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Given p € [1,00) and a bounded open set Q C R? with Lipschitz boundary, we study
the I'-convergence of the weighted fractional seminorm

la(z) —a(y)[P
J’af 7/]1&‘1 w/]Rd ||x_y||d+sp f(z) f(y) dzdy,

as s — 1~ for u € LP(Q), where @ = u on  and @ = 0 on R? \ Q. Assuming that
(fs)se(0,1) € L= (R%[0,00)) and f € Lip,(R%; (0, 00)) are such that fs — f in
L>®(R%) as s — 1~, we show that (1 — s)[u]gp . T-converges to the Dirichlet

p-energy weighted by f2. In the case p = 2, we also prove the convergence of the
corresponding gradient flows.

Keywords: I'-convergence; fractional gradient flows; Gagliardo seminorms; parabolic
flows; weighted spaces
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1. Introduction

1.1. Framework

We let d € N, s € (0,1), and p € [l,00). Given a nonnegative weight
f € L*(R%[0,00)), our aim is to study the I'-convergence as s — 1~ of the
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non-homogeneous (or weighted by f) s-fractional p-seminorm

s /Rd /Rd ||a:—y||d+s);|)p f(z) f(y) dz dy, (L.1)

for u € LP(R?).

The convergence as s — 17 of (1.1) in the case f = 1—for which we use the
shorthand [-]2,, = [-]{,;~—has been deeply studied in recent years, both in the
pointwise and in the I'-sense. Since the literature is very vast, here we limit ourselves
to a non-comprehensive list of results which are closer to the spirit of the present
work.

The pointwise limit of the seminorm [- ] as s — 17 is a notable instance of the
celebrated Bourgain—Brezis—-Mironescu (BBM, for short) formula [4, 10], yielding
that (1—s)[-]s, converges to the Dirichlet p-energy up to a multiplicative constant.
After the seminal contributions [4, 10], the BBM formula has been extensively
studied in several directions, see [11, 26, 27] for more general results and [20, 21]
for extensions to arbitrary domains. We also refer to [15, 23, 24] for anisotropic
fractional energies and to [12, 16] for sharp conditions for the validity of the BBM
formula.

The T-convergence of (1 — s)[-]?,, to the Dirichlet p-energy as s — 1~ has
been established in [5] for every p € (1,00), in [9] only for p = 2, and in [16]
for every p € [1,00). We also refer to [4, 26] for similar results on bounded open
sets.

The geometric case p = 1 deserves special mention, due to the link with
the (relative) fractional perimeter, see [1, 2, 16, 18, 22, 25] for closely related
results in this direction. We also refer to [8, 13, 19] for higher-order convergence
results.

Beyond the case f = 1, the asymptotic behavior of (1.1) and of similarly-defined
energies has been studied for some particular weights, see [7, 14] for the Gaussian
framework and [17] for weights depending on negative powers of the distance from
the boundary.

The aim of the present paper is to investigate the asymptotic behavior of the
weighted seminorm (1.1) as s — 1~ as the weight f is also allowed to vary with
respect to the parameter s. This is motivated by the recent interest in the extension
of BBM-type formulas beyond the isotropic setting in order to address possible
applications to non-isotropic frameworks [12]. Besides, our I'-convergence result can
be interpreted as a suitable extension to the weighted setting of the ones obtained
in [5, 9].

Our main result, Theorem 1.1 below, deals with the I'-convergence of the
energy (1.1) with respect to a uniformly converging family of weights (f,,)nen in
L>®(R%;[0,00)), whose limit f is in Lip,(R%; (0,00)). Precisely, we prove that the
I'-limit is given by

Kap|Vull? 2 = Kap / P2 IVulP de, forp e (1,00),
u —r @
K| Dully s :KdJ/ f?d|Dul, for p=1,
Q
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where for every p € [1,00) (and here T being Euler’s Gamma function),

d—1
1 or‘T T (Bt
Kip= - / 2 et (@) = 222 L) (1.2)
P JopB, D F( ;—p)

see [3, Lem. 2.1]. Here and below, given a measurable function u: @ — R on an
open set  C R%, we define @: R — R be such that & = « on Q and @ = 0 on
R\ Q.

THEOREM 1.1 (T-convergence with weights) Let p € [1,00), (fn)nen C
L*®(R%;[0,00)) and f € Lip,(R%(0,00)) be such that f, — f in L®(R%), Q C R¢
be a bounded open set with Lipschitz boundary and (sp)nen C (0,1) be such that
Sp — 17,

(i) (Compactness) If (u")pen C LP(S2) is such that

sxelg ((1 — S”)W]Zs)n,p,fn + ““n”ip(m) < 00, (1.3)

then, up to a subsequence, u™ — u in LP(Q) for some u € Wol’p(ﬂ) ifp>1
oru€ BV(Q) ifp=1.

