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Hydrodynamic instability can occur when a viscous fluid is driven rapidly through a
flexible-walled channel, including a multiplicity of steady states and distinct families
of self-excited oscillations. In this study we use a computational method to predict the
stability of flow through a planar finite-length rigid channel with a segment of one wall
replaced by a thin pre-tensioned elastic beam of negligible mass. For large external
pressures, this system exhibits a collapsed steady state that is unstable to low-frequency
self-excited oscillations, where the criticality conditions are well approximated by a long-
wavelength one-dimensional (1-D) model. This oscillation growing from a collapsed state
exhibits a reduced inlet driving pressure compared with the corresponding steady flow,
so the oscillating state is energetically more favourable. In some parameter regimes this
collapsed steady state is also unstable to distinct high-frequency normal modes, again
predicted by the 1-D model. Conversely, for lower external pressures, the system exhibits
an inflated steady state that is unstable to another two modes of self-excited oscillation,
neither of which are predicted by the lower-order model. One of these modes becomes
unstable close to the transition between the upper and lower steady states, while the
other involves small-amplitude oscillations about a highly inflated wall profile with large
recirculation vortices within the cavity. These oscillatory modes growing from an inflated
steady state exhibit a net increase in driving pressure compared with the steady flow,
suggesting a different mechanism of instability to those growing from a collapsed state.
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1. Introduction
Flow driven rapidly through a flexible-walled tube or channel can exhibit a number of
interesting hydrodynamic instabilities that arise through interaction between the flowing
fluid and the deformable wall. Such instabilities occur in a number of physiological
applications, including fluid flows through compliant conduits in the human body such
as the cardiovascular system, the lung airways, the intestinal system and the vocal tract.
One striking example of such a physiological instability occurs during syphygmamometry,
where blood flow through the compressed brachial artery can exhibit spontaneous self-
excited oscillations as the external pressurisation is gradually released, which then
manifest as an audible Korotkoff noise. The origins and nonlinear dynamics of such fluid–
structure instabilities have been thoroughly reviewed elsewhere, both in the physiological
context (e.g. Heil & Hazel 2011; Grotberg 2021) and more widely (e.g. Riley, Gad-el Hak
& Metcalfe 1988; Paidoussis 2013).

Such self-excited oscillations are also evident in bench-top experiments involving liquid
flow driven through a segment of externally pressurised flexible tubing – a Starling resistor;
in some cases these oscillations settle into periodic limit cycles that can be categorised
into distinct frequency bands (Bertram, Raymond & Pedley 1990), while in others the
dynamics appear chaotic (Bertram, Raymond & Pedley 1991). More recent experiments
have extended the analysis using particle image velocimetry methods to visualise the
oscillating flow field (Chowdhury & Zhang 2024). Similar experiments have been used
to study transition to turbulence in long flexible-walled tubes cast from a polymeric gel,
elucidating significant differences in the transition process compared with rigid tubes,
including the presence of self-excited oscillations (Verma & Kumaran 2012).

Theoretical study of the mechanisms driving these self-excited oscillations is
challenging since one must solve the three-dimensional flow equations coupled to the
corresponding motion of the flexible wall. For this reason, fully three-dimensional
predictions of the onset of self-excited oscillations and their corresponding limit cycles
has been restricted to a very small number of studies (Heil & Boyle 2010; Whittaker
et al. 2010; Whittaker 2015), with some additional focus on steady flows (Hazel & Heil
2003; Marzo, Luo & Bertram 2005; Zhang, Luo & Cai 2018). Although progress has
been made with lower-order (semi-empirical) models of these collapsible tube flows (e.g.
Bertram & Pedley 1982; Jensen 1990; Armitstead, Bertram & Jensen 1996), the underlying
mechanisms that lead to oscillations are still not fully understood.

Given the difficulty of solving three-dimensional models, a simpler approach to
understand the onset of these self-excited oscillations is to consider an analogous system
involving flow through a flexible-walled channel. Such systems are typically assumed
to be entirely planar and readily predict oscillatory instabilities under a variety of set-
ups and flow conditions (e.g. Luo & Pedley 1996; Huang 2001; Jensen & Heil 2003;
Heil 2004; Stewart et al. 2010; Liu, Luo & Cai 2012). However, such planar set-ups are
difficult to realise experimentally (Ikeda et al. 1998), and so experiments involving flow
through a flexible-walled channel (with significant out-of-plane deformation) have instead
focused on transition to turbulence or the enhancement of mixing rather than the onset of
self-excited oscillations (e.g. Verma & Kumaramn 2013; Wang & Christov 2022).

In this study we focus entirely on a planar set-up involving flow through a finite-length
collapsible channel, which is often used as a prototypical system for testing new numerical
methods for studying fluid–structure interaction (e.g. Tang et al. 2015; Huang et al. 2022).
Our focus is instead on obtaining mechanistic insight into the various modes of oscillatory
instability that can arise in such set-ups. Within this framework, most theoretical studies
have focused on asymmetric arrangements where only a finite-length segment of one wall
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of a rigid channel is replaced by a compliant surface (in a set-up introduced by Pedley
1992). However, some recent attention has also focused on two-sided collapsible channels
with two compliant panels, where symmetry breaking leads to chaotic motion (Huang
et al. 2021, 2022).

In this study we revisit the asymmetric arrangement of Pedley (1992), where it has
previously been shown that self-excited oscillations can occur in a system driven by
either a fixed upstream flow rate (Luo & Pedley 1996, 2000; Huang 2001; Heil 2004;
Luo et al. 2008; Wang et al. 2021a) or by a fixed upstream pressure (Jensen & Heil
2003; Stewart et al. 2010; Liu et al. 2012). To facilitate mechanistic understanding of this
asymmetric two-dimensional (2-D) system, attention has also focused on (semi-rational)
one-dimensional (1-D) reductions that exploit a long-wavelength approximation and a flow
profile assumption to derive closed systems of equations. One such 1-D model was derived
by Stewart, Waters & Jensen (2009) for flow driven by a fixed upstream pressure, and has
subsequently been applied to a flux-driven system (Xu et al. 2013, 2014; Stewart 2017).
Across these various approaches the asymmetric finite-length collapsible channel has
been demonstrated to exhibit a wide variety of interesting phenomena, including several
distinct families of self-excited oscillations driven by fundamentally different mechanisms
(Luo et al. 2008; Stewart et al. 2009; Stewart 2017), multiple steady flow configurations
(Luo & Pedley 2000; Heil 2004; Stewart 2017; Wang et al. 2021a), flow-limitation
and pressure-drop limitation (Luo & Pedley 2000), divergent instabilities and slamming
events (Stewart 2010; Stewart et al. 2010; Xu, Billingham & Jensen 2013; Xu & Jensen
2015).

In this study we model the flexible portion of the wall as a nonlinearly elastic beam
with a large pre-tension, extending our previous work involving a beam with no pre-
tension (Luo et al. 2008; Wang et al. 2021a,b). This approach facilitates comparison with
earlier computational studies with simpler wall models (Luo & Pedley 1996, 2000) and
lower-order reductions of the flow (Stewart 2017). In particular, we consider a range of
approaches including a full 2-D computational model, a linear stability eigensolver and
a 1-D model (§ 2). Similar to previous studies, this system always exhibits at least one
steady state and can exhibit a multiplicity of steady states for some parameter regimes
(§ 3). It emerges that when the external pressure is fixed to relatively low values, this
system exhibits a steady state that is mostly inflated along the collapsible segment (termed
the upper branch), while for larger values of the external pressure, the system instead
exhibits a highly collapsed steady configuration (termed the lower branch). Similar to
our previous work (Wang et al. 2021a,b), we show that both the upper and lower branch
steady states can become unstable to distinct modes of self-excited oscillation, and use our
models to map out the unstable regions of the parameter space (§ 4). Finally, we elucidate
the mechanisms of both low- and high-frequency normal modes growing from the lower
branch of static solutions (§ 5) and oscillations growing from the upper branch of static
solutions (§ 6). A second family of oscillations growing from the upper branch of static
solutions is summarised in the Appendix.

2. The model
We consider a 2-D rigid channel of uniform width D conveying an incompressible
Newtonian fluid with uniform density ρ and viscosity μ.

Similar to our previous work (Wang et al. 2021a,b), we consider a flow driven by a fixed
inlet flux Q (per unit length in the out-of-plane direction) with a fixed (reference) pressure
P imposed along the channel outlet.
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Figure 1. Sketch of the model set-up in dimensional variables.

A segment of length L of the upper wall of the channel is replaced by a plane-strain
elastic beam of initial thickness H; prior to deformation this beam is assumed to be flat
and parallel to the entire rigid wall. The resulting lengths of the upstream and downstream
rigid segments are denoted as Lu and Ld , respectively, so the total length of the collapsible
channel is denoted as L0 = Lu + L + Ld .

A Cartesian coordinate system is established in the channel where x measures the
distance along the entire rigid wall (from the junction between the upstream rigid segment
and the compliant segment) and y measures the normal distance from this wall oriented
into the channel; see set-up sketched in figure 1.

The elastic upper wall is modelled as a massless beam with extensional stiffness eλ and
bending stiffness eb. This beam is held under a constant pre-tension T and subject to a
uniform external pressure pe. In this study we focus on a parameter regime where the
influence of the pre-tension dominates the other restoring effects.

The flat, undeformed elastic beam is parameterised by a coordinate l (0 � l � L).
An arbitrary point on the beam at l = la is mapped to xb = (xb(la, t), yb(la, t)) in the
Cartesian coordinate system after deformation, where t denotes time.

The 2-D fluid velocity field is denoted as u = (u(x, y, t), v(x, y, t)) and the fluid
pressure is denoted at p(x, y, t).

