite type over a spectrum
of a discrete valuation ring over k£ with residue field k.

We fix a prime ¢, invertible in k, and a commutative ring with identity A, which is either
finite and is annihilated by some power of ¢, or a finite extension of Z, or Q.

To each scheme X as above, we associate a category Dgtf(X, A) of ‘complexes of finite
tor-dimension with constructible cohomology’ (see [SGA43, Rapport 4.6] when A is finite and
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[Del80, §§ 1.1.2-3] in other cases). This category is known to be stable under the six operations
f* f' fo, fi,®, and RHom (see [SGAZ%, Théoreme finitude 1.7]).

For each scheme X as above, we denote by wx : X — pt := Spec k the structure morphism, by
Ax € D%;(X, A) the constant sheaf with fiber A, and by Kx = 7’ (Ap¢) the dualizing complex
of X. We also write RT'(X,-) (respectively, RT'.(X,-)) instead of mx. (respectively, mx1).

For an embedding i : Y — X and F € D’;(X, A), we often write F|y instead of i*F.

We freely use various base change morphisms (see, for example, [SGA4, Exposé XVII, §2.1.3
and Exposé XVIII, §§3.1.12.3, 3.1.13.2, 3.1.14.2]), which we denote by BC.

1. Correspondences and trace maps

1.1 Correspondences

(a) By a correspondence, we mean a morphism of schemes of the form ¢ = (¢, ¢,) : C — X x X,
which can be also viewed as a diagram X o2 X,

(b) Let¢c: C — X x X and b: B — Y XY be correspondences. By a morphism from ¢ to b, we
mean a pair of morphisms [f] = (f, g), making the following diagram commutative.

X2 =245 X

fl gl Jf (1.1)

y « g by

(c) A correspondence ¢ : C'— X x X gives rise to a Cartesian diagram

Fix(¢) —— C

X —2 . XxX

where A : X — X x X is the diagonal map. We call Fix(c) the scheme of fixed points of c.
(d) We call a morphism [f] from part (b) Cartesian, if the right inner square of diagram (1.1)
is Cartesian.

1.2 Restriction of correspondences
Let ¢: C — X x X be a correspondence, let W C C be an open subscheme, and let Z C X be
a locally closed subscheme.

(a) We denote by c|ly : W — X x X the restriction of c.

(b) Let ¢|lz: ¢ (Z x Z) — Z x Z be the restriction of c. By definition, the inclusion maps
Z — X and ¢ }(Z x Z) — C define a morphism ¢|z — ¢ of correspondences.

(c) We say that a subscheme Z is (schematically) c-invariant, if c;*(Z) C ¢; *(Z). This hap-
pens if and only if we have ¢~ }(Z x Z) = ¢, 1(Z) or, equivalently, the natural morphism of
correspondences c¢|z — ¢ from part (b) is Cartesian.

Remark 1.3. Our conventions slightly differ from those of [Var07, §1.5.6]. For example, we do
not assume that a subscheme Z is closed, our notion of c-invariance is stronger than that of
[Var07, §1.5.1], and when the subscheme Z is c-invariant, then the restriction c|z in the sense
of [Var07] is the correspondence ¢ 1(Z X Z)yeq — Z x Z.

1.4 Cohomological correspondences
Let ¢: C — X x X be a correspondence, and let F € Db (X, A).
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By c-morphism or a cohomological correspondence lifting ¢, we mean an element of
Hom,(F, F) := Hom(c¢] F, c.F) ~ Hom(cnc} F, F).

Let [f]:c— b be a Cartesian morphism of correspondences (see §1.1(d)). Then every
b-morphism wu : b F — b, F gives rise to a c-morphism [f]*(u) : ¢f (f*F) — c\.(f*F) defined
as a composition

G F) = g* (5] F) = g* (0L F) 29 L (rF),

where the base change morphism BC' exists, because [f] is Cartesian.

As in [Var07, §1.1.9], for an open subset W C C, every c-morphism wu gives rise to a
c|w-morphism u|w : (¢} F)|lw — (c.F)|w.

It follows from part (b) and §1.2(c) that for a c-invariant subscheme Z C X, every
c-morphism u gives rise to a c|z-morphism u|z (compare [Var07, §1.5.6(a)]).

Trace maps and local terms
a correspondence ¢: C — X x X.
As in [Var07, §1.2.2], to every F € D (X, A) we associate the trace map
Tr. : Hom.(F,F) — H°(Fix(c), Krix(e))-
For an open subset 3 of Fix(c),! we denote by
Trg : Hom(F,F) — H(8, Kp)

the composition of 77, and the restriction map H®(Fix(c), Krixe)) — H 08, Kg).
If, in addition, § is proper over k, we denote by

LTgs : Hom.(F,F) — A

the composition of 7rg and the integration map mg : H%(8, Kg) — A.
In the case when 3 is a connected component of Fix(c),? which is proper over k, LTj(u) is
usually called the (true) local term of u at 3.

2. Relative correspondences

Notation 2.1. Let S be a scheme over k.

By a relative correspondence over S, we mean a morphism ¢ = (¢, ¢,): C — X xg X of

schemes over S, or, equivalently, a correspondence ¢ = (¢, ¢,) : C — X x X such that ¢; and ¢,

are

(a)

(b)

morphisms over S.

For a correspondence ¢ as above and a morphism ¢ : S’ — S of schemes over k, one can
form a relative correspondence g*(c) := ¢ xg S’ over S’. Moreover, it follows from §1.4(b)
that every c-morphism u € Hom.(F,F) gives rise to the g*(c)-morphism

g*(u) € Homg*(c)(g*]:,g*}'),

where g*F € Df:’tf(X xg S’, A) denotes the x-pullback of F.
For a geometric point s of S, we denote by is: {s} — S the canonical map, and set ¢g :=
i%(c). Then, by part (a), every c-morphism u € Hom.(F,F) gives rise to a cs-morphism

! by which we mean that 8 C Fix(c) is a locally closed subscheme such that Brea € Fix(c)rea is open.
2 That is, 3 is a closed connected subscheme of Fix(c) such that Breda C Fix(c)red is open.
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us =15 (u) € Home, (Fs, Fs). Thus, we can form the trace map
TTCS (Us) € HO(FiX(CS)v KFiX(Cs))'

Remark 2.2. In other words, a relative correspondence c over S gives rise to a family of correspon-
dences ¢, : Cy — X x X, parameterized by a collection of geometric points s of S. Moreover,
every c-morphism u gives rise to a family of ¢;-morphisms ug € Hom,, (Fs, Fs), thus a family of
trace maps 7, (us) € HO(Fix(cs), Kpix(c,))-

Proposition 2.5, whose proof is given in § 7, asserts that in some cases the assignment s +—
Tre,(us) is ‘constant’.