(i) (T-liminf inequality) If (u™)nen C LP(Q) is such that u™ — u in LP(QY) for
some u € Wy () if p>1, orue BV(Q) if p=1, then

Koyl Vullt po <limint(1 = )2, forp>1,

14
Kaq|[Dully p2 <liminf(1 — s,)[a"]s, 1,5, forp=1. (L4
n—oo

(iii) (T-limsup inequality) If u € WyP(Q) ifp > 1, oru € BV () if p= 1, then
there exists (u™)neny C LP(Q2) such that u™ — w in LP(Q2) and

Kdevu”]I;,fZ = nh_{go(l - Svt)[an]zs),“p,fn forp>1, (15)
Kail|Dully 2 = nleréo(l = 8p)Ws,1,f, forp=1. '
1.2. Convergence of flows
In the case p = 2, the I'-convergence result obtained in Theorem 1.1 can be

complemented with a stability result for the corresponding parabolic flows asso-
ciated to the energies, see Theorem 1.2 below. Here and below, given a weight
f € L=(R%[0,0)), we define the weighted Laplacian of u € H}(Q) as
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(=) u = —2div(f*Vu), (1.6)

in the distributional sense in duality with C2°(€2) functions. Moreover, given u €
L*(Q) such that [u]s2 s < oo, we define the weighted fractional s-Laplacian of u
as

(-2)u(a) = 4f(@)pv. [ ale) Z W)y gy, (L7)

ra ||z —y|*2e

again in the distributional sense in duality with C$°(€) functions. Note that, in the
unweighted case f = 1, up to a multiplicative constant, the operators (1.6) and (1.7)
become the usual Laplacian and fractional s-Laplacian operators, respectively.

THEOREM 1.2 (Stability of parabolic flows) Let (fn)nen, f, 2, and (sn)nen be as
in Theorem 1.1. If (u?)nen C L2(2) is such that uf — uS® in L*(Q) for some
function u$® € L?(Y), [a8]s, 2,1, < o for every n € N, and

sup(1 = 5a) (@12, o 5, < o0,

neN

then the following hold:

(i) ug® € Hy(Q);
(ii) for every T > 0 and for every n € N, the problem

w(t) = (1 — 8,)(=D)*Inu(t), forae. te (0,7T),

admits a unique solution u,, € H*([0,T]; L?(Q)) such that
(=@)* I, (t) € LEQ)  for a.e. t € (0,T);

(iii) the problem

w(t) = Kgo(=D) u(t), for a.e. t € [0,00),

u(0) = ug®,
admits a unique solution us, € H([0,T]; H3(Q));
(iv) (tn)nen weakly converges to us in Hl([ , ], L?(Q)).

Moreover, if

nh_)f{.lo(l - Sn)[uo]sn 2,fn

then (up)nen strongly converges to us, in HY([0,T]; L?(Q)) and also

U (t) RGN Uso(t) and (1 — sp)[in(t)]s,.2,5, = Ka2l| Ve (t)|l2,2

for every t € [0,T].
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1.3. Organization of the paper

The paper is organized as follows. The notation and some useful preliminary results
are detailed in Section 2. The proof of Theorem 1.1 is given in Section 3, while that
of Theorem 1.2 can be found in Section 4.

2. Preliminaries

2.1. Notation

We briefly detail the main notation used throughout the paper.

The symbol C(x,--- ,*) indicates a generic positive constant that depends on
,-++,* only and may change from line to line.

We let d € N and work in the d-dimensional Euclidean space R?. We let -y be
the Euclidean inner product between z,y € R? and ||z|| be the Euclidean norm of
x.

We let B,.(x) be the open ball in R? of center # € R? and radius r > 0, and we
use the shorthand B, = B,.(0). Given an open set A C R?, we let A° = R%\ A be
the complement of A, 0A be the topological boundary of A and, for every t > 0,

*

A; = {z e RY: dist(x; A) < t}. (2.1)

Throughout the paper, we let Q@ C R? be a bounded open set with Lipschitz
boundary.

We let £¢ be the d-dimensional Lebesgue measure and H® be the a-dimensional
Hausdorff measure for every « € [0, d]. We set wg = L4(By), so that H4~1(0B;) =
dwg. Throughout the paper, all functions and sets are tacitly assumed to be £%
measurable.

Let p € [1,00) and f € L=(R% [0,00)). Given m € N and v: Q — R™, we let

el = ([ 1ol 0 dx)’i € [0, 00, (22)

and we use the shorthand [|v||, = ||v||p,1. We thus let
[L?(Q)]m ={v: Q= R™: ||v|lp,s < oo}.

When m = 1, we simply write L’}(Q). We point out that if additionally f takes
values in (0,00), under our standing assumptions on f and §2, the spaces LP(Q)
and L (Q) are equivalent, with

(essinfo f) [Jo][f < [[v]l}

pof < lleolloll3- (2.3)

Given u:  — R, we define i: RY — R by letting @ = u in Q and @ = 0 in R%\ Q.
Thus, given s € (0,1), we define

s = ([, [ SR o 10 dmdy); , (2.0

for every u:  — R and we use the shorthand [uls , = [u]sp1-
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Finally, we let W, ?(Q) for p > 1, be the closure of C2°(€2) functions with respect
to the Sobolev p-norm u — [Jul[} + [pa [[Vullb dz, while BV(Q) the weak* closure
of C°(Q) with respect to the Sobolev 1-norm. We also set

Dby = [ faiDl, (2.5)

whenever u € BV (Q) and f € L>(R%; (0, 00)).