The material (Lagrangian) velocity of the elastic beam is denoted as

ub(l, t) = ∂xb(l, t)

∂t
; (2.1)

we project this material velocity to the current (Eulerian) description to derive the spatial
velocity of the beam us(x, y, t), defined such that

ub(l, t) = us(xb(l, t), yb(l, t), t). (2.2)

We scale all lengths on the channel width D, velocities on Q/D and time on D2/Q. We
also scale the pressure on an inertial scale relative to the outlet value, where we write

p̃ = p − P

ρQ2/D2 ; (2.3)

dimensionless variables are indicated with the same symbol but with a tilde. The
corresponding dimensionless parameters governing the dynamics of the fluid and the beam
take the form

R̃e = ρQ

μ
, p̃e = pe D2

ρQ2 , T̃ = TD
ρQ2 , c̃λ = eb D

ρQ2 , c̃κ = eλ
ρQ2 D

, (2.4)

denoting the Reynolds number of the flow, the dimensionless external pressure, the
dimensionless pre-tension, extensional and bending stiffness of the elastic beam,
respectively. Furthermore, the geometry of the channel is described by the dimensionless
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lengths of each segment:

L̃u = Lu

D
, L̃ = L

D
, L̃d = Ld

D
. (2.5)

We henceforth drop the tildes for all the variables and parameters.

2.1. Governing equations for the full 2-D model
The dimensionless governing equations for the fluid are the incompressible Navier–Stokes
equations in the form

∇ · u = 0, (2.6a)
∂u
∂t

+ (u · ∇)u = ∇ · σ . (2.6b)

The corresponding Newtonian stress tensor σ in (2.6b) takes the form

σ = −pI + Re−1 (∇u + ∇uT), (2.6c)

where I is the identity tensor and the superscript T denotes the transpose operator.

2.2. Boundary conditions
At a given time t the flexible wall profile is the line of material points

{(xb(l, t), yb(l, t)) : 0 � l � L}. (2.6d)

Our numerical method (see § 2.4) can handle highly deformed beam configurations,
including cases where the wall profile is a multi-valued function of x (see the discussion
in Luo & Pedley 1996). However, for all the examples considered below, it emerges that
the x component of the beam profile, xb, is a one-to-one function of l for a given t , so the
dependency on l can be eliminated and the corresponding profile of the wall can (in this
case) be written in the form y = h(x, t) = yb(x−1

b (x, t), t).
For the viscous fluid, we assume no-slip conditions along the rigid walls and continuity

of velocity between the fluid and elastic beam in the form

u = 0, (y = 0; y = 1, −Lu � x ≤ 0, L � x � L + Ld) , (2.6e)
u = us, (y = h(x, t), 0 � x � L) . (2.6f )

For notational convenience, we denote h(x, t) = 1 along −Lu � x � 0 and L � x �
L + Ld .

The governing equations for the massless elastic beam are obtained by considering
conservation of linear and angular momentum (Cai & Luo 2003; Wang et al. 2021a).
In turn, these can be expressed in the form of a balance of tangential and normal stress
across the beam in the form

cκ

κ

λ

∂(λκ)

∂l
+ cλ

1
λ

∂λ

∂l
+ (σn) · t = 0, (2.6g)

−cκ

1
λ

∂

∂l

(
1
λ

∂(λκ)

∂l

)
+ cλκ(λ− 1) + κT + (σn) · n = pe, (2.6h)

where we have the constraints
∂xb

∂l
= λ cos θ,

∂yb

∂l
= λ sin θ,

∂θ

∂l
= λκ; (2.6i)

here λ is the principal stretch of the elastic beam, κ is the in-plane curvature and θ is
the angle between the rigid wall and the tangent vector of the deformed elastic wall
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Figure 2. Steady solutions of the fluid-beam system computed using the full 2-D simulations, plotting
(a) the maximal and minimal steady wall deflection as a function of Reynolds number for pe = 1; (b) the
spatial profile of the steady wall as a function of the material coordinate l for pe = 1, Re = 300; (c) terms in
the reduced normal stress balance (2.7a) as a function of the streamwise coordinate x for pe = 1, Re = 300; (d)
the maximal and minimal steady wall deflection as a function of Reynolds number for pe = 5; (e) the spatial
profile of the steady wall as a function of the material coordinate l for pe = 5, Re = 90; ( f ) terms in the reduced
normal stress balance (2.7a) as a function of the streamwise coordinate x for pe = 5, Re = 90. The upper and
lower branch limit points for pe = 1 are denoted as filled squares in (a), while the approximate transition
between the upper and lower branch for pe = 5 is indicated as an open square in (d). The point denoted with a
circle in (a) corresponds to the profiles in (b,c), while the point denoted with a circle in (d) corresponds to the
profiles in (e, f ).

(see figure 1). The normal and tangential unit vectors of the deformed elastic beam are
denoted as n and t , respectively.

In this paper we focus on a parameter regime where the elastic response of the beam is
dominated by the longitudinal pre-tension, where the normal stress balance (2.6h) can be
approximated as

R ≡ CT + Cn − pe ≈ 0, (2.7a)

where we define the contributions due to the pre-tension and the normal fluid stress as

CT ≡ κT, Cn ≡ (σn) · n. (2.7b)

We quantify the residual R and the size of these individual terms in figure 2.
We note that in this study we have neglected the contribution of the wall inertia in the

stress balances in the beam and so this prevents flutter-like instabilities found in previous
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studies (e.g. Luo & Pedley 1998) that onset due to two-way fluid–structure interaction. In
addition, the two ends of the elastic beam are fixed and clamped to the rigid segments
upstream and downstream, where we have

xb(0, t) = 0, yb(0, t) = 1, θ(0, t) = 0, (2.8a)
xb(L , t) = L , yb(L , t) = 1, θ(L , t) = 0. (2.8b)

In this fluid-driven system the inlet flow has a prescribed parabolic profile
u(−Lu, y, t) = 6y(1 − y), v(−Lu, y, t) = 0, with maximal velocity 3/2 along the
centreline. The corresponding fluid pressure along the channel inlet is denoted as
pin(y, t) = p(−Lu, y, t); in simulations we track temporal variations in the cross-
sectionally averaged upstream pressure pin(t) (see details below).

In the computations we impose that the flow across the channel outlet (x = L + Ld ) is
stress free, which for a sufficiently long downstream segment, is indistinguishable from a
zero pressure condition (see discussion in Jensen & Heil 2003).

In the simulations reported below we track the dynamics of the unsteady system using
several spatial and temporal measures. Firstly, we introduce the cross-sectionally averaged
fluid pressure (denoted with an overbar), defined as

p(x, t) = 1
h(x, t)

∫ h(x,t)

0
p(x, y, t) dy (−Lu � x � L + Ld). (2.9a)

In particular, across the channel inlet pin(t) = p(−Lu, t). Secondly, we consider the time
trace of the wall pressure at the mid-point of the compliant segment in the reference
configuration (l = (1/2)L), which we denote as

pmid(t) = p
(

xb

(
1
2 L , t

)
, yb

(
1
2 L , t

)
, t
)

. (2.9b)

Thirdly, we consider the maximal and minimal elastic wall deflections denoted as

ymax(t) = max
l

(yb(l, t))� 1, ymin(t) = min
l

(yb(l, t))� 1. (2.9c)

Additionally, the spatially averaged wall deflection over the compliant segment is
denoted as

yb = 1
L

∫ L

0
yb(l, t) dl. (2.9d)

Finally, we use the cross-sectionally averaged pressure distribution (2.9a) to construct the
spatially averaged pressure gradient along each compartment of the channel, such that

∇pu(t) = 1
Lu

∫ 0

−Lu

∂p(x, t)

∂x
dx = 1

Lu
(p(0, t) − p(−Lu, t)), (2.9e)

∇pc(t) = 1
L

∫ L

0

∂p(x, t)

∂x
dx = 1

L
(p(L , t) − p(0, t)), (2.9f )

∇pd(t) = 1
Ld

∫ L+Ld

L

∂p(x, t)

∂x
dx = 1

Ld
(p(Ld , t) − p(L , t)). (2.9g)

For each of these temporal measures, we can then further compute the corresponding
time-averaged value over one period of oscillation, which we denote with a superscript
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(avg); a function f (t) averaged over a period τ takes the form

f (avg) = 1
τ

∫ t0+τ

t0
f (t) dt, (2.10a)

where t0 is some reference time.
In our previous work (Wang et al. 2021a) we also quantified the dynamics of self-excited

oscillations using analysis of the corresponding energy budget of the system. We do not
reproduce this derivation here but note that the rate of working of the upstream pressure
can be expressed as

P(t) = −
[∫ 1

0
pu dy

]x=L+Ld

x=−Lu

. (2.10b)

In the particular case where the cross-channel profile of the upstream driving pressure
p(−Lu, y, t) is independent of y (which is a good approximation for the examples
illustrated below), the rate of working of the upstream pressure P(t) ≈ pin(t) since the
inlet flow rate is fixed and the outlet pressure is zero. Hence, the work done by the upstream
pressure over a period of oscillation is given by

P(avg) ≈ p(avg)
in . (2.10c)

2.3. Steady solutions
We denote the steady flow velocity, pressure and Newtonian stress tensor as U(x, y),
P(x, y) and Σ(x, y) = −P(x, y)I + Re−1(∇U(x, y) + ∇U(x, y)T) respectively. The
corresponding stretch and curvature of the steady beam are denoted as Λ(l) and K (l),
respectively, while the steady beam deflection is denoted as Xb(l) = (Xb(l), Yb(l)) and the
angle between the steady beam and rigid wall is denoted as Θ(l). Therefore, the equations
governing the steady system are

∇ · U = 0, (2.11a)

(U · ∇) U = ∇ · (− PI + Re−1 (∇U + ∇UT) ), (2.11b)

subject to boundary conditions

U = 0 (y = 0; y = 1, −Lu � x ≤ 0, L � x � L + Ld; y = H(x), 0 � x � L),

(2.11c)

and the governing equations for the steady beam are

cκ

K

Λ

∂ (ΛK )

∂l
+ cλ

1
Λ

∂Λ

∂l
+ (ΣN) · T = 0, (2.11d)

−cκ

1
Λ

∂

∂l

(
1
Λ

∂ (ΛK )

∂l

)
+ cλK (Λ − 1) + KT + (Σ N) · N = pe, (2.11e)

where T and N are the corresponding tangential and normal unit vectors to the steady
beam. In addition, the geometric constraints on the steady beam take the form

∂Xb

∂l
= λ cos Θ,

∂Yb

∂l
= Λ sin Θ,

∂Θ

∂l
= ΛK . (2.11f )

