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Abstract. We generalize the notion of summable Szlenk index from a Banach space
to an arbitrary weak*-compact set. We prove that a weak*-compact set has summable
Szlenk index if and only if its weak*-closed, absolutely convex hull does. As a conse-
quence, we offer a new, short proof of a result from Draga and Kochanek [J. Funct. Anal.
271 (2016), 642—671] regarding the behavior of summability of the Szlenk index under ¢
direct sums. We also use this result to prove that the injective tensor product of two Banach
spaces has summable Szlenk index if both spaces do, which answers a question from Draga
and Kochanek [Proc. Amer. Math. Soc. 145 (2017), 1685-1698]. As a final consequence
of this result, we prove that a separable Banach space has summable Szlenk index if and
only if it embeds into a Banach space with an asymptotic ¢, finite dimensional decomposi-
tion, which generalizes a result from Odell et al. [Q. J. Math. 59, (2008), 85-122]. We also
introduce an ideal norm s on the class G of operators with summable Szlenk index and
prove that (&, s) is a Banach ideal. For 1 < p < oo, we prove precise results regarding the
summability of the Szlenk index of an £, direct sum of a collection of operators.

2010 Mathematics Subject Classification. Primary: 46B03, 471L.20; Secondary: 46B28

1. Introduction. Since its inception in [19], the Szlenk index has been a funda-
mental object in the geometry of Banach spaces, including the non-linear theory (see [9]
and [10]). The Szlenk index and Szlenk power type are fundamentally connected to asymp-
totically uniformly smooth renorming properties of spaces and operators, as was shown in
[4, 6, 13, 17]. Such properties have seen significant recent use in the non-linear asymptotic
theory (see [2, 12, 14]). Of particular importance is the notion of a Banach space hav-
ing summable Szlenk index. In [10], a characterization is given of those separable Banach
spaces which have summable Szlenk index in terms of the behavior of the modulus of
asymptotic uniform smoothness under equivalent norms. Furthermore, it is shown there
that if X has summable Szlenk index, and if Y is uniformly homeomorphic to X, then ¥
has summable Szlenk index.

In this work, we define what it means for a weak*-compact set to have summable
Szlenk index, which generalizes the notion of a Banach space having summable Szlenk
index. Our first result is the following.

THEOREM 1.1. Let X be a Banach space and let K C X* be weak*-compact. Then,
— weak*
K has summable Szlenk index if and only if abs co " (K) does.

Our first application of this result is the following embedding result, which generalizes a
result from [16].
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THEOREM 1.2. If X is a separable Banach space, then X has summable Szlenk index
if and only if there exists a Banach space Z with finite dimensional decomposition (FDD)
E such that E is asymptotic cq in Z and Z admits a subspace isometric to X.

Our second application answers a question posed in [8].

THEOREM 1.3. Let Ay : Xy — Yo, A1 : X1 — Y| be bounded, linear operators. If Ay, A,
have summable Szlenk index, then so does the induced operator Ay ® A, Xo®. X —
Yo®. Y, between the injective tensor products. If neither Ay nor A, is the zero operator,
then the converse holds as well.

One last application of Theorem 1.1 is a short proof of an operator version of a result
from [7].

THEOREM 1.4. Let A be a non-empty set and let A; : X, — Y, be a uniformly
bounded collection of linear operators. Then, the induced operator A : (D eaXs)cyn) =
(®rerY)ey(a) has summable Szlenk index if and only if the operators A, have uniformly
summable Szlenk index.

We also study the ideal properties of the class G of operators with summable Szlenk index,
as well as introduce a way to assign to each operator 4 a value ¥ (A4) € [0, oo] such that
A has summable Szlenk index if and only if ¥ (4) < 0co. Moreover, the quantity s(4) :=
[l4]] + 2 (A) defines an ideal norm on &. In this direction, we prove the following.

THEOREM 1.5. The class (S, s) is a Banach ideal.

We also study the behavior of summable Szlenk index of ¢, direct sums of operators for
1 < p < 00. Such a study is trivial in the setting of spaces, since the norm of the identity
operator of a Banach space is either 0 or 1, but non-trivial for operators. We prove the
following.

THEOREM 1.6. Let A be a non-empty set and let A; : X, — Y, be a uniformly
bounded collection of linear operators. Then, for any 1 < p < oo, the induced operator
A (@reaXi)i, ) = (@reaYr)e,a) has summable Szlenk index if and only if (|4 |)sen €
co(A) and (3(A43))ien € Lp(A).

2. Definitions. Throughout, I will denote the scalar field (either R or C), and
“operator” will mean “bounded, linear operator.”

