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Abstract

We study the geometric properties of a base manifold whose unit tangent sphere bundle, equipped with
the standard contact metric structure, is H-contact. We prove that a necessary and sufficient condition
for the unit tangent sphere bundle of a four-dimensional Riemannian manifold to be H-contact is that the
base manifold is 2-stein.
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1. Introduction

The relationship between the geometric structures of Riemannian manifolds and their
respective unit tangent sphere bundles is one of the interesting topics in Riemannian
geometry. In this paper, we give a characterization of a 2-stein manifold in terms of
the standard contact metric structure of the unit tangent sphere bundle.

A unit vector field V on M determines a map between (M, g) and (T M, g). If the
Riemannian manifold (M, g) is compact and orientable, then the energy of V is defined
as the energy of the corresponding map:

1 1
E(V)=~ f VP dvg = = vol(M, g) + = f IVVE dv,
2 Ju 2 2 Ju

where m = dim M (see [10]).
The vector field V is said to be a harmonic vector field if it is a critical point for the
energy functional E in the set of all unit vector fields of M (see [10]). Following [9],
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a contact metric manifold whose characteristic vector field £ is a harmonic vector field
is called an H-contact manifold.

Perrone [9] proved that a contact metric manifold is an H-contact manifold if and
only if the characteristic vector field £ is an eigenvector of the Ricci operator. Boeckx
and Vanhecke [2] proved that the unit tangent sphere bundle of a two-dimensional or
three-dimensional Riemannian manifold is H-contact if and only if the base manifold
has constant sectional curvature. Calvaruso and Perrone [4] obtained the same result
in the case of an n-dimensional conformally flat manifold when n > 4. The authors [7]
proved that the unit tangent sphere bundle 7; M of an n-dimensional Einstein manifold
is H-contact if and only if the base manifold is 2-stein when n > 3. The result was
further extended by Calvaruso and Perrone [5] in the setting of Riemannian g-natural
contact metric structures defined by Kaluza—Klein type metrics.

An n-Einstein manifold is a special case of an H-contact manifold. The authors [8]
have also worked on the problem of determining the base space when the unit tangent
bundle of a Riemannian manifold is n-Einstein. In [7] we raised the question: ‘If the
unit tangent sphere bundle 7y M equipped with the standard contact metric structure
on n-dimensional Riemannian manifold is H-contact, where n > 3, then is the base
Riemannian manifold M Einstein?’ In this paper we answer this question when n = 4
by proving the following theorem.

TueEOREM 1.1. Let M = (M, g) be a four-dimensional Riemannian manifold. Then the
unit tangent sphere bundle T1M equipped with the standard contact metric structure
(g, ¢, &, n) is H-contact if and only if the base manifold M is 2-stein.

2. Standard contact metric structure on a unit tangent sphere bundle

All manifolds in this paper are assumed to be of class C*. We begin with some
preliminaries on contact metric manifolds. We refer the interested reader to [1] for
more details.

A differentiable (2n — 1)-dimensional manifold M is said to be a contact manifold
if it admits a global 1-form 5 such that A (dn)"~' # 0 everywhere on M. Here the
exponent denotes the (n — 1)th exterior power. We call such an 7 a contact form of
M. Tt is well known that, given a contact form 7, there exists a unique vector field &,
which is called the characteristic vector field, satisfying (&) = 1 and dn(¢, X) = 0 for
any vector field X on M.

A Riemannian metric g on M is a metric associated to a contact form 7 if there
exists a (1, 1)-tensor field ¢ satisfying

nX)=gX, 8, dnX,V)=gX, ¢Y), ¢*'X=-X+nX)¢ (2.1)

where X and Y are vector fields on M. A Riemannian manifold M equipped with

structure tensors (g, ¢, &, n) satisfying (2.1) is said to be a contact metric manifold.
Let (M, g) be an n-dimensional Riemannian manifold and let V be the associated

Levi-Civita connection. The Riemann curvature tensor R of (M, g) is defined by

R(X,V)Z = VyVyZ = VyVyZ - VixyZ
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for all vector fields X, Y and Z on M. The tangent bundle of (M, g), denoted by TM,
consists of pairs (p, u) where p is a point in M and u is a tangent vector to M at p. The
mapping 7 : TM — M given by n(p, u) = p is the natural projection from 7M onto M.