Similar to the unsteady system, we construct the steady wall profile in the
form y = H(x), and define H(x) = 1 along −Lu � x � 0 and L � x � L + Ld for
notational convenience. We form the steady cross-stream averaged pressure distribution
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P(x) = 1
H(x)

∫ H(x)

0
P(x, y) dy (−Lu � x � L + Ld), (2.12a)

alongside the steady inlet pressure P in = P(−Lu). Similarly, the spatially averaged steady
pressure gradient along each compartment can be written as

∇Pu = 1
Lu

(P(0) − P(−Lu)), (2.12b)

∇Pc = 1
L

(P(L) − P(0)), (2.12c)

∇Pd = 1
Ld

(P(Ld) − P(L)). (2.12d)

We also construct the maximal and minimal channel widths, defined as

Ymax = max
l

(Yb(l))� 1, Ymin = min
l

(Yb(l))� 1, (2.12e)

respectively.
Finally, at a given time t we compute the difference between the current wall profile and

the steady profile, written as

	yb(l, t) = yb(l, t) − Yb(l), (2.12f )

the difference between the steady and unsteady cross-stream averaged pressure
distributions in the form

	p(x, t) = p(x, t) − P(x), (2.12g)

as well as the excess (cross-sectionally averaged) streamwise pressure gradients along each
compartment

δpu(t) = ∇pu(t) − ∇Pu, (2.12h)

δpc(t) = ∇pc(t) − ∇Pc, (2.12i)

δpd(t) = ∇pd(t) − ∇Pd . (2.12j)

2.4. Numerical methods
Following Wang et al. (2021a) (see also Luo et al. 2008) we use a finite element method
with a six-node triangular mesh to solve the fluid-beam system (2.6). In particular, the
flow is described using an Arbitrary Lagrangian–Eulerian method for the domain under
the elastic wall with an adaptive mesh with rotational spines, whereas the domain under
the rigid wall is described using an Eulerian method with a fixed mesh (Luo et al. 2008).
We employ a Galerkin approach to construct weighting functions for the fluid momentum
equations (2.6a, 2.6b) and the normal stress balance in the beam (2.6h), but instead use
a Petrov–Galerkin weighted residual method for the tangential stress balance across the
beam (2.6g) and the constraints (2.6i). For unsteady problems, an implicit finite-difference
scheme is used for time stepping, where a frontal approach and a Newton–Raphson
iteration scheme are used at each time step to assemble and solve the discretised matrix
equations.

To initialise the unsteady numerical solutions, we apply a small perturbation by using
the corresponding steady state with a 1 % increment in cλ.

A mesh of 36 657 six-node triangular elements and 140 three-node elements is used for
the numerical simulations. Convergence tests were reported in Wang et al. (2021a).
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2.5. Eigenvalue problem
To further our understanding of the system, we also construct a linear stability eigensolver
around a given steady state of the system. This eigensolver is constructed using the method
described by Hao et al. (2016), where we add a small perturbation to the basic state in the
form

f (x, y, t) = F(x, y) + ε f̂ (x, y, t), g(l, t) = G(l) + εĝ(l, t), (2.13)

where ε � 1, f (x, y, t) and g(l, t) represent the fluid and beam related variables, while
F(x, y), G(l) and f̂ (x, y, t), ĝ(l, t) are the corresponding steady state and first-order
perturbation variables, respectively. To derive the corresponding eigenvalue problem for
this perturbed system, we neglect all terms of O(ε2) and assume that these first-order
perturbations take the wave-like form

f̂ (x, y, t) = f̃ (x, y)e−iωt + (
f̃ (x, y)e−iωt)∗, ĝ(l, t) = g̃(l)e−iωt + (

g̃(l)e−iωt)∗,
(2.14)

where f̃ (x, y) and g̃(l) are the complex amplitude functions and ω = ωr + iωi is
the complex frequency; here ωr is the oscillation frequency of the perturbation and ωi
is the corresponding growth rate. The system is unstable when ωi > 0, asymptotically
stable when ωi < 0 and is neutrally stable for ωi = 0. The superscript ∗ denotes a complex
conjugate.

Substituting (2.13) and (2.14) into the governing equations (2.6), we obtain the
eigenvalue problem for the coupled system in the form

∇ · ũ = 0, (2.15a)

−iωũ + (U · ∇) ũ + (ũ · ∇) U = ∇ ·
[
− p̃I + Re−1

(
∇ũ + ∇ũT

)]
, (2.15b)

subject to boundary conditions (projected to the steady state)

ũ = 0 (y = 0; y = 1, −Lu � x ≤ 0, L � x � L + Ld),

(2.15c)

ũ +
(

x̃b
∂U
∂x

+ ỹb
∂U
∂y

)
= ũs(x) (y = H, 0 � x � L), (2.15d)

where ũs(x) = −iωx̃b(X−1
b (x)) is the linearised spatial wall velocity. The linearised

governing equations for the elastic beam take the form

cκ

[
κ̃

Λ

d(ΛK )

dl
+ K

Λ

d(λ̃K + Λκ̃)

dl
− λ̃K

Λ2
d(ΛK )

dl

]
+ cλ

(
1
Λ

dλ̃
dl

− λ̃

Λ2
dΛ

dl

)

+
[(

σ̃ + x̃b
dΣ

dx
+ ỹb

dΣ

dy

)
N
]

· T = 0, (2.15e)

− cκ

[
1
Λ

d
dl

(
1
Λ

d(Λκ̃ + λ̃K )

dl
− λ̃

Λ2
d(ΛK )

dl

)
− λ̃

Λ2
d
dl

(
1
Λ

d (ΛK )

dl
)

]

+ cλ
[

K λ̃+ κ̃ (Λ − 1)
]
+ κ̃T +

[(
σ̃ + x̃b

dΣ

dx
+ ỹb

dΣ

dy

)
N
]

· N = 0, (2.15f )
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subject to the constraints

dx̃b

dl
= −Λθ̃ sin(Θ) + λ̃ cos(Θ),

dỹb

dl
= Λθ̃ cos(Θ) + λ̃ sin(Θ),

dθ̃

dl
= Λκ̃ + λ̃K .

(2.15g)

We note that these perturbation eigenfunctions are all projected back to the
corresponding steady state, which leads to a number of additional terms in the linearised
governing equations involving spatial gradients of the steady flow vector U and the steady
stress tensor Σ ; see Wang (2019) for details. We note that although these extra terms are
crucial to the mechanism of instability in many classical hydrodynamic stability problems
(e.g. Kelvin–Helmholtz and Rayleigh–Taylor instabilities; see Drazin 2002), in this case
their influence is relatively small.

Following Hao et al. (2016), we solve the eigenvalue problem (2.15) numerically using
an Arnoldi-Frontal method. We characterise the output of the eigensolver through the
growth rate ωi and frequency ωr of the normal modes, alongside the corresponding spatial
profiles of the eigenfunction (which has both real and imaginary parts).

2.6. Reduced 1-D model
We also consider a reduced 1-D model of the same collapsible channel system, first derived
by Stewart et al. (2009) and subsequently used by a number of authors (e.g. Stewart et al.
2010; Xu et al. 2013, 2014; Xu & Jensen 2015; Stewart 2017). The derivation of this model
assumes long-wavelength deformations, a von Karman–Pohlhausen approximation for the
flow profile (i.e. everywhere parabolic), encodes the reduced form of the normal stress
balance (2.6h) and neglects axial stretching of the wall (so motion of the wall is always
normal to the rigid wall). In this model the system is described in terms of the width of
the collapsible segment h(x, t) and the axial flux along the channel q(x, t), where the
governing equations can be written in the form

ht + qx = 0, qt + 6
5

(
q2

h

)
x
= T hhxxx − 12

Re
q

h2 , (2.16a)

across 0 � x � L , subject to

q(0, t) = 1, T hxx (L , t) = −Ld

[
qt + 12

Re
q

]
, h(0, t) = h(L , t) = 1. (2.16b)

This system is solved numerically using finite-difference methods constructed by
Stewart et al. (2009), using Newton iteration to construct the steady states and a semi-
implicit time-stepping scheme to compute unsteady profiles. Furthermore, we use an
analogue of our linear stability eigensolver (constructed by Stewart 2017) to test the
stability of steady states, constructing the growth rate and frequency of perturbations, as
well as their corresponding complex eigenfunctions.

2.7. Parameter choices
Throughout this study we fix the lengths of the three segments of the channel (Lu , L
and Ld ) and the initial thickness of the elastic beam H by setting

Lu = L = 5, Ld = 30, H= 0.01. (2.17)

This choice of downstream segment is sufficiently long so that outflow is unidirectional.
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We focus attention on a parameter regime where the pre-tension in the wall strongly
dominates the other elastic effects, meaning that the system is analogous to earlier
membrane models (e.g. Luo & Pedley 1996, 2000). In this case we choose cλ = 10,
cκ = (H2/12)cλ and T = 3; we confirm in figure 2 that the dominant elastic effect is indeed
the restoring effect of the pre-tension for these parameters.

To examine the steady and unsteady behaviour of the system, we choose the external
pressure in the range 0 < pe � 10 and focus on laminar (non-turbulent) flows in the range
0 < Re < 800.

In what follows we summarise the predictions of our models, including a brief overview
of both the steady (see § 3) and unsteady behaviour (see § 4) and a more detailed study of
particular families of oscillation (see §§ 5, 6, Appendix).