Notation 2.3. We say that a morphism f : X — §'is a topologically constant family, if the reduced
scheme X,¢q is isomorphic to a product Y X Sieq over Sreq-

CLAIM 2.4. Assume that f: X — S is a topologically constant family, and that S is connected.
Then for every two geometric points s,t of S, we have a canonical identification

RI(X,,Kx,) ~ RT(Xy, Kx,), hence H*(X,, Kx,) ~ H°(X;, Kx,).
Proof. Set Kx/g = ' (Ag) € Dbe(X,A) and F := f«(Kx/s) € DV (S, A). Our assumption on f

implies that for every geometric point s of .S, the base change morphisms

Fs = RI'(s, Fs) — RTU(Xs,i5(Kx/s)) — RI(Xs, Kx,)

are isomorphisms. Furthermore, the assumption also implies that F is constant, that is, isomor-
phic to a pullback of an object in Dgtf(pt, A). Then, for every specialization arrow « : t — s, the
specialization map o : Fs — F; (see [SGA4, Exposé VIII, §7]) is an isomorphism (because F
is locally constant), and does not depend on the specialization arrow « (only on s and ¢). Thus,
the assertion follows from the assumption that S is connected. O

PROPOSITION 2.5. Let ¢: C' — X x X be a relative correspondence over S such that S is
connected, and that Fix(c) — S is a topologically constant family.

Then, for every c-morphism u € Hom.(F, F) such that F is universally locally acyclic (ULA)
over S, the assignment s — T (us) Is ‘constant’, that is, for every two geometric points s,t of
S, the identification

H(X,,Kx,) ~ H'(X;,Ky,)

from Claim 2.4 identifies Tr. (us) with Trc, (u).
In particular, we have Tr. (us) = 0 if and only if Tr.,(uz) = 0.

3. An (Al,.)-equivariant case

3.1 Construction
Fix a scheme S over k£ and a morphism g : X x § — X.

(a) A correspondence ¢: C' — X x X gives rise to the correspondence
cszcg:CS—>X5 xg Xg
over S, where Cg := C' x S and Xg := X x 5, while cg;,cg, : C x S — X x S are given by
csr = ¢ x Idg and cg; := (u,prg) o (¢ x Idg),

that is, cgi(y, s) = (u(e(y), s),s) and csr(y, s) = (¢ (y), s) for ally € C and s € S.
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(b) For every geometric point s of S, we get an endomorphism pg := p(—,s) : X3 — Xs. Then
¢s :=1%(cg) is the correspondence

cs = (psoccr): Cs — X x X

In particular, for every s € S(k) we get a correspondence ¢s : C — X x X.
(c) Suppose we are given an object F € Db(X,A), a c-morphism u € Hom.(F,F) and a
morphism v : p*F — Fg in D%;(Xg, A), where we set

Fg:=FKAg € D%:(Xs,A).
To this data we associate a c¢g-morphism ug € Hom,,(Fg, Fg), defined as a composition
c(Fs) =~ (e x Idg)* (0" F) 5 (¢ x Idg)* (Fs) ~ (¢ F) R Ag = (c.F) R Ag =~ ¢, (Fs).

(d) For every geometric point s of S, morphism v restricts to a morphism vs = i (v) : uiF — F,

and the cs-morphism us := i¥(ug) : ¢f uiF — cL.F decomposes as

v, u |
us @ ¢ e F — ¢f F — ¢, F.

Remarks 3.2. For a morphism p: X x S — X and a closed point a € S, we set S*:= S\ {a},

and g% := pfxxge : X x S — X. Let F € Db,(X,A) be such that pF ~ 0.

(a) Every morphism v® : (u*)*F — Fga uniquely extends to a morphism v : u*F — Fg:
Indeed, let j: X x S* — X x S and i: X x {a} — X x S be the inclusions. Using dis-
tinguished triangle jij*u*F — pu*F — 40" " F and the assumption that ¢*p*F ~ > F ~ 0,
we conclude that the map jij*u*F — p*F is an isomorphism. Therefore, the restriction
map

j* :Hom(pu*F, Fs) — Hom(j*u*F, j*Fs) ~ Hom(jij* u*F, Fs)

is an isomorphism, as claimed.
(b) Our assumption p%F ~ 0 implies that Hom,, (F, F) = Hom(c} . F, c,.F) ~ 0.

3.3 Equivariant case
Let S be an algebraic monoid, acting on X, and let u: X x .S — X be the action map.

(a) We say that an object F € Db (X, A) is weakly S-equivariant, if we are given a morphism v :
w*F — Fg such that vy : F = p]F — F is the identity map. In particular, the construction
of §3.1 applies, so to every c-morphism u € Hom.(F, F) we associate a cg-morphism ug €
Hom,,(Fs, Fs).

(b) In the situation of part (a), the correspondence ¢; equals ¢, and the assumption on v; implies
that the c-morphism u; equals u.

3.4 Basic example

(a) Let X be a scheme, equipped with an action p: X x Al — X of the algebraic monoid
(A',-), let po : X — X be the induced (idempotent) endomorphism, and let Z = Zx C X
be the scheme of pg-fixed points, also called the zero section. Then Zx C X is a locally
closed subscheme, whereas pg : X — X factorsas X — Zx — X, thus inducing a projection
prx : X — Zx, whose restriction to Zx is the identity.

(b) The correspondence X — (Zx C X 2% Zy) is functorial. Namely, every (Al,-)-equivariant
morphism f : X’ — X induced a morphism Z; : Zx» — Zx between zero sections, and we
have an equality Z; o pry, = pry of of morphisms X’ — Zx.
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(¢) Let ¢: C' — X x X be any correspondence. Then the construction of §3.1 gives rise to a
relative correspondence cy1 : Cy1 — Cy1 x Cy1 over A, hence a family of correspondences
¢t : C — X x X, parameterized by t € Al(k).

(d) For every t € A'(k), the zero section Z C X is y-invariant, and the induced map |z is the
identity. Therefore, we have an inclusion Fix(c|z) C Fix(c¢|z) of schemes of fixed points.

(e) For every t € G,,(k), we have an equality Fix(c;|z) = Fix(c|z). Indeed, one inclusion was
shown in part (d), whereas the opposite inclusion follows from the first together with identity
(ct)y—1 = c.

(f) As pp factors through Z C X, we have an equality Fix(co|z) = Fix(cp). Moreover, if Z is
c-invariant, we have an equality Fix(co|z) = Fix(c|z). Indeed, one inclusion was shown in
part (d), whereas the opposite follows from the inclusion

Fix(colz) C ¢, (Z2) = ¢ H(Z x Z).

3.5 Twisted action

Assume that we are in the situation of §3.4. For every n € N, we can consider the n-twisted
action p(n): X x Al — X of (Al,-) on X given by formula u(n)(z,t) = u(z,t"). It gives rise to
the family of correspondences ¢}’ M. ¢ - X x X such that ) ) ¢n. Clearly, p(n) restricts to
an n-twisted action of G,,, on X.

PROPOSITION 3.6. Let X be an (Al,.)-equivariant scheme, and let ¢:C — X x X be a
correspondence such that:

e a subscheme Z = Zx C X is closed and c-invariant;
e we have Fix(c) \ Fix(c|z) = 0;
e the set {t € Al(k)| Fix(c}') \ Fix(c}'|z) # 0} is finite.