For a vector field X on M, the vertical lift X* on TM is the vector field defined by
X'w = w(X) o m where w is a 1-form on M. For a Levi-Civita connection V on M, the
horizontal lift X" of X is defined by X"w = Vyw.

The tangent bundle 7M can be endowed in a natural way with a Riemannian metric
& which is the so-called Sasaki metric. This metric depends only on the Riemannian
metric g on M. It is determined by

XYM =5(X", V) =gX,Y)or, FX",Y)=0

for all vector fields X and Y on M. The tangent bundle TM also admits an almost
complex structure tensor J defined by JX" = X" and JX" = —X". The metric g is a
Hermitian metric for the almost complex structure J.

The unit tangent sphere bundle 7: T)M — M is a hypersurface of TM given by
gp(u, u) = 1. Note that 7 = 7 o i where i is the immersion. A unit normal vector field
N =u"to T\ M is given by the vertical lift of u for (p, u). The horizontal lift of a vector
is tangent to T M, but the vertical lift of vector is not tangent to 7) M in general and
so we define the tangential lift of X to (p, u) € T M by

Xfp,u) =X - g(X, wu)".

Clearly the tangent space T, ,)T1 M is spanned by vectors of the form X" and X” where
XeT,M.

We now define the standard contact metric structure on the unit tangent sphere
bundle TiM of a Riemannian manifold (M, g). The metric g’ on T;M is induced
from the Sasaki metric § on TM. Using the almost complex structure J on TM,
we can define a unit vector field &, a 1-form n” and a (1, 1)-tensor field ¢’ on
M by

&=-JN, ¢ =J-n@®N.

Since
gX, ¢V =2dn(X.Y),
the quadruple (g’, ¢’, &', 17") is not a contact metric structure. If we rescale:
£=28, n=3n, ¢=¢. g=3¢.

then we get the standard contact metric structure (g, ¢, &, 7). From now on we endow
T'\M = (TM, g, ¢, &, 1) with the standard contact metric structure.
Letey, ..., e, = ube an orthonormal basis of 7),M. Then

t t h h
2e,...,2e 2e,...,2e,=¢&

n—1°
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is an orthonormal basis for T, ,,T1 M. The Ricci tensor p of T\ M is given by
P, Y = (n=2)(g(X, Y) - g(X, wg(Y, u))

1 n
+g Z] g(R(u, X)ei, R(u, Y)ey),

1
pX, Y = 5 (Vup)(X, Y) = (Vxp)(u, Y)),

1 n
POC, Y = p(X. ¥) = 5 " 8(R(u, €)X, R(u,€)Y)
i=1

where p denotes the Ricci curvature tensor of M (see [3, 8]).
We now recall the definition of the 2-stein manifold. An n-dimensional Einstein
manifold M = (M, g) is said to be 2-stein if

D Ry = p(p)lut’
i,j=1
for all u € T,M and p € M where y is a real-valued function on M (see [6, p. 47]).

3. H-contact unit tangent sphere bundles

Let M = (M, g) be an n-dimensional Riemannian manifold where n > 3, and let
{ei}’_, be alocal orthonormal frame field around an arbitrary point p € M. We assume
that 7'y M is H-contact with respect to the standard contact metric structure (g, ¢, &, 7).
Then the base manifold M satisfies the following conditions (see [4]):

Vioj = Vpi =0, 3.1
n
2pab = Z RaibjRaiaj (3.2)
=1

where a #b. From (3.1) we may easily see that the scalar curvature 7 of M is
constant.

We now deduce several easy consequences of formula (3.2) for later use.
We set

{u = cos fe, + sin fey,, (3.3)

x = —sin fe, + cos e,

where a # b. Substituting (3.3) into the left-hand side of (3.2) and using some standard
trigonometric identities, we obtain

2p(cos e, + sin Bey,, — sin Be, + cos Oep) = 204, c0S(20) + (Ppp — Paa) SIN2H). (3.4)
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Similarly, substituting (3.3) into the right-hand side of (3.2), we get

n
Z R(cos e, + sin fey, e;, —sin fe, + cos bey, e)
ij=1

X R(cos e, + sin fey, e;, cos fe, + sin fey, ;)