Given a directed set D and n € N, we let DS" = U:’lei. Given t = (u,-)fF=1 e DS, we
let |t| =k, t~ = (ui)ff;ll (where (u,')?:1 = @ by convention), and for 0 < j <k, t|; = (; ij=1'
Givent= (u)*_, e (g} UDS"andue D, welett ~u=(uy, ..., ux, u) € DS". Fors, t €
DS, we let s ~ t be the concatenation of s and 7. If X is a Banach space, we say a collec-
tion (x;),cp<n C X is weakly null provided that for every ¢ € {@} UDS""! (x;~,)uep is a
weakly null net. We say a map ¢ : DS" — DS” is a pruning provided that |¢(f)| = |¢| and
¢ ()~ = ¢ (") for each ¢ € D" and such that the collection (x})ep<» is weakly null, where
X, =xg(. The following can be easily proved by induction on n. We will use this result
frequently.

PROPOSITION 2.1. Let D be a directed set, n € N, X a Banach space, and (x;);ep<» a
weakly null collection. Let (M, d) be a compact metric space and suppose F : D" — M is
any function. Then, for any § > 0, there exist a pruning ¢ : DS" — DS" and w € M such
that d(w, F(¢(t))) < § forany t € D".
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For a Banach space X and n € N, we let {X}, denote the set of all norms | - | on K" such
that for any b > 1, there exists a directed set D, a weakly null collection (x;);cp<» C Sy such
that for any (a;);_; € Sex, and any 1 € D",

n n n
E axy, | < E a;e; E aixq, || -
i=1 i=1 i=1

A standard compactness argument yields that {X},, # @ whenever dim X = co. In keeping
with the terminology in [11], we say that X is Asymptotic ¢, if dim X = oo and there exists
a constant C > 1 such that

<b

i€ €| <

s

s

for each n € N, each | - | € {X},, and each (a;)}_, € IK". We remark that since the canonical
K" basis is normalized and monotone in (K", | - |) for each | - | € {X},, we always have

n n
E a;e; 2 E a;e;
i=1 i=1

so the upper inequality is the only one we need to check in order to establish that a given
infinite dimensional space is Asymptotic ¢g.

Let us also note that in the previous paragraph, the definition of {X7}, involves weakly
null trees indexed by DS” for some directed set D. However, it is equivalent to include only
the definition of {X}, trees indexed by DS, where D is a fixed weak neighborhood basis at
0 in X. Moreover, if X* is separable, it is sufficient to include in the definition only those
trees indexed by N7

We recall that a sequence £ = (E,)2 | of finite dimensional subspaces of the Banach
space X is called an FDD for X provided that for each x € X, there exists a unique
sequence (x,)°, € []o2, E, such that x=7)""° | x,. In this case, for each m € N, the pro-
jection PE 3" x,=>""_, x, is continuous. We let P} = 0. By the Principle of Uniform
Boundedness, sup,,,, ||P - PE || <oo. If 0=mg<my<--- and F, =" SNy '8
then I = (F,)52 , is also an FDD forX In this case, we say F' is a blocking of £. We say £
is shrinking if {(PE )*(X*) :n e N} is dense in X*, which occurs if and only if (£})72 , is an
FDD for X*. Here, E is identified with (PE ) (X *) N ker((PE D). We say E is asymptotlc

co in X if there exists C > 1 such that for any n < ko < - - - <k, and any x; € @ ki 7

ZX:

We remark that if b= supy,,_, |P% — PL| and if (x)}_, is any block sequence with
respect to £,

)

n
ZOC

C™! max x| <

1<i<n

S € max lx].

1<i<

max x| <

I<i<

so the upper inequality is the only one we need to check in order to establish that £ is
asymptotic ¢ in X.
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We next define the Szlenk derivations and the Szlenk index. The definition goes back
to Szlenk [19] in a somewhat different form which is equivalent for separable spaces not
containing ¢;. Given a Banach space X, a weak*-compact subset K of X*, and ¢ > 0, we
let 5. (K) denote the subset of K consisting of those x* € K such that for each weak*-
neighborhood V' of x*, diam(} N K) > . For convenience, we let s.(K) = K whenever
& < 0. We then define by transfinite induction

SOK) =K,
sSSHHK) = 5. (s5(K)),

and if £ is a limit ordinal, we let

SEK) =) LK)
(<§

If there exists an ordinal & such that s§ (K) =, we let Sz(K, €) be the minimum such ordi-
nal. If no such ordinal exists, we write Sz(K, &) = co. We define Sz(K) = sup,. o, Sz(X, €).
If4: X — Y is an operator, we let Sz(4, €) = Sz(4*By+, ¢) and Sz(4) = Sz(A*By~). If X is a
Banach space, we let Sz(X, €) = Sz(By+, €) and Sz(X) = Sz(Bx+). For M > 0, we say K has
M-summable Szlenk index provided thatif ey, .. ., &, € R (equivalently, if &, ..., &, > 0)
are such that s, ...s,, (K) # O, Z?:l &; <M. This implies that Sz(K, ¢) < M /e + 1 for
all ¢ >0, and in particular, Sz(K) < w. We say K has summable Szlenk index if it has
M-summable Szlenk index for some M > 0.

