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1. Introduction. Let s be a natural number, s =2. We seek a positive number A(s)
with the following property:

Let €>0. Let Qy(xy,...,x,), Quxy,...,x;) be real quadratic forms, then for
N> C\(s, €) we have

max(||Q: ()], [|Q-(m)]|) <N~**+e 1.1)
for some integers n,, . . . , n,,
0<max(|n,|,...,|n])=N. (1.2)

Here || 8]| denotes the distance from 8 to the nearest integer.
The first result of this kind was obtained by Danicic [6], who showed that one may
take

4 235 1\
M) =(342+53 ) .
) sti2; (1.3)

Thus A(2) =2/13 and A(3) =9/50 are admissible. In 1976, however, Schmidt [11] showed
that, given real a, 88,

min max(||an?||, || Bn*||) < Co(e)N ™"+

l=n=N
This trivially permits one to take A(2) = 1/6.

Baker and Harman (2] showed that one may take

A(s) =1- 8(s)

where d(s)— 0 as s— =, although &(s) was not calculated explicitly. The method of [2] is
weaker than Danicic’s for small s, but obviously stronger for large s.

In the present paper we improve (1.3) for all s =2. It is convenient to state our result
in terms of the corresponding exponent for a single quadratic form. We write a(s) for a
number with the following property: given a real quadratic form Q(x,,. .. ,x,), then for
€>0 and N > C4(s, €) we have

IO(m)|| < N™*e)+e

for some integers n,, . . . , n, satisfying (1.2).
For s = 1, we may take

als)=s/(s +1) (1.4)

(Danicic [5]). We shall need a generalization of (1.4), which we establish in Section 2. For
s =4, results stronger than (1.4) have been obtained [10, 3, 9]. In particular, we may take

a(4) = 8/9[9], «(5) =1[3], «(6) = 78/71[9], (1.5)
a(s) =2 — 8/s[9]. (1.6)
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THEOREM 1. We may take
6 -1
A(s) = <2 + ;) for s=5, .7

s
s+ +a6)+. . +a(s)!

As)

In particular, we may take A(2) =%, A(3) =3.

for s=6. (1.8)

Clearly the limiting value of A(s) in (1.8) is 2/3; thus [2] is stronger for large s. We
also observe that stronger results hold for additive quadratic forms {4].

In our proof we use ideas from the lattice method of Schmidt [11], [1]. A key role is
also played by estimates for

Mz

1 1S(mQ)|*

m

where Q is a real quadratic form and

Ny Ny
SmQ)= > ... D e(mO(xi,...,x)). (1.9)

x=1 xs=1
Here e(6) denotes ™, Davenport [7,8] studied the case M =1, N,=...=N, and
Danicic [5] treated the case M >1, N, =...= N,. We discuss the general case in Section

2.

Constants implied by << and >> depend at most on &, s. We suppose, as we may, that
¢ is sufficiently small and write 6 = £2. We write |sf| for the cardinality of a finite set .
The fractional part of 8 is written {8}.

2. Successive minima. Let
Oxy,... ,xx)=2 ..

i=1

K
. 2 l,-jx,-xj
j=1

with A4; = A;, and write

Li(x], e ’xx)= 2 A'ifxi'
j=1

Given positive integers M, Ny, ..., N;, we define S(mQ) by (1.9) (m=1,...,M).
Just as on p. 107 of [1], we have

SmOP=S ...S S e@mrLig)+. .. +2mxL(z)+mO@))

x1=1 x;=1 1=x;+2z;=N;
N—1

= > ... 2_ ﬁmin((N,-,||sz,(z)||-‘)._ (2.1)

z1=—~(Ni~1) z,==(N,=1) j=1
In order to estimate the right hand side of (2.1) we define 2s linear forms as follows:

Cj(xl, ... ,x?s) = 2M1/2Nj(Lj(x1, LR 7x.r) _xs+j} (]

=1,...,s).
Cs+j(xl, e ’xZS) = (2M1/2M)_1xj 5 ,S)
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Throughout this section, let 7, . .., 7,, denote the successive minima of the lattice
[={(&(x),---, §ax(x)):x€Z%)
with respect to the umt ball.
LemMAa 1. We have
1K amy ;<1 (G=1,...,2s). (2.2)
Proof. See [8], formula (20).