3. Steady solutions
In order to elucidate the steady behaviour of the system, figure 2 presents computations of
(2.11), summarising the behaviour for both pe = 1 (figure 2a–c) and pe = 5 (figure 2d–f ),
through the maximal and minimal steady wall deflection as a function of the Reynolds
number (i.e. Ymax and Ymin, figure 2a,d), alongside typical spatial profiles of the steady
wall (figure 2b,e) and the components of the normal stress balance (figure 2c, f ). For the
two selected values of the external pressure, the elastic wall is inflated for low Reynolds
numbers as the fluid pressure is significantly larger than the external pressure (figure 2b).
However, this bulging gradually reduces as the Reynolds number increases and the system
becomes collapsed, where the elastic beam is drawn towards the entire rigid wall as the
fluid pressure locally reduces through the Bernoulli effect (figure 2e). For large pe, this
collapse is monotonic (figure 2d), while for lower pe, there is a narrow range of Reynolds
numbers where the system exhibits three steady states for the same parameter values
(e.g. for pe = 1, this corresponds to the range 390.13 � Re � 396.1, figure 2a), before
transitioning into an entirely collapsed state for larger Re. The region of the parameter
space with three coexisting steady states is shown as the narrow red region in the parameter
space in figure 3(a). In what follows, we term the inflated steady state (evident for low
Re) as the upper branch of steady solutions (figure 2b), and term the collapsed steady
state (evident for large Re) as the lower branch of steady solutions (figure 2e). Although
the transition between these upper and lower branch static states is clear when there is
an intermediate branch between them, this distinction is more subjective when the two
branches merge smoothly into one another. In the latter case we approximate the transition
as the threshold value of Re where the minimal width of the channel wall just drops below
the end value i.e. Ymin < 1. The point where this occurs for pe = 5 is labelled as an open
square on figure 2(d) (Re ≈ 77.14), and we trace this transition point through the parameter
space as the red dotted line figure 3. Such regions with multiple steady solutions have
previously been identified in this collapsible channel system (Luo & Pedley 2000; Wang
et al. 2021a; Herrada et al. 2022) and the associated limit points have been shown to play
a key role in organising the dynamical system (Xu et al. 2013; Stewart 2017; Wang et al.
2021a). However, it emerges below that the region of the parameter space with multiple
steady solutions is very narrow and well away from the neutral stability curves of interest
(see the narrow red region in figure 3a).

The corresponding steady behaviour of the 1-D model (2.16) is also shown in figure 2,
plotting traces of the maximal and minimal steady beam deflection (dot-dashed lines in
figure 2a,d) and typical spatial wall profiles (dot-dashed lines in figure 2b,e). For relatively
large external pressures where the transition between upper and lower steady states occurs
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Figure 3. Overview of the stability of the system for T = 3 as a function of the external pressure pe, plotting
(a) the neutral stable curves of the system in terms of the critical Reynolds number Re; (b,c) a close-up of
the neutral stability curves in the two regions marked by dashed magenta dashed boxes in (a); (d) maximal
(Ymax) and minimal (Ymin) width of the corresponding steady channel along the neutral stability curves;
(e) the oscillation frequency along the neutral stability curves. In panels (a–c,e) the neutral stability curves are
shown as the solid black line (low-frequency oscillations) and the solid green line (high-frequency oscillation).
The narrow red region in (a) corresponds to the region of parameter space with three coexisting steady
solutions. The red dashed line in (a–c) indicates the approximate transition between upper and lower branch
steady states. The operating points P1–P6 are shown as filled magenta circles. The corresponding predictions
from the 1-D model are shown in blue, while the asymptotic approximation to the 1-D model in the limit of
large external pressure is shown as a black dot-dashed line.

for modest Reynolds numbers (where we expect the flow profile assumption of the 1-D
model to be appropriate), we observe excellent agreement between the two approaches
(e.g. pe = 5, figure 2d). However, we note that the differences become increasingly marked
as the Reynolds number increases (figure 2d) and are most evident when the external
pressure is low and the transition between upper and lower steady states occurs for
much larger Reynolds numbers (figure 2a); even in this case the predictions of the 1-D
model are qualitatively similar to the full computations, predicting the upper branch of
steady solutions and its limit point reasonably well, but the intermediate and lower steady
branches are much more collapsed than the full computations (figure 2a).
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In order to determine the balance of terms in the normal stress balance on the elastic
beam (2.6h), figures 2(c) and 2( f ) illustrates spatial profiles of the terms identified in the
reduced normal stress balance (2.7a) for these two choices of external pressure, showing
that in both cases the dominant balance is between the external pressure (pe) and the
normal stress exerted by the fluid across the interior of the wall profile (Cn), while the
role of the restoring effect of membrane tension (CT ) is smaller but still significantly
larger than the other components of the normal stress contained in the residual (R); the
additional contributions to the elastic response of the beam are essentially negligible in
this parameter regime; note that the cusps in figures 2(c) and 2( f ) arise because we are
taking the absolute value of a quantity that crosses zero at some spatial location. We also
note very narrow boundary layers adjacent to the rigid segments (shaded in grey) where
the balance is very different and the role of bending resistance becomes dominant as the
beam adjusts to satisfy the prescribed slope condition (2.8); these boundary layers are
relatively passive and do influence the wall profile away from the edges.

We now examine the stability of these steady solutions to self-excited oscillations, first
providing an overview of the stability across the parameter space (§ 4), before examining
oscillations growing from both the lower branch of steady states (§ 5) and the upper
branch of steady states (§ 6), which we term ‘lower branch oscillations’ and ‘upper branch
oscillations’, respectively. Additionally, a second family of instabilities growing from the
upper branch of steady solutions is discussed in the Appendix, which we term ‘fully upper
branch’ instabilities.

4. Unsteady solutions
In order to examine the stability of the upper and lower branches of steady solutions
(described in § 3), we add a small perturbation to the steady profile and examine the
resulting unsteady response. As is typical in hydrodynamic stability theory, the system
is deemed stable if the unsteady solution converges back to the corresponding steady state
and unstable if the perturbation grows into another state. The critical state between stable
and unstable traces a curve through the parameter space; we trace these neutral stability
curves using the global stability eigensolver (§ 4.1). We further consider fully nonlinear
simulations within the unstable zones to elucidate the corresponding limit cycles of these
oscillatory instabilities (§ 4.2).

4.1. Neutral stability curves
Figure 3 presents an overview of the stability of the collapsible channel system, plotting
the neutral stability curves in the parameter space spanned by external pressure pe and
Reynolds number Re, holding the wall pre-tension fixed at T = 3; the full space is shown
in figure 3(a), while panels (b,c) provide enlargements of particular regions (magenta
dashed boxes in figure 3a). Tracing in terms of the external pressure, the corresponding
maximal (Ymax) and minimal (Ymin) channel widths of the steady profile at neutral stability
are plotted in figure 3(d), while the neutrally stable oscillation frequencies are plotted in
figure 3(e).

For large external pressures, the system exhibits a neutral stability curve where
the critical Reynolds number decreases with increasing pe (see figure 3a), where the
corresponding steady channel is highly collapsed (consistent with the lower branch of
steady solutions, figure 3d) and the frequency of the neutrally stable oscillation is O(1)

(figure 3e). The corresponding nonlinear growth of these lower branch oscillations is
discussed in § 5. The onset of this lower branch oscillatory instability is also well
predicted by the corresponding 1-D model (2.16), where the neutral stability curve, static
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profiles and oscillation frequencies all agree well with the full computations (figure 3d,e).
Furthermore, we also see strong agreement with the asymptotic solution of this 1-D model
in the limit of large pe (Stewart 2017), where the critical Reynolds number for the onset of
oscillatory instability takes the approximate form

Rec ≈ 12
pe

Ld; (4.1)

this curve is shown as the black dot-dashed line in figure 3(a), which overlaps closely
with the other approaches. Hence, the 1-D model is a strong predictor of the oscillatory
behaviour along this lower branch of steady solutions.

As the external pressure decreases, the computed neutral stability curve becomes
increasingly complicated. The lower branch oscillatory structure is eventually suppressed
at a limit point (pe ≈ 1.80), beyond which the system transitions to upper branch steady
states. In this case the limit point is one of a pair (the other being at pe ≈ 2.55) that
form a sigmoid in the neutral stability curve across a short range of external pressures
(1.80 � pe � 2.55), where the system exhibits three possible critical Reynolds numbers
(see close-up of the parameter space in figure 3c). Across these three neutrally stable
solutions, the corresponding steady profile becomes increasingly inflated as the Reynolds
number decreases (figure 3d), while the corresponding oscillation frequency gradually
increases (figure 3e). We explore the nonlinear development of several oscillatory modes
in this regime in § 4.2. We note that these limit points are not associated with those of
the underlying steady system (those limit points only arise for much larger Reynolds
numbers, shown as the shaded narrow red region in figure 3a), but our approximate
demarcation line between upper and lower branches (red dashed line) does pass almost
perfectly through the second limit point at pe ≈ 2.55, suggesting that this point is indeed
associated with a change from a lower to an upper branch steady configuration. Note
also that the 1-D model (2.16) does not predict this three branch behaviour, and instead
the corresponding neutral stability curve persists in the lower branch configuration until
eventually terminating when the system reaches a limit point associated with the end of the
lower steady branch (this point is indicated with a filled blue square in figures 3a and 3b).

Returning to the neutral stability curve from the full computations, we observe that
as the external pressure decreases below the lower limit point (pe ≈ 2.55), the critical
Reynolds number again approximately increases with the inverse of pe, although the
corresponding steady profile is almost entirely inflated and so the dynamics of the self-
excited oscillations growing from this upper branch are quite different to the lower branch.
We consider the nonlinear development of oscillatory normal modes growing from this
upper branch in § 6.

However, across the range of external pressures with three neutrally stable solutions we
detect a second, entirely separate, neutral stability curve associated with an instability of
much higher frequency growing from the lower branch of steady solutions (marked as
the green line in figure 3). Across a narrow range of external pressures (1.5 � pe � 3.3)
this high-frequency normal mode is the primary global instability, i.e. more unstable than
the low-frequency mode. A narrow range of the external pressures where the collapsible
channel system is dominated by high-frequency normal modes was also evident in the
predictions from the 1-D model (Stewart 2017). This high-frequency family of modes is
described in more detail in § 5.2.

For this low value of the membrane tension, it emerges that the upper branch instability
is more complicated than previously reported by Wang et al. (2021a), where the instability
was eventually suppressed as the external pressure decreased below a threshold (Wang
et al. 2021b). In the present case the system exhibits a second form of upper branch

1024 A58-15

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
5.