We let Ban denote the class of all Banach spaces over K. We let £ denote the class
of all operators between Banach spaces and for X, ¥ € Ban, we let £(X, Y) denote the set
of operators from X into Y. For J C £and X, Y e Ban, we let J(X, V) =7 N £(X, Y). We
recall that a class J is called an ideal if

(i) For any W,X,Y,ZeBan, any Ce £L(W,X), BeJ(X,Y), and 4e £(Y, 2),
ABC e 7,
(i) Ix €7,
(iii) for each X, Y € Ban, J(X, Y) is a vector subspace of £(X, ¥).
We recall that an ideal J is said to be closed provided that for any X, ¥ € Ban, J(X, ¥) is
closed in £(X, Y) with its norm topology.
If J is an ideal and ¢ assigns to each member of J a non-negative real value, then we
say ¢ is an ideal norm provided that

(i) for each X, Y € Ban, ¢ is a norm on J(X, Y),
(ii) forany W, X,Y,ZeBanandany C € £(W,X),B€J(X,Y),A€I(Y,Z),1(ABC) <
I4lleBICI,
(iii) forany X, Y e Ban,anyx € X,andany ye Y, t(x ® y) = ||x|| [yl

If J is an ideal and ¢ is an ideal norm on J, we say (J, ¢) is a Banach ideal provided that for
every X, Y € Ban, (J(X, Y), ¢) is a Banach space.

3. An ideal seminorm. Given a Banach space X and a weak*-compact subset K
of X*, forx € X, we let rg (x) = 0 if K = @, and otherwise we let rg (x) = max,«cx Re x*(x).
We note that r«g,. (x) = [|4x||, 75,. (x) = |Ix[|, and rg = r e, for any weak*-compact K.
Note also that rg is a sublinear functional, and it is a seminorm if K is balanced. Given
neN, we let X, (K) be the infimum of those s > 0 such that for every directed set D, every
weakly null (x;),cp<» C By,
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n
e () <
1=

We let X(K)=sup, £,(K). If 4: X — Y is an operator, we let X,(4) = X,(4*By-),
¥ (A) = L (4A*By~+). If X is a Banach space, we let £,(X) = X,(Iy), Z(X) = Z(Iy).

REMARK 3.1. We note that it is convenient to allow any directed set in the definition
of ¥,,. However, we obtain the same value of %, (K) if in the definition we only consider
weakly null collections indexed by Df", where D is a fixed weak neighborhood basis
at 0 in X. Indeed, if for some s € R, (x;);cp<» C By is a weakly null collection such that
infycpn rg (Zfz \ x,|,,) > s, one can define by induction some map ¢ :Df" — D¥" such that
()| =t] and ¢ (t7) =@ (¢)~ for all t e DS", and (x(p([))teD]Sn is also weakly null. From

this it follows that with x, = x4, (x}),_,<« C By is weakly null and

teDl<
n n
inf rx E xél, > inf rg E xg, | > s.
teD] - ! teD" -
= =

In what follows, S denotes the set of unimodular scalars. We let SK = {ex*: ¢ €S,
x* e K}.

PROPOSITION 3.2. Let X be a Banach space, L,K,K,, K, ..., K, CX* weak*-
compact, and n € N.

(1) K is norm compact if and only if 1(K) = 0 if and only if ©(K) = 0.
(i) If R > 0 is such that K C RBx+, ¥,(K) < Rn.
(iff) 3K + L) < u(K) + Ty (D).
(iv) If e is a unimodular scalar, ¥,/(¢K) = £, (K).
(v) =, (UL, K;) = maxi<i<; T (K.
(vi) Z,(K) = Z,(SK).
(vii) %, (abs co™™ (K)) = %,(K).
(viii) For s >0, X,(K) <s if and only if for every (x;),cp<» C By, there exists a
pruning ¢ : DS" — DS such that

n
sup sup rg <Z a,—x¢(t),.> <S.

1eD" (ai)i_ €Buy, i=1

(ix) If dim X = oo, X,(K) is the infimum of those s > 0 such that for every directed
set D and every weakly null (x;);cp<» C Sy,

n
inf rg E Xy, | <s.
teD" -

=

Proof:

(i) Since r is a sublinear functional, it follows that ¥, (K) < nX(K), so X(K) =0
if and only if £;(K) = 0 is clear. The fact that K is norm compact if and only if
%1 (K) = 0 follows from the fact that K is norm compact if and only if for any
bounded, weakly null net (x;) C By, lim, r¢(x;) =0.