LemMA 2. Let B > 0. The number of integer solutions of

I1L;(xq, ... x )l < B(ZMUZN,-)“} 3
Ix;| < BQ2M'2N,) (j=1,...,s). 2.3)

is
K1+ (m, ... ”’)—131 o

for some l, 1<1=<2s.

Proof. The number of solutions of the inequalities (2.3) is at most the number of
lattice points p in T with |p| <V2sB. As in the proof of Lemma 7.1 of [1], the number of
such points p is 1 if V2sB <, and is

<<(.7L'| . ﬂ[)_lBl
otherwise, where [ is maximal with 7, < \/2sB.

Lemma 3. We have
M
> IS(mQ)P << MA(N, ... N)'"" 21+ M"™(x, ... )"
m=1

for some I, 1=1=<2s.

Proof. By (2.1), and a standard divisor argument,

M 2MN, 2MN, s

2 ISmOP<M(N ... N)® X .. 3 [T min(N;, [IL(x)][7"). (2.5)

el x=1 x=1 j=1

Let k,, . .., k, be integers satisfying 0 < k; <N, and let &(k,,. .., k,) be the set of x in Z°

with
k; ki+1
< (Ly(x)} <
N N (=1 s)
x| <2MN, j=1,...,5).
Fix x’ in &(k,,...,k;). Then for x"=x"+xin &(k,,... ,k,),
L(x)|| <N
LNy,
|x;| <4MN;

Applying Lemma 2 with B =2M "2, we obtain
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max |E(ky,... k) <1+M(7,...m)"" (2.6)
Ky, ks

forsome [, 1=[<2s.
Combining (2.5) and (2.6), and writing k; = min(k;, N —1—k;),

M Ni—1 N—1 K} N
> ISMQ)PKMON, ... N,)° > ... D, l%(kl,...,ks)ll—[min<1\lj,;7’)
m=1 k=0 k=0 j=1 j

Ni—1 Ni—1 5 A
KMO(Ny ... N)°(L+ My ..e)™ X ... D Hmin(N,-,%).
ky=0 i

k=0 j=1 i
The lemma follows at once.
We can now prove the generalization of (1.4) mentioned in Section 1.

THEOREM 2. Let Q(xy,...,x,) be a real quadratic form. Let N> C(s, €) and let

Ny, ..., N, be positive real numbers satisfying
Ny...N,=N-. 2.7
Then there are integers ny, . . . , ng, not all zero, satisfying
1Q(n, ..., nl <NTICTD*e, (2.8)
Injl =N, (=1,...,9). 2.9
Proof. We consider first the case of positive integral Ny, . .. , N,. Suppose if possible

that (2.8) has no nonzero solution satisfying (2.9). Let M =[N*¢*Y=¢]+ 1 Applying
Theorem 2.2 of [1], together with Cauchy’s inequality, we obtain

Z,l IS(mQ)>=M~" ( Z‘, IS(mQ)I)*>> (N, ... N.’M™".

Combining this with Lemma 3, we have

N NYPM 'L+ MP(my ... ) YMP3(N, . .. N,)'*%. (2.10)
From (2.2),
ki AU SR
(... ) ' <Kmpy .. Ry LKy ®E D, (2.11)
Combining (2.10), (2.11), we have
(N ... N)T2PM V0l + Mg ®D, (2.12)
From the hypothesis that (2.7) has no solution satisfying (2.8), it follows that
= (dsMA)7, (2.13)

For suppose the contrary; then there is a nonzero integer point (x,, . . . , x,,) with
ILi(%1, -« o5 %) = X0l <QM'?N) ™' (dsM %)~
<s~'M7IN/, (2.14)
x| <2M'*N;(4sM"*)~' <N, (2.15)
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for j=1,...,s. Now (x,,...,x,)#0, since from x,=...=x,=0 one obtains x,,, =
... =X =0 via (2.14). Thus there is a nonzero integer point (x,,...,x,) satisfying
(2.15) and
1QCxs, - -« x)ll = | 2 x,Ls(%)
j=1

=2 byl L)l < X Ns™' M7 = M7

)

which is a contradiction. This establishes (2.13).
Combining (2.12) and (2.13) yields

(Ny...N)'""2M " M,
Mx+l+6 > (NI . N‘.)l—lé > Nx—26s

from (2.7). This contradicts the definition of M, and Theorem 2 is proved in the case of
positive integral N;.
The case Ny =1,..., N, =1 follows at once. For (2.7) implies
[M]. .. [N]=(N/2).
Since
(N/z)—s/(s+l)+e/2<N—s/(s+l)+s

for large N, this permits us to solve (2.8) subject to (2.9) on enlarging C,.

