Appendix G
Pairing mean-field solution

G.1 Solution of the pairing Hamiltonian

This appendix gives an alternative derivation of the pairing mean-field Hamiltonian and
the BCS wavefunction to that provided in the text.
Let us start with the Hamiltonian

H = Hy, + H,,
which is the sum of a single-particle Hamiltonian
Hy =Y (e, — Ma]a, + alas)
v>0
and a pairing interaction with constant matrix elements

Hy=-G Y alalaya,. (G.1)

v>0
V' >0

In what follows we shall solve H in the mean-field approximation. For this purpose
we introduce the pair-creation operator,

Pl = Zaiaé =ay+ (PT — )

v>0

and add and subtract from it the mean-field value
oy = (BCS|PT|BCS) = (BCS|P|BCS)

of the pair transfer operator in the, still unknown, mean-field ground state. This state is
called the [BCS) state, because this solution was first proposed by Bardeen, Cooper and
Schrieffer. Note that (BCS|BCS) = 1. We can now write

Hy, = —G(ag + (PT — ag))(eg + (P — g))
= G2+ ap(PT + P —2a0) + (PT — ap)(P — ap)).
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Assuming that the matrix elements of the operators (PT — «) and (P — ) in the
states near to the ground state are much smaller than ¢, one obtains the pairing field

2

) A
Vo=—AP P+, A=Ga. (G.2)

The mean-field Hamiltonian then becomes

Hyr = Hsp + Vp
A2
= Z(e‘, — k)(aiav + a;ag) —A Z(aza:—ﬂ + aza,) + — .
v>0 v>0 G
This is a bilinear expression in the creation and annihilation operators. Consequently, it
can be diagonalized by a rotation in (af, a)-space. This can be accomplished through the
Bogoliubov—Valatin transformation

oti = U,,a:[ — Vya;.

From this definition one can anticipate that the BCS solution does not change the
energies ¢, of the single-particle levels or the associated wavefunction @, (7), but the
occupation probabilities for levels around the Fermi energy within an energy range
2A, a quantity much smaller than the Fermi energy er. What is also changed is the
mechanism by which the system can be excited, which implies, for nucleons moving
around the Fermi energy, the breaking of Cooper pairs.

The creation operator of a quasiparticle o creates a particle in the single-particle state
v with probability U2, while it creates a hole (annihilates a particle) with probability V2.
To be able to create a particle, the state v should be empty, while to create a hole it has
to be filled, so U2 and V2 are the probabilities that the state v is empty and is occupied
respectively.

Expressing the creation and annihilation operators (a], a,) in terms of the quasiparticle
operators (a!, &, ), and expressing Hy in terms of quasiparticles, one has the parameters
U, and V, for each level v to make this Hamiltonian diagonal (in fact one, see equation
(G.3)).

Making use of the anticommutation relations

{ay, al} =8,
{ay,ay} = {aIa ai/} =0,
one obtains

{ay, o} = {(Uyay — Voad), Uyal, — Vya;))
= (UvUv’ +V, Vv’) 8(])’ U,).

That is, for the quasiparticle transformation to be unitary, the U,,, V, occupation factors
have to fulfil the relation

U +vi=1, (G.3)
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implying also that the one-quasiparticle states are orthonormal. In particular
(v[v) = 1 = (BCS|aa![BCS) = (BCS|{ar,, &} BCS)
=U;+ V]
implies that the state
|v) = &}|BCS)

is normalized.
Note that |BCS) is also the quasiparticle vacuum, i.e.

a,|BCS) = 0.

Let us now invert the quasiparticle transformation, i.e. express @] in terms of «/ and a;.
Multiplying o by U, and &5 by V, gives

Uyal = UZal — U, V,as,
Vooy = U, Vyay + Val.
Adding these expressions one obtains
ai = U‘,al + V,oy.
We shall now express aIav in terms of quasiparticles, i.e.
ala, = (Uyer + Vi) (U, + Viarh)
= Uvzaiav + U, Vuaiag + U, V,apa, + szot,;otg
= Uvzotiav + U, Vv(aiag + aya,) — Vfot]—tozg + sz. (G4
The time reversal of this expression reads
agal—, = Uvzaga,—, + U, Vv(alag + aya,) — szotlav + sz,
T

5=

where the phase relation |5 >= 7%|v >= —|v > and thus —al have been used.

One can then write

(aIaU + aéag) = (UV2 — Vf)(alo{v + (xéag)

+20, Vi (alal + agar,) +2V2. (G.5)
Note that
N = (BCS|N|BCS) = (BCS| Y “(a}a, + alay)|BCS) =2 dovg (G.6)
v>0 v>0

is the average number of particles in the pairing mean-field ground state (BCS state).
Let us now express the pair-creation field a/a; in terms of quasiparticles

alal = (Ul + V,a5)(Uyal — Vi)
= Uvzaioti, — U,,Vvociot\,

+V,Uyabay — Ve, + U, V. (G.7)
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The Hermitian conjugate of this expression is then
asa, = Uszl]jO[U — U\,Vv(aiotv + ai,otl—,) — Vfoeiot; +U,V,. (G.8)
Summing these expressions leads to

(@lal + aza,) = (U2 — VD) (@la! + aya,) — 20U, Vy(alas + ala,) + 20, V.