10
86

0 
Pu

bl
is

he
d 

on
lin

e 
by

 C
am

br
id

ge
 U

ni
ve

rs
ity

 P
re

ss

https://doi.org/10.1017/jfm.2025.10860


D. Wang, X. Luo, Z. Liu and P.S. Stewart

7.0
p m

id

Re

6.5

6.0

5.5

5.0

4.5
75 80 85

N6
P6

Transition to 2-D

slamming

2-D steady state

1-D steady state

2-D time-averaged pmid

Transition to 1-D slamming

90 95 100 105 110

(avg)

(avg)
1-D time-averaged pmid

pe = 5

1.8

1.6
N1

N2P1

P2

1.4

1.2p m
id

Re

1.0

0.8 Limit point of steady solution

0.6
240 280 320 360 400 440

pe = 1

p m
id

Re
170

1.8

2.0

2.2

2.4

2.6
N3

N4 N5

Approximate transition between

lower and upper steady branches

P3

P4

P5

180 190 200 210

pe = 2.2

(a) (b)

(c)

Figure 4. Overview of the parameter space calculated using full computations of the 2-D model, plotting
both the steady and time-averaged mid-point pressures as a function of the Reynolds number for (a) pe = 5,
(b) pe = 2.2 and (c) pe = 1. In each panel the time-averaged mid-point pressures for oscillations growing
from the upper and lower steady branches are denoted as filled black and magenta circles, respectively, while
the stable and unstable steady states are denoted with solid and dashed lines, respectively. The approximate
demarcation between the upper and lower steady states is marked with an open red square in panel (b). The
corresponding steady and time-averaged mid-point pressures calculated from the 1-D model (2.16) are denoted
in blue with the same line styles.

instability for even lower values of the external pressure, where the dynamics of the
resulting self-excited oscillations are substantially different. The corresponding neutral
stability curve for this instability is evident in the parameter space in figure 3, manifesting
as a large tongue (coloured in purple) sitting below the neutral stability curve discussed
above, connecting smoothly to it at pe ≈ 0.25, Re ≈ 805.82. Furthermore, this new two-
branch neutral stability curve is confined to low external pressures by a limit point at
pe ≈ 4.02, beyond which this new form of upper branch instability is absent. We consider
an oscillatory normal mode in this unstable range in the Appendix.

4.2. Traces through the parameter space
The parameter space shown in figure 3 demonstrates that the system is unstable to at least
three distinct forms of self-excited oscillation (termed lower branch, upper branch and
fully upper branch oscillations).

In order to show how these different families of instabilities fit together with their
corresponding static profiles, figure 4 presents several slices through the parameter space
for a fixed external pressure. In particular, we construct bifurcation diagrams as a function
of Reynolds number by plotting the time-averaged mid-point pressure on the compliant
wall, p(avg)

mid , for three external pressures, namely pe = 5 (figure 4a), pe = 2.2 (figure 4b)
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Figure 5. Neutrally stable low-frequency self-excited oscillations originating from the lower branch of steady
solutions for pe = 5, considering the prediction of the 2-D model at point N6 (Re = 87.17) alongside the
prediction from the 1-D model (Re = 86.25): (a) steady flow-field and pressure contours from the 2-D model,
(b) eigenfunction wall profile plotted at 10 snapshots over a period of oscillation from the 2-D model,
(c) eigenfunction wall profile plotted for 10 snapshots over a period of oscillation from the 1-D model. The
eigenfunctions in (b,c) are normalised on the maximum of the modulus of the (complex-valued) wall profile.
The blue and cyan filled circles in (a) are the corresponding cross-stream averaged steady pressure distributions
for the one- and 2-D models, respectively. The dashed lines in (a–c) indicate the spatial location of the minimal
channel width, while the dot-dashed lines in (a–c) indicate the point where the wave profile is approximately
pinned; in each case the magenta lines are from the 2-D model, while the blue lines are from the 1-D model.
The insets in (b,c) show the steady wall profile from 2-D and 1-D models, respectively.

and pe = 1 (figure 4c) alongside the corresponding values computed from the steady
simulations (where stable and unstable configurations are plotted as solid and dashed lines,
respectively).

For relatively large external pressures (pe = 5, figure 4a), no upper branch or fully
upper branch instability is present and the system becomes unstable to low-frequency
lower branch oscillations beyond a critical Reynolds number (Re ≈ 87.17, labelled N6).
The corresponding transition point for the 1-D model is slightly lower (Re ≈ 86.25), but
the neutrally stable eigenfunctions show excellent qualitative agreement (see figure 5).
These oscillations grow in amplitude as the Reynolds number increases (figure 4a) and
eventually the system exhibits highly nonlinear ‘slamming’ oscillations for Re � 95 for
the full simulations (marked by pink arrow in figure 4a). Fully nonlinear simulations of the
1-D model (2.16) exhibit qualitatively similar dynamics, although the growth in amplitude
of the saturated limit cycle is much more pronounced as the Reynolds number increases,
and so the ‘slamming’ oscillations onset much closer to the neutral stability curve (Re �
87.5 in this case).

For an external pressure chosen within the interval that exhibits three pieces of the
same neutral stability curve (pe = 2.2, figure 4b), the system now exhibits two families of
oscillatory behaviour. For low Reynolds numbers, the system exhibits an unstable interval
between Re ≈ 172.05 (labelled N3) and Re ≈ 180.97 (labelled N4). The corresponding
steady profile of the channel is completely inflated for lower Reynolds numbers
across this range, but becomes partially collapsed as the Reynolds number increases.
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These oscillations are similar in character to the upper branch oscillations described in our
previous work (Wang et al. 2021a), and while their eventual termination as the Reynolds
number increases is not directly associated with the limit point of the steady solutions,
it is driven by the collapse of the underlying steady state (similar to examples shown in
Wang et al. 2021b). Indeed this normal mode growing from the upper branch of steady
solutions stabilises close to our approximate demarcation between upper and lower steady
states (open red square in figure 4b). The mechanism of these upper branch instabilities is
explored in § 6. As the Reynolds number increases, the system subsequently destabilises
again for Re ≈ 184.63 (labelled N5); this transition is analogous to the onset of lower
branch oscillations described for pe = 5, but corresponds to a different normal mode of
the system with a much larger oscillation frequency (figure 3e); the temporal dynamics of
these high-frequency lower branch oscillations are explored in § 5.2.

For a relatively low external pressure (pe = 1, figure 4c), the system again exhibits
two intervals of oscillatory behaviour. In this case the oscillatory instability first onsets
for Re ≈ 250.01 (labelled N1), where the corresponding steady state is very highly
inflated (figure 3d). As the Reynolds number increases, this oscillatory mode subsequently
stabilises at Re ≈ 273.02, where the base state is still very highly inflated. Hence, the
dynamics of these fully upper oscillations is different to the upper branch oscillations
described previously and are explored in more detail in the Appendix. As the Reynolds
number increases further, the system eventually destabilises again for Re ≈ 343.67
(labelled N2), in a manner almost identical to the upper branch oscillations. For this
external pressure, the system exhibits a range of Reynolds numbers with three coexisting
steady states. For these parameters, the corresponding lower branch of steady solutions
is always unstable to oscillations, and the associated limit cycle merges with that of the
upper branch oscillations across the interval with multiple steady states; a similar merging
of the upper and lower branch limit cycles was observed by Wang et al. (2021b).

We now proceed to explore the nonlinear dynamics of the lower branch oscillations
(§ 5), the upper branch oscillations (§ 6) and the fully upper branch oscillations (Appendix)
by considering 12 particular cases (labelled on figure 4), elucidating the underlying
mechanism of instability by examining both the neutrally stable eigenfunctions (operating
points N1–N6) and the unsteady dynamics nearby (operating points P1–P6). Movies of the
unsteady oscillations at points P1–P6 are provided as supplementary material available at
https://doi.org/10.1017/jfm.2025.10860.

5. Lower branch instabilities
Lower branch instabilities divide into two types: low-frequency oscillations (§ 5.1) and
high-frequency oscillations (§ 5.2). We describe each type by analysing both neutrally
stable eigenfunctions and nonlinear dynamical profiles, constructing a description of the
mechanism of instability in each case.

5.1. Low-frequency normal modes
These lower branch oscillations are analogous to the low-frequency lower branch
oscillations described by Stewart (2017) using the (empirical) 1-D model (2.16). In order to
validate these predictions against full 2-D computations, figure 5 explores the dynamics of
neutrally stable low-frequency lower branch oscillations at operating point N6. Firstly, we
plot streamlines and pressure contours of the steady flow profile and the cross-sectionally
averaged pressure distribution (figure 5a) alongside the corresponding steady wall profile
from the 1-D model (shown in blue, plotted at the critical Reynolds number Re ≈ 86.25
for the same external pressure). These steady wall profiles compare well between the
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two approaches, both exhibiting an outward bulge at the upstream end of the compliant
compartment, and substantial collapse toward the downstream end in a so-called mode-2
configuration (two extrema in the wall profile), while the locations of the minimal channel
thickness are also very similar (figure 5a). The corresponding steady pressure profiles also
show good agreement, both exhibiting a local minimum toward the downstream end of
the compliant segment. Snapshots of the eigenfunction wall profile at 10 equally spaced
points over a period of neutrally stable oscillation are shown for both the full simulations
(figure 5b) and the 1-D model (figure 5c). Over a period of oscillation these neutrally
stable eigenfunction profiles agree very well between the two approaches, exhibiting an
almost identical amplitude (when normalised according to the same protocol), where
each eigenfunction wall profile has two extrema (mode-2) with a larger amplitude toward
the downstream end of the collapsible segment. Interestingly, in both approaches all
the oscillatory wall profiles exhibit zero amplitude at a consistent spatial location just
downstream of the centre of the compliant compartment (i.e. both real and imaginary
parts of the eigenfunction wall profile are close to zero simultaneously, indicated by the
dot-dashed lines in figures 5b and 5c); this zero-crossing point is distinct from the global
minimum of the steady profile (which is considerably closer to the downstream end of the
compliant channel, see dashed line in figures 5a and 5c), and so the steady state is not
dictating the structure of the eigenfunction (in contrast to the high-frequency instabilities
discussed in § 5.2). Although we note small variations in the location of this zero-crossing
for 2-D simulations (figure 5b), for the 1-D model, this point is almost perfectly constant
(figure 5c), suggesting that the perturbation wall profile is approximately a standing wave.
In summary, this figure suggests that the neutrally stable perturbation wall profile is
approximately a standing wave, pinned both at the ends of the compliant segment and
also at an interior point near the centre.