2.2. Compactness and characterization

We recall the following well-known compactness result, see [6, Thm. 4.26] for
example. Here and below, we let m,w(-) = w(- + h) for every h € R¢ and
w € LP(RY).

THEOREM 2.1 Let p € [1,00). If (v"")nen C LP(R2) is such that

sup [[v"[|, < oo and lim sup [|[7,0" — 0" Lp(ray = O,
neN h—=0neN

then, up to a subsequence, v — v in LP(Q)) for some v € LP(Q).

We also recall the following well-known characterization of Sobolev and BV
functions, see [6, Prop. 9.3 and Rem. 6] for example.

THEOREM 2.2 Let p € [1,00) and v € LP(R?). The following are equivalent:

(i) v e WEP(RY) for p>1 orv e BV(RY) forp=1;

(ii) supyp<i [Imav — v|lp < oco.
3. Proof of Theorem 1.1
Throughout this section, we let p € [1,00), (Sn)nen C (0,1) be such that s, — 17,
and (fn)nen € L®(R%[0,00)) and f € Lipy(R?; (0,00)) be such that f, — f in
L>(RY).

We preliminarily prove Theorem 1.1 in the case f,, = f for every n € N. We
restate our result in this particular case for better clarity.

THEOREM 3.1 The following hold.

(i) (Compactness) If (u")nen C LP(S2) is such that

sup (1= sa)[@" 2, + 14" [0y ) < o0, (3.1)
neN

then, up to a subsequence, u™ — w in LP(Q) for some u € Wol’p(ﬂ) if
p€ (1,00) orue BV(Q) if p=1.
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(%) (U-liminf inequality) If (un)nen C LP(2) is such that u, — w in LP(2) for
some u € LP(Q), then
KaplVully > < linrr_1>i£f(1 —sp)[@"l; s forpe€(1,00),

3.2
Kq1||Dully, 2 < liminf(1 — s,)[@"]s, 1,5 forp=1. (3:2)
n—oo

(iii) (T-limsup inequality) If u € Wy?(Q) ifp > 1, oru € BV () if p =1, then
there exists (u™)nen C LP () such that u, — u in LP(Q2) and

KaplVully p2 = lim (1=s,)[@"]; , ; forpe(1,00),
o (3.3)
Kqi1||Dully p2 = lim (1 —sp)[a"]s, 1, forp=1.

n— oo

The proof of the three statements (i), (ii), and (iii) of Theorem 3.1 is split
across Sections 3.1, 3.2, and 3.3. The proof of Theorem 1.1 is given in Section
3.4.

3.1. Proof of Theorem 3.1(i)

We adapt the strategy of [1] to our setting. To this aim, we need two preliminary
results. The first one is the following, which generalizes [1, Prop. 5] to any p € [1, 00)
and weighted LP norms. We also refer to [9, Prop. 2.4] for the case p = 2 without
weights.

PROPOSITION 3.2. Let f € Lip,(R% (0,00)). There exists C = C(d,p) > 0 such
that

([~
[ Tnv U||LP B) < ng+p B I ”L”(Euhu (34

e

for every v € LP(RY), h € R%, o € (0,||h]|], and every bounded open set E C R,
where Eyy) is defined according to the notation in (2.1).

Proof. The proof closely follows the one of [1, Prop. 5]. Let ¢ € C}(B;) be such
that

©»>0 and o(x)dx = 1. (3.5)
B,

For every o > 0, we let U, and V, be defined as

Up(x) = %/B v(z +y)p ('Z) dy,

e

Vo(z) = %/B (v(z) —v(z +y)) (Z) dy,
U

e

for every x € R%. Owing to (3.5), we have that v(z)
0> 0 and z € R?, so that

o(x) + V,(z) for every

[mno(x) —v(@)[P < 3 (|[Ug(x + h) = Up(@) [ + [Vo(2) [P + [Vo(z + H)P). (3.6)
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We now estimate each term in the right-hand side of (3.6) separately. Concerning
the second and third term, by Jensen’s inequality, we can estimate

VeOP < S el [ 1o(e) = mo(©)lr (37

B,

for every ¢ € R?. Instead, concerning the first term, by the change of variables
z =+ y, we can rewrite

U,(z) = Qlcl/Bg(z)v(z)@(Z;x) dz.

Thus, owing to the fact that ¢((z —-)o™1) € CL(B,()), we can integrate by parts
and get
1 z2—x
VU,(z) =— —/ v(z)V ( > dz
o() Ty (2) Vg .

