A RISK MEASURE ALTERNATIVE TO THE VARIANCE
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SUMMARY

The qualifications of the semivariance as a uscful risk measurc are ex-
amined and compared to those of the variance. Although on first sight the
semivariance may secem more appropriate from the insured’s point of view
the analysis of this paper lcads to a preference for the variance as a risk
nmeasure.

INTRODUCTION

Since the following considerations may be important for the
reinsurance field the reader can always replace the words “insurer”
and “insured” by “reinsurer”’ and ‘reinsured”’. Regarding the
variance as a risk measure for the insurer it is quite a natural
question to ask whether the negative deviations

x—Ewiths <Eand E = | xdF(x)

that are in favour of the insurer can or should be called risky.
I is the distribution function of the portfolio’s total claims’ amount.

If we answer our question with “no” a consequence would be to
replace in the premium calculation for a portfolio the variance

principle
n=I5L4+cV,c >0V = a? (1)
by a semivariance principle
71.'=E+(:'V+, c >0 (2)
where
V= Va4 Vo= | (x— B dE(x) ()
and
o E
Vi= | (v—E2dF(x); Vo= [ (x—EpdF(). ()
4. -®
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H. Markowitz, in his book “Portiolio Selection”, chapter 1X,
1959 [10], comprehensively analyses the properties of the semi-
variance as a measure of variability in a portfolio analysis.

If the domain of definition of F(x) is [4, B] wc can always dcfine

s o for—ow <x <4
F) =!I forA<x<B and replace I7(x) by IF(x)

1 forB<x<

The terms cl7 in (1), ¢V 4+ in (2) respectively are mcant to be
pure risk loadings. Loadings for administrative costs, commissions,
etc. are not considered.

The purpose of this paper is to investigate whether the variance
principle = = E + ¢V should be replaced by the semivariance
principle n = E + ¢V .

The lower integral limit in (3) shows that we also allow for
negative losses which can for example occur when due to a judge-
ment of a court of appeal the insured has to repay the insurer part
of the payments that he received in previous years.

The possible use of V4 has already been mentioned or cven
recommended several times [2], [3], [6].

A. Properties of V .

A1. V., depends only on the expected value E of the distribu-
tion function I(x) and on the structure of F(x) for x > E.

Az. V.q.SVlel(l Vi=V<=>V=no0.

Therefore, if we replace in a premium calculation a V-loading
by a V 4-loading we should enlarge the loading’s coefficient.

A3. For f af(x)dx = [ xg(x)dx =L and f<g for x > E

follows V 4y < Vg, h

A4. Let us assume one point of intersection x > E and let
f(®) = g(%), fx) >g(x) for E < x < % and g(x) > f(x) for x > %.

Let us moreover assume

[ (s — E)'*"(/(x) —g(m))dx <

< f (x— E)'*"(g(x) — f(x))dx with —1 <% <T.
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Asscrtion: Then follows Vi, p < V.
Proof:

z z

l{(x——E)z(f(x)——g(x))dX <(E—=L)'" [ (x—E)"""(f(%) — g(x)dx

— | (v — EP(/(x) —g(w))dx =
— [ (x— E){g() — f(0)dx = Vg — Vs >0 qed
A
X
Iig. 1
Corrolary 1: For n = — 1 we arrive at

= [ (0) —gW)dx < (gl —f(W))dx = B{Figx) =>V 4y <V 19
Corrolary 2: For n = 0 we arrive at:

= f(x——E)g(x)dx = f(x_E)f(x)dx':E—HI => V4>V
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i.e. if two portfolios I and II—characterized by the distribution
densities g(x) and f(x) (Fig. 1), both of which have the same pure
loss cost E—would have pure stop loss premiums Eyg>E.
excess E then follows for the respective loadings Viz > Vi

The questions arisc here firstly whether we should not usc the
pure stop loss premium excess the expected valuc

By =] (x— E)F(),

as an alternative to the standard deviation loading (dealt with in
[6]) and secondly what its relations to V', (except for the already
above-mentioned corollary 2) are.

Approximations and an upper limit for £ ; are given in [3] and [8).

As. From A4. and Fig. 1 we can follow that ¥V, is the larger,
the farther away to the right of E are substantial probabilities of
claims occurrences.