In order to explore the dynamics of the fully developed limit cycles originating from
this oscillatory normal mode, figure 6 illustrates temporal and spatial profiles of the
flow over a period of self-excited oscillation for a Reynolds number just above neutral
(operating point P6). A time trace of the mid-point wall pressure pmid is shown in
figure 6(a), illustrating three periods of oscillation, while figure 6(b–k) shows streamlines
and pressure contours at the 10 points marked on this trace. For each snapshot, we
also plot the corresponding spatial profile of the difference between the (cross-stream
averaged) instantaneous pressure and the steady pressure (i.e. 	p(x, t), figure 6b–k).
The flow profiles are almost perfectly laminar throughout the oscillation and exhibit little
cross-stream pressure variation (the colours are almost independent of y), in agreement
with the assumptions of the 1-D model (figure 6b–k). In all cases the unsteady pressure
gradient in the upstream rigid segment is essentially identical to the corresponding
steady flow (the excess pressure profile is spatially uniform), while in the downstream
rigid segment the unsteady pressure distribution varies almost linearly compared with
the steady pressure distribution (the excess pressure profile is linear; see cyan triangles
in figure 6b–k). However, across the compliant segment variations in the pressure are
more significant, in some cases almost half of the magnitude of the corresponding steady
driving pressure (Pin). We consider these quantities further in figure 7.

Over an oscillation the wall retains the mode-2 wall profile with almost no longitudinal
motion of the material points, while the location of maximal constriction also remains
approximately fixed (x ≈ 3.9). As expected, at instances where the channel is highly
collapsed the fluid pressure upstream of the point of maximal constriction becomes raised
to become almost equal to the driving pressure (see colour contours in figure 6e–h).
Furthermore, as the channel collapses the pressure close to the point of maximal
constriction falls considerably compared with the steady value (figure 6d–g), but still
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Figure 6. Fully developed low-frequency self-excited oscillations growing from the lower branch of steady
solutions predicted by the 2-D model at operating point P6 (pe = 5, Re = 90): (a) time trace of the wall
mid-point pressure pmid(t) over three periods of oscillation, (b–k) streamlines and pressure contours of the
instantaneous flow field at 10 equally spaced time instances over one period (corresponding times marked in
panel (a)). The cyan filled triangles in (b–k) illustrate the excess (cross-stream averaged) pressure compared
with the steady pressure (	p). The insets in (b–k) show the difference between the instantaneous wall profile
compared with the steady flow (	yb).
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Figure 7. Fully developed low-frequency self-excited oscillations growing from the lower branch of steady
solutions at operating point P6 (pe = 5, Re = 90), including (a) the time trace of the cross-sectionally averaged
inlet pressure (pin, black curve) and the excess pressure gradient compared with the steady (δp·) in the upstream
(blue curve), compliant (red curve) and downstream (green curve) segments; (b) a close-up of the time trace of
the cross-sectionally averaged inlet pressure; (c) a close-up of the time trace of the excess pressure gradients
in each segment; (d) the time trace of the minimal channel width (left axis) and the spatially averaged channel
width (right axis). Note the corresponding time-averaged and steady values are denoted as dashed and dotted
lines in panels (a–d).

remains well in excess of the outlet pressure and so there is no flow reversal in the
downstream rigid segment. We also note that, for this relatively low Reynolds number,
there is also no substantial vorticity wave downstream of the compliant segment, a
prominent feature of earlier models in flux-driven oscillations in collapsible channel
flows (e.g. Luo & Pedley 1996; Luo et al. 2008; Huang et al. 2021). Hence, the
resulting oscillation predicted by the full 2-D computations exhibits many of the features
encoded into the 1-D model (2.16), and so it is no surprise that this 1-D model predicts
quantitatively similar oscillations. The dynamics of the oscillation can be seen more
clearly in the movie for operating point P6 provided as supplementary material.

Stewart (2017) used an approximate 1-D model to describe the mechanism of these low-
frequency lower branch oscillations, showing that on average over a period the compliant
wall is less collapsed than the corresponding steady wall profile, which releases the energy
needed to sustain the oscillation. In order to validate these predictions using the full 2-D
system, figure 7 compares time traces of several pertinent quantities to their corresponding
steady values, including the (cross-sectionally averaged) upstream driving pressure
(figure 7a,b), the (spatially averaged) streamwise pressure gradient along each segment of
the channel (figure 7a,c) and both the minimal width of the channel and the average wall
position (figure 7d). Over a period of oscillation the mean upstream pressure is reduced
compared with the corresponding steady value, meaning that (on average) the oscillatory
flow is working less hard than the steady flow, making it energetically favourable
(figure 7a,b). Furthermore, over a period of oscillation there is no significant change in
the pressure gradient along the upstream and downstream rigid segments of the channel

1024 A58-21

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
5.

10
86

0 
Pu

bl
is

he
d 

on
lin

e 
by

 C
am

br
id

ge
 U

ni
ve

rs
ity

 P
re

ss

https://doi.org/10.1017/jfm.2025.10860


D. Wang, X. Luo, Z. Liu and P.S. Stewart

compared with the steady flow (figure 7a,c). However, the corresponding time-averaged
pressure gradient along the compliant segment is significantly increased (less negative,
figure 7a,c), corroborating our observation that overall the flow is working less hard in the
oscillatory state. This reduction is also evident in the spatially averaged beam deflection,
where, in agreement with Stewart (2017), on average the beam profile is less collapsed
over a period compared with the steady state and so stored elastic energy is released to
sustain the oscillation (figure 7d). Hence, this figure demonstrates that our fully nonlinear
2-D simulations agree well with the earlier predictions of the 1-D model, showing that on
average the fully developed oscillation reduces the mean constriction of the channel and
increases the pressure gradient along the compliant segment. In the online supplementary
material we also demonstrate that the cross-channel profiles of the velocity components
and the pressure are consistent with the assumptions of the 1-D model. In summary,
figure 7 shows that the mechanism of these low-frequency self-excited oscillations growing
from the lower branch of steady solutions is similar to that predicted by the 1-D model of
Stewart (2017), where the fully developed oscillation causes the collapsed wall to open
slightly (on average), releasing stored elastic energy to sustain the instability.

5.2. High-frequency normal modes
In addition to these low-frequency normal modes, Stewart (2017) also reported a family
of high-frequency normal modes that grow from the lower branch of steady solutions.
These normal modes are typically more stable than the low-frequency oscillations, but
Stewart (2017) elucidated a small region of the parameter space where one of these
high-frequency modes is the primary global instability of the system. These oscillations
were described using an asymptotic approximation in the limit of large external pressure,
where it was shown that the steady channel becomes highly constricted, pinning the
perturbation wall profile at the location of the global minimum of the steady profile, and
the corresponding perturbation flow can thus be effectively divided into two pieces, each
of which is characterised by the number of extrema in the perturbation wall profile. In
order to compare these predictions to those of the full 2-D model, in figure 8 we consider
the dynamics at operating point N5, a neutral stability point within the small range of
parameter space where the high-frequency response is the primary global instability (see
figure 3). As expected, the steady state is collapsed (figure 8a), although the maximal
constriction is relatively modest (Ymin ≈ 0.67 at Xmin ≈ 3.54). However, even in this case
the corresponding perturbation wall profiles (figure 8b) are standing waves pinned at the
point of maximal constriction, with two (one) extrema (extremum) upstream (downstream)
of the point of maximal constriction, in good qualitative agreement with one of the high-
frequency oscillatory modes found using the 1-D model (Stewart 2017). Hence, in this
case the perturbation wall profile exhibits two zero crossings with almost coincident
real and imaginary parts (red dashed line in figure 8b). In order to further elucidate the
oscillatory dynamics, figure 8(c) traces the spatial location of the local minimum of the
perturbation wall profile, demonstrating how it gradually transverses upstream following
a path that takes two periods of oscillation. In summary, this figure demonstrates that
the family of high-frequency oscillatory modes predicted by the 2-D simulations exhibit
strong qualitative agreement with the earlier predictions of the 1-D model, where the wall
profile is approximately a standing wave pinned at the point of maximal constriction of the
steady profile.

For brevity we do not include snapshots of the streamlines and pressure contours, but the
unsteady dynamics at operating point P5 are shown in the online supplementary material
and in the accompanying movie. Interestingly, the excess cross-stream averaged pressure
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Figure 8. Neutrally stable high-frequency self-excited oscillations originating from the lower branch of steady
solutions for pe = 2.2 from the 2-D model at point N5 (Re = 184.63): (a) steady flow-field and pressure
contours, (b) eigenfunction wall profile plotted at 10 snapshots over a period of oscillation from the 2-D model,
(c) spatial location and value of the local minimum of the perturbation wall profile over a period of oscillation.
The eigenfunctions in (b,c) are normalised on the maximum of the modulus of the (complex-valued) wall
profile. The cyan filled circles in (a) are the corresponding cross-stream averaged steady pressure distributions.
The red dashed lines in (a,b) indicate the spatial location of the minimal channel width, while the magenta
dot-dashed line in (b) indicates the point where the wave profile is approximately pinned.

(	p(x, t)) now typically exhibits three extrema over the compliant segment rather than
two for the low-frequency oscillations (see figure 5).

In order to elucidate the mechanism of these high-frequency instabilities, in figure 9
we trace the (cross-sectionally averaged) upstream driving pressure (figure 9a,b), the
corresponding difference in the (spatially averaged) pressure gradient between unsteady
and steady flows in each compartment (figure 9a,c) as well as both the spatially averaged
and minimal beam deflections (figure 9d). In this case the effect is much more modest
and harder to extract: the time-averaged upstream driving pressure is increased compared
with the steady value (figure 9b), while the other trends are similar to the lower branch
oscillations in that the spatially averaged pressure is again increased compared with the
steady profile (red dashed line in figure 9a,c) and the time-averaged beam deflection is
decreased compared with the steady value (figure 9d). Hence, this figure demonstrates
that the mechanism of the high-frequency lower branch instability is much more difficult
to discern, exhibiting some overlap with the low-frequency lower branch oscillations but
the observations are not fully consistent. However, given the relatively small differences
between the steady and time-averaged unsteady profiles, more investigation is required to
fully quantify the mechanism. In online supplementary material we again show that the
cross-channel profiles of the velocity components and pressure are consistent with the
assumptions of the 1-D model.