= 2pu coS(26) + %{i(Rbib 2= S Ra 7} sin(20)

ij=1 ij=1 (3.5)
1 n n n
+ Z{Z(Raihj)z + Z ReiviRpiaj + Z RaiajRpibj
ij=1 ij=1 ij=1
1 n 1 n
=3 D Raa) =5 D R’ sin(40),
ij=1 ij=1
Then, comparing the finite Fourier series in (3.4) and (3.5), we obtain the two
equations:
n n
A Paa — Pop) = Z(Raiaj)z - Z(Rbibj)zs
ij=1 ij=1
2{Z(Raibj)2 + Z RaipjRpiaj + Z Ria ijibj} = Z(Raiaj)z + Z(Rbibj)z- (3.6)
ij=1 ij=1 ij=1 ij=1 ij=1
Next we set
u =cos e, +sinfe,, x=e,, 3.7

where a # b # ¢ # a. Substituting (3.7) into the left-hand side of (3.2), we get
2p(cos fe, + sin Bey, e.) = 2(0q4c COS 6 + ppc Sin 6). (3.8)
Similarly, substituting (3.7) into the right-hand side of (3.2), we get
n
Z R(cos e, + sin fey, e;, e, €;)
ij=1
X R(cos fe, + sin fey, e;, cos e, + sin fey, ;)
= Z {Raicj €0 0 + Ryicj sin 6}
ij=1
X {Rgiaj cos” 0 + Rupip; sin” 0 + (Raipj + Rpiaj) sin 6 cos 6} (3.9)

=204¢ cos® 0 + 20p¢ sin® 6

+ {Z Riicj(Raipj + Rpiaj) + Z Rbichaiaj} cos” fsin 6
ij ij

-2
+ { E Raichhibj + E Rhicj(Ruibj + R],mj)} cos 6 sin” 6.
i,] L.J
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Since
2(pac €08 8 + ppe Sin 6) — 20, cos® 6 — 20p¢ sin® 6 = 2(pgc sin B + pp. cos 6) sin G cos 6,
applying (3.8) and (3.9) enables us to deduce that

2(pac sin 6 + Pbc €OS 0) = {Z Raicj(Raibj + Rbiaj) + Z Rbichaiaj} cos 6
ij i

+ {Z RyiciRpinj + Z Rpicj(Raivj + Rpia j)} sin
ij iJ
for all 8, and hence
204 = Z RaiciRpinj + Z Rpicj(Raivj + Rpiaj)- (3.10)
ij i.j
4. Proof of the main theorem
We begin by recalling some elementary facts from planar geometry. Let R? be the
Euclidean two-plane equipped with the canonical inner product ( , ).
For any x = (xy, x2) € R?, we set
X = (x, X)), XU =(-xp,x0), x| = V(X x).
Then the following identities hold:
Y =x, () =-x, [|xl=k|=x" VYxeR’

Also, we see that if x L y (that is, (x, y) = 0), then x’ 1 y’ and x* 1 y=.
Suppose now that M is a four-dimensional Riemannian manifold and let {e,-}j.‘:1 be
an orthonormal basis of eigenvectors of the Ricci operator Q), at a point p € M, that is,

Qe; = die;.
Then the Ricci tensor of type (0, 2) is given by a diagonal matrix. Substituting the
equalities
Raia2 = —Ri323, - . ., R3oa = —Ri314

into (3.2), we obtain, after explicit computations, the information in Table 1.
Performing direct calculation on the information in Table 1, we obtain

(RT,13 = Ripg)(Riz12 + R3gzs — Ri313 — Rouny) = 0,
(R115 — Rizos)(Ri2aa + Ri34) = 0,
(Ry14 — R1p3)(Ri212 + Ragas — Rigrs — Roznz) =0,
(Riis = Rins)(Rizsa = Rignz) =0,
(Ri314 — Rizo3)Ri313 + Rogos — Risrs — Roz3) = 0,
(R1314 — Ri33)(Rizo4 + Riso3) = 0.

We now apply (3.6) to obtain Table 2. We now obtain Table 3 from (3.10).

4.1)
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TasLE 1. Calculations of (3.2).