=— szil/Bg(w)(v(Z) —v(x)) Ve (z;x) dz

— i [ e -t ))W(Q) ay.

e

Therefore, by the Fundamental Theorem of Calculus and by Jensen’s inequality,
we obtain

1
Up( + h) = Up(2)[” < IIhII”/ VU, (2 + th)|P dt

h
< b 1”dﬂp\|v I, // iry0(@ + th) — (e + )P dydt.  (3.8)

Now, using that ¢ < ||h| and combining (3.6), (3.7), and (3.8), we get that

BlP
|Tho(z) — v(z)|P < Hdl_L / / |Tyv(z + th) — v(x + th)|P dy dt
+C’”h” |ryv(x) —v(x)Pd
odtr [p 1Y y
+C’”h”p |Tyv(z+ h) —v(z+ h)|Pd (3.9)
od+p B, Y Y '

where we have set

C = C(d;p) = Bmax{[|plloo; [[Veplloo })" wa-

Multiplying inequality (3.9) by f(x) and integrating with respect to = € E, the
claim immediately follows by Fubini’s Theorem. We omit the simple details. O

We can now pass to the following result, which extends [1, Prop. 4] to any
p € [1,00) also in the case of weighted LP norms.
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PROPOSITION 3.3. Let f € Lip,(R% (0,00)). There exists C = C(d,p) > 0 such
that

p
HTyU - UHLZ}(EH;LH)
[[y[|4+sP

e = ol ) < €= )l [
Byn

for every v € LP(R?), h € R?, and every bounded open set E C R?, where By is
defined according to the notation in (2.1).

The proof of Proposition 3.3 requires the following Hardy-type inequality, which
is taken from [1, Prop. 6].

LEMMA 3.4. If ¢: R — [0,00) is a Borel function, then

1 ¢ L [T e

for every l,r > 0.

Actually, in the proof of Proposition 3.3 we use the weaker estimate

R 1 (" o(t)
that is, we can ignore the dependence on [ in the prefactor in the right-hand side

of (3.10).
Proof of Proposition 3.3. We let ¢, : [0, ||h|]] — R be defined as

)= [ lme =l W) (312)

t

for all ¢ > 0. Owing to (3.4) and to the definition in (3.12), we can estimate

—|? <C||h”p ’ t)dt 3.13
Iont =0l < C iy | oottt (3.13)

for some C' = C(d,p) > 0. We now multiply both sides of (3.13) by o~ 1*P=*P and
integrate in the interval [0, ||k||]] with respect to o, getting

oo = ol gy < o1 — )L M g ara
h rr(m) =P v J, ottt J, ¥ 0.

By exploiting (3.11) with [ = sp and ¢ = ¢,,, we thus obtain that

lAll
] Pult)
||Th1} — U”Izz;(E) < C<1 - S)”h” ZD‘/Ov td:sp dt,

and the conclusion follows from the very definition of ,. O

We are now ready to detail the proof of the compactness statement (i) in
Theorem 3.1.
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Proof of Theorem 3.1(i). Given h € R? such that ||h| < 1, we have Q) € Q; €
(21)n) (recall the notation in (2.1)). We can hence set

c = (9, inf >0,
( f) (Q1) 0 /

and observe that
2 20|~ ~ ~ ~
||7'hu — unHLP(Rd) =cC HThu” — un”il’(QHhH) < CHThu” — un“il;(ﬂl)
By Proposition 3.3 applied on €; and by the previous inequality, we have

~n _ ~n||P
cl|rya" —a ”Lf;«szl)”hm
[|y|d+snP

i = i gy < CO= sl [
IRl

where C' = C(d, p) > 0. Now, explicitly writing down the L’; norm on the right-hand

side, swapping order of integration, performing the change of variables y = £ — «,
and bounding ¢ with f(£), we obtain that

CQHThﬂn - an‘lﬁp(n@d)

< CO(1 = sn) Al

i o »
o | / [+ ) = TP 1) dy
Bjiny 7 (1) n ||y|| "

/ [an (&) —u”(x)[P
(Q)jny / Bjnyi () Hf—%‘”d“"”

Snp [,&,n

< C(1 = sn)|[RlI>? T ars, /@) f(z)dgdx

< CO(1 = sn) Al

}sn D, f°
Dividing by ¢? and owing to our equiboundedness assumption (3.1), we get that
[rna" — @[ Lo ey < C(d, p, M, Q, f)|[R]° (3.14)

for all h € R such that ||h|| < 1. Thus, owing to (3.1) and to (3.14), we can apply
Theorem 2.1 and find v € LP(R?) such that, up to a subsequence, 4" — u in
LP(R4). Furthermore, since @™ = 0 for all n € N on R%\ €2, we also have that u = 0
on R?\ Q. Finally, letting n — oo in (3.14), we have

||Thu - uHLT’(Rd) < C(d7p7 M, Qv f)”h”v
for all b with ||h|| < 1, so that u € WYP(R?) for p > 1 or u € BV(R?) for p = 1

by Theorem 2.2. Since u = 0 on R?\ Q and 2 has Lipschitz boundary, we get that
ulg € Wy (Q) for p > 1, or u|g € BV(Q) for p = 1, concluding the proof. O