We could therefore believe at the first moment that V4 is closely
connected to the third central moment p; which, to a certain
degree, characterizes the dangerousness of a distribution function
or of a portfolio.

The argument often used is that given two risks or portfolios
having the same first and second central moments E, o2, the one
with the larger third central moment p, or skewness vy is the less
desirable one for the insurer becausc it is more dangerous [2], [9].
(J. Marschak for example proposed the use of the skewness y as
a risk measure already in 1938 [11].) The above argument is cer-
tainly correct for most distribution functions used in and needed
for insurance. Let us, however, imagine a distribution function
with “‘enough’ parameters which we could change in such a way
that E, o2 and the distribution functions for x > E remain un-
changed while we are diminishing p; perpetually by enlarging the
potential amounts of substantial profits with substantial but
diminishing probabilitics (deviations to the left from the expected
value) (Fig. 2).

L1 =Enu, Vi=Vu, Vi = V., par > g, Y1 > v

Would an insurance company say that portfolio I is more danger-
ous than portfolio II and thus prefer portfolio II to portfolio I?
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Can we at all speak of dangerousness when referring only to amounts
of profit? We think not, especially when the company utilizes the
profit z = n — x with a function u(2) with #’(z) > 0and »"(z) <0 such
that Ey[u(z | z > = — E)] > Enfu(z|2>n— E)], thus making port-
folio IT more ‘“dangerous’ respectively less profitable than port-
folio 1.

Profit area Portfolio |

Y

—_———————pm{ iUl

Protit area Portfolio Il
/ \
~

-
—

This part is mainly This part is E
to keep o constant mainly to keep
and make i or | E constant.
negative.

Fig. 2

Finally we can follow from the above written and Fig. 2 that
from 1741 < V. 1I does not follow psr < papr or

Vit Vain

from — < ——
Vi — Vn

docs not follow yr < yni

and vice versa.

The above reflections and those made in the introduction lead
us to the conclusion that V', is a better risk measure with respect
to the content of the word ‘‘dangerousness”’, than V or p, or the
linear combination ¢V + dy,.
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B. Nuwumerical examples to illustrate some properties, in particular
property As.

Density functions describing the probabilities of claims x

x oz o) fOR fem fem
— 10 o o 0 0,0001 0,02
[¢) 0,18 0,198 0,070 0,0529 0,46
0,5 0 o o 0,0440 o
1 0,80 0,800 0,920 0,8990 o
2 o o o o 0,50
10 0,02 0 0 o 0,02
20 o o 0,00, 0,0040 o
100 ) 0,002 [ o o
Ir 1,00 1,000 1,000 1,0000 1,00
Vv 1,80 19,800 1,520 1,5200 5,00
I” 4 1,62 19,602 1,444 1,4440 2,12
W3 14,40 1940,400 27,436 27,2445 — 12,00

All the above distribution functions have thc same expected
valuec £ = 1.

Br. The density function f@(x) illustrates as compared to
fW(x) numerically the fact that if the function’s “tail” grows
linearly and the “tail’'s’”’ probability diminishes linearly, ¥ and V4
arc growing “almost linearly”, u; ““almost quadratically”. E does
not change here at all, usually only “a little bit".

This shows how very dangerous it can be to usc risk loadings
of third and larger order if the portfolio includes very large or even
catastrophe risks with an unknown, small probability of occurrence.

B2. Since V¥ >V®™ we would conclude according to
property As. that risk I which is described by f()(x) is more danger-
ous than risk III which is described by f©)(x), although p§ < u§?

Let us imagine an insurance company with a utility function
u(n — %) = u(z) = 5(1 — ¢~ ) that can get a premium of © = 1,4
for insuring either risk I or risk II1. The calculation of the respective
expected utilities lead to
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Ly (u(2)) = o,07
EIII (u(z)) = ——0,36.

Thus the insurance company would prefer to insure risk I rather
than risk III. It conmsiders risk III more dangerous and .less at-
tractive than risk I,

We constructed f®(x) to show that V, also is assailable with
respect to its reflecting ““dangerousness”’, however, this is true for
every risk measure,

We nevertheless prefer the result given in As., i.e. V', to V or y,
as a measure of dangerousness.

B3. The density function f has been constructed in com-
parison to f® according to the procecding described in As.