S|

4
2pab = 2; j=1 RaibjRaiaj

Ri1323(R1313 — Ria14) + R1314(R1324 + R1423) + R1213R1223 + R1214R1224 = 0
R1323(R2323 — Ra424) — R1314(R1324 + R1423) + R1213R1223 + R1214R1224 = 0
R1223(R1414 — R1212) + R1214(R1234 + R1432) — Ri213R1323 — R1224R1314 =0
R1223(R3434 — R2323) — R1214(R1234 + R1432) — R1213R1323 — R1224R1314 =0
R1224(R1313 — Ri212) + R1213(R1342 — R1234) — R1223R 1314 + R1323R1214 = 0
R1224(R3434 — Ra424) — R1213(R1342 — R1234) — R1223R1314 + R1323R1214 = 0
R1213(R1212 — R2424) + R1224(R1234 + R1324) + R1223R1323 — R1214R1314 = 0
R1213(R1313 — R3434) — R1224(R1234 + Ri324) + R1223R1323 — R1214R1314 = 0
Ri214(R1212 — R2323) + R1223(R1423 — R1234) — R1224R1323 — R1213R1314 =0
Ri1214(R1414 — R3434) — R1223(R1423 — R1234) — R1224R1323 — R1213R1314 =0
Ri314(R1313 — R2323) + R1323(R1324 + R1423) — R1223R1224 — R1213R1214 =0
Ri314(R1414 — Ro424) — R1323(R1324 + R1423) — R1223R1224 — R1213R1214 =0

AW RN WD PR~ W=D =
WA N RN WR B~ W~ DN S

TasLE 2. Calculations of (3.6).

a b 2{2;‘,‘]':1(Raibj)2 + Zij:] RaibiRpiaj + Z?’j:] RaiajRuin;)
= Zij:l(Raiaj)z + Zijzl(Rbibj)z

8(R1y; — R, + 2(Ria2s + Ri324)* = (Ri313 — Ro323)” + (Rig1s — Rogns)?
8R4 — Rip3) + 2(Riz24 + Rig23)” = (Riz13 — Rig14)” + (Razos — Roans)?
8(RY,; — B2, + 2(Ri23s — Ri423)* = (Ri212 — Ro323)* + (Ris1s — Ragza)?
8R4 — R3p03) + 2(Ri23s — R1423)” = (Ri212 — Rig14)” + (Razos — Ragza)?
8(RTy, — Riy3) + 2(Ri234 + Ri324)* = (Ri212 — Roa2a)* + (R1313 — R3s34)?

8(R2, 5 — R2),) + 2(Rio34 + Ri324)* = (Rio12 — Ri313)* + (Roaos — Rausa)?

N = N = W =
W A B~ W RN

From the first and second equations in Table 1 we obtain
Ri323(R1313 — Ria14 + Ro323 — Roaoa) + 2R1213R 1223 + 2R1214R 1224 = 0. (4.2)
From the fifth and sixth equations in Table 3 we get
Ri1323(R1313 — Ria14 + Ro323 — Roaoa) — 6R1213R1223 — 6R1214R 1224 = 0. (4.3)
Thus from (4.2) and (4.3) we may deduce that

R1323(R1313 — Ri414 + Ro323 — Rogpa) = 0,

“4.4)
Ri213R1223 + R1214R1204 = 0.
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TasLe 3. Calculations of (3.10).

a b ¢ 2p4= Z;tj RuicjRpinj + Z;tj Rpicj(Raipj + Rpiaj)

1 2 3 Ripp(Rizi3 + Rogoa — Rio1a — Rp323) + 3R1213R 1323 + 3R1204R 314
+ 3R1214R1324 =0

1 4 3 Rin3(Risis + Ragzs — Ri313 — Roana) + 3R1213R 1323 + 3R1224R 1314
= 3R1214R1324 =0

1 2 4 Ri24(Ro3s + Ris1a — Ri212 — Roana) + 3R1223R1314 — 3R1214R1323
+3R213R1423 =0

I 3 4 Rin4(Ri313 + Raaza — Ria14 — Ro323) — 3R1214R1323 + 3R1223R 1314
= 3R1213R1423 =0

I 3 2 Rizns(Riziz + Rozos — Rioio — R3aza) — 3R1214R1224 — 3R1213R 1203
+3R1314R1234 =0

I 4 2 Rizns(Riin + Raaza — Rigia — Rosa) — 3R1213R1223 — 3R1214R 1224
—3R1314R1234 =0

2 1 3 Rpi(Riziz + Riziz — Risia — R2323) + 3R1214R1314 — 3R1223R1323
= 3R1224R1423 =0

2 4 3 Ripi(Rigis + Ro3oz — Ragos — R3aza) — 3R1223R1323 + 3R1214R 1314
+ 3R1224R1423 =0