Then for every weakly G,,-equivariant object F € D%:(X, ) (see §3.3(a)) with respect to
the n-twisted action (see §3.5) such that F|z = 0 and every c-morphism u € Hom.(F,F), we
have Trq(u) = 0.

Proof. Consider the n-twisted action u(n) : X x A! — X, and let u(n)?: X x G,, — X be the
induced n-twisted action of G,,. The weakly G,,-equivariant structure on F gives rise to the
morphism vY : (u(n)?)*F — Fg,, (see §3.3(a)).

Next, because p(n)g = po : X — X factors through Z, whereas F|z = 0, we conclude that
((n)o)*F ~ 0. Therefore, morphism v° extends uniquely to the morphism v : pu(n)*F — Fu
(see §3.2(a)). Thus, by construction §3.1(c), our c-morphism u gives rise to the cx(ln)—morphism
up1 € Hom yun) (Fp1, Fpr) such that uy = u (see §3.3(b)).

Al

Note that because uy € Homg,(F,F) = 0 (see §3.2(b)), we have 7., (ug) = 0. We would like
to apply Proposition 2.5 to deduce that Tr.(u) = Tre (u1) = 0.

Consider the set

T := {t € A'(k)| Fix(c) ~ Fix(ch|z) # 0}.

Then 0¢ T (by §3.4(f)), and our assumption says that 7 is finite, and 1 ¢ 7. Then the

(n)

complement S := A' \ T C Al is an open subscheme, and 0,1 € S. Let cg be the restric-

tion of cg(ln) to S, and it suffices to show that Fix(c‘é(”)) — S is a topologically constant family,
thus Proposition 2.5 applies.
We claim that we have the equality

FiX(Cg(n))red = FiX(Cg(n)|Z><S)red = FiX(dZ)red xS
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of locally closed subschemes of C' x S. For this it suffices to show that for every ¢t € S(k) we have
equalities

Fix(cin)red = Fix(cin|z)red = Fix(c|2)red-

The left equality follows from the identity Fix(cjn) \ Fix(cn|z) = 0 used to define S. As Z is
c-invariant, the right equality follows from §§3.4(e) and (f). O

3.7 Equivariant correspondences

Let ¢: C — X x X be an (A!,.)-equivariant correspondence, by which we mean that both C
and X are equipped with an action of a monoid (A!,-), and both projections ¢;, ¢, : C — X are
(Al,-)-equivariant.

(a) Note that the subscheme of fixed points Fix(c) C C is (A!,-)-invariant, correspondence
¢ induces a correspondence Z.: Zo — Zx X Zx between zero sections, and we have an
equality Fix(Z.) = Zpix(c) of locally closed subschemes of C.

(b) By §3.1(a), correspondence c gives rise to a relative correspondence cy1 : Cy1 — X1 X Xy
over Al. Let the monoid (A!,-) act on X1 and Cy1 by the product of its actions on X and
C and the trivial action on Al. Then cy1 is an (Al -)-equivariant correspondence, and the
induced correspondence Z. , between zero sections is the product of Z. (see part (a)) and
Idy: : Al — Al x AL

(c) Using part (b), for every t € Al(k), we get an (Al,-)-equivariant correspondence ¢; : C' —
X x X, which satisfy Z., = Z. and Zpiy(,) = Fix(Z.) (use part (a)).

3.8 Cones
Recall (see §3.4(a)) that for every (Al,-)-equivariant scheme X, there is a natural projection
pry : X — Zx.

(a) We say that X is a cone, if the projection pry : X — Z is affine. In concrete terms this
means that X ~ Spec(A), where A =@, Ay, is a graded quasi-coherent Oz-algebra,
where Ay = Oz, and each A,, is a coherent Oz-module. In this case, the zero section Zx C X
is automatically closed.

(b) In the situation of part (a), the open subscheme X \ Zx C X is G,,-invariant, and the
quotient (X \ Zx)/G,, is isomorphic to Proj(.A) over Zx, hence is proper over Zx.

(c) Note that if c: C — X x X is an (Al,-)-equivariant correspondence such that C and X are
cones, then Fix(c) is a cone as well (compare §3.7(a)).

Our next goal is to show that in some cases the finiteness assumption in Proposition 3.6 is
automatic.

LEMMA 3.9. Let ¢: C — X x X be an (A!,-)-equivariant correspondence over k such that:

e X is a cone with zero section Z;
e C is a cone with zero section ¢, 1 (Z);
e Fix(c|z) is proper over k.

Then the set {t € A'(k) | Fix(c;) \ Fix(ci|z) # 0} is finite.
Proof. We let cy1 be as in §3.7(b), and set
Fix(cy1)" = Fix(ca1) N Fix(cpn|z,,) € Fix(car).

We have to show that the image of the projection 7 : Fix(cy1)’ — Al is a finite set.
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Note that the fiber of Fix(cy1) over 0 € Al is Fix(co) \ Fix(co|z) = 0 (by §3.4(f)). It thus
suffices to show that the image of 7 is closed. By §3.8(c), we conclude that Fix(ca1) is a cone,
whereas using §§3.7(a) and (b) we conclude that

Zix(e,1) = Fix(car|z,,) = Fix(c|z) x A,

It now follows from § 3.8(b) that the open subscheme Fix(cy1)" C Fix(cp1) is Gy,-invariant, and
that 7 factors through the quotient Fix(cg1)’ /Gy, which is proper over Fix(c|z) x Al. As Fix(c|z)
is proper over k by assumption, the projection 7 : Fix(cg1)’/G,,, — A! is therefore proper. Hence,
the image of 7 is closed, completing the proof. ]

4. Main result

4.1 Normal cones
Compare [Var07, §1.4.1 and Lemma 1.4.3].

(a) Recall that to a pair (X, Z), where X is a scheme and Z C X a closed subscheme, one asso-
ciates the normal cone Nz(X) defined to be Nz(X) = Spec(Po o(Z2)"/(Zz)" ), where
Iz C Ox is the sheaf of ideals of Z. By definition, Nz(X) is a cone in the sense of §3.8,
and Z C Nz(X) is the zero section.

(b) The assignment (X,Z) — (Nz(X), Z) is functorial. Namely, every morphism f: X' — X
such that Z' C f~1(Z) gives rise to an (Al,-)-equivariant morphism Nz (X') — Nz(X),
whose induced morphism between zero sections is f|z : Z/ — Z.

(¢) By part (b), every morphism f : X’ — X induces a morphism

Nz(f): fol( )(X/) — Nz(X),
lifting f|z : f~1(Z) — Z. Moreover, the induced map Nf 1(2)(X') = Nz(X) xz f71(Z) is
a closed embedding, and we have an equality Nz(f)™'(Z) = f~'(Z) € Nj-1(z)(X).

The following standard assertion will be important later.

LEMMA 4.2. Assume that Nz(X) is set-theoretically supported on the zero section, that is,
NZ(X)red = Zred- Then Zred - Xred is opern.