(i1) This follows from the fact that rx < R|| - ||, so X,(K) < nX(K) < Rn.
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(iii) Fix a > ¥,(K) and b > %,(L). Fix a weakly null (x;),c.p<» C Bx. By apply-
ing Proposition 2.1 twice, we may fix a pruning ¢ : DS" — DS" such that
either rx (30, xp,) <a or rx(X1 xp),) >a for all r€D", and such
that either I”L(Z:-l:l x(b(t)\,-) < b or rL(Z?:l xd,(,)‘l.) > p for all te D". Since
a>%,(K), rK(Z:;l xd)(t)h) <a for all teD". Similarly, since b> X,(L),
r (X5 xp,) < b forall # € D". Then, fix any ¢ € D" and note that

n n n
TK+L (Z x¢(r>|f) =Tk (Z x¢(,)|,) +rL (Z x¢<z).~> <a+b.
i=1 i=1 i=1

From this it follows that
inf ricis (Zl x,.i) < (K + 5L,

Since (x;);ep<» C By was an arbitrary weakly null collection, X,(K + L) <
2 (K) + Z,(L).

(iv) This follows from the fact that r.x (31 xy,) =rk (X1, xyy,) and (x;),ep<n C
By is weakly null if and only if (¢x;),cp<s C By is.

(v) Obviously, En(UleK,-) > max i< 2n(K;). Now fix a< E,,(UleK,-) and a
weakly null collection (x;),cp<» C By such that

n
inf r; & Ex,. >a.
e YimKi — li

i=

Now foreach t € D", fix i, e {1, ..., [} and x] € Kj, such that
X (thli) =Tk (me)'
i=1 i=1
Define f: D" — {1, ..., 1} by f({) =i, and fix a pruning ¢ : DS" — D" and

ie{l,..., I} suchthatf o ¢|p =i. We may do this by Proposition 2.1. Then,

a < inf Rexy, (Z xW)'f) S Zn(Ky).

i=1
(vi) Obviously, ¥,(K) < Z,(SK). For any § > 0, we may fix a finite subset 7 of S
such that SK C (Uge7eK) + 8By+. We now combine (ii)—(v) to deduce that
2:n(gl() < 2:rt(L—JaeT‘C;[() + 2:n((SBX*) < 2:n(l<) + én.

Since this holds for any § > 0, we deduce (vi).
(vii) Since rsg = reguea gy,

2,(SK) = 2,(c0" (SK)) = =, (abs o (K)).

By (vi), Z,(K) = X,,(SK).

(viii) Assume X,(K) <’ <s. Fix R> 0 such that K C RBx+ and § > 0 such that
Rén+s" <s. Fix a finite §-net F of By and (x;),ep<n C By. By applying
Proposition 2.1 repeatedly, once for each (a;)}_, € F, we may fix a pruning
¢ : DS" — DS" such that for each (a;)"_, € F, either
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n
K <Z aix¢<r>|,> <5

i=1

or

n
rg (Z a,-x¢(t)|[> > S,

i=1

for all t € D". Since (ayx;)cp<n C By is weakly null, the latter is impossible. By
our choice of R and §, we deduce that

n
'K (Z aﬁ%(r)h) <s
i=1

forall (a;)_, € By, and t € D".

The converse is clear.

(ix) Assume dimJX =oc. Let X, (K) be the infimum of those s> 0 such that
for every directed set D and every weakly null (x;),cp<r C Sy, infiepn
rk(3 xy) <s. It is clear that ¥/ (K) < %,(K). Secking a contradiction,
assume s, s’ > 0 are such that ¥/ (K) <5 <s < X,(K). Fix R> 0 such that
K C RBy+ and fix § > 0 such that 2Rné < s — 5. Fix (x;),ep<» C By such that

n
inf rg Ex,h > 8.
teD" -

=

By applying Proposition 2.1 and relabeling, we may assume there exist numbers
ai, ..., a, €0, 1] such that for each t € DS", |||x,|| —ay| <8/2. Let [ ={i <
n:a; > 8} and note that

tlean; K (lezl x,i> > s — Rén.
Let M be a weak neighborhood basis at 0 in X and note that there exists
a map ¢:MSU— DS guch that (xs()/1Xp) )ierr<in is weakly null (see
[5, Proposition 7.2]). Note that X (K) < X, (K) < ¢/, since dim X = co. Then,
with X, = x4 /llx4(» I, applying Proposition 2.1 as usual to (&:x;),cp <1 for each
(&) 121 e {£1}¥", we may relabel one more time and assume that for each ¢ € M/
and (e,))"! € (£},

17]
rr (Z a,-x;h) >s—2RSn and rg (Z aix;h) <5,
i=1

i=1

But these conditions are in contradiction, since rx is sublinear, s’ < s — 2Rdn,
and )", a;x), lies in the convex hull of {311, ex], : (el e (£1}11}. O

1

The following lemma uses standard techniques. It is a generalization of results from
[10] (specifically, Proposition 3.4 and Lemmas 3.1-3.3, 4.3) to arbitrary, weak*-compact
sets in the duals of possibly non-separable spaces. We note that these techniques for
arbitrary weak*-compact sets and non-separable spaces have appeared for example in
[3, Theorem 2.2]. For these reasons, we only sketch the proof.
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LeMMA 3.3. Let X be a Banach space and let K C X* be weak*-compact.