We may now prove the general case by induction on s. The case s = 1 has been done.
Now let s=2 and suppose the theorem known for forms in s —1 variables. Let
N;>0,...,N;>0satisfy (2.7) with N = Cy(s, £€). We may suppose some N, is less than 1;
say

N, <1.
But then
Ny...N,_,=H"'
where H = N¢~1_ Since H is large, there is a nonzero solution of
IIQ(nl’ M ns—l’ 0)” <H_(s_l)/s+e
in integers n,, . . . , n,_, with {n;| = N,. Since
H—(s—l)/s+s — N—lHe < N—l+25

this completes the induction step, and Theorem 2 is proved.

We may describe the substitution of (2.9) for (1.2) as “replacing a cube by a box”. It
seems to be difficult to replace a cube by a box in the work of Baker and Harman (3], and
more difficult still in the work of Heath-Brown [9]. This is a pity, since such results would
lead to an improvement of Theorem 1 for s = 4.
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3. Proof of Theorem 1. Define A(s) by (1.7), (1.8). Let N> C,(s, €) and let

A=NWO"9 A=AVZ?,  O=A""7
Let IT* denote the set of primitive points of I1. Let K, denote the unit ball in R Let
Q) = 8,1, Q:(x)) = 3, Ay
where A; = A;. Let
L(x)= ﬁ:‘ Ayx; (i=1,...,s5).
=

To prove the theorem, it suffices to find n satisfying (1.2) for which

Q) e A+ K, (3.1)
Suppose that there is no such n. Applying [1], Lemma 7.4, we find that
2 IS(eQ)I> N (3.2)
pell
Here O<ipI<N®
N N
S(pQ) = }_}1 . 2_1 e(Q(ny, . - ., ny)),

ab denotes dot product, and [a| = (aa)".
We may rewrite (3.2) in the form

IN®/pl)
2 2 IS(mpQI» N
pell* m=1
0<|pl<N?®

The outer summation is taken over <<AN?° points p. We select p for which

[N2pl]

> |S(mpQ)|>> N°~PA", (3.3)

m=1
It is helpful to note that
A—l/Z < |P| < Né. (34)

i=] j=

We now apply Lemma 3, taking Q(x)= i i ph;xix; and L;(x)=pL;(x); also

1
N; =...= N, = N. With successive minima 7y, . .., m,, defined as in Section 2, and with
M=[Np|™], (3.5)

we have
M Q
> 1S(mpQ)P K N°H3(1 + M™(z, ... m)™")
m=1
for some /, 1 =1=<2s. In conjunction with (3.3) and Cauchy’s inequality, this yields

NZ;—45A—2M—1 &« Ns+3és+Ns+36:MI/2(nl . n,l)-l.
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In view of (3.4), (3.5), it is easily verified that

Ns+36s & NZ:—S&A—ZM—I
so that
My .. K NTITIOMIHIRAZ (3.6)

Suppose for a moment that / >s. We apply (2.2). Cancelling 75, 1_7;, . . . , Bsuy
from (3.6),

Ty Mg K NTSHSOPQIHIZAZ

We deduce that in all cases there is a k, 1 =k <y, such that

Ty T K NTIASES IRk (3.7)

We now find a lower bound for n, (1=<r =<s). By definition of successive minima,

there are points z,y,,...,z.,Y, in Z° such that (z,,y,),...,(z,y,) are linearly
independent in Z* and, forj=1,...,s,

ZMIQNlpLj(zr) - yrjl = Ty, (38)

RM'*N) |z, < m,. 3.9)

Here z,=(z,1,. . -, 24), Yo = (Vr1s - « + 5 Yrs)-
In particular,

IIPL,(z)l| < M™N""z,.
According to [1], Lemma 7.9, this implies
Li(z,) =1, +s, +b,
with [, € A and
|bj,| << pI~'M~"2*N""a,, (3.10)

where s, lies in the 1-dimensional space p* orthogonal to p.
Consider the points 0, defined by