Proof. As the assertion is local on X, we can assume that X is affine. Moreover, replacing X by
Xred, we can assume that X is reduced. Then our assumption implies that there exists n such
that I7; = Ig“. Using the Nakayama lemma, we conclude that the localization of 17, at every
x € Z is zero. Thus, the localization of Iz at every point z € Z is zero, which implies that Z C X
is open, as claimed. ]

4.3 Application to correspondences
(a) Let ¢: C — X x X be a correspondence, and Z C X a closed subscheme. Then, by §4.1,
correspondence ¢ gives rise to an (Al,-)-equivariant correspondence

Nz(e) : New1(zx2)(C) = Nz(X) x Nz(X)

such that the induced correspondence between zero sections is c|z : ¢c™1(Z x Z) — Z x Z.
(b) Combining §§ 3.8(c) and 3.7(a), we get that Fix(Nz(c)) is a cone with zero section Fix(c|z).

Moreover, Npix((|,,) (Fix(c)) is closed subscheme of Fix(Nz(c)) (see [Var07, Corollary 1.4.5]).
(c) By §3.7(b), for every t € Al(k) we get a correspondence

Nz(c)t : Ne=1(zx2)(C) — Nz(X) X Nz(X).
Moreover, every Fix(Nz(c)¢) is a cone with zero section Fix(c|z) (use §§3.8(c) and 3.7(c)).
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DEFINITION 4.4. Let ¢: C' — X x X be a correspondence, and let Z C X be a closed subscheme.

(a) We say that ¢ has no fized points in the punctured tubular neighborhood of Z, if
correspondence Nz (c) satisfies Fix(Nz(c)) \ Fix(c|z) = 0.

(b) We say that ¢ has no almost fized points in the punctured tubular neighborhood of Z, if
Fix(Nz(c)) \ Fix(c|z) = 0, and the set {t € Al(k)| Fix(Nz(c)¢) \ Fix(c|z) # 0} is finite.

Remarks 4.5.

(a) The difference No-1(747)(C) ~ ¢ ' (Z x Z) can be thought as the punctured tubular
neighborhood of ¢~!(Z x Z) C C. Therefore, our condition 4.4(a) means that any point
Y € Ne-1(7x2)(C) \ ¢ (Z x Z) is not a fixed point of Nz(c), that is,

Nz(e)i(y) # Nz(e)r(y)-

(b) Condition 4.4(b) means that there exists an open neighbourhood U of 1 € Al such that for
every y € Ne-1(757)(C) N cYZ x Z) we have ui(Nz(c)i(y)) # Nz(c).(y) for every t € U.
In other words, y is not an almost fized point of Nz(c).

4.6 The case of a morphism
Let f: X — X be a morphism, and let x € Fix(f) be a fixed point. We take ¢ be the graph
Gry = (f,1dx) of f, and set Z := {z}.

(a) Then N,(X):= Nz(X) is a closed conical subset of the tangent space T, (X), the mor-
phism N, (f) : Np(X) — N(X) is (Al,.)-equivariant, thus Fix(N,(c)) = Fix(N,(f)) is a
conical subset of N, (X) C T,(X). Hence, Gry has no fixed points in the punctured tubular
neighborhood of x if and only if set-theoretically we have Fix N, (f) = {x}.

(b) Let T(f) : Tx(X) — T,(X) be the differential of f at x. Then FixT,(f) = {z} if and only
if the linear map T, (f) — Id : T(X) — T,(X) is invertible, that is, Gry intersects with Ax
at = transversally in the strongest possible sense. In this case, Gry has no fixed points in
the punctured tubular neighborhood of = (by part (a)).

(c) Assume now that X is smooth at x. Then, by parts (a) and (b), Gry has no fixed points
in the punctured tubular neighborhood of z if and only if Gr; intersects with Ax at x
transversally.

Though the next result is not needed for what follows, it shows that our setting generalizes
that studied in [Var07].

LEMMA 4.7. Assume that c is contracting near Z in the neighborhood of fixed points in the sense
of [Var07, §2.1.1(c)]. Then ¢ has no almost fixed points in the punctured tubular neighborhood
of Z. Moreover, the subset of A'(k), defined in Definition 4.4(b), is empty.

Proof. Choose an open neighborhood W C C' of Fix(c) such that |y is contracting near Z (see
[Var07, §2.1.1(b)]). Then Fix(c|w) = Fix(c), hence we can replace ¢ by c|w, thus assuming that
c is contracting near Z. In this case, the set-theoretic image of the morphism

Nz(e)i: Ne-1(2x2)(C) — Nz(X)

lies in the zero section. Therefore, for every t € A'(k) the set-theoretic image of the map
Fix(Nz(c)y) — Nz(X) lies in the zero section, implying the assertion. O

By Lemma 4.7, the following result is a generalization of [Var07, Theorem 2.1.3(a)].

LEMMA 4.8. Letc: C — X x X be a correspondence, which has no fixed points in the punctured
tubular neighborhood of Z C X. Then the closed subscheme Fix(c|z)req C Fix(¢)req is open.
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Proof. Using §4.3(b), we have inclusions
FiX(C|Z)red - NFix(c|Z)(FiX(C))red - FiX(NZ(C))red>

whereas our assumption implies an equality Fix(c|z)reqa = Fix(Nz(¢))req. Therefore, we have an
equality Fix(c|z)red = Nrix(c|,) (Fix(c))red, from which our assertion follows by Lemma 4.2. [

Notation 4.9. Let ¢: C — X x X be a correspondence, which has no fixed points in the punc-
tured tubular neighborhood of Z C X. Then, by Lemma 4.8, Fix(c|z) C Fix(c) is an open subset,
thus (see §1.5(b)) to every c-morphism u € Hom.(F, F') one can associate an element

Trrixel) (w) € HO(Fix(c|2), Kpix(el))-

Now we are ready to formulate the main result of this note, which by Lemma 4.7 generalizes
[Var07, Theorem 2.1.3(b)].

THEOREM 4.10. Let ¢: C' — X x X be a correspondence, and let Z C X be a c-invariant closed
subscheme such that ¢ has no fixed points in the punctured tubular neighborhood of Z.

(a) Assume that ¢ has no almost fixed points in the punctured tubular neighborhood of Z.
Then for every c-morphism u € Hom.(F, F), we have an equality

TTFiX(C|Z)<u) = TTC|z(u|Z) € HO(FiX(C’Z)v KFiX(c|Z))'

(b) Every connected component [3 of Fix(c|z), which is proper over k, is also a connected
component of Fix(c). Moreover, for every c-morphism u € Hom.(F,F), we have equalities

Tra(u) = Tra(ulz) € H (Fix(8), Kpix(s)) and LTg(u) = LTg(ulz) € A.
As an application, we now deduce the result, stated in the introduction.

COROLLARY 4.11. Let f: X — X be a morphism, and let « € Fix(f) be a fixed point such that
the induced map of normal cones N (f) : Ny(X) — N,(X) has no non-zero fixed points. Then:

(a) point x is an isolated fixed point of f;
(b) for every morphism u: f*F — F with F € D%:(X,A), we have LT,(u)= Tr(u;). In
particular, if F = A and w is the identity, then LT,(u) = 1.