(1) If K has M-summable Szlenk index, ¥ (K) < M.
(1) If 2(K) < M /4, then K has M-summable Szlenk index.

Proof.

(1) Assume X2(K)>M'>M and fix neN, (x),p<n CBy weakly null, and
(x¥)epr C K such that

n

M' < inf Rex} E xe, |-
teD" -
=

Fix R>0 such that K C RBy- and define f: D" — RB = by f(#) = (Rexf
(g, ). Fix 8 > 0 such that M + 38n < M’ and apply Proposition 2.1 and relabel
to assume there exists a sequence (a;);_; € RB yr such that

la; —Re x} (xy,)] < §

for all € D" and 1 <i < n. Then,
n
M <nb + Z a;.
i=1

Now an easy induction proof yields that for any 0 <i <7 and any ¢ € {@} U DS/,
there exists X} € 5,,,,—2s - - . Sa,—25(K) such that if @ < s <1, Re x](x) > a5 — 6.
In particular, X% € $4,-25 - - . Sq,—25 (K). Since

> (ai—28)>M' —35n> M,

i=1

this shows that K does not have M-summable Szlenk index.

(i1) Assume that K does not have AM-summable Szlenk index. Then, there exist
€1, ..., & >0suchthats, ...s, (K)# @ and Z?:l & =M > M.Fix § > 0 such
that M’ — 8n > M. Let D be a weak neighborhood basis at 0 in X and let N be a
weak™*-neighborhood basis at 0 in X*. Then, by standard techniques, we may fix
() se(zyuv< C K such that for each 7 € {@} U DS, weak*-lim,ey x;_, = x} and

foreachve N, |Ix}_ —x7|| > €/441/2. Now we may define a map ¢ : DS — NS

t~v

and a weakly null collection (x;),ep<» C By such that Re xj , (x;) > (g} — 8)/4 for
any @ < s < t. In particular,

) n ) n 1 n
tg})fn rK (ZI: x,|i) > tleI})f; Re xg ¢ <Z xtl.) > 7 (ZI: & — ncS) > M/4.

i=1
This shows that X (K) > M /4. ]

COROLLARY 3.4. Let X be a Banach space and let K C X* be weak*-compact. Then,
K has summable Szlenk index if and only if ¥(K) < oo if and only if abs coWeak (K) has
summable Szlenk index.

For each operator 4, let 5(4) = ||[A|| + £ (A4) and let S denote the class of all operators
with summable Szlenk index. Note that by Corollary 3.4, & is the class of all operators 4
such that s(4) < oo.
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THEOREM 3.5. The class (S, s) is a Banach ideal.

Proof. Fix X, Y € Ban and note that by Proposition 3.2 and the positive homogeneity
of X, X is a seminorm on S (X, Y). From this we can deduce that (&(X, Y), §) is a normed
space.

Nowfix W,ZeBan,C: W — X,B: X — Y,and 4 : Y — Z with ||4| = ||C| = 1. Fix
n € N and a weakly null (x;);cp<» C By. Then, (Cwy),cp<s C By is weakly null, and

ABC i Wy, B i Cwy,
i=1 i=1

Thus, X£,(4BC) < %,(B). By homogeneity, we deduce that X,,(4BC) < ||4]|Z,(B)||C|| and
5(ABC) < | A||sB)||IC|| forany C: W — X and A: Y — Z.

Next, since X (4) =0 for any compact operator, & contains all finite rank operators
and s(x @ y) = [lx @yl = |Ix||ly|| foreachxe X and y € Y.

It remains to show that (S(X, Y), s) is complete. To that end, fix a s-Cauchy sequence
(A2, in G(X, Y). Since (4x);2, is also norm Cauchy, it is norm convergent to some A4.
Since X, (4 — Ay) < n||l4 — A4y || for any n, k € N, it follows that

< inf
teD"

inf
teD"

< Xn(B).

¥(A) = sup £,(4) < sup limsup £,(4;) < limsup X(4;) < oo
n n k k
and

limsup £(4 — 4,) < limsup limsup X(4; —4,) =0. L]
n n k

REMARK 3.6. The class & is not a closed ideal. Indeed, let X, be the completion of
coo with respect to the norm

o0
E a;e;
i=1

It is quite clear that X (X,) =n, so that 4: (B2, X,)c, — (B2, Xn), given by Aly, =
n~12[y quite obviously fails to have summable Szlenk index, but is the norm limit of
operators which have summable Szlenk index.