Q(xyz,+...+x,2)= E 2 0,.,X.X,.

u=1v=1

By an easy computation,

0uu = 21 zu/'Lj(zu)
ji=

=2, by + 5, + by).
=1

Consequently, there is a form Qq(x,, . . . , x,) with coefficients in p* such that

r

Q(x 2z, +...+x2)=Qyx,,...,x)+ 2 PDEES E z,b,(modA)  (3.11)

u=1v=1

whenever xe Z'.
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The one-dimensional lattice A’ =2ANp* has determinant 2|p|A, as one easily
verifies. By the definition of a(r) we may choose integers x, . . . , x, with

0 < max |x,| << d(A")2+Ve")

«(|pla)®+ie® (3.12)
such that
2Q(x1,. . - ,x,)e A+ K,,. (3.13)
In particular, we have
Q()(X], e ,x,) eEA + %K(). (3.14)
Suppose for a moment that
> x.z,=0. (3.15)
u=1
Then, recalling (3.12), (3.8), we have
21 X Yuj| = 2_:1 Xy {pLj(zu) - Yuj}
<&« (lplA)6+1/a(r)M—l/2N—ln.r
forj=1,...,s. Since (z,,yy), .. ., (z,Y,) are linearly independent, not all the integers

leuyuj (j=17---’s)

are zero. It follows that
7, >> M'2N(|p|A) 2V, (3.16)

Now suppose that

> x.2,#0. (3.17)
u=1
Then either

>N (3.18)

or

>1/2. (3.19)

r r 5
Z 2 X, Xy Z z,by,
u=1v=1 j=1

For, if both these inequalities fail, we can combine (3.11), (3.14) to obtain a non-zero
integer vector

r
n= 2 X.Z,
u=1

satisfying (1.2) and (3.1), which is a contradiction.
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If (3.18) holds then, recalling (3.9), (3.12), we have

('plA)6+1/a(r)nrM1/2N > N,
7, > M_I/Z(lplA)_é_”a(’)~
If (3.19) holds, then recalling (3.9), (3.12), (3.10), we have

(|P|A)26+2m(’)|l1|_lﬂz > 1,
that is
7, >> [p| "(1p|A) 0.

Taking into account (3.5), we conclude that, in all cases
7, > [p|"2N~°(|p|a)=°~ V), (3.20)

We can refine the above method to obtain a lower bound for &, . . . &, which is useful
for small r. By Theorem 1, we may choose integers x,,. . . , x,, not all zero, such that

x| <Hm}! u=1,...,r (3.21)
and (3.13) holds, provided that H satisfies

Hai'...Hx;'=(|p|lA)°+ .
We take
H=(m,...x)"(|p|a)>*++vr (3.22)

Suppose now that (3.15) holds. Then from (3.8), (3.21),

r

3 5= 2 xdol @) - )

=

&Y Ha;'M™V*N~'m, <« HM™'?N',

u=1

As in the proof of (3.16) we find that
H > M"N. (3.23)

Now suppose that (3.17) holds. As before, either (3.18) or (3.19) holds. If (3.18)
holds, then

> Hm;'M“™Nm, > N

u=1

from (3.21), (3.9), that is,
H>»M™"2
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If (3.19) holds, then

> > Ha'Hm,'M"Nsm,|p|~'M~"*N"'7,>1
u=1v=1

from (3.21), (3.9), (3.10). That is,
H > |p|'"2.
We deduce that
7y ..., (IplA) | p| PN e (3.24)

in all cases.
For r = 6, we can combine (3.24) (with r replaced by 5) and (3.20) (with 6,...,rin
place of r). The outcome can be written in a way that incorporates (3.24), namely

.. m > (IplA) O p PN (3.25)
for r=1. Here u(r)=r + 1 for r =5, while

w(r)=6+—-: ——<r+1(r=6).

1 1

«® el

We now combine (3.7) with the case r = k of (3.25), obtaining
(lplA)—ké—u(k)lblkﬂN—ké <« N—s+56sM1+s—k/2A2.

Taking into account (3.4) and (3.5), we deduce that
A(s+5+;4(s))/2 A2+u(x)A(s+l u(s))2

> A2+u(s)|p|u(5)—1—s
> A2+u(k)|p|u(k)—1—x > NS_E.

This contradicts the definition of A, and Theorem 1 is proved.
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