2 1 4 Rp(Rii2 + Rigis — Ri313 — Roga) + 3R1213R1314 + 3R1224R 1323
= 3R1223R1324 =0

2 3 4 Rpa(Ri3i3 + Rogos — Ra3o3 — Raaza) + 3R1204R 1323 + 3R1213R 1314
+ 3R1223R1324 =0

3 1 4 Ri3ia(Riziz + Rista — Rioi2 — Raaza) + 3R1213R1214 + 3R1223R 1224
+3R1323R1234 =0

3 2 4 Rizia(Riziz + Rasza — Razoz — Roana) + 3R1223R1224 + 3R1213R 1214
= 3R1323R1234 =0

Similarly,
R1223(R1414 — Ri212 + R334 — Ro33) = 0, @5)
Ri213R1323 + R1224R1314 = 0,
Ri314(R1313 — Ra323 + Ria14 — Roana) =0, 4.6)
Ri213R1214 + R1223R1224 = 0,
R1224(R1313 — Ri212 + R334 — Raapa) = 0, @7)
Ri214R1323 — R1223R1314 = 0,
R1214(R1212 — Ro323 + Ri414 — R3a34) = 0, @8

Ri213R1314 + Ri224R1323 =0
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and
R1213(R1313 — Roaza + Ri212 — R3434) = 0,

4.9)
Ri223R1323 — R1214R1314 = 0.
From the seventh and eighth equations in Table 3 and (4.9), we get
R1213(R1212 + R1313 — Ri414 — R2323) — 3R1224R1423 = 0, 4.10)
R1213(R1414 + Ro323 — Rosos — R3azs) + 3R1224R1423 = 0. '
Similarly,
R1224(R1414 + R2323 — R1212 — Roan4) + 3R1213R1423 = 0, @.11)
R1204(R1313 + R334 — Ri414 — R2323) — 3R1213R 1423 = 0. '
In addition,
Ri214(R1212 + Ria14 — R1313 — Rosns) — 3R1223R1324 = 0,
R1214(R1313 + Roa2a — Ro323 — R3434) + 3R1223R1324 =0
as well as
R1223(R1313 + Rog24 — Ri1212 — R2323) + 3R1214R1324 = 0,
R1223(R1414 + R3434 — R1313 — Roana) — 3R1214R1324 = 0.
We also obtain similarly
Ri1314(R1313 + Ri414 — R1212 — R3434) + 3R1323R1234 = 0,
Ri1314(R1212 + R3434 — Ro323 — Roan4) — 3R1323R1234 =0
and
R1323(R1313 + R2323 — Ri212 — R3434) + 3R1314R1234 = 0,
Ri1323(R1212 + R1313 — Ria14 — R2323) — 3R1314R1234 = 0.
Now we set
a=(Ri2i3, Rin4), b=Ri2is, —Ri1223), €= (Ri314, —Ri323).
Then, from the second equations of (4.4)—(4.9), we obtain
(@, b*)=0= (a*, b) =0,
(a,ct)=0=(a*,c) =0,
a,bY=0=(@',b)=0,
¢ ) ¢ ) 4.12)

(b,ct)y=0= (b*,c) =0,
(a,cY=0=(a/,c) =0,
(b,c’)=0=(b,c)=0.

The following is the key lemma required for our proof of Theorem 1.1.

Lemwma 4.1. At each point of M one of the following conditions is satisfied:
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(M ===
2) A=A #FA3=A4,
B) A=A3# A=A,
@) A=A+ =2

Proor. To prove Lemma 4.1, we proceed case by case.

[10]

Case I. Suppose that a #0, b# 0, c#0. Then b'/b’, from the first and third

equations of (4.12). Since |b*| = [b’|, either b* = b’ or b+ = —b’. Therefore

2 2 —
R1223 - R1214 =0.