6. Upper branch instabilities
Oscillatory instabilities originating from the (inflated) upper branch of steady solutions
were previously described by Wang et al. (2021a) and Herrada et al. (2022), using different
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Figure 9. Fully developed high-frequency self-excited oscillations growing from the lower branch of steady
solutions at operating point P5 (pe = 2.2, Re = 187), including (a) the time trace of the cross-sectionally
averaged inlet pressure (pin, black curve) and the excess pressure gradient compared with the steady (δp·)
in the upstream (blue curve), compliant (red curve) and downstream (green curve) segments; (b) a close-up
of the time trace of the cross-sectionally averaged inlet pressure; (c) a close-up of the time trace of the excess
pressure gradients in each segment; (d) the time trace of the minimal channel width (left axis) and the spatially
averaged channel width (right axis). Note the corresponding time-averaged and steady values are denoted as
dashed and dotted lines in panels (a–d).

wall models. Although both studies noted periodic upstream propagation of a surface wave
along the flexible wall, the underlying mechanism is still unclear. Interestingly, such upper
branch instabilities are entirely absent from the corresponding 1-D model (Stewart 2017).

In particular, the parameter space for pe = 2.2 is shown in figure 10, illustrating the
range of unstable Reynolds numbers for such upper branch oscillations, in this case
between neutrally stable points N3 and N4. As noted in Wang et al. (2021a), the unstable
range for the upper branch oscillations remains close to the transition line between upper
and lower steady solutions (the estimated transition point is shown as an open pink square
in figure 10(a), which lies between N3 and N4), while the system eventually stabilises as
the Reynolds number decreases and the profile becomes more inflated (see steady profile
at point N3, figure 10a inset); this gradual change is evident when comparing the steady
wall profiles at N3, which is fully inflated, and N4, which is partially collapsed (see insets
to figure 10a). However, stabilisation is not directly linked to the underlying steady profile
becoming fully inflated (which occurs for Re ≈ 176.42, well above the critical value for
N3), but is instead linked to the unsteady dynamics of the oscillatory wall. For example,
figure 10(b) shows the corresponding minimal channel width as a function of time,
showing that the wall profile spends a smaller proportion of each period in a collapsed
configuration (i.e. ymin(t) < 1) as the Reynolds number approaches N3. Furthermore,
figure 10(a) suggests that the envelope of the global minimal channel width over a period
(marked with red crosses in figure 10a) approaches exactly the width of the rigid segments
as the Reynolds number reaches the critical value for N3. These observations suggest that
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Figure 10. Steady and unsteady solutions of the 2-D model for pe = 2.2, focusing on Reynolds numbers
between neutral stability points N3 and N4: (a) maximal and minimal wall deflection as a function of Reynolds
number from the steady model (black lines), time-averaged values computed from fully developed simulations
of the unsteady model (filled circles) and corresponding global maximal/minimal values over a period (red
crosses); (b) time trace of the minimal wall deflection from fully developed simulations of the unsteady model
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(black). The insets in (a) show the corresponding steady wall profiles at neutral stability points N3 and N4. The
open green circles in (a) indicate Reynolds numbers considered in (b).

this oscillation growing from the upper branch is transitional, dependent on the wall profile
being at least partially collapsed over a period.

In order to elucidate the corresponding mechanism of upper branch instability we
again consider both the neutrally stable eigenfunctions (at operating point N3, figure 11)
and fully nonlinear profiles of the saturated oscillatory limit cycle (operating point P3,
figures 12 and 13). Although we focus primarily on the neighbourhood of N3 in the main
text, note that movies for the upper branch oscillations at operating points P2, P3 and P4
are all available in the electronic supplementary material.

In order to examine the structure of a neutrally stable normal mode associated with
these upper branch oscillations, figure 11 considers the dynamics of the 2-D system at
neutral stability point N3. As discussed above, for this neutral stability point, the steady
beam is fully inflated and almost perfectly symmetric about the centre of the compliant
segment (figure 11a). The corresponding eigenfunction wall profile takes the form of a
travelling wave propagating upstream against the mean flow (figure 11b), in contrast to
the almost standing waves for the lower branch oscillations (see figure 5b). This upstream
propagation is further evident when we trace the spatial location of the corresponding local
minimum of the eigenfunction wall profile over a period (figure 11c), which gradually
moves upstream over a period, eventually being replaced by a new minimum that develops
at the downstream end of the compliant segment. The path traced is almost perfectly
symmetric about the centre of the compliant segment (figure 11c), despite no apparent
symmetries in the profiles themselves (figure 11b). Note that this upstream-propagating
surface wave is almost exclusively a result of transverse motion of the wall material points
(in the y direction) rather than longitudinal motion (in the x direction).

In order to investigate the corresponding fully developed (nonlinear) oscillations
growing from the upper branch of steady solutions, in figure 12 we present a typical
example at operating point P3 (a small increase in Reynolds number above neutral stability
point N3), plotting the time trace of the mid-point wall pressure (figure 12a) and 10 equally
spaced snapshots of the streamlines and pressure contours over a period (figure 12b–k).
The dynamics is qualitatively similar to those described by Wang et al. (2021a) and so we
focus only on the key points. Similar to the neutral stability eigenfunction (figure 11b–e),
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Figure 11. Neutrally stable self-excited oscillations originating from the upper branch of steady solutions for
pe = 2.2 as predicted by the 2-D model at point N3 (Re = 172.05): (a) steady flow-field and pressure contours,
(b) eigenfunction wall profile plotted at 10 equally spaced snapshots over a period of oscillation, (c) spatial
location and value of the local minimum of the perturbation wall profile over a period of oscillation. The
eigenfunctions in (b,c) are normalised on the maximum of the modulus of the (complex-valued) wall profile.
The cyan filled circles in (a) are the corresponding cross-stream averaged steady pressure distribution P(x).

a perturbation drives the wall inwards (outwards) at the upstream (downstream) end of
the collapsible segment (figure 12b), gradually driving fluid downstream (figure 12c),
further expanding the downstream end of the channel (figure 12d). This expanded region
accumulates fluid and moves upstream, eventually collapsing the downstream end of the
compliant segment (figure 12e–g). This accumulation continues to propagate upstream,
before finally being suppressed through interaction with the upstream rigid segment
(figure 12h,i), pushing the accumulation of fluid downstream again. This downstream
motion subsequently inflates the downstream end of the compliant segment and collapses
the upstream end (figure 12j,k) and the process repeats.

In order to explore the corresponding mechanism of the upper branch instability,
figure 13 considers time traces of various quantities of interest including the upstream
driving pressure (figure 13a,b), the difference in the cross-sectionally averaged streamwise
pressure gradient compared with the steady value (figure 13a,c) and the spatially
averaged wall deflection (figure 13d). Over a period of oscillation the upstream pressure
is (on average) increased compared with the steady value (figure 13a,b), so in this
case the oscillatory flow is working harder to sustain the instability (c.f. (2.10c)). The
corresponding cross-sectionally averaged pressure gradient is increased slightly (less
negative) compared with the steady configuration in the two rigid segments, while this
quantity is much more strongly decreased in the compliant segment, again suggesting
the flow is working harder than the corresponding steady configuration (figure 13a,c);
such an increase in work done by the oscillating system is presumably due to the action
of nonlinear Reynolds stresses, similar to other examples of self-excited oscillation in
collapsible channels (e.g. Stewart et al. 2009; Wang et al. 2021a). In online supplementary
material we further illustrate the corresponding spatial profiles of the flow components
and the pressure at selected time points over an oscillation. In this case, these upper
branch oscillations exhibit much greater pressure fluctuations in the transverse direction
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Figure 12. Fully developed self-excited oscillations growing from the upper branch of steady solutions
predicted by the 2-D model at operating point P3 (pe = 2.2, Re = 175): (a) time trace of the wall mid-point
pressure pmid over six periods of oscillation; (b–k) streamlines and pressure contours of the flow field at 10
equally spaced times over one period (times marked in panel a). The cyan filled triangles in (b–k) illustrate the
excess (cross-stream averaged) instantaneous pressure compared with the steady pressure (	p). The insets in
(b–k) show the difference between the instantaneous wall profile compared with the steady wall profile (	yb).
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in each segment; (d) the time trace of the minimal channel width (left axis) and the spatially averaged channel
width (right axis). Note the corresponding time-averaged and steady values are denoted as dashed and dotted
lines in panels (a–d).
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compared with the lower branch oscillations and the streamwise component of the flow
is increasingly non-parabolic. Hence, we conclude that the mechanism of these upper
branch instabilities is very different to the lower branch, involving an increase in the rate
of working of upstream pressure.

In order to check that our proposed mechanism for upper branch oscillation also
applies more broadly across the parameter space, figure 14 compares time traces of the
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upstream driving pressure (figure 14a) and the mean wall deflection (figure 14b) for
upper branch oscillations at points P2, P3 and P4. Across all cases our observations
are qualitatively similar, where the time-averaged upstream pressure again exceeds the
steady value (figure 14a) and the wall is (on-average) more inflated than the steady profile
(figure 14b).

7. Discussion
In this paper we have considered a prototypical model for fluid–structure interaction,
involving flow through a finite-length flexible-walled channel at modest Reynolds numbers
driven by a fixed upstream flow rate. The model is based on a formulation presented
previously, where the flexible wall is modelled as a pre-tensioned nonlinear elastic beam,
using an Arbitrary Lagrangian Eulerian method to handle the fluid–structure coupling
combined with a finite element method (Luo et al. 2008; Wang et al. 2021a,b). We
employed both fully nonlinear unsteady simulations of this model combined with a
sophisticated linear stability eigensolver (Hao et al. 2016) to elucidate several families
of self-excited oscillations that can grow from the underlying steady configurations of the
system. We focused particularly on a parameter regime where the response of the elastic
beam is dominated by the pre-tension, resembling earlier studies of flow in collapsible
channels where the flexible wall was modelled as a pre-tensioned elastic membrane
(Luo & Pedley 1996, 2000). This parameter regime also coincides with that used in
simplified (semi-empirical) 1-D models of the same system (Xu et al. 2013, 2014; Stewart
2017), allowing the direct comparison of predictions.

In agreement with earlier studies, our computations indicate that the steady wall is
inflated for low Reynolds numbers, gradually becoming more collapsed as the Reynolds
number increases. In most cases studied this collapse is monotonic, and we delineate
the transition between inflated (upper branch) states and collapsed (lower branch) states
(figure 2). The system also exhibits a small region of parameter space with multiple
coexisting steady states, but this is distinct from the neutral stability curves (figure 3).