=maX{Z|ai|:|T|=n}.
X

ieT

4. Embedding. The equivalence of (i) and (iif) of the next theorem is no doubt
known to specialists. We are unaware of any mention of this fact in the literature, and we
will need it for later results, so we include it here. We mention that in the case that X has
an FDD, the equivalence of (ii)—(iv) was shown in a dual form in [13, Proposition 6.7].

THEOREM 4.1. Let A : X — Y be an operator. The following are equivalent:

(1) () < 0.

(i1) A has summable Szlenk index.
Furthermore, if A =1y and dim X = oo, each of the above is equivalent to the
condition

(iil) X is Asymptotic cy.
Finally, if A= Iy, dim X = oo, and X has a shrinking FDD E, each of the above
is equivalent to the condition

(iv) There exists a blocking F of E which is asymptotic cy in X.
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Proof of Theorem 4.1. The equivalence of (i) and (if) comes from Corollary 3.4. The
equivalence (ii) = (iii) follows from Proposition 3.2 (viii) and (ix).

Assume A = Iy, dim X = oo, and E is a shrinking FDD for X. Fix C > 1 such that
| Y el <CforeveryneNand |- |€{X},. Fix C; > C. For an infinite subset M of N,
it M ={my, my, ...} withm; <my <...and my=0, let F¥ be the blocking of E given by
FM = @Jr'n;mm +1Fj. Let V denote the set of those infinite subsets M of N such that there
exists (x;)"_, C By such that x; € F}! for each 1 <i<nand || Y., x;]| > C;. Arguing as
in [15, Theorem 3.3], we deduce the existence of some infinite subset M of N such that for
any infinite subset N of M, N ¢ V. From the definition of V), if (xi)fi , C By is any block
sequence of ¥, then

< + <2C.

2n n n
E Xi E X2i—1 E X2i
i=1 i=1 i=1

Since we may do this for any n, a standard diagonalization procedure yields that
(iii) = (iv).
Last, (iv) = (iii) is obvious. ]

The following result provides a negative solution to a conjecture from [10].

COROLLARY 4.2. There exists an €| predual which has summable Szlenk index but
contains no isomorph of c.

Proof. By [1, Proposition 5.7], there exists an L., Banach space X with FDD E
such that £ is asymptotic ¢y in X and such that X contains no isomorph of ¢y and X*
is isomorphic to £;. This space X has summable Szlenk index. O

The following result generalizes a theorem from [16], where it was shown that any separa-
ble, reflexive, Asymptotic ¢y space embeds into a Banach space with Z with FDD E such
that £ is asymptotic ¢y in Z.

THEOREM 4.3. Let X be a separable Banach space. Then X is Asymptotic cq if and
only if there exists a Banach space Z with FDD E such that E is asymptotic ¢ in Z and Z
is isometric to a subspace of Z. Moreover, if X is reflexive, Z can be taken to be reflexive.

Proof. By [18], there exists a weak*-compact set B C By« and a Banach space Z with
shrinking FDD E such that X embeds isomorphically into Z and such that Z is reflexive if

. . ————weak*
X is. Furthermore, there exist a subset B C Bz such that abs co ! (B) = B+, a constant
¢>0,and amap I* : Z* — X* such that

I*(sg, . .. 56,(B)) CSei/c - Se,fe(B).

Each of these properties except the last comes from the construction of the space Z.
The last property follows from an inessential modification of [18, Lemma 5.5]. If X
has summable Szlenk index, so does B, and therefore so does B. By Corollary 3.4,

——weak” . . . .
Bz« = abs co (B) has summable Szlenk index as well. This means Z is Asymptotic
¢o, and therefore some blocking of £ is asymptotic ¢ in Z. O

5. Injective tensor products. Let us recall that the injective tensor product is the
closed span in £(Y*, X) of the operators x ® y: Y* — X, where x ® y(y*) =y*(y)x. For
i=0,1,if 4;: X; — Y; is an operator, we may define the operator 4p ® A4; Xo®. X —
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Yo®. Y. This operator is given by 49 ® 4 (u) = AouAdj : Y{ — Yy. A convenient and more
common description of 49 ® A4; is given by its action on simple tensors, which is given by
(Ao ® A1) (xo ® x1) = Aoxo @ A1x1.

Given subsets Ky C X, K1 C X[, we let

[Ko, K11 = {x} @ x}: x§ € Ko, X[ € K1} C (Xo®:X1)*.