Proof. As it was observed in §4.6(a), our assumption implies that {x} C X is a closed
Gry-invariant subscheme, and correspondence Gry has no fixed points in the punctured tubular
neighborhood of {z}. Therefore part (a) follows from Lemma 4.8, while the first assertion of
part (b) is an immediate corollary of Theorem 4.10. The second assertion of part (b) now follows
from the obvious observation that Tr(u,) = 1. O

5. The case of group actions

LEMMA 5.1. Let D be a reduced diagonalizable algebraic group acting on a scheme X such that
either D is finite or X is separated, and let Z C X be a D-invariant closed subscheme.

Then D acts on the normal cone Nz(X), and the induced morphism N,p(XP) — Nz (X)P
on D-fixed points is an isomorphism.

Proof. By the functoriality of the normal cone (see §4.1(b)), D acts on the normal cone Nz(X),
S0 it remains to show that the map N,p(XP) — Nz(X)P is an isomorphism.

Assume first that D is finite. Then every z € ZP has a D-invariant open affine neighbourhood
U C X. Thus, replacing X by U and Z by ZNU, we can assume that X and Z are affine.
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Then we have to show that the map
KINZ(X)]p 2 k[Nz(X)P] — k[Nzo(XP)] (5.1)

is an isomorphism.

As the group D is diagonalizable, its order is prime to the characteristic of k. Thus, the functor
of coinvariants M — Mp is exact on k[D]-modules, hence the isomorphism k[X]p = k[XP]
induces an isomorphism between ((Iz)")p C k[X]p and (I;p)" C k[XP] for every n. From this
the fact that the map (5.1) is an isomorphism follows.

To show the case for a general D, note that the set of torsion elements Dy, C D is Zariski
dense. As X is separated, whereas X, Z and Nz(X) are Noetherian, therefore there exists a finite
subgroup D’ C D such that XP = X' and similarly for Z and N (X). Hence, the assertion for
D follows from that for D’, shown previously. O

COROLLARY 5.2. Let D and X be as in Lemma 5.1, let g € D, and let Z C X be a g-invariant
closed subscheme. Then g induces an endomorphism of the normal cone Nz(X), and the induced
morphism Nzq(X9) — Nz(X)9 between g-fixed points is an isomorphism.

Proof. Let D' := (g) C D be the Zariski closure of the cyclic group (g) C D. Then D’ is a diag-
onalizable group, and we have an equality X9 = X" and similarly for Z9 and Nz(X)9. Thus,
the assertion follows from Lemma 5.1 for D’. g

Ezxample 5.3. Let g : X — X be an automorphism of finite order, which is prime to the charac-
teristic of k. Then the cyclic group (g) C Aut(X) is a diagonalizable group, thus Corollary 5.2
applies in this case. Thus, for every g-invariant closed subscheme Z C X, the natural morphism
Nz¢(X9) — Nz(X)9 is an isomorphism.

As a consequence, we get a class of examples, when the condition of Definition 4.4(a) is
satisfied.

COROLLARY 5.4. Let G be a linear algebraic group acting on a scheme X.

(a) Let g € G, let (g) be the Zariski closure of the cyclic group generated by g, let s € (g) be
a semisimple element such that either s is of finite order or X is separated, and let Z C X
be an s-invariant closed subscheme such that (X ~\ Z)° = (). Then g has no fixed points in
the punctured tubular neighborhood of Z.

(b) Let g € G be semisimple such that either g is of finite order or X is separated, and let Z C X
be a g-invariant closed subscheme such that (X \ Z)9 = (). Then g has no fixed points in
the punctured tubular neighborhood of Z.

Proof. (a) We have to show that Nz(X)? \ Z = (). By assumption, we have Nz(X)J C Nz(X)".
Therefore, it suffices to show that Nz(X)* N Z = Nz(X)*\ Z%=0. As s is semisimple, we
conclude from Corollary 5.2 that Nz(X)® = Nzs(X?). Since (X*)red = (Z°)1ed, by assumption,
we conclude that Nzs(X®)ieq = (Z%)red, implying the assertion.

(b) Part (b) is a particular case of part (a). O

Ezample 5.5. An important particular case of Corollary 5.4(a) is when s = g5 is the semisimple
part of g, that is, g = gsg, is the Jordan decomposition.

The following result gives a version of Corollary 4.11, whose assumptions are easier to check.

COROLLARY 5.6. Let G, X, and g be as in Corollary 5.4(b), and let © € X9 be an iso-
lated fixed point of g. Then the induced map of normal cones g: Ny(X)— N,(X) has
no non-zero fixed points. Therefore, for every morphism u : g*F — F with F € Dgtf(X AN,
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we have an equality
LT, (u) = Tr(uy).

Proof. The first assertion follows from Corollary 5.4(b), whereas the second follows from
Corollary 4.11(b). O

5.7 An application
Corollary 5.6 is used in the work of Hansen, Kaletha, and Weinstein (see [HKW22,
Proposition 5.6.2]).

As a further application, we get a slight generalization of the Deligne—Lusztig trace formula.

Notation 5.8. To every proper endomorphism f: X — X and a morphism u: f*F — F with
F € Db(X,A), one associates an endomorphism RT.(u): RT.(X,F) — RI'.(X,F) (compare
[Var07, §1.1.7]).

Moreover, for an f-invariant closed subscheme Z C X, we set U := X \ Z and form endo-
morphisms RT.(u|z) : RU.(Z, F|z) — RU.(Z,F|z) and RT:(u|y) : RU(U, F|ly) — RU.(U, Flv)
(compare §1.4(d)).

THEOREM 5.9. Let G be a linear algebraic group acting on a separated scheme X, let g € G' be
such that X has a g-equivariant compactification, and let s € (g) be a semisimple element.
Then X* C X is a closed g-invariant subscheme, and for every morphism u : g*F — F with

F € Db(X,A), we have an equality of traces Tr(RTc(u)) = Tr(RTc(u|x=)) (see §5.8).
Proof. Using the equality
Te(RT (1)) = Tr(RT(u]x+)) + Tr(RTo(ulx~x-)),

it remains to show that Tr(RT.(u|x-x=)) = 0. Thus, replacing X by X ~\ X*® and u by u|x xs,
we may assume that X® = (), and we have to show that Tr(RI'.(u)) = 0.

Choose a g-equivariant compactification X of X, and set Z := (X \ X)peq. Let j: X — X
be the open inclusion, and set F := jiF € D%(X,Q,). As X C X is g-invariant, our morphism u
extends to a morphism @ = ji(u) : g*F — F, and we have an equality Tr(RI.(u)) = Tr(R.(7))
(compare [Var07, §1.1.7]). Thus, because X is proper, the Lefschetz—Verdier trace formula says
that

Tr(RT.(u)) = Tr(RT.(w)) = Y LTjs(w),
Bemo(X?)

so it suffices to show that each local term LTs(w) vanishes.