3.2. Proof of Theorem 3.1(ii)

We adapt the strategy of the proof of [9, Thm. 2.1] to our setting. To this aim, we
need some preliminaries.

https://doi.org/10.1017/prm.2025.10100 Published online by Cambridge University Press
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Let us begin with some notation. We let Q = (—1,1)%. Consequently, given v > 0,
for every i € yZ¢ and a > 0, we let Q¢ = i + aQ. Note that, if a = 7, then the
family of cubes (Q7); is a tiling of RY. Moreover, since €2 is bounded, the set

L ={ieyZ*: £YQ] NQ) > 0}

is finite. In addition, given f: R? — R, we let f¢ = infga f. Notice that, whenever
f € Lip(R%; (0,00)), then f& > 0. Finally, we let n € C2°(Bj) be such that n > 0
and fB ndz = 1 and, for every ¢ > 0, we set 1.(-) = e~ (- /¢). Accordingly, we

let u. = u * 0. for every e > 0 and u € LL _(R?).
We can now prove the following preliminary estimate.

LEMMA 3.5. Let p € [1,00), f € Lip,(R%(0,00)). There exist ,3,v > 0 with
€ K B K v such that

‘UE uE( )| o'
/Qu By /Q(l )y ||x_y||d+sp (f ) dzdy

()P (3.15)
/7 / IIw = y||d+sp f(x)f(y)dzdy
holds for all i € YZ* and u € LP(12).
Proof. Clearly, we can choose ¢, 3, and ~ such that
QY @) (3.16)

for all z € B, and all i € vZ¢. Indeed,

lefﬂ)w +zC {y e R dist(y, leiﬂ)w) <e}C leiﬁ)ws
and therefore, to get (3.16), it is enough to choose e < 87 to ensure (1 — 8)y +
€ < 7. Using the definition of convolution, Jensen’s inequality, changing order of
integration, performing the change of variables z — z = & and y — z = (, owing

o (3.16), changing once again order of integration, using the fact that 7. has unit
L" norm, and finally owing to the definition of f;' = infyy f, we obtain

oo om0
/Qu o /Q<1 o T 7 sy
< Jo g s Jyone Te e e e
< [ e g ronodac

concluding the proof. O
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We are now ready to prove the liminf statement (ii) in Theorem 3.1.

Proof of Theorem 3.1(%i). Let (u™)nen C LP(€) be such that v — u in LP(Q) for
some u € LP(2). As a consequence, sup,,cy ||u"||, < co. Furthermore, we can also
assume that

n]P

liminf(1 —s,)[@"]s ;< oo,

n—00

otherwise inequality (3.2) is trivially true. Therefore, we can assume the validity
of (3.1), which, in turn, implies that u € W, () for p > 1, or u € BV(Q) for
p = 1. By Lemma 3.5, there exist ¢, 8,7 > 0 with ¢ < 8 < = such that

(@) — @ W)l
/”/v H:c—y||d+%p f(@)f(y) dydz
() = @),
/(1 /3)'7/(1 ) ||xfy||d+snp (f)? dy dz,

for every i € yZ% and n € N. We now perform a first-order Taylor expansion of
(a™)e. Precisely, owing to the uniform bound on the p-norms granted by (3.1) and
the boundedness of 2, we can estimate

(3.17)

IV(@")e(x) - (2 —y)| < |(@")=(x) — (@")(Y)| + 5 |<D2( MOz —y), (z —y))|

(@")e(x) = (@) (y)] + C( M1 17 ll o2 gay llz = yI?
(@")=(z) = (@")=(y)] + C(e, M, Q)= — ylI?, (3.18)
where £ belongs to the segment from z to y. Now, assuming ||z — y|| small enough

(which is always possible by taking 7 small enough), since 42 is locally Lipschitz,
we have

|(@)e(2) — (@)= (y)| + Cle, M, Q) ||z — y|?
< IV(@")elloollz = yll + Cle, M, Q) |z — y|?
= CQ)[[u"hl|neller @ayllz — yll + Cle, M, Q) ||z — y||?
= C(g, M, Q)||x — y]|. (3.19)

Taking p-th powers in (3.18), using that (to+t)? = t5+p(to+7)P~ 1t with 7 € (0, 1),
and finally owing to (3.19), we get

IV(@")e(@) - (& =y’ < |(@")e(x) = (@) W) + Clp,e, M, )|z — y[["*.