PROPOSITION 5.1. Let J be a finite set. Suppose that R >0 and for each i =0, 1
and je€J, K; j CRBxr is a weak*-compact set. Then, for any ¢y, ..., e, € R and any
ne{0}UN,

k 1k,
Sy - - - e U[KO,J" Kijlc U [551/413- F,,/4R(K0 s S£1/4R - 8e,/ar (K1, /)]
jeJ jeJ, (ki €{0,1}"

Proof. We induct on n with the n = 0 case true by definition.
Itis easy to see that if R > 0, x7, z5 € RBx:, X7, 2] € RBxr, and [lxg ® x] — 25 ® z7|| > ¢,
then

max {|lx; — zj . lx; =z} > &/2R.

Now assume the result holds for » and
u* S Sgpve - S‘gn+1 (UjEJ[K(),j, Kl,j]) =S¢, (Ssz N S8n+l (Ujej[K()’j, Klﬁj])>.

This means there exists a net (1) Cse, . . . S, (UjE J[Ko, j, K1, j]) converging weak™ to u*

such that [lu* —u}|| > /2 for all L. By the inductive hypothesis, for each A there exists
Jjr €J and (K1)} € {0, 1}" such that

e Hi -
* 2 Vl+l
u, € [S62/4R cee S /4R(K0 3 SeysaR -+ Se, /4R(K1 /A)]

By passing to a subnet, we may assume there exist j €.J and (k; ):’ € {0, 1}" such that
Jj=Jjy forall A, k; =k for all » and 2 <i < n + 1. For each A, write

kn+l 1—ky 1=k s
Uy =x5, X, € [ Sey/4R * sn+1/4R(K0~j)’ Sey /4R - - £n+1/4R( 1) |-

. . % * ky knt1
By passing to a subnet again, we may assume X, ng* X0 €Sy ag - - Ser, ar (Ko, ),

I—ky 1—kpi1
R o X\ €8gap - - S, 1ar(K1,;), and either

Ixg — x5, 0l > €1/4R
for all A or
llx] — X7, > e1/4R

for all A. For this we are using the fact that u* =xj ® x7. If [|xj — x , || > €1 /4R for all A
let k; = 1, and otherwise let k; = 0. Then,

* % * ki knt1 ) 1—k; 1—kns1
=X ®x € [Ssl/m < SeranKo.1) S a8, Jar (K1) |- O
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COROLLARY 5.2. Let Ay : Xy — Yy, Ay : X1 — Y1 be non-zero operators. Then, Ay, A,
have summable Szlenk index if and only if Ay, A, do.

Proof. 1f Ay ® A, has summable Szlenk index, by the ideal propert}i, Ao, Ay do.

Let K =[4;By;, A;By:] C (Xy®.X))* and note that abs o™ (K) = (4y @ 4,)*
B (y,%,v,+ by the Hahn—Banach theorem. By Corollary 3.4, it is sufficient to show that
K has summable Szlenk index. Assume A4, has Mj-summable Szlenk index and 4,
has M;-summable Szlenk index. Let R = max{||4o||, ||4:]]}. Fix €1, ..., & > 0 such that
>, & >4R(My + M,). Then, for any (k)" € {0, 1}",

MO ~|—M1 < Zkigi/“'R 4+ Z(l — k,')Si/4R,

i=1 i=1

so that either ) _, k;&;/4R > My or >, (1 — k;)&;/4R > M,. In either case,

k ke 1k 1—k,
I:Sei/4R .. ’Ssn/4R(ASBY§)’ Se /4R - - 'Ss,,/4R(ATBY|*)] =0.
By Proposition 5.1,

k kn 1—k 1—k, _
S8 0C [S81/4R e AsBy), s .sgn/4R(ATByl*)] — 2,
(k)i €{0,1}"

whence K has 4R(M, + M;)-summable Szlenk index. O]
The following answers a question from [8].

COROLLARY 5.3. Let Xy, X; be non-zero Banach spaces. Then, Xo®.: X is Asymptotic
co if and only if X, X are. Equivalently, Xo®.X, has summable Szlenk index if and only if
X(), X] do.

6. Direct sums. The first result of this section is an operator version of a result
from [7]. However, we will use Corollary 3.4 to give a new proof.

THEOREM 6.1. Suppose that A is a non-empty set and for each € A, 4, : X, —
Y, is an operator. Assume also that sup, ., ||4.]l < oo and let A: (®)eaXi)cyir) =
(BreaYa)ey(n) be the operator such that A|x, = A;.

Then, A has summable Szlenk index if and only if there exists M such that for each
A€ A, Ay has M-summable Szlenk index.

Proof. Throughout the proof, we will identify each X; in the natural way with a sub-
space of (DyreaXi)e(n), and the same with Y, and X, Y;. This does not change the
hypotheses or the conclusion, since the identification of the dual of X;* with the natural
subspace of the direct sum is an isometric, weak*—weak* homeomorphism.