As X9 C X® = (), we have (Yg)red = (Z9)1eq- Thus, every (3 is a connected component of Z9.
In addition, g has no fixed points in the punctured neighborhood of Z (by Corollary 5.4(a)).
Therefore, by Theorem 4.10, we have an equality LTs(u) = LT3(u|z). However, the latter
expression vanishes, because F|z = 0, therefore |z = 0. This completes the proof. U

COROLLARY 5.10. Let X be a scheme over k, let g : X — X be an automorphism of finite order,
and let s be a power of g such that s is of order prime to the characteristic of k. Then for every
morphism u : g*F — F with F € ch’tf(X, A), we have an equality of traces

Tr(RT(u)) = Tr(RT (u|xs))-

997

https://doi.org/10.1112/S0010437X23007091 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X23007091

Y. VARSHAVSKY

Proof. Note that because g is an automorphism of finite order, X has a g-invariant open dense
affine subscheme U. Using additivity of traces

Tr(RTc(u)) = Tr(RTe(uly)) + Tr(RTc(ulx <))

and Noetherian induction on X, we can therefore assume that X is affine. Then X has a
g-equivariant compactification, so the assertion follows from Theorem 5.9. ]

Example 5.11. Applying Corollary 5.10 in the case when F = Q, and u is the identity, we recover
the identity

Tr(g, RTc(X, Qr)) = Tr(g, RT'e(X*,Qy)),

proven in [DL76, Theorem 3.2].

6. Proof of Theorem 4.10

6.1 Deformation to the normal cone
See [Var07, §1.4.1 and Lemma 1.4.3]. Let R = kl[t];) be the localization of k[t] at (t), set D :=
Spec R, and let n and s be the generic and the special points of D, respectively.

(a) Let X be a scheme over k, and let Z C X be a closed subscheme. Recall [Var07, §1.4.1]
that to these data one can associate a scheme Xz over Xp 1= X X D, whose generic fiber
(that is, fiber over n € D) is X,, := X x 7, and special fiber is the normal cone Nz (X).

(b) We have a canonical closed embedding Zp — X 7z, whose generic fiber is the embedding
Zy — X, and special fiber is Z — Nz(X).

(¢) The assignment (X, Z) — X is functorial, that is, for every morphism f : (X', Z') — (X, Z)
there exists a unique morphism )Y’Z/ — X lifting fp (see [Var07, Lemma 1.4.3]). In
particular, f gives rise to a canonical morphism Nz (X’) — Nz(X) from §4.1(b).

(d) Let ¢: C — X x X be a correspondence, and let Z C X be a closed subscheme. Then, by
part (c), one gets the correspondence ¢ : 6@*1( Zx7) — Xz x Xz over D, whose generic
fiber is ¢;, and special fiber is the correspondence

Nz(c) : Ne-1(zx2)(C) — Nz(X) x Nz(X)

from §4.3(a).

(e) By part (b), we have a canonical closed embedding Fix(c|z)p — Fix(¢z) over D, whose
generic fiber is the embedding Fix(c|z), — Fix(c),, and special fiber is Fix(c|z) —
Fix(Nz(c)).

6.2 Specialization to the normal cone

Assume that we are in the situation of §6.1.

(a) As in [Var07, §1.3.2], we have a canonical functor spg_ : D% e(X,A) — D (Nz(X), A).
Moreover, for every object F € Dlgtf(X ,\), we have a canonical morphism

spe, : Hom.(F,F) — HomNZ(C)(stZ(]:), D%, (F)).
(b) As in [Var07, §1.3.3(b)], we have a canonical specialization map

SPFix(ey) * H(Fix(¢), Kpix(e) — H (Fix(Nz(c)), Kpix(Ny(e)))>

which is an isomorphism when Fix(¢z) — D is a topologically constant family.
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(c) Applying [Var07, Proposition 1.3.5] in this case, we conclude that for every F € Dgtf(X AN,
the following diagram is commutative.

Hom,(F, F) Tre HO(Fix(c), Krix(e))

szzl 5PFix<Ez>l (6.1)

Tr . .
Homy, (o) (s, (F),spg, (F))  —2 HO(Fix(Nz(c)), Kpix(ns(s))

Now we are ready to prove Theorem 4.10, mostly repeating the argument of [Var(7,
Theorem 2.1.3(b)].

6.3 Proof of Theorem 4.10(a)
Step 1. We may assume that Fix(c)req = Fix(¢|z)red-

Proof. By Lemma 4.8, there exists an open subscheme W C C such that
wn FiX(C)red == FiX(dZ)red-

Replacing ¢ by c|w and u by u|y, we can assume that Fix(c);eq = Fix(¢|z)red- O

Step 2. We may assume that F|z ~ 0, and it suffices to show that in this case Tr.(u) = 0.
Proof. Set U:=X~Z, and let i: Z— X and j:U — X be the embeddings. As Z is

c-invariant, one can associate to u two c-morphisms
liz)i(ulz) € Hom,(i(F|z),0(Flz)) and [juli(ulv) € Home(ji(Flv), i1 (Flv))

(see [Var07, §1.5.9]). Then, by the additivity of the trace map [Var07, Proposition 1.5.10], we
conclude that

Tre(u) =Tre(lizh(ulz)) + Tre(juli(uly)).

Moreover, using the assumption Fix(c|z)req = Fix(¢)red and the commutativity of the trace map
with closed embeddings [Var07, Proposition 1.2.5], we conclude that

Tre(lizli(ulz)) = Tre, (ulz).

Thus, it remains to show that 7r.([ju]i(u|r)) = 0. For this we can replace F by ji(F|y) and u
by [ju]i(u|r). In this case, F|z ~ 0, and it remains to show that 7r.(u) = 0 as claimed. O

Step 3: specialization to the normal cone. By the commutative diagram (6.1), we have an equality
TTNZ(C)(SPEZ(U)) = SpFix(EZ)(Trc(u))'
Thus, to show the vanishing of 7r.(u), it suffices to show that:

(i) the map sprix(@,) is an isomorphism;
(ii) we have 77y, () (spz, (u)) = 0.

Step 4: proof of Step 3(i). By 8§6.2(b), it suffices to show that the closed embedding
Fix(c|z)Dpred — Fix(¢z)rea (see §6.1(b)) is an isomorphism. Moreover, we can check separately
the corresponding assertions for the generic and the special fibers.
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For generic fibers, the assertions follows from our assumption Fix(c);eq = Fix(c|z)red (see
Step 1), whereas the assertion for special fibers Fix(c|z)red = Fix(Nz(¢))reqa follows from our
assumption that ¢ has no fixed points in the punctured tubular neighborhood of Z.

Step 5: proof of Step 3(ii). By a standard reduction, one can assume that A is finite. We are
going to deduce the assertion from Proposition 3.6 applied to the correspondence Nz(c) and a
weakly Gp-equivariant spy (F) € Dew(Nz(X), A).