Note that
oo = (BCS| PT[BCS) = > "(BCS|ajas|BCS) = Y U, V, (G.9)
v>0 v>0
and
A=Gay=GY UV, (G.10)
>0

Making use of the relations worked out above one can express Hyp in terms of
quasiparticles, i.e.

Hvr = U + Hyy + Hy, (G.11)

where

AZ
U=2) (e, = NV] =AY 20,V, + —

v>0 v>0 G ’

Hyy =Y (e, — WUZ = VD) + A20,V, Hefey, + alas),
v>0

Hy =Y {(e, — M2U,V, — AUZ = V) (efed + asary).
v>0

In other words, the mean-field pairing Hamiltonian expressed in terms of quasiparticles
is equal to the sum of three terms: one which is a constant, a second one which is diagonal
in the quasiparticle basis, and a third one which, although bilinear in the operators a
and «, is not diagonal. Consequently, imposing the condition Hyy = 0, i.e.

(8, — A)2U,V, = A(U? = V2), (G.12)

is equivalent to diagonalizing Hye. This relation together with equation (G.3) allows us
to calculate the corresponding coefficients U, and V,,.
We start by taking the square of the above relation,

(&, — MUV = AX(U? — VI (G.13)
From the normalization relation one can write
U2+ VY =1=U4+ V4 202V?
and

Ul+Vvi=1-202v2
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Consequently,

(U2 = VI =U}+ U —202VE =1—-4U2V2

Inserting this relation in equation (G.13) leads to
AUV ((ey — M) + A) = A7,
a relation which can be rewritten as

A
2UUVU = ET,

(G.14)

where the 4 sign of the square root operation implies the minimization of the ground-state

energy U. The quantity E, is given by

E, =/(sy — A2 + A2

Making use again of the condition Hy = 0 one can write

A 2 _ 2
(ev — }L)Ei =AU, = V),

v

ie.
€ A
(U? - V3 = va ,
&y — A
U2 —-Vi=1-2V2= VEV :
Vv2=1(1_8v_)\)’
2 E,
leading to

1 £, — AN12
vv=—<1— ) ,
E,

— (1+€u—)»)1/2
2 E, '

Let us now substitute these expressions in the relation (G.10). One obtains

IR0 T

v>0

The above equation together with equation (G.6) are the BCS equations, i.e.

N=2 Z sz (number equation),

v>0

. )
= (gap equatlon)
v>0

(G.15)

(G.16)

(G.17)

(G.18)

(G.19)

(G.20)

These equations allow us to calculate the parameters A and A from the knowledge of G
and ¢,,, parameters which completely determine the occupation amplitudes U, and V.
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One can now write U in terms of the parameters A and A, i.e.

A2 A
U:2§:U—AV2—2— f
v>0(8 )V G+G

AZ

=2) (e =NV — —.

v>0(8 )V G

Making use of equations (G.14), (G.15) and (G.18) one can write Hj; in terms of A

and A,
(8, — A | A% . t
Hy = VZ(; {T + E](avau +Olf,05r;)
= Z Ev(aiav + ozgocg) = Z Evaiav
v>0 v
=Y EN,, (G.21)
v

where N, = o a,.

G.2 Two-quasiparticle excitations

In the case of a normal system, within the independent-particle model, the lowest exci-
tations are of particle-hole character, i.e.
|ki) = aya;|0)xE.

where

A
0)ue = [ [ 4/10)

i=1

(]0)gE: Hartree—Fock vacuum, |0): fermion vacuum).
Making use of the single-particle Hamiltonian

Hg, = stal‘:av = stﬁv

one can calculate the energy of the particle—hole states. Let us start with the calculation
of the ground-state energy,

A

HylO)ur = Y _ &N, [ [ al10)

i=1

= gaya, aa,---a,l0)
v

= (&y, + &y, + -+ 6,)|0)ur = Eo|O)nF.
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316 Appendix G
Let us now calculate the energy of the particle-hole excitation referred to this energy,
ie.
(Hy — Eo)lki) = (e,N, — Eo)a}a;|0)yr
=Y eual [N, @] + [Ny, af ] a0},
We have now to work out the commutation relations appearing in the above equations.
They lead to
(Mo, ai] = [alav. a;] = —{a], ai}a, = =8(v. i)a,
[N,,, a,i] = [alav, aJr] = ai{av, a,f} = (v, k)aI,

where use was made of the relations

[AB,C]1=A[B,C]+[A,C]B=ABC —ACB—ACB+ CAB
and

[AB,C] = A{B,C}—{A,C}B=ABC + ACB — ACB — CAB.
One can then write

(Hy — Eolki) = Y e(af(=5(v. D)a, + 5(v, k)afa))|0)ur

v
= (ex — £1)aja;|O)pr = (ex — &))ki).
Summing up, the simplest excitation of the |0)yr vacuum is
aiai |0},

i.e. a particle-hole excitation. The lowest of these excitations connects the last occupied
and the first empty state.
In the case of quasiparticles