It is clear that if 4 has M-summable Szlenk index, 4; has M-summable Szlenk index
for each A € A, which gives one direction.

Now suppose there exists M such that 4, has M-summable Szlenk index for each
reA. LetK = UkeA A3 Byy. It is clear that for any n € Nandey, ..., &,

S .. 86, (K) C {0} U U Sy« « - Se, (A:BX;)‘
AEA
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From this it follows that with M’ = M + 2 sup, . 1|4, ||, K has M’-summable Szlenk index.
Indeed, suppose ¢y, ..., &, > 0 are such that Z;':I &> M. Note that g; <2 sup, ., |14, ||
for each 1 <i < n. This means that Z?:z &; > M, whence

Se, . 8e, (K) C se, ({0} U U Sey - -+ Se, (AIBY;‘)> =5, ({0) =2.

reA

We now conclude by Corollary 3.4, since by the geometric Hahn—Banach theorem,

ak™

"WE
A B@, vy, ,, =absco  (K). O

We next turn to a facet of this problem which is of interest for operators, but not for spaces.
Above we considered cq direct sums, while below we wish to consider £, direct sums,
1 < p < oo. However, if (X)) ca is a collection of non-zero Banach spaces, (D;.c AX) e, )
contains a copy of £, and therefore cannot have summable Szlenk index except in the case
that A is finite. Our final goal is to elucidate the situation for operators.

PROPOSITION 6.2. Fix 1 < p < 00. For any operators A;: X; — Vi, 1 <i<kandneN,
Z, (43 (OL, %), ~ (B, 1)) < [ B0
and

E (4 (0L %), > (@ 1)) = [ (UL | -

Proof. In the proof, we identify X; and Y; with subspaces of X = (&%, X;) , and ¥ =
P
(L, Yi) ., respectively. Let 4 : X — Y denote the operator with 4|y, = 4;. Let P;: X — X
5
denote the projection from X onto X;. Then, X,(4;) = X,(4P)).

Fix n € N and a weakly null collection (x;),cp<» C By. For each i € I, fix a; > X,,(4;).
By applying Proposition 2.1 to (Pjx;);cp<n for each j=1, ..., k and relabeling, we may

assume
n
AP; E X1,

m=1

<aj,

and

k
) | <l

i=1|| gk
J Zp

|

Since a; > %,,(4;) was arbitrary, we conclude

n
A E Xt
m=1

AP; Y " xy,
m=1

0 ) < [ (S [ -

Now for each 1 <i<k, fix0 < b; < X(4;) if X(4;) > 0 and otherwise let b; = 0. If b; > 0,
fix n; € N such that b; < X, (K;), and otherwise let n; = 1. Let n = max; <;<x n;. Let D be
a weak neighborhood basis at 0 in X. By Remark 3.1, we may fix for each 1 <j < k some
weakly null collection (x}),cp<» C By, C By such that
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Now fix 1€ DSM and assume |t|=(j— Dn+r, J, reN, 0<r<n We may write
t=s~s',where|s| = (j — )nand |s'| = r, and letx, = x,. Then, (x;),cp<i C By is weakly

null and
4 Z X,

m=1

=3 (o1 P

teDkn

This shows that X (4) > || (E(A,-))f.‘=1 | ¢ The reverse inequality follows from the previous
paragraph. O

COROLLARY 6.3. Fix 1 < p < 00. Assume that A is a non-empty set and for each A € A,
A, 1 X, =Y, is an operator. Assume also that sup, ., ||4,||<oo and let A : (@keA Xk)z )
P

= (@reaY)e, ) be the operator such that A|x, = A,. Then, A has summable Szlenk index
if and only if (|| 45.1Daea € co(A) and (X(A45))sen € £,(A). Moreover, in this case,

2(A) = 1(Z(A))srealle,a)-
Proof. Throughout the proof, for a finite subset T of A, let PyA denote the map given
byPTAlX,\ IA)L ifae andPTA|X)~ =0ifreA \ T.
If (I45 Drea € €oo(A) \ co(A), then A preserves an isomorphic copy of £, and cannot
have summable Szlenk index. By Proposition 6.2,

2(A4) = sup{Z(PyA4) : T C A finite} = sup{[|(Z(4;))ser lle,(x) : T C A finite}
= [(ZA))srealle,a)-
Therefore, if 4 has summable Szlenk index, ([|45])ica € co(A) and [[(XZ(4))ienlle,a) <
Y (A) < oo.

Now if ([|4;.[)5ea € co(A) and [[(Z(43))senlle,a) < 00, 4 € {PyA: T C A finite}.
Arguing as in the proof of Theorem 3.5,

Z(4) <sup{X(PryA) : T C A finite} = [[(X(42))renlle,a) < 00. O
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