Note that the zero section Z C Nz(X) is closed (by §4.1(a)). Next, because Z is c-invariant,
we have ¢ 1(Z x Z) = ¢, 1(Z). Therefore, it follows from §4.1(c) that Z C Nz(X) is Nz(c)-
invariant, and the correspondence Nz(c)¢|z is identified with Zy, () = c|z.

As ¢ has no almost fixed points in the punctured tubular neighborhood of Z, we conclude that
Nz(c) satisfies the assumptions of Proposition 3.6. Thus, it remains to show that spz (F)[z ~ 0
and that D%, (F) is weakly G,,-equivariant with respect to the n-twisted action for some n.

Both assertions follow from results of Verdier [Ver83|]. Namely, the vanishing assertion follows
from isomorphism spg_(F)|z ~ F|z (see [Ver83, §8, (SP5)] or [Var07, Proposition 1.4.2]) and our
assumption F|z ~ 0 (see Step 2). The equivariance assertion follows from the fact that spy_(F)
is monodromic (see [Ver83, §8, (SP1)]), because A is finite (use [Ver83, Proposition 5.1]).

6.4 Proof of Theorem 4.10(b)

The first assertion follows from Lemma 4.8. To show the second, choose an open subscheme W C
C such that W N Fix(¢)req = Bred- Replacing ¢ by c|w, we can assume that [eq = Fix(¢)req =
Fix(¢|2)red, thus Fix(c|z) is proper over k.

As it was already observed in Step 5 of §6.3, the correspondence Nz(c)|z is identified with
¢|lz. Thus Fix(Nz(c)|z) = Fix(c|z) is proper over k. It now follows from Lemma 3.9 that the
finiteness condition in Definition 4.4(b) is satisfied automatically, therefore ¢ has no almost fixed
points in the tubular neighborhood of Z (see §4.5(c)). Now the equality LT3(u) = LTs(u|z)
follows from obvious equalities T7r(u) = T Tpix(c|,)(w), Trp(u|z) = Try, (u|z) and part (a).

7. Proof of Proposition 2.5

We are going to deduce the result from the assertion that trace maps commute with nearby
cycles.

7.1 Set up
Let D be a spectrum of a discrete valuation ring over k with residue field k£, and let f : X — D
be a morphism of schemes of finite type.

(a) Let n, 77, and s be the generic, the geometrically generic, and the special point of D, respec-
tively. We denote by X, X7, and X, the generic, the geometric generic, and the special
fiber of X, respectively, and let ¢, : X;) — X, i5: X7 — X, 45 : Xy — X, and 7, : X7 — X
be the canonical morphisms.

(b) For every object F € D(X, A), we set F; := i (F), Fi7 := iz(F), and Fs := iy(F). For every
object 7, € D(Xy), A), we set 7 := 7y (Fy)-

(c) Let ¥ = WUy : Db (X,,A) — Dl(Xs,A) be the nearby cycle functor. By definition, it is
defined by the formula Uy (F;) 1= i%im.(F5).

(d) Consider functor Wy :=4}oigm : D(X7,A) — D(Xs,A). Then we have an equality

Uy (F,) = Ux(F) for all F,, € D%(X,, A).
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7.2 ULA sheaves
Assume that we are in the situation of §7.1.

(a) We have a canonical isomorphism Wy oip ~i;oip oir of functors Dl (X,A) —
b
D ctf ¥
iy — \Ifxoi;;:\llxoi%.
(b) Note that if F € Db(X,A) is ULA over D, then the induced morphism

Fs = i3(F) = (Ux 0 iy)(F) = Ux (Fy) = Vx(Fy)

(Xs,A). In particular, the unit map Id — iz o iy induces a morphism of functors

is an isomorphism. In particular, we have a canonical isomorphism As ~ Up(A7).
7.3 Construction
Assume that we are in the situation of §7.1.

a) For every 7 € D(X7, A), consider composition
7 7

RT(Xq, F) ~ RU(X, i (Fy)) — RU(Xs, i%ime(Fq)) = RU(Xs, Ux (F)).-

b) Consider canonical morphism ¥x(Kx.) — K., defined as a composition
( n s

J— J— C J—
Ux(Kx,) = Ux(fs(Aq) 2= F1(Tp(A7)) = fi(As) = Kx,.
(c) Denote by Spy the composition

a — b
RY(Xq, Kx,) 25 RD(X,, Ux (Kx,)) % RI(X,, Kx.).

(d) Using the observation K, ~ m;(Kx,), we denote by Spx the composition

ok Sp
RT(X,, Kx,) — RD(Xy, Kx,) = RD(X,, Kx,).
LEMMA 7.4. Assumithat f:X — D is a topologically constant family (see §2.3). Then the
specialization map Spy : RI'(X7, Kx,) — RI'(Xs, Kx,) of § 7.3(c) coincides with the canonical
identification of Claim 2.4.

Proof. Though the assertion follows by straightforward unwinding the definitions, we sketch the

argument for the convenience of the reader.
As in the proof of Claim 2.4, we set Ky/p := f'(Ap) and F := f«(Kx/p). Consider the

diagram
Fo= RO F) —2Y  RI(s,Up(F) <2 RI(s,F) = F,
BC*l BC*J( BC,
7.3(a) — 7.2(b)
BC*l BC*l BC*l
7.3(a) — 7.3(b)
RT(X7, Kx,) —% RI(X,, Ux(Kx,)) ——2 RI(X,Kyx,)
where:

e maps denoted by BC, are induced by the (base change) isomorphisms F 5 S (K x/p)7),5
Fs = fsx((Kx/p)s) and base change morphisms; whereas
e maps denoted by BC* are induced by the (base change) isomorphisms (K x/p)z S K X, and
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We claim that the diagram (7.1) is commutative. As the top left, the top right, and the
bottom left inner squares are commutative by functoriality, it remain to show the commutativity
of the right bottom inner square. In other words, it suffices to show the commutativity of the
following diagram.

— 7.2(b
Vx ((Kx/p)7) ALUE (Kx/p)s

e | =

- 7.3(b)
‘I’X (KXW) e KX

s

Moreover, using identity Kx/p = f '(Ap), it suffices to show the commutativity of the following

diagram, which is standard.
isiganf < f s fli
s - [
i i 2 i fligis 2 flitinit
By the commutativity of (7.1), it remains to show that the top arrow
Fq7 = RU(n,F) — RU(s, Up(F5)) ~ Rl (s, Fs) = Fs

of (7.1) equals the inverse of the specialization map

F, = RI(s, F,) ~ RT(D, F) —L RT(7, Fy) = Fo.

But this follows from the commutativity of the following diagram.

- -

RT(W, Fy) +—— RI(D,F) —“—  RI(s,F.)

‘ ‘ unitl lunit

RT(7), Fy) === RT(D,in.(Fy)) —— RI(s,itig.(F7)) 0

7.5 Specialization of cohomological correspondences

Let ¢ : C — X x X be a correspondence over D, let ¢, : (), — X, X X, ¢ : Cf7 — X5 x X7, and
cs : Cs — X5 x X, be the generic, the geometric generic, and the special fibers of ¢, respectively.
Fix 7, € D% (X, A).