Hg, = Hyp +U;  |0)ur = |IBCS)
ala; = ala, = (Uya! + Vian) Uy, + Vyard)
= Uvzotiav + UUVvaia; + V,U, a3,
—V2ala, + V2,
leading to
a}a;|0)ur — U, Vyalal|BCS) ~ ala!|BCS),

in that VUZIBCS) is not an excitation. Thus, the simplest excitation of the |[BCS) vacuum
is

alalBCS) = ),

i.e. a two-quasiparticle state.
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The excitation energy associated with these states is

Hyi|viv) = ZENaU] of |BCS)
—ZE (R ], 1IBCS).

in keeping with the fact that N,|BC'S) = 0. We now calculate

[Ny, o) ol 1=l [N, ol 1+ [N, o Jof,,
[N,,, aUZ] = [avav, a‘tz] = ai{av, al}z} - {aI, aiz}otv
= 8(v, vz)al
and
[Nv, aIl] = [aiav, (xil] = ai{av, aIl} — {aI, ozil tay,
= 5(v, v)al. (G.22)
Consequently

[Nv, ozvl i ] =8(v, vz)oz T 8(v, vl)aIaIZ.
From these relations one can write

Hyvivy) = Z E,(8(v, val, af + 8(v, vi)arfe,)|BCS)

(Evl + EV7)a |BCS> (Evl + E\)z)lvlvz)'

V] v
Because (E,, + E,,) > 2A, the lowest excitation in the pairing correlated system lies
at an energy > 2A, i.e. the energy which it takes to break a pair. In fact, in the paired
system, the only excitations possible are those associated with the breaking of pairs of
particles moving in time-reversal states, an operation which takes an energy of the order
of 2A.

G.3 Minimization

Writing the pairing Hamiltonian given in equation (G.1) in terms of quasiparticles one
can calculate the average value in the |[BCS) ground state, obtaining

(BCS|Hy[BCS) = =G Y "V,) =G Y U,V,U,Vy

>0 v, >0
=-G(Y uv)-6> v
v>0 v>0
AZ
=-- -G ; vi

Similarly,
(BCS|Hyp|BCS) =2 (2, — MV},

v>0
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Consequently

A?
— _ 2 4
Ey = (BCS|H|BCS) =2 § (&y — NV? — e G § v

>0 v>0
=2 (&, =MV =GO _UVY =G V)
v>0 v>0 v>0
2
~2) (e =NV =G (Z U, vv> :
v>0 v>0

where we have neglected the mean-field pairing contribution to the single-particle energy
(i.e. &, =&, — GV2/2 ~ ¢,), in keeping with the fact that GV /2 is small (~ % ~ %
MeV ~ 0.05 MeV, with the ansatz V> ~ % and for A ~ 120).

Let us minimize E( with respect to V,,

3(BCS|H|BCS)

9

oV,
taking into account the normalization condition,
oU 0 1 B
aVv _ v (1— Vv2)1/2 — E(l _ Vu2) 1/2(_2Vu)
v v
j— V])
=-u

One thus obtains

3(BCS|H|[BCS)

\
=4 v — A V/—ZG UI)VU Uv’ - V\Jliv
vy (b (Z ! v )

v>0 v
— _ _ A 2 y2y
= 4o = Vv =205 = V) =0,
ie.
2y — MUV = A(UZ — V3), (G.23)

which is the condition H,y = 0 (see (G.12)).

G.4 BCS wavefunction
The state |[BCS) is the quasiparticle vacuum, i.e.
a,|BCS) = 0.

Consequently, it can be written as

BCS) ~ [T 10) ~ [ ] ervers0).

v>0

Let us now calculate o, o5 , i.e. the product of

o, =U,a, — Vvag
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and
oy = U,ay + Vvai.
It leads to
o0y = Uvzavag + U,,V,,auaI — U,,V‘,agag — sza;ai
= Ulayay + U, V,(1 — dla,) — U,Vyalay + V2alal.
Consequently

v Py
v>0

—N]] (vav n v3a3a§)|o>

v>0

=nNT] VV(UU + vvaiaé)|0>,

v>0

IBCS) = N [ | (v2avas + U, V,(1 — alay) — U, Vealas + V2alal)|o)
v v v

where N is a normalization constant, to be determined from the relation

I = (BCS|BCS)
= N2 T V(s + Viasa,) TT Var (U + Viralal )10)

v>0 | | V>0 |

= N2 [viws + vhlo),

V= () =()

v>0 v>0

=

leading to

BCs) =[] (UV + vva1a§>|0>.

v>0
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