(4.13)

Next, ¢+ = ¢’ or ¢+ = —¢/, from the second and fifth equations of (4.12). Hence

2 2
Ri314 — Ri33 = 0.
Similarly, a* = &’ or a* = —&/, that is,
2 2
Riy13 = Ripy = 0.
From Table 2 and (4.13)—(4.15), the following equations hold:
2(R1423 + R1324)* = (R1313 — R323) + (R1a1a — Roaoa)?,
2(R1423 + Ri324)* = (R1313 — Ria14)* + (Razs — Rogna)?,
2(R1234 — R1423)* = (R1212 — R2323)* + (Ria1a — R3434)%,
2(R1234 — R1423)* = (R1212 — Ri414)* + (Ra303 — R3a34)%,
2(Ri234 + Ri324)* = (Ri212 — Ragoa)* + (Ri313 — R3g34),

2(R1234 + R1324)* = (R1212 — R1313)* + (Raaoa — R3434)*.

Now from the first and second equations of (4.16), we may deduce that

(R1313 — Ro424)(R1414 — Rp323) = 0.

Similarly, from the third and fourth equations of (4.16), we deduce that

(R1212 — R3434)(R1414 — Rp323) = 0.

From the fifth and sixth equations of (4.16), we obtain that

(R1212 — R3434)(R1313 — Rpan4) = 0.

(4.14)

(4.15)

(4.16)

4.17)

(4.18)

(4.19)

Subcase 1(i). We assume that Rjp12 — R3434 # 0. We deduce from (4.18) and (4.19) that

Ris14 — Ry3p3 = 0,
Ri313 — Roapa = 0.

Since Riz14 # 0 and Ry213 # 0, it follows from (4.8) and (4.9) that Ri512 — R3434 = 0.

But this is a contradiction.
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Subcase I(ii). We assume that Ri512 — R3434 = 0. Then, from (4.8) and (4.9),

Ris14 — Razp3 = 0,
Ri1313 — Rogpa = 0.

Thus, in this case,

At = Ro12 + R3113 + Rat14

= Ri21 + Ranoa + R3p3  (=42)
= R4334 + Ri331 + Rozzn (=43)

= R34a3 + Rogar + Rjaa1  (=44)
and hence we see that condition (1) of Lemma 4.1 holds at p.

Case II. Suppose that a # 0, b # 0, ¢ = 0. From the first and third equations of (4.16),
we see that bt // b’, and hence bt = +b’. Therefore

2 2 _
R1223 - R1214 =0.

Similarly,
2 2
Ri513 = Ri24 =0.

Based on our assumption, it also follows that
2 _p2
Ri314 = Ri33 =0.

Thus, by similar arguments to those for case I, we also see that condition (1) of
Lemma 4.1 holds at p.

By applying similar arguments in case IIl (a # 0, b =0, ¢ # 0) and case IV (a =0,
b # 0, ¢ # 0), we see that condition (1) of Lemma 4.1 holds at p.

Case V. Suppose that a # 0, b =0, ¢ =0. Then
R%zm = R%223 =0, R%314 = R%323 =0. (4.20)
From the first four equations of Table 2 and (4.20),

2(Ry1423 + R1304)* = (R1313 — R2323)* + (R1414 — Rasns)?,

2(R1234 — R1423)* = (R1212 — R2323)* + (R1a14 — R3434)%,

5 5 5 4.21)
2(R1234 — R1423)” = (Ri212 — Ria14)” + (Ro323 — R3434)”,
2(Ri324 + R1423)” = (Ri313 — Ri414)” + (Ro323 — Roana)”.
Thus, from (4.21),
(R1313 — Roa24)(R1414 — Ro323) = 0, 4.22)

(R1212 — R3434)(R1414 — R2323) = 0.
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From (4.10) and (4.11), since a = (Ry213, R1224) # 0, we may deduce that

Ri1423(R1313 — Roaza + Ri212 — R3434) = 0,

4.23)
Ri423(R1313 + R3434 — Ri212 — Roana) = 0.

Subcase V(i). We assume that R%, , — R%,,, #0. Then, from the first and second
equations of (4.1), we get

Ri212 — R1313 — Rogza + R3a34 =0,

4.24)
Ri234 + Ri324 = 0.
Further, we suppose that Rj414 — R323 # 0. Then, from (4.22),
Ri212 = R334 and  Ry313 = Rogos. (4.25)

Also, applying (4.25), in this case we see that

A1 = Ron12 + R3113 + Ra114 = Raaas + Rapog + Rysar = g,
A2 = Ri2o1 + R3203 + Runoa = Ryz34 + Rp3zp + Rizzp = 4.

Since Ri414 # Ry323 we see that condition (4) of Lemma 4.1 holds at p.
We now suppose that Rj414 — Rp303 = 0. First, we further suppose that Ry43 # 0.
Then, from (4.23),
Ri212 =R343s  and  Ri313 = Rosos.