E®  — E®
Ve =3
po = o
fialx) = fig)(x) for x > E® = E® =1
and wi < uf?

B4. The density function f/® having a ncgative third central
moment shows more significantly than £ the contrast to f* and
the fact that

VSV <#> pg < papp

Thus E® = EM = E®
@« O o e
VO <« VB <« y®
w >l >0 >pufd

C. Explicit expressions for V and V 4|V for some distribuiton func-
tions that are of special importance in insurance and reinsurance

Ci. Normal distribution

(z-9)*
1 - - .
Sx) = l/.z_. e 20t —0<r< 0, —0<pL 0, 0<a< 00
TG

E = yu; V=6 V,=}ot; VoV =1}
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Cz. Since the classical approximation of the generalized Poisson
distribution function is the normal distribution function {1], we
arrive for this approximation (first term of Edgeworth expansion)
at the same result as in C1.

C3. For every symmetrical distribution function we have
ViV =4

C4. Exponential distribution
fix) =ce®o<xr < 00o<c<

E =1jc; V = 1/c?; V+ z/c Ijc?; ViV = 2/fe.
Cs. Gamma distribution
C‘Y
flx) = ) e F oL <0, 0< Y < 00,0<C< O
E=Y,v=L,y, = r
=E » —Cz ] + - CZF {e Y + (Y+I)—Y (Y)}
14

hd ! ~Yy r-1
7——:?@{6 Y+ Tly) — I}

Thus 1V 4+/V depends only on y, not on c¢. In the special case of
v = I we arrive at the exponential case that was discussed in Cq.

Y ViV
0,5 0,801
0,736
0,677
0,647
0,629
0,616
0,606

SO N H

For large y we can use the Stirling formula:
Let us definen =y—1
Dl =Tl 1) ~wte™ e e gy =t [ ek
-V/)
~nthe” f e %t dt = |am gt e [12]

4
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D) —Ty () =D+ 1) =T, (n+1)= [ 26~ 2dzm? e [ o ¥t
n+1 [U%
~})ER R e~ T).

Thus

lim V+ lim e_YYY—l + lim M
Y—0 |4 Y—0 VE"—t e—”_l) (Y - I).Y.Vz y—-o0 P(Y)

I ( Yy \"% 1
— lim — |——) . =4}
Y—oo VE;'E" Y_I> VY *
= lim —= 3
o Ve T
v,
v =1

lim

Y—+0

We want to calculate now the other extreme, namely lim V.V

y—0
lim 'z +y)=T(1) =1
y—0
V., Y
lim —= = lim (1 +y e —7y | e~ % dz) =
y—>0 v—-0 []
Y
=1 — lim ([e %¥dz)

y—0 o

For 0 < y < 1 we have

Y Y .Yz
0 <°f e~%dz <°fe"dz =I1—c¢ T=y— 20 4+ — ...
Thus

Y

lim (f ¢ %"dz) = o and

v=>0 o
lim o
im — = I.
¥—+0 V

As we see V[V, is independent of ¢ and is only slowly decreasing
as a function of v, slowly especially for y > 2.

C6. Pareto distribution

This distribution is of special importance for the excess of loss
reinsurer.
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fR) =2t a<x <o I<a< ™ 0<a< o
& ate v 2a2 <“__I)a—2
(oc——I)z(ot-—Z) AT (a—1) (@—2) \ «

(m.___ I)a-l ( o )-au-l
= 2 = 2
o o—1

While V and V ; exist only fora >2 V[V like E exists fora >1,
though for 1 < « < 2, V4/V > 1 and thus does not makes sense.

4 V+/V

2 I

2,5 0,930

3 0,889

4 0,844

5 0,819
10 0,775

d <V+) (Z 1>_<a—1\)a—1<0
da \ V| =2 ‘_,iu‘ o

. V+ X w— 1\*7?
lim — = lim 2 = I

a—»2 V oa—2 &

Vs ) \*°! 2
Iim v = 2lm |1 — - = -
a0 _ a—® & ¢

The quotient V[V is independent of & and a slowly decreasing
function of «.