The (collapsed) lower branch steady state becomes unstable to self-excited oscillations
as the Reynolds number increases (figure 4), in close agreement with the predictions of a
simplified 1-D model (Stewart 2017). For these oscillations, the corresponding neutrally
stable eigenfunction is an almost perfect standing wave that is pinned close to the centre
of the compliant segment, where the oscillating wall profile drives a corresponding flow
within the compliant channel (figure 5). Furthermore, our computations have verified the
mechanism of instability suggested by Stewart (2017), where on average (over a period) the
fully developed oscillation results in a slight opening of the collapsed channel, resulting
in less overall dissipation and so the upstream driving pressure is required to do less work,
making an oscillation more favourable than the corresponding steady state (figure 7).

Moreover, numerical computations reproduced the family of high-frequency upper
branch oscillations growing from the lower branch of steady solutions predicted by
Stewart (2017), verifying that for these highly collapsed configurations the point of
greatest channel collapse dictates the resulting structure of the eigenfunction wall profile
(figure 8). However, the mechanism of instability is more difficult to decipher in this case
as differences to the steady state are very small (figure 9).

In addition, our fully 2-D computations also exhibited two other families of self-excited
oscillations growing from the upper branch of steady solutions; these modes were not
predicted by the 1-D model of Stewart (2017). In particular, the computations predicted so-
called ‘upper branch’ oscillations, which are unstable close to the transition between upper
and lower branch steady states, stabilising when the channel becomes sufficiently inflated
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so that the wall profile is no longer collapsed for any portion of a period of oscillation
(figure 10). The nonlinear dynamics of these oscillations are very similar to our previous
work in a different parameter regime (Wang et al. 2021a,b). However, the underlying
mechanism of instability is now very different to oscillations growing from the lower
branch of steady solutions, where the upstream pressure is (on average) increased over
a period of oscillation, presumably as a result of the action of nonlinear Reynolds stresses
(figure 13a,b), while the time-averaged pressure gradient along the compliant segment of
the channel is decreased (i.e. more negative, figure 13a,c).

Finally, for much lower Reynolds numbers, the computational model also predicts
a second family of self-excited oscillations growing from the upper branch of steady
solutions, where the wall is now very highly inflated (figure 16). Although again
these oscillations are driven by an overall increase in upstream pressure over a period,
these so-called ‘fully upper branch’ oscillations exhibit only very small-amplitude
perturbations to the beam profile, where the oscillatory flow is instead dominated by large-
amplitude recirculation vortices evolving within the inflated cavity. These oscillations are
qualitatively similar to upper branch oscillations reported by Herrada et al. (2022). Such
oscillations growing from an inflated state are much less well studied than those from a
collapsed state, but may help to explain self-excited oscillations observed in inflated blood
vessels such as aortic aneurysms (Mast & Pierce 1995) or in the vortex vein ampullae
of the choroid in the eye (Matsumoto et al. 2024). Investigations of such physiological
applications are deferred to future work.
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Appendix. Fully upper branch instability
In figure 3 we identified a new family of self-excited oscillations growing from the
upper branch of steady solutions across a narrow range of external pressures. We termed
these ‘fully upper’ branch oscillations, as the wall profile remains completely inflated
across the entire period of oscillation, in contrast to the upper branch oscillations
considered in § 6 where we showed that the wall spends a portion of each period in
a partially collapsed state. In order to elucidate these fully upper branch oscillations,
figure 15 considers neutral stability point N1, plotting both the steady configuration of
the channel (figure 15a) alongside profiles of the neutrally stable eigenfunction wall
profile (figure 15b). As expected given the relatively low value of the external pressure,
the steady channel is significantly expanded along the compliant segment, with a large
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Figure 15. Neutrally stable self-excited oscillations originating from the upper branch of steady solutions for
pe = 1 as predicted by the 2-D model at point N1 (Re = 250.01): (a) steady flow-field and pressure contours,
(b) eigenfunction wall profile plotted at 10 equally spaced snapshots over a period of oscillation, (c) spatial
location and value of the local minimum of the perturbation wall profile over a period of oscillation. The
eigenfunctions in (b,c) are normalised on the maximum of the modulus of the (complex-valued) wall profile.
The cyan filled circles in (a) indicate the corresponding steady cross-stream averaged pressure distribution.

recirculation vortex within the inflated cavity (figure 15a); the corresponding fluid pressure
is almost uniform across the cavity, comparable to the inlet driving pressure and the
eigenfunction wall profiles are all mode-2 (figure 15b). Similar to the upper branch
oscillations discussed in § 6, the perturbation wall motion takes the form of an upstream
propagating travelling wave, where we observe gradual upstream motion of the point of
maximal constriction (figure 15c); upstream propagation eventually terminates as the wave
is suppressed (rather than reflected) by the upstream rigid segment and is replaced by a new
minimum that develops at the downstream end of the compliant segment and propagates
upstream. In summary, this figure demonstrates that although the steady flow profiles are
substantially different between the fully upper branch and upper branch oscillations, the
corresponding perturbation eigenfunctions share many of the key features including an
upstream-propagating travelling wave.

In order to elucidate this new family of fully upper oscillations, figure 16 illustrates the
nonlinear dynamics of a typical example that has saturated into its nonlinear limit cycle
(operating point P1), showing time traces of the cross-sectionally averaged upstream pres-
sure (figure 16a,b), the corresponding difference in the (spatially) averaged pressure gra-
dient between the steady and unsteady flows in each segment (figure 16a,c), the spatially
averaged beam deflection (figure 16d) and 10 equally spaced snapshots of the streamlines
and pressure contours over a period (figure 16e–n). As expected, given the shape of the
underlying steady configuration, the wall profile remains highly inflated over the entire
period of oscillation while deflections to the wall profile are very small (compared with
the large steady deflection); the difference between the wall profile and the corresponding
steady configuration is shown as an inset in figure 16(e–n), where the maximal amplitude
is up to 3.53 % of the channel width (figure 16g), compared with a maximal amplitude of
at most 15.0 % of the channel width for upper branch oscillations at operating point P3
(figure 12d). Similarly, the range of variation in the upstream pressure (and the spatially
averaged pressure gradients) are much smaller: at operating point P6 the ratio between the
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Figure 16. Fully developed self-excited oscillations growing from the upper branch of steady solutions
predicted by the 2-D model at operating point P1 (pe = 1, Re = 253): (a) time trace of the cross-sectionally
averaged inlet pressure (pin, black curve) and the excess pressure gradient compared with the steady (δp·) in
the upstream (blue curve), compliant (red curve) and downstream (green curve) segments; (b) close-up of the
time trace of the cross-sectionally averaged inlet pressure; (c) close-up of the time trace of the excess pressure
gradients in each segment; (d) time trace of the minimal channel width (left axis) and the spatially averaged
channel width (right axis); (e–n) streamlines and pressure contours of the instantaneous flow field at 10 equally
spaced time instances over one period (times marked in panel a). The cyan filled triangles in (e–n) illustrate the
excess between the (cross-stream averaged) instantaneous pressure compared with the steady pressure (	p).
The insets in (e–n) show the difference between the instantaneous wall profile compared with the steady wall
profile (	yb).
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excess upstream pressure compared with the steady value is just 0.008 % (figure 16a,b)
compared with 2.4 % at operating point P3 (figure 13a,b).

One striking feature is the presence of large recirculation vortices within the inflated
portion of the channel, evident in both the steady configuration (figure 15a) and the
unsteady snapshots (figure 16e–n). Such recirculation is not unexpected given the large
cavity formed by the wall deflection: the flow beneath the inflated region remains almost
entirely laminar and unidirectional (consistent with the unidirectional flow in the adjacent
rigid segments), but drive a large-scale rotational flow within the inflated segment,
reminiscent of a lid-driven cavity (e.g. Kuhlmann & Romanò 2019; Shankar & Deshpande
2000) and flow in a rigid channel with wavy walls (e.g. Cho, Kim & Shin 1998).
The unsteady wall profiles exhibit a small-amplitude perturbation superimposed on the
steady configuration (see the wall deflection profiles shown as insets in figure 16e–n);
this perturbation arises as an inflated hump that grows from the downstream end
of the compliant segment (see figure 16e, f ) and then gradually propagates upstream
(figure 16g–i). Conservation of mass means that the wall eventually deflects inwards
(compared with the steady profile) at the downstream end of the compliant segment as
its bulges toward the upstream end (figure 16j–l). Consistent with the predictions of the
linear stability eigensolver, eventually the upstream propagation of the outward bulge is
suppressed by interaction with the upstream rigid segment (figure 16m), at which point
another inflated hump appears at the downstream end of the compliant segment (see
figure 16n) and the process repeats. However, despite the strong similarities in appearance,
this new branch of self-excited oscillations growing from the upper branch of steady
solutions is only evident when the steady configuration is highly inflated, contrary to
the oscillations discussed in § 6 that remain localised to the transition region between
upper and lower steady configurations. In this regard, our new fully upper self-excited
oscillations are more similar to those discussed by Herrada et al. (2022), where again the
channel wall is much more inflated on average and recirculation is a striking feature of the
flow. Such recirculation could not be predicted by the 1-D model (2.16), suggestive as to
why this family of oscillations is not predicted there.

In each snapshot the corresponding (cross-sectionally averaged) pressure gradient
remains constant (essentially zero) across the upstream rigid segment and almost perfectly
linear in the downstream rigid segment, while there are large-scale pressure variations
across the compliant segment (figure 16e–n). Such variations are also evident in the
difference between the (cross-sectionally averaged) pressure gradient across each segment
compared with the steady state (figure 16a,c). Similarly, the time-averaged driving pressure
is again increased compared with the corresponding steady flow, suggesting that the
rate of working of upstream pressure (c.f. (2.10c)) is increased in the oscillatory state
(figure 16a,b). Furthermore, the spatially averaged beam deflection and the maximal beam
deflections are both increased over a period compared with their corresponding steady
values (figure 16d). Further snapshots of the flow profile over a period of oscillation are
shown in online supplementary material, which we again note that the deviations from the
underlying steady flow exhibit very small amplitudes.
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