In this case, we see that condition (1) of Lemma 4.1 holds at p. Next, we further
suppose that Ry43 = 0. Then, from the second equation of (4.24),
0=Ri234 — R340 = =2R340 — Rya23 = —2R 340,
and hence
Ri340=0= R34 =0.

Thus, from the first to fourth equations of Table 2, we may deduce that

Ri313 = Ri414 =0, Ris14 — Ry =0,
Ri212 = Ri414 =0, Ris14 —R3434=0

and hence

Ri212 = R3434,  Ri1313 = Roans.
Thus, in this case, condition (1) of Lemma 4.1 holds at p.
Subcase V(ii). We assume that R%213 - R%zz 4 = 0. Then, from Table 2, we see that this
case reduces to case I. More precisely, the equalities (4.17)—(4.19) hold. Therefore
condition (1) of Lemma 4.1 holds at p.

We can similarly show that Lemma 4.1 is valid in case VI (a =0, b # 0, ¢ = 0) and
case VII (a=0,b =0, c #0).
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Case VIII. Suppose that a =0, b =0, c=0. Then
2 2 2 2 2 2
Ri13=Rips =0, Ry =R =0, Rizu=Ri3p;=0.

By similar arguments to those for case I we obtain the following equations from
Table 2:
(R1313 — Ro424)(R1414 — R323) = 0,
(Ri212 — R3434)(R1414 — R2323) = 0, (4.26)
(R1212 — R3434)(R1313 — Ra424) = 0.

Subcase VIII(i). We assume that Ri414 — R2323 # 0. Then, from the first and second
equations of (4.26),
Ri212 = R3434,  Ri313 = Rogo4.

By similar arguments to those for case V(i) we see that condition (4) of Lemma 4.1
holds at p.

Subcase VIII(ii). We assume that Ri414 — Ry33 = 0. Then, from the third equation
of (4.26), we see that Rip12 = R3434 or Ri313 = Ro4p4. By similar arguments to those
for case V(i) we see that either of conditions (3) or (2) of Lemma 4.1 holds at p,
respectively. O

Proor oF THEOrREM 1.1. We now complete the proof of Theorem 1.1. We define M, to
be the set of all points p in M such that condition (1) of Lemma 4.1 holds at p. We also
define M to be the set of all points p in M such that any of conditions (2), (3) or (4) of
Lemma 4.1 holds at p. Then we certainly have M = M| U M, by Lemma 4.1. Further,
by continuity arguments on the Ricci eigenvalues 4, A, 43 and A4, we see that M, is
an open subspace of M.

We now assume that M, # ¢. Without loss of generality we may assume that
condition (2) of Lemma 4.1 holds at some point pye M. We let Mg denote the
connected component of pg and set A = A; = A and u = A3 = A4. Then we may easily
check that A and p are smooth functions on Mg . We denote by D; and D, the
distributions on M, corresponding the eigenvalues A and y, respectively.

Let {e;} = {ey, €2, e3, e4} be a local orthonormal frame field on M, such that {e;, e;}
and {e3, e4} are local bases for D,, and D, respectively. We set

Veej= ) Tiex (4.27)
k
where i, j =1, 2, 3,4. Then
Fije = —Ti;. (4.28)
From the equality (3.1) and (4.27) and (4.28), we deduce that A and u are constant on
Mg. Thus
Tz =Taa=0,
ab3 ab4 (429)
Fear =Tear =0,

where 1 <a,b<2and3<c,d<4.
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Now, since A and u are constant on Mg(po), we see that Mg(po) =M by the
continuity of M. Further, from (4.29), we see that the distributions D, and D,, are
both parallel on M. Therefore we see that M is locally a product of two-dimensional
Riemannian manifolds M, and M, where M, and M,, are the integral manifolds of the
distributions D, and D,,, respectively.

Since Rj34 = Ri423 = 0 it follows from the third equation in Table 2 that Ry =
R3434. But this is a contradiction in the case where A = u. Since this contradiction
came from the assumption M, # ¢, it follows necessarily that M = M,. Therefore M
is Einstein and hence 2-stein by the main result of [7].

The converse is evident and was already proved in [7] in any dimension. This
completes the proof of Theorem 1.1. O
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