Therefore, plugging the above inequality in the inner integral in the right-hand side
of (3.17), we get that

/ [(@")e () — (a")e(y)[P (fv) dy>1+1", (3.20)
Q(l By

[l =yl dFenr
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having set

I%7égwﬂvmﬂam"x_”wum%m

= gl

— y|lp+1
I// — _C/Q Hx y” (f;y)Q dy.

o Tl = g7

(3.21)

We now estimate the two terms in (3.21) separately. On the one hand, we have

dé
I//chp’E’M’Q fgo/ Melldts m—m_1
( Wl |, Teg=

61 d C d _l) & M &2 ; +p—snp
Q ( W47 = ? ) )(i]
= —C _l) E M Q ’ d(&d SnpP—p + p S p
( » = I ’ ) \/0\ Q n n

for z € le_ﬁ)’y, where we have set 6, = 2v/d(1 — ()7. Integrating the above

)

inequality over the cube le_ﬁ 7 with respect to x, we obtain

II/ dz > _C(dap757 M7 Q7 f) ’Q(l—ﬁ)'y|61+p75”p
Q1=A = 1+p—s,p % 1 )

so that

liminf(1 — sn)/ I"dz > 0. (3.22)
Q=P

n—oo

On the other hand, calling ds = d2(z) = dist (a:;&‘QEl_ﬂh), taking the normal-
ization v(z) = V(™) (2)/||V(@™)<(x)||, applying the change of variables z = z —y,
exploiting the invariance of the integral on Bs, with respect to rotations, applying
the change of variable z — 24, ! and observing that, for every v € S*1

z-v|P ! e p—
(1_8”)/ %dh(l—sﬂ)/ g 1/ - v]P dnde = Ka,p, (3.23)
B || 2[|4+2n 0 0B,

we get that

=N @pe? [ HE

Qi o~y

(@) 2P Kap| V(@) () ras ) ()2
5o ||Z||d+8"p 1—s, .

zwwmmmﬁfé

Multiplying the above inequality by (1 — s, ), integrating over the cube lefﬁ)'y

with respect to z, taking the liminf as n — oo, owing to Fatou’s lemma, we get
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that

liminf(l—sn)/( . I'dmZKd,p/ lim inf (|V(a"). (33)|p(5§(1_8"))(fg)2 dz
Qi

1—
n—00 Q( B)y n—oo

Since (u™): — ue in any Sobolev norm as n — 0o, up to passing to a suitable
subsequence, V(") (x) — Vi (x) for a.e. 2 € R%. Therefore, we get that

lim inf(1 — s,,) /Q T K, /Q o IVE@PUD (329

n—oo

Thence, by taking the liminf as n — oo of (1 — s,,) times (3.17) and owing
0 (3.20)—(3.24), we have

liminf(1 — s,) /7/w |u”m_yd+(sp)| f(@)f(y)dydz

n—oo
> Ky [ [Vica)P(f7) do
le—fi)v
whenever ¢ < 3 < v < 1. Now first letting e — 07, and then 5 — 07, we get

P
liminf(1 — s,) /7/7u|xy”d+sp)| f(x)f(y) dydz

n—o0

> de/ IVa(z)[P(f))* dx, if p e (1,00),
Q7

(3.25)

liminf(1 — s,) /7/W u|x_y”d+(s )If(x)f(y)dydx

n—oo

> K [ (PdDul(a), itp=1
Q7
We notice now that, by the Lebesgue’s Dominated Convergence Theorem
tin, 3 Ko [ V(@) () de = Koy |Vl .
Q7

y—0+

and lim ZKdl/v(f;/)Zd\Du\ = Kq1||Dully s2.
Q;
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Pairing this with (3.25) allows to conclude. Indeed, if p € (1,00) (the case p =1
being analogous and thus omitted), then we have

Koy [ IVala)l ) da
< lim ) liminf(1 —s // |“”x_y|d+gn3,pf(:c)f(y) dy dx

—0t+
T Ger,

o |a" (z) —a"(y)|”
= ’Yli)rng hnnl)lol’(l)f ]. — Sp /‘r /’Y ||l‘ — de'i‘Snp f(m)f(y) dy dx
i€l

P
< lim liminf(1 — s,) // |u||w_y|d+sn)| f(@)f(y)dydz

y—0+ n—oo p
|a"( )Ip
—hnni}gf 1_5n /]Rd /Rd ||.’E—y||d+5"p ( ) ( )dydI’

which is exactly the claimed inequality. O

3.3. Proof of Theorem 3.1(iii)

We begin with the following preliminary result, establishing the limsup inequal-
ity (iii) in Theorem 3.1 for smooth functions supported in .

THEOREM 3.6 If v € C°(RY), then

) [v(z) = v(y)?
lim (1~ dad
s—1>nlr1— 5 /Rd /]Rd ||l’ _ y||d+5p f(x)f(y) ray

(3.26)
= Kuy [ IVo@IP )z

Proof. Let us write

/]Rd /Rd |z — yd+s,|)pf($)f(y) dedy =1 + I + I, (3.27)

where

—v@)IP 4
/Rd/{lr yll<1} ||$—y|\d+5p T i (y) dz dy,
/R/{ Iz B = F(f )~ F)dody, (329

|o— y\|<1}

z) —o(y)
/Rd/{u ylI>1} ||x—y|\d+8p o = garer (@) (y) dedy.
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We estimate the three terms separately. Concerning I3, we have that

v(x)|P + |v(y) P
pewipp [ [ POEEROR .,
{lz—y||>1} ||9C—y||

<oy [ f e dy
ke J B (y)e IIx - de+5”
dwd
= 2p“Hflloollvllﬁ/ oo 42 illf\l [o][5- (3.29)
1
For I instead, we can write, recalling the notation in (2.1),

o(z) = o(y)P
I, < foonoo// T et drdy
=tV [ e e

1
<C(f)||IVv Zo/ / dx dy
( )” || (sptv)1 v B1(y) |1. - y”diliersp

< C(f,v)dwq|(sptv) |/ mdg

C(d, f,v)
T p—sp+1 <

d,p, f,v). (3.30)
We are thus left with estimating I;. To this aim, let us observe that
o(z) = ()P < [Voly) - (@ = y) P + [ D202 ||z — y|*".