C7. Log normal distribution

_(nz-u)?
I 203
f(x):me 02 <0, —O <P, 0o << ®©
2

E = e.ua’/z. V = ezum’ (6° _ I)
_%(inz—u)’

; 1
d
f |/21: ox ¢ ¥

o - (825;+2u ZeczI2+oz+2u + cu“+2u.) -y,z*dz
V27‘t ofs
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where
Inx—up
Z o=
[

Denoting ¢(z) = 1/)/2n [ ¢"*"® du we arrive after some simple

calculations and substitutions at the expression:

el 20) o o))

Thus

s
—pl— >
g V+/I/
0,1 0,550
0,5 0,693
1,0 0,851
2,0 0,989
ﬂ‘z y
llm L———-— 11m —2—(3—*——'1:; f Bh%tzdt——
6> V G—>00 e’ —1 [/27: b

o

I I
— lim - f et g

o € — T Vzr

-l
ala

I I
— lim o2 e f C—%‘zdi‘—-—— I—0—0=1
a—sw € — I |21
-olx

. vV ) 1 . a [T I 3
‘1,1_13) 7= iﬂﬂ‘am (1 + ¢® + o(c")) (;4-‘7;'50—{—0(
I I o 2 (4]
T Vamz Jam 2

- 1/26° + ofd®)
=0 TE o)

|N|H
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The quotient V[V, is independent of p and a slowly increasing
function of o, slowly increasing especially for ¢ > 1.

C8. ILect the portfolio’s claims function be generated
by a Poisson process (parameter &) with all claims
being of equal sizes.

AR

P(X=ns)=c“;ﬁ, 0<A<00,0<s<®

E=H) sV =»x£"5s?

Vi | (v— EYdP(x) = V — [ (E — »)dli(x) =

E

2]
&, n\® _, A%
= As? 1—)\-> I— -] ¢" —
yA A n!
03] X {-1 A [A-2] A
=asz{1—2 Zc'k—— 4+ 2 e — N )Y e —
n! n! n!
n==90 "= nwo
-1
R c‘)‘ B)
n!

) )\[)A] )\[). +1) “W A
—_ )\sa . e—). - + : -
=1 @ gyl

= (= E%]' p—0d+ Y oy

ne[A)

where [A] is the integer part of A

If A is an integer, i.e. A = [A] then we have

® n A-1 "
+ -x A - A
—_— —_ =1 — 0 —

|4 / 7! nl

Vv
0,6321
0,5940

0,5595
0,5421

O N H >
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v a
lim ——;—= lim e"[Z——)\] =1—limi =1

A—0 A0 n! A0

” -0

) -a

li " i A 41— lim Y e
im — = —lim — (A —[A]) ¢ — —
hrco Ao [A]! ( ) L s 7!

™ n 1]
. Y A : A -2
= I — lim > e —-'+hm(1+[>\]—>\)———-e
n!

A—>»a0 o 2—>00 D\]'
) I _ 2= 1
=1—limf — (1—}—0(—)) dz 4+ o
A—0 VZTC)\ A

A _(z-A2

1
=1 —1lim f =¢ > dz=
A—>c0 V27t7\

_(2-2)2

=1 —}lim f—I:e B gy =}
‘/21t7\

A—-c0

lim 7 =}

A—0 +

The quotient V,/V is independent of s and a slowly decreasing
function of A, slowly decreasing especially for A > 1.

Remark 1

In cases C1.-C4. V 4/V is a fixed number, whereas in cases C5.-C8.
V 4/V- depends only on one parameter and is only slowly varying
with that parameter, especially in the parameter regions that are
interesting for the insurer.

Remark 2.

In all the cases C1.~-C8. is I”,/V > } and py > o (for Pareto y,
exists only for « > 3). Also in the numerical examples we have
for f(x), /@ (x), /() fO(x) V[V >}, us >0 whereas for f(x)
we observe V[V < 4 and p; < 0.

The question arises therefore if the hypothesis V. [V >} <=>
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iy > 0 is correct. This is not the case as we can conclude from
the following counter example.

Example-
0,02857 for x = —7
Let f(x) = )o,45143 forx = o0
0,50000 for x = 2
0,02000 for x = 10

E =1,000;, V =4,400; V,=2120;, V, [V ==0482 < 0,500,
4y = 0,00073 > 0.

D. Is V4 lo be preferred wn general (o V' as a visk measure or a risk
loading ?

When analyzing V and 174 from a portfolio selection point of
view and putting up pros and cons, H. Markowitz does not come
to a universal proposal as to which of the two risk measures is to
be preferred [10).