(a) Using the fact that the projection , : 7 — 7 is pro-étale, we have the following commutative
diagram.

Tre, .
Hom,, (Fy, Fy) —— ]YO(FHX(QQ,}(FR(QJ)

W;l J(Tr:]
Tre

HOHICTI(]:ﬁ, ]:ﬁ) —q> .HO (FiX(Cﬁ), KFix(cﬁ))
(b) Consider the map
V. : Hom,, (F;, F) — Home, (Y x (Fy), Yx(Fy)),
which sends morphism w, : ¢, (F) — C!nr(}-n) to the composition

L (Ux (F) 2 woley(F) " wod (F) ZS d (U (Fy)-
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PROPOSITION 7.6. In the situation § 7.5, the following diagram is commutative.

T’fc,, .
Hom,, (F,, Fy) — HY(Fixz(c,), Krix(c,))

\I;Cl SpFix(c)J/

Trey .
HOIIlCS (\Ifx(]:n), \le(]:n)) _— HO(Fm(cS), KFir(cs))

Proof. The assertion and its proof is a small modification [Var07, Proposition 1.3.5].
Alternatively, the assertion can be deduced from the general criterion of [Var07, §4]|. Namely,
repeating the argument of [Var07, §4.1.4(b)] word-by-word, one shows that the nearby cycle
functors W. together with base change morphisms define a compactifiable cohomological mor-
phism in the sense of [Var07, §4.1.3]. Therefore, the assertion follows from (a small modification
of) [Var07, Corollary 4.3.2]. O

LEMMA 7.7. Let ¢c: C — X x X be a correspondence over D. Then for every F € D%(X,A)
and u € Hom.(F, F), the following diagram is commutative.

alFs) = (R

ST

7.2(&)J{ J 7.2(a)

(Ux(Fy) —L o (W (Fy)

Proof. The assertion is a rather straightforward diagram chase. Indeed, it suffices to show the
commutativity of the following diagram.

(F) =—— (qF)s —  (dF)s S d(F)

7.2(a)l 7.2(a)l 7.2(a)l l7.2(a) (7'2)

e (Ux(F) —25 To((fFly) —% Vol F)m) —5 b, (Ux(Fy))

We claim that all inner squares of (7.2) are commutative. Namely, the middle inner square is
commutative by functoriality, whereas the commutativity of the left and the right inner squares
follows by formulas ¥. = % o iz, and definitions of the base change morphisms. g

Now we are ready to show Proposition 2.5.

7.8 Proof of Proposition 2.5
Without loss of generality, we can assume that s is a specialization of ¢ of codimension one. Then
there exists a spectrum of a discrete valuation ring D and a morphism f : D — S whose image
contains s and t. Taking base change with respect to f we can assume that S =D, t =7 is the
geometric generic point, whereas s is the special point.

Then we have equalities

Tre,(us) = Tre,(Ve(uy)) = SpFix(C) (Tre, (uy))
= %Fix(c) (71';; (Trcn (U‘ﬁ))) = SipFix(c) (Trcﬁ(uﬁ))a
where:

o the first equality follows from the fact that the isomorphism F, — Wx(F,) from §7.2(b)
identifies us with W.(uy) (by Lemma 7.7);
e the second equality follows from the commutative diagram of Proposition 7.6;
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e the third equality follows from definition of Spy in §7.3(d);
e the last equality follows from the commutative diagram of §7.5(a).

Now the assertion follows from Lemma 7.4.

ACKNOWLEDGEMENTS

I thank L. Illusie, who explained to me a question of Deligne several years ago and expressed
his interest on many occasions. I also thank D. Hansen and J. Weinstein for their comments and
stimulating questions (see §5.7), H. Esnault and N. Rozenblyum for their interest. I also thank
an anonymous referee for their comments and corrections.

REFERENCES

Del80 P. Deligne, La conjecture de Weil. II, Publ. Math. Inst. Hautes Etudes Sci. 52 (1980), 137-252.

DL76 P. Deligne and G. Lusztig, Representations of reductive groups over finite fields, Ann. of Math.
103 (1976), 103-161.

Fuj97 K. Fujiwara, Rigid geometry, Lefschetz—Verdier trace formula and Deligne’s conjecture, Invent.
Math. 127 (1997), 489-533.

HKW22 D. Hansen, T. Kaletha and J. Weinstein, On the Kottwitz conjecture for moduli spaces of local
shtukas, Forum Math. Pi 10 (2022), e13.

Pin92 R. Pink, On the calculation of local terms in the Lefschetz—Verdier trace formula and its
application to a conjecture of Deligne, Ann. of Math. 135 (1992), 483-525.

SGA4 M. Artin, A. Grothendieck, J.-L. Verdier (eds), Théorie des topos et cohomologie étale des
Schémas (SGA /), Lecture Notes in Mathematics, vol. 269, 270, 305 (Springer, 1972-1973).

SGA4% P. Deligne et al., Cohomologie étale (SGA 4%)7 Lecture Notes in Mathematics, vol. 569
(Springer, 1977).

SGA5 L. Nlusie, Formule de Lefschetz, in Coholologie ¢-adique et fonctions L (SGA 5), Lecture Notes
in Mathematics, vol. 589 (Springer, 1977), pp. 73-137.

Var07 Y. Varshavsky, Lefschetz—Verdier trace formula and a generalization of a theorem of Fujiwara,
Geom. Funct. Anal. 17 (2007), 271-319.
Ver83 J.-L. Verdier, Spécialisation de faisceaux et monodromie modérée, in Analysis and topology on

singular spaces, Astérisque, vol. 101-102 (Société Mathématique de France, 1983), 332-364.

Yakov Varshavsky yakov.varshavsky@mail.huji.ac.il

Einstein Institute of Mathematics, Edmond J. Safra Campus, The Hebrew University of
Jerusalem, Givat Ram, Jerusalem 9190401, Israel

1004

https://doi.org/10.1112/S0010437X23007091 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X23007091

	Introduction
	Notation
	1 Correspondences and trace maps
	1.1 Correspondences
	1.2 Restriction of correspondences
	1.4 Cohomological correspondences
	1.5 Trace maps and local terms

	2 Relative correspondences
	3 An (A1,)-equivariant case
	3.1 Construction
	3.3 Equivariant case
	3.4 Basic example
	3.5 Twisted action
	3.7 Equivariant correspondences
	3.8 Cones

	4 Main result
	4.1 Normal cones
	4.3 Application to correspondences
	4.6 The case of a morphism

	5 The case of group actions
	5.7 An application

	6 Proof of Theorem 4.10
	6.1 Deformation to the normal cone
	6.2 Specialization to the normal cone
	6.3 Proof of Theorem 4.10(a)
	6.4 Proof of Theorem 4.10(b)

	7 Proof of Proposition 2.5
	7.1 Set up
	7.2 ULA sheaves
	7.3 Construction
	7.5 Specialization of cohomological correspondences
	7.8 Proof of Proposition 2.5

	Acknowledgements
	References