Thus Iy < I{ + I, where, owing to the fact that v has compact support and
recalling the notatlon in (2. 1)

Voy) - (z = y)I” .o
I / / f2(y)dzdy,
' JRa Bi(y) Hx—y||d+5p @)

|D2|2
T [ (y) da dy.
/(Sptv)1 /Bl(y) ||z — y||d+8p 2p ()

Now, on the one hand, we have that

I < | fIZ D)2 dz dy

(spt v)1 /Bl(y) ||z = yl|dt+sp=2p
1

< C(fav)dde(sptv)ﬂ/ P 1TP-9) g,
0

o
_ 2;’_2;) < C(d,p, f,v). (3.31)

By the non-negativity of Iy, I, I, and by (3.29)—(3.31), we thus get that

lim (1 — S)(I{/ + I+ Ig) =0. (332)

s—1—
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Therefore, in order to conclude, we are left with showing that lim,_,;- (1 — s)I]
equals the right hand side of (3.26). Indeed, by the change of variables z = x — y,
by setting v(y) = Vu(y)/[|Vo(y)||, and using (3.23), we have

[Vu(y
y)dzdy
n=|, /B ||z||d+sp a0
B b [ v(y) AP
_ / VeI ) /B e asay

Ky
= 2 [ V@I ) dy. (3.33)
(1 - 8) R4
The conclusion hence follows by combining (3.32) and (3.33). O

REMARK 3.7. We underline that, in the chain of inequalities leading to (3.30), the
Lipschitz regularity of the weight f is crucial in order to ensure the finiteness of
the integral in p. If f were only a-Holder, for some « € (0, 1), one would end up
with ¢ to the power —(a — 1 — p 4 sp), which is not integrable in a neighborhood
of the origin.

We are now ready to prove the lim sup statement (iii) in Theorem 3.1.

Proof of Theorem 3.1(iii). Let u € WyP(Q) for p > 1, or u € BV(Q) for p = 1. By
the density of C2°(Q) in Wol’p(Q) for p > 1, or in BV(Q) for p = 1, we can find
(¥ ren C C2°(2) such that v* — u in W, **(Q) for p > 1, or in energy in BV (1)
for p = 1. In view of Theorem 3.6, we thus get that

P
1i 1— . ~k1D - 1 1 — s |U )‘ ded
nl—>nool< S )[’U ]s 05D f 1m S ,/]Rd /]Rd Hx _ y||d+s”p f(x)f(y) Tray

= Kay [ | IV* @ (o) da
— Kap /Q IV @) £2(x) da

for every k € N. The conclusion hence follows by a standard diagonal argument. [J

3.4. Proof of Theorem 1.1

We can now prove Theorem 1.1 in full generality. Indeed, the result easily follows by
combining Theorem 3.1 with Lemmas 3.8 and 3.9 below (under the same standing
assumptions as stated at the very beginning of Section 3).

LEMMA 3.8. If (u™)pen C LP(QY) is such that

sup (1= su)[@" ]2, + a1}, o) ) < o0, (3.34)
neN

then
HILI&(l o Sn)Hﬁn]fn;p;fn - [ﬂn Sn,D5 f | = 0 (3.35)
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Proof. Since we can estimate

@, g, — @5 | S8, sup  [fu(@)fuly) — f(2)f(y)]

(z,y)ER24
<2[@"]%, psup{llfulloc : n € N} fr = fllec,

the conclusion immediately follows from (3.34). O

LEMMA 3.9. If (u™)nen C LP(QY) is such that

sup (1= ) @0 g, + 10"y ) < o0, (3.30)
ne

then

SUP(l - Sn)[an]p + ||u HLp Q) < 00.
neN

Proof. On the one hand, by the inequality (a + b)? < 2P(aP + bP) for a,b > 0,
exploiting symmetry, and passing to the d-dimensional spherical coordinates, we
can estimate

a” )P a" ()P + |a"
R J B, (y)e Iva—yH R Bl(y)c Hx—yll "

<ot [y [
R P
e [ dug . Cldp)a2 .
oty [T ag = SEPR < o)
1 n

(3.37)
for all n € N, since s,, — 17, thus we can assume s,, > % On the other hand,
recalling the notation in (2.1), since @"(y) is supported on Q, then @"(x) for = €
B (y) is supported on 1, and since f,, — f uniformly and f > 0, we have

p P
/ / |U d+s | dz dy / / \U d+£ )‘ dzdy
R J B, (y) HI*ZJH P o, Ja, IIfB*yII 2

@"(@) =@ WP fa(@)fa(y)
/ﬂ/ﬂ ”x—yll‘“m lnfm)emef()dxdy (3.38)