For all that, Markowitz writes in [10] on page 194: “Analyses
based on S (our V) tend to produce betier portfolios than those
based on V.”

The main difference between an analysis considering appropriate
risk measures for the calculation of a premium or for a porifolio
selection are the underlying conditions and constraints. While we
may wish in insurance to establish a premium principle that takes
the dangerousness of a portfolio andfor the lack of statistics into
account, that is as just as possible to all customers that auto-
matically sets up an upper barrier of acceptance and so on, we may
for example wish to select a shares- or bonds-portfolio in such a
way that to a given expected return for the invested capital V or
V + becomes a minimum.

The choice between V or 7, may therefore fall out differently
for a portfolio selection principle and for a premium calculation
principle. We are interested here in the latter case.

Having shown until now advantageous properties of V. we
would like to list some disadvantageous properties in comparison
to V or the lack of properties of V., that we would like a risk
measure to have and that V' possesses.
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Di1. The variance loading is additive, i.c. the loading assigned
to the sum of two independent risks is the sum of the loadings
that are assigned to the two risks independently.

On the other hand the semivariance loading does not possess
the property of additivity.

D2. Usually V4 is more difficult and more time-consuming to
calculate than V.

If we wish to calculate for example the premium of a portfolio
consisting of » independent risks each of which has a distribution
function Fi(x), ....... , Fp(x) then we need, in case of a V-loading,
to calculate only the variances of every risk and add them up. In
case of a Vi-loading the convoluted joint distribution function
Fix) * Fo(x) > ....... * Fp{x) has to be determined for the cal-
culation of ¥V, which is usually complicated and time-consuming.

D3. Tor example if Fi(x), ...... , Fy(x) are Pareto distribu-
tions their convolution can not be written as a closed analytical
expression. Thus there exist cases when V' can be calculated easily
and exactly and ¥, can not be calculated exactly at all and an
approximation can only be got after complicated calculations.

D4. Tor a large class of infinitely divisible functions we arrive
in a first approximation at a variance loading if a company adds
an independent marginal treaty to its portfolio, without changing
its probability of obtaining a ncgative result [7], [4].

We have here an important property that characterizes a V-
loading and that a ' i-loading does not possess.

Not changing the probability of obtaining a negative result
means taking into consideration all possible results, losses as well
as profits. From this point of view it is logical to include the possible
profitable results in the risk measure which is done when using V,
but not when using V ; as a risk measure.

If an insurance company considers its internal problems and
does not want to increase its probability of ruin or of loss over a
certain period of time, i.e. if it looks upon a risk subjectively and
not objectively, its contemplations should lead it to a variance
rather than to a semivariance loading.
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Ds5. Bcecause of their quadratic nature the variance as well as
the semivariance loadings lead to an equilibrium state in an in-
surance market, IFor each cover there exists a price minimum and
belonging to it fixed shares of the cover for each insurer and re-
insurer in the market. For the variance loading a simple and useful
approximation leads to shares that are very easily calculable [5].

Such a simple and useful solution to the equilibrium problem is
not known and probably does not exist if the semivariance is used
as a risk measure.

E. Final conclusion

In all cases dealt with in C1.-C8. all of which are important
for insurance V./V depended on less parameters than the under-
lying distribution function and was either constant or dependent
on one parameter only.

In all cases where V , = constant - V the variance and semi-
variance principles were identical since we can write

n=E+4+cV==FE-+4cVwithc=c ViV

If V,/V depended on one parameter it was slowly varying with
that parameter, especially in those parameter regions that are
usually of interest for the insurer. In these cases and for all other
underlying distribution functions where 7 4/V is almost invariant
for parameter changes in certain regions we can replace in these
regions with a good approximation the semivariance as a risk
measure by the variance.

The advantageous properties of 1V, are then approximately
(A1.) or generally (A3., A4.) fulfilled by V.

On the other hand we can indeed conclude that the ““theoretical”
properties of I/ are also generally approximately fulfilled by V 4
(D1., D4.) but the “practical” disadvantages of V' as compared
to V (Dz., D3.) are neither removed nor facilitated.

We therefore conclude that the variance is usually to be preferred
to the semivariance as a risk measure. However we do not exclude
the possibility that for special cases the semivariance may be
preferable to the variance.
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