= Snpfn . £
mf(r,n)eﬂlfon() OS2, £a)l@™5, .1,

Since f,, — f uniformly and f > 0, the constant C can be made independent of n,
and only dependent on the uniform limit f. The conclusion hence follows by combin-
ing (3.37) and (3.38), multiplying by (1 — s,,), and owing to the assumption (3.36).
We omit the plain details. O
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4. Proof of Theorem 1.2

4.1. Stability of Hilbertian gradient flows
We briefly recall some abstract machinery from [9] concerning Hilbertian gradient
flows.

Let € be a Hilbert space endowed with scalar product (-, -) »» and norm || - || ».
Given .7 : H — (—o0,+0], we let D(F) ={z € H#: F(z) < +oo} and

o _ g _ o
89@):{1}6%: liminfj(y) F (@)~ vy —)r 20}
ya ly — =l

be the subdifferential of F at x € 2(F).

We recall the following result, which is a particular case of [9, Prop. 3.7]. Here
and below, given any vector space ¥, we let ¥ be the algebraic dual space of ¥
and ¥’ the topological dual space of ¥.

PROPOSITION 4.1. Let # be a dense subspace of H. Let F: A — (—o0,+00] be
a proper, convez, and strongly lower semicontinuous functional and let x € D(F).
If there exists T € & such that

ar t _ g
lim F(xz+ty) — F(x)
t—0 t

=T(y), foreveryye %,

then either .7 (x) = () or O.F (z) = {v}, where v is the (unique) element in
satisfying T(y) = (v, )¢ for every y € . In particular, T € #' and v is its
unique continuous extension to .

We also recall the following stability result, which is contained in [9, Thm. 3.8].

THEOREM 4.2 Let %, : H — (—o0,+0] be a proper, strongly lower semicontinu-
ous, conver, and positive functional for every n € N. Assume the following:

(a) (Fn)nen T-converges to some proper functional %o : H — (—o00, +00] with
respect to the strong € -convergence;

(b) any bounded sequence (Xy)nen C € such that sup F,(x,) < 0o admits a
neN
strongly € -convergent subsequence.

If (x8)nen C S is such that xf € D(F,,) for every n € N, sup Z,(z() < oo and
neN
xy — xy° strongly in I for some x§° € I, then the following hold:

(i) z5° € 2(Fx);
(i1) for every T > 0, the problem

z(t) € =0T, (x(t)), for a.e. t € (0,T),
z(0) = a7,

admits a unique solution x,, € H*([0,T); ) for every n € NU {oo};
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(iii) (zn)nen weakly converges to xo in H([0,T]; 52).
Moreover, if li_}rn FM ) = Fool(xg’), then actually (zn)nen strongly converges to
n o0
Too in HY([0,T); 7)) and also

Zn(t) 2z, Too(t) and Fp(xn(t)) = Foo(Xo(t)) for every t € [0,T).

4.2. Proof of Theorem 1.2

The validity of Theorem 1.2 follows by combining the abstract results above with
the following proposition. Here and below, (-, -) denotes the standard scalar product
in L2(R9).

PROPOSITION 4.3. Let p € C°(Q) and u € L*(Q). The following hold:
(i) if u e HL(Q), then

" IV (u+ Q)13 p2 = I Vull3 42

lim p = (=) u, ¢); (4.1)
(ii) if [@]s,2,f < 00 for some s € (0,1), then
2 2
S ¥l U VAT S SR (4.2)

t—0 t

Proof. We only prove (4.2), the proof of (4.1) being straightforward. We note that

[u—i—tgo]izf [u ]32f+t }s2f

) (@) — o(y))
2t dzd
v [ [ L= A =20 10y () day
for every t € R, and thus we easily get that
[U+t¢]§2f “52f y))(p(x) — p(y))
li = =
lim ; 2 [ [ L =2 fa) ) oy
p(x) — ()
=4 li — s dyd
/]Rd u(z) f(z) T_I,I(I)l+ R\ B, | — y|d+2s fly)dydz
= (u, (D)) = (=D)*u, ¢)
in virtue of the distributional definition in (1.7), concluding the proof. O

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Since f, — f uniformly and f > 0, the functionals given by
Fn(u) = (1=sn)[u]?, 5 are positive for n > 1. Further, they are easily shown to
be convex. By Theorem 1.1(ii)—(iii), (%, )nen I'-converges to the functional .7 (u) =
(), whereas by Theorem 1.1(i) every
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sequence (up)nen C L2(Q) such that sup, ey Fn(un) < oo admits a strong L2-
limit u € L?(9). The conclusion hence follows by Theorem 4.2 and Proposition 4.1
combined with Proposition 4